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Y oMy pedepari Mu J0CIRKYeMO 3acTocyBanug Merony Hbiorona Jijist
3HAXO/PKEHHS KOPEHIB HEJIHINHUX PIBHSIHBL. 30KPEeMa, PO3TJIsiIaEMO 1HTIT Me-
TOJM JIJIsSI 3HAXOJXKEHHSI KOPEHIB HeJIHIHMX PiBHsSIHb. PoboTa BKJIIOYAE $IK
TEOPETUIHHNI aHaJsi3 IUX METOJIIB, TaK 1 MpaKTU4He 1X 3aCTOCyBaHHS Ta IO-
PIBHSIHHS JIJIsI BU3HAUEHHS HAUKPAIIOI'O CIIOCO0Y JIJIsl 3BHAXOJIXKEHHS K1JIbKOCTI
KOPEHIB HEJIIHIHHUX PIBHIHD.

Mera poboTu € jochijizkentst merojly HbloToHa Jijisi 3HAXO/2KEHHsI KOPEHiB

HeJIIHIRHUX PIBHsAHB, aHaJi3 #oro eMeKTHUBHOCTI Ta MOPIBHIHHS 3 1HIIAMU
YUCEJILHUMU METOJ[aMU PO3B SI3KY HEJIHIHHUX PIBHSIHD
3aBjlanasiM pobOTH € TeopeTndHnii aHaJi3 metoy HeioroHa Ta #ioro mare-

MaTHYHe OOI'PYHTYBaHHS, aHAJI3 NPUKJIAJIIB PO3B I3YBaHHS HEJIHIMHUX PiB-
HsIHb 34, JJOIIOMOroio MeTo 1y HploToHa Ta mpoBeIeHHS MOPIBHAJILHOIO aHATIZY
pe3yabTaTIB 3 IHIIUMUA METOJaMHU.

Kuirouosi ciioBa: metos, Hetorona, meros I typma, meroj laycca-Jlioka, mpa-

BIJIO 3HaKiB Jlekapra, moinoM, JiiicHI KOpeHi, KOMIIJIEKCHI KOpeHi, HeJTiHiiHi
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In this essay, we investigate the application of Newton’s Method to find
the roots of nonlinear equations. In particular, we consider other methods for
finding the roots of nonlinear equations. The work includes both a theoreti-
cal analysis of these methods and their practical application and comparison
to determine the best method for finding the number of roots of nonlinear
equations.

The aim of the work is to study Newton’s method for finding the roots
of nonlinear equations, analyze its effectiveness and compare it with other
numerical methods for solving nonlinear equations.

The task of the paper is to theoretically analyze Newton’s method and its
mathematical justification, analyze examples of solving nonlinear equations
using Newton’s method, and conduct a comparative analysis of the results
with other methods.

Keywords: Newton’s method, Sturm’s method, Gauss-Lucas method, Descartes’
rule of signs, polynomial, real roots, complex roots, nonlinear equations.
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1 Bcryn

HocapKyodn HaAyKOBY JIITEPATYPY Ta aHAJIZYIOUN PI3HI MXO/IM JI0 PO3B’ A3aHHS
HEJIIHIHHWX PIBHSAHB, BAPTO OKPEMO BUJIJINTHU MTPOOJIEeMY BU3HAUYEHHS KiJIHKO-
cti 1x KopeHiB. Ile nuranus Mae NPUHIMIIOBE 3HAUEHHS $IK JIJISI T€OPETUIHOT
MaTeMaTHKH, TaK 1 JIJIsl NPUKJIAJIHIX Taay3eil 3HaHb — TaKuX K ¢isnuka, 0610~
MeJIMIIHA, eKOHOMIKA, /1€ KIJIbKICTh PO3B’sI3KIB MOXKe BIJIIIOBIIATH KIJILKOCTI
craHiB abo pimenb peasibHOI cucremn. OcobOaMBOT CKIaIHOCTI HabyBa€e I
3aJla4a y BUIAJIKY HEJIHIHHUX PIBHSIHb, JIJIs S9KUX aHAJITUIHE ODUYMCJIeHHS
KOpPEHIB HEMOXKJIMBE ab0 HaJITO TPYJIOMICTKE. 3HAHHs KIJIbKOCTI JICHHX Ta
KOMIIJIEKCHUX KOPEHIB, HAIPUKJIaJl, TPU PO3B’si3yBaHHI XapaKTePUCTUIHOIO
piBHSIHHS JIjist jiupeperiiiajJibHUX PiBHsAHb JIONOMOIa€ MPaBUJIbHO 3allicaTu
3araJibHMI PO3B 30K, 33 0BOJILHUTH OYATKOBI a00 KpailoBi YMOBHU, OTPH-
MaTH IOBHI Ta HpaBUJIbHI PO3B’s13KU. HaBiTh SKIO TOUHE 3HAYCHHS] KOPEHIB
He BiJloMe, aJjie BIJIoMa KIJIbKICTH KOMIJIEKCHUX Ta JIHCHUX KOPEHIB, a TaKOXK
IX KpaTHICTb, TO MOXKHA, ySBUTH SAKUM Oyjie PO3B’s30K JiudepeHiiiajibHOIo
PIBHSIHHSI.

Y 1iit poboTi OCHOBHA yBara MpuiIsieThcsd MeTony HbioToHa, sikuii 3a-
3BUYAll BUKOPUCTOBYETHCS JIJIsi 3HAXOJ[PKEHHsI HaOJIMXKEHUX 3HAU€Hb KOPEHIB.
IIpore, mpu itoro rpaMOTHOMY 3aCTOCYBaHHI, MOXKJIMBO TaKOXK OTPUMATH 1H-
dgopmMmaliiro 1mo/0 KiJIbKOCTI KOPEHIB IIJISX0M aHaJ i3y 3012KHOCTI iTepaliiit npu
PIBHUX TOYATKOBUX 3HAUEHHSX, & TAKOXK I'€OMETPUIHUX BJIaCTUBOCTEH (DyH-
kuii. Heit mijaxijg poskpuBae norenniaj merojay HbioToHa He Jjiuiie sik 3aco0y
JUTS 3HAXOJIXKEHHSI OKPEMUX KOPEHIB, a il 9K iIHCTPYMEHTY JIJIs JTOCTIIXKeHHS
IX CTPYKTYPHU.

OiHaK 7151 MIOBHOIIHHOIO aHaJII3y KIIBKOCTI KOPEHIB OJ{HOTO JIUIIIE METO-
ny Hbiorona nenocratuno. Came ToMy B poOOTI TAKOXK PO3IJISIAIOTHCS KJIa-
CUYHI aHAJITUIHI MEeTOJIH, TaKi sIK mpaBuJio 3uakiB lekaprta, metos [HlTypma
Ta Metos [aycca—JIoka. LI MeToan 103BOJISIOTH TOYHO ab0 HADJINIKEHO BU-
BHAYUTH KIJIbKICTH JIHCHUX KOPEHIB Ha 3aJlaHOMY IIPOMIXKKY ab0 B yChOMY
IIPOCTOPI JIACHUX YUCEesI, KOXKEH 3 HUX Ma€ CBOI IepeBaru, OOMEXKeHHsI Ta
chepu epeKTUBHOIO 3aCTOCY BAHHSI.

3icTaBieHHsT Pe3yabTaTiB, OTPUMAHUX PISHUMW METOJaMU, Ha MPUKJIa-
JIl KOHKPETHUX HEJHHIHHUX PIBHSAHB JIO3BOJISIE HE JIMIIE BUSABUTU CUJILHI Ta
caabKl CTOPOHM KOXKHOTI'O 3 IJIXOJIIB, a i chopMyBaTH peKOMEHJalll 11010
X PaKTUIHOrO BUKOPUCTAHHS. Takuil MOPIBHAJILHUN aHAJII3 Ja€ 3MOT'y Kpa-
e 3pO3yMITH BHYTPINTHIO CTPYKTYPY PIBHSAHD, KUILKICTh Ta XapaKTep 1XHIX
KOPEHIB.



TakuM YUHOM, METOIO IE€l PODOTH € JIOC/IPKEHHSI Ta MOPIBHSAHHS Me-
TOJIIB BU3HAUEHHs KILJILKOCT1 KOPEHIB HEJIHIHHUX pIBHSAHb, 30KpeMa: MeTO-
sy Hbrorona, npasusa 3uakiB ekapra, meromy Irypma ta merony [ayc-
ca—JI10Ka, a TaKo»K BHUSIBJIEHHs 1X €(pPEeKTUBHOCTI Ha MPUKJIAJIAX KOHKPETHUX
3aad.

4 crioziBarocsi BHECTH CBiil BKJIaJ[ y PO3BUTOK JIAHOI TEMU, 3a JIONOMOTOI0
PO3TJITHY TUX MHOIO HaJIaJll MaTeMaTUIHUX METOJIIB.



2 Metroa HproTona

2.1 HenosHi Ta noBHI npasujia HeoToHa

PosriissaeMo nmosiinom

p(z) = a,x"+ Ap_12" "+ Y A a1 T+ ay
0 1 2 n—1 n
3 mificauMu KoeillieHTaMu, IO 3allMCYEThCA y BKasaHiil (ropmi.
IIpocmi eaemenmu p(x) BUBHAYCHL SAK Ay, Qp—1, Ap—2, ..., Ag, TOJL K K6a-
dpamuyni esemenmu p(x) BusHadeHi K Qpn, Qn_1, Qn_2, ..., Qo, e Qn =
2 _ 2 _ 2 2 _ 2
Uy Qn-1 = A5y — Anan-2,Qn-2 = a;_9 — Q1 — Ap-10p-3,...,Q1 = aj —
_ 2
azag, Qo = aj.

Teopema 2.1 (Henosne npasuio Heiorona). IIpunycmumo, wo éci keadpa-
muuni esemenmu noainoma p(x) eidminni 6id nyaa. Todi kirvkicmo 3min
anaky y nocaidosnocmi Qp, Qn_1, Qna, ..., Qo daec nusicnio mesxncy oaa Kiab-
KOCMI YAGHUT Kopenie p(x).

3aY6ancumMo, o UA MeNCa 0006 A3K060 € NAPHUM YUCAOM, OCKIALKU 1
Qn, 1 Qo dodammni. Ile mae cenc, ockiavku, ax 3nae Hvromon, xomnaiexchi
Kopens 6Y68aromuv CnosyueHuMY napamu. ari mu 30cepedumocs wa 362000+
Wil CUMYyayti HeENYALOBULT NPOCMUT EACMEHMIE | HEHYALOBUT KEAOPATULHUL
CNEMEHMNIE.

Sk npuwaad, pozeasnemo p(x) = x° — Szt + 43 — 222 — 5x — 4. IIpocmi
eaemenmu obuucarotomocea ax 1, -5/5, 4/10, -2/10, -5/5, -4, wo dae maxi
keadpamuuni esemenmu: 1, 6/10, -4/100, 44/100, 2/10, 16. pesyasvmyroua
NOCAIOBHICTNG 3HAKIE + + - + ++, W0 6KA3Ye NPUHATLMHL Ha 064 YABHL
Kopent 3a menosnum npasusom Horomowa. Hacmynni nacaioku demorncmpy-
0Mob, Wo 6 Jeakur eunadkar npasunso dae 3HAHHA NPO ICHYSAHHA €OUHOT
napu YASHUL KOPEeHI6 be3 npayi no cmeoperHo nociidosHOCME 3HAKIG.

Hacninok 2.1. Jas noainoma p(x) = >0 pp—ix™ ™" cnissionowenis

2
pr < DPr4+1 * Pr—1
das deaxozo r eras3yec Ha Z.CHyGU/HHﬂ/ napu YyA6HuUI %OpeHiG.

Hosedennsa. Haramaemo, mo

D Pr+1 Pr-1 1 ., r+1l. n—r+1
Qr = ~TaN TN Iy — ( ) )Pr+1* Pro1)-
oF () (D)o@ e e



3 TOYHICTIO JIO 3HaKa MU MOXKEMO IrHOPpYBaTH TIEepIly KOHCTAHTY, 1 BHKO-
PUCTOBYIOUH

r+1  n—r+1

(——) ) > 1,

r n—r
MU Ma€eMO
r+1 . n—r+1
pg_(n—r)( - )Pra1 - Pro1 <p72«_pr+1'pr—1>

ITI0 34 Ti0Te3010 € Bijg'eMuuM. Takum anHoM, (), € BiJI' €MHUM. 3HOBY K TaKH,
OCKIIBbKM 1 )y, 1 Qo € JIOJATHUMHU, IIOCJIIJIOBHICTD KBaJ[PATUUHUX €JIEMEHTIB
MaTuMe NnpuHaiMHi Bl Bapialii 3Haka. Henosne npasusio HeioTrona rapanTye
NpUHAUMHI OJIHY MMapy ySIBHUX KOPEHIB. [l

Hanpuknaz, nominom p(z) = 2° — 22% +4x — 16 Mae napy ysBHIX KOPEHiB,
ockiabky 42 < —2 - —16.

Hacninok 2.2. Jas noainoma p(x) = > 0 o pp—ix™ ", mot darm, wo obu-
dei ymosu |p.| < |prs1| ma |p| < |pr—1| euronyromvca dasn dearozo T,
NPUMOMY Dpr1 MA Dr_1 00HO20 3HAKA, 6KA3YE HA ICHYSAHHA NAPU YACGHUL

KOpenie.
Josedenna. Koedinientn 3a10BOTBHIIOTH YMOBY MUHYJIOTO HACTHIAKY . [

Sk npukaag, nominom p(z) = 13 — 32?4 20 — 4 Mae napy yaBHUX KOPEHiB,
ockinbkE |2| < | — 3| Ta 2] < | —4].
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OckisbKu HenmoBHe npaBmyio HbIOTOHA Jla€ HMXKHIO MEXKY I KIJIBKOCTI
ySBHUX KOPEHIB, 1110 MAIOTh IOJIHOMH, TAKOXK OTPUMAHO BEPXHIO MEXKY JIJIsI
KiJIbKOCTI Jiitichux kopeniB. @Pakruuno, HbloTOH Mokpalius BepxHI Mexi,
OTpHUMaHI IIJISIXOM 3aCTOCyBaHHA mpaBmia Jexkapra. Mu MoxkeMoO BCTaHOBU-
TH, 110 ITapa yIBHUX KOPEHiB, MO3HAYEHUX IIeBHUMH KBaIpATUIHUMU €JIeMeH-
TaMM, IPUXOBaHA, cepe] KIJIbKOCTI JI0JaTHUX JIICHUX KOPEHIB abo BiJ €MHUX
JIIICHUX KOPeHiB, repejidadennx npasusioMm Jlekapra, posriisijlaroun Bapialiil
Ta CTaJICTh BIIMOBIIHUX NMpocTHX eneMeHTiB. Lle moBHe nmpasuio HeroTona,
B SIKOMY PO3IJISIIalOThbCd K IPOCTI, TaK 1 KBaJpaTUIHI MOCaigoBHOCTI. Mn
3aIMCYyEMO TTPOCTI €JIEMEHTH K TOPU30HTAJIBHY TOCIJIOBHICTD 3BEPXY, & KBa-
JIPATUYH] €JIEMEHTH K TOPU30OHTAJLHY MOCJIJIOBHICTL 3HUBY:

(7% Ap—1 Ce ap
Qn Qn—l SR QO
3ocepeuMocs Ha OB I3aHUX TMapax MOCIIOBHUX €JIeMEeHTIB,
Qp1 Qy
Qr—i—l Qr-

PosragnemMo MoXKJIMBY 3MiHy 3HaKa Y BEpXHiil mapi Ta MOXKJIUBY 3MiHy 3Ha-
Ka y HVXKHIi 1mapi, 110 J1a€ Y0TUPU MOXKJIMBOCTI. M1 BUKOPUCTOBYEMO TIO3HA~
yennsi vV, v P, pV 1a pP, je nepiiuit CAMBOJI 3aBXKJI1 CTOCYEThCsI TOBEJIIHKM
3HAKIB 3BEpXY, a JPYTUil CHMBOJI — TOBEJIIHKYU 3HaKiB 3HM3y. Jlirepu v ta V'
MO3HAYAIOTh 3MIHY 3HaKa; JiTepu p Ta P Mo3HavaloTh CTAJICTh 3HaKa. la-
KUM 9MHOM, V'V 103Hava€ 3MiHy 3HaKa y BEPXHIil api a,1a, Ta 3MiHy 3HAKa
y BiLAnoBiaHi# HrokHIE napl Q1@ CumBon vV 1o3Hadae 3MiHy 3HaKa y
BEpXHIil api a,,1a,, ajie cTajicTb 3HaKa y HIKHIA napi (),11Q),. Cumposn
pV Ta pP MaloTh aHaJoTigHl 3HAYEHHS.

11



Teopema 2.2 (Ilosue mpasuio Heiorona). IIpunycmumo, wo npocmi ma
keadpamuuni eaemenmu nosinoma p(x) me € HYyAbosuMy ma 6idodpastcaro-

mvcA AK
(075 Ap—1 R on)
Qn anl cee QO

Todi 3aza.1vHa KIALKICMD NOJSITHUT THMEPEANIE CMAAOCT, UL0 3ANUCYE-
muoca ax »_, pP, € seprnvoro mestcero daa kinvkocmi 6id emnur xopenie p(x),
a 3a2a.00HA KIALKICb THMEPBAAIE CMAA0CI, Wo 3anucyemvea ax y VP, e
BEPLTHBLOIO MENHCEN ONA KIALKOCTE 00amHUL KOPEHIE.

Jpyruii BUCHOBOK TEOPEMHU BUILIMBAE 3 TIEPITIOTO, SKINO POSIISTHYTH p(—1T).
AK HacHiIoK, 3araJjbHa KiJIBKICTh JIICHIX KOPEHIB MeHIIIa abo JIOPIBHIOE CY-
Ml MOJBIHHUX IHTEPBAJIIB CTAJIOCTI Ta IHTEPBAJIB CTAJIOCTI, TOOTO 3arajbHii
KijibkocTi Y | P cradgocri y nociaijioBHocri kBajparudnux ejementis. Orxe,
3araJibHa KUJIbKICTh YSIBHUX KOPEHiB Olibina abo jgopiBHioe n—» P => V|
3araJjbHiit KIJILKOCTI Bapialiiif y mocJigoBHOCTI KBaJpaTudHnX ejeMmenTin. Lle,
3BUYANHO, HEIOBHE TpaBu/io HbIOTOHA, siKe Terep po3IJisIa€ThCs sK 11110~
PAIKOBAaHE TIOBHOMY TPAaBUITY.

V namomy nonepeannboMy npukiaani, p(x) = 2° — 5zt + 43 — 222 — 51 — 4,
OB si3aHl 11OCJIJIOBHOCTI 1IPOCTUX Ta KBaJIPATUUHUX €JEMEHTIB MaloTh BU-
TSI

+ - 4+ - - -
+ 4+ - + + +

0 BUSIBJISIE OJIMH IHTEPBAJ CTAJOCTI Ta JBl MOJBIHHUX IHTEPBAJIIB CTAJIOCTI,
a OT¥Ke, BKa3ye Ha OJINH JOJAATHUI KOPIHb Ta MAKCHMYM JIBa BiJl' €MHI KOPEHI.

[Tosue npasusio HhioToHa jiae OBHE ysiBJICHHS TTPO MTPUPOJLY KOPEHIB OY/1h-
SIKOI'O MHOT'OYJIeHa, SIKUIi He Mag€ Oljbllle YsiBHUX KOPEHIB, HI2)K PO3KPUBAE
IpaBUJIO, Ha BIJIMIHY BiJl BUIAJKYy BHUINE3rajlaHol KBIHTHKU. HbloTOH BBa-
’KaB, 110 Tle#t ocTaHHiil clieHaplil TpalisgeThCcs PIAKO, aje TUM He MeHII HaBIB
npuknaj p(z) = 23— 3a’x — 3a®, saxuit nae KBagpaTHIHi eeMeHTH 31 3HAKOM
+ 4+ ++, TuM camMuM TPUXOBYIOUM JIBa YsIBHI KOPEHI, 3HaliJIeH] 3a JOIIOMOTOIO
PO3IJIbHOI 3/1aTHOCTI KybiuHoro ejneMmenta Kappana. HeioTon jpomas, 1o B
TaKWX BUMAJKaX MOYKHa 3MIHUTHA KOPEHI, 3MIHUBIITHN 3MIHHY 3 X Ha, X + P.
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A axwo G 1cHyomy AKICH HEMONCAUBT KOPEHT, MO PIOKO MPANAAEMbCA,

wo ir He MootcHa 3natimu 36 061 wu mpu maki cnpobu. Tarxooc me mooice
OYMu PLeHAHHA, HEMONCAUGL KOPEHT AK020 HE MOANCHG 0YA0 O 3natimu ma-
KUM YUHOM.
[leit 3arajkoBuii KOMEHTap € KJjroueM Ji0 JoKazy CuiabBecTpa IOBHOI'O IIpa-
Busia, HhloToHa, B SKOMY BiH peTesibHO BiJIOOpakae€, siK 3MIHIOIOTHCs MTPOCTI
Ta KBaJpaTUYHl 3HAKONO/IOHT mabsionu Jyist nosinoMis p(x + ) upu Gesie-
pepBHOMY pyci A uepe3 R. Lleit MeTosn aHaJOTMIYHEI MeTOTy, pO3POOIEHOMY
Oyp’e B 1796 pori, sakuit JI0BIB y3arajbHeHHs IpaBuiia JlekapTa, omybJiiKo-
BaHe nocmepTHo B 1831 porii.

Teopema 2.3 (Y3aranbuenus CusbBecTpa moBHOTo npasmwia Heiotona). He-
xatl (t ma v — 6ydv-axi dea ditichux wucaa 3 (4 > v. Tod

> pP(u) =) pPW) = (v, ) + 2k,

de (v, [1) no3nauae 3a2aAo1y Kiavkicmo didcnur xKopenis p(T) Mmioc vV ma i,
epazrosyovu kKpammuocmi, a k — deare neeid’ emme yiae wuUCO.

Ak xkomenTap, HaragaeMo, mo rpadik noairoMa p(x + 1) MOXKHA PO3TJIsi-
jaru sk rpadik p(x), sMilenuit Ha g OJMHUIL JIBOPYY. AHAJIOITUHO Jiist
p(x+v). Tenep, xomu p mepesunye v, p(T + (1) MaATAME MOHARMEHITIE CT1Tb-
KN K Bi'€MHUX JIHCHUX KOPEHIB, CKIIbKU il p(z + V), MOXKJIUBO, OlibIie.
Teopema CiyibBecTpa KUIBKICHO BU3HAYAE, STK 3MiHA MOJBIHWX 1HTEPBAJIB
CTAJIOCT] JUI IPOCTUX 1 KBaJIPATUIHUX IIOCJIJOBHOCTEH, OB SI3aHUX 3 I1H-
MH JIBOMa TIOJJIHOMAaMH, CIIBMipHa 31 3MiHOIO Ipupoau KopeHis. [lomepemiii
pesysbTaT yp’e cTBEPIKYE, 110

> pP(u) =) pPW) = (v, 1) + 2k.

Takum unrom, Pyp’e posriIsigaB JiMie 3HAKOBY CXEMY TTPOCTUX €JIEMEHTIB,
TOOTO CcXeMmy, pO3IJIsAHyTY B 1pasuJji lekapra.

2.2 IIpukaan 3acrocyBanHs Teopemu CuisibBecTpa

[I1o6 mpoimocTpyBarn Teopemy CuibBecTpa, posryisiHeMo mojinoMm p(x) =
234202 4+ 42+ 1. Mu 069nCII06MO BiITOBIIHY MOCTIIOBHICTh 3HAKIB, YTBOpe-
HY 3 IPOCTUX €JIEMEHTIB Ta KBAJIPATUIHUX €JIeMEHTIB Jiuist 110JiHOMIB p(T+ ),

je A\ = —1,0ra2.
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_|_
+ 4+ + +
A =0, P =
QoeP=1 144
+ + + +
A =2, P =
Q_eP=1 =
3rijno 3 Teopemoro CunbBectpa, pu 4 = 0 Ta ¥ = —1, MU TOBUHHI OTPH-
MaTH CTLIBKH K MOABIAHKX IHTEPBAJIB CTAJIOCTI, CKIJIbKU KOpeHiB i p(x)
y (—=1,0), abo Ginbie Ha MapHe YUCJI0. 3aKOHOMIpHIiCTH mpu A = —1 3Mi-

HIOETHCS BIJT BLACYTHOCTI MOABIMHUX 1HTEPBAJIB CTAJIOCTI 0 OJTHIET TTOIBIMHOL
crasocti mpu A = 0, 1m0 BKasye Ha Te, MO p(T) Mae Juiie OJuH KOPiHb Y
(—1,0). (Pakruano, nosre npasuio HeioroHa Bka3dye, mo p(x) mae oguH
HEraTUBHUI KOPIHb Ta JIBa YsIBHUX KOPeHi. 3aKOHOMIpHICTH st p(x) Bijno-
Bijae A = 0.) Takox crmocrepiraeTbest 3MiHa 3aKOHOMIDHOCTI TIPU PO3TIISII
@ = 2 ta v = 0, aje KIJIbKICTb IOJIBINHUX 1HTEPBaJIB CTAJOCT] HE 3MIHIOE-
ThCSI.

Sk joparkosuit npukial, nexait p(x) = xt + 223 + 2% + 22 + 3. [Mokasano
BIJIMOBIJTHI TOCJTiTOBHOCTI 3HAKIB jyist p(2 + A) st KUIBKOX BapiaHTiB A.

T e e P e e D VNPT i S
+ 4+ + 4+ + + + + -+ + 4+ + + +
N_g tTHET AT gt g T
+ 4+ - - + + 4+ + -+ + + 4+ + +

[TosiroM p(x) Mae YOTHpH ysiBHI KOpEHi, 1 Tomy, 3riiHO 3 Teopemoro Cuiib-
BeCTpa, MU OUIKYye€MO 301/IbIIEHHS KIJIBKOCTI IOJIBIIHUX 1HTErpaJiiB CTaJIoCT
jiie Ha naphi uucia. Hanpukmiaj, npu pu = 14 ta v = —3 mu 6auumo
301IbIICHHS Ha YOTHPHU MOABIMHI iHTEIpaJl CTAJIOCTI.

Hacaimok 2.3 (Ilosue npasusio Heiorona cripaseiuse.). Josedenns. Criodarky
3ayBarKMMO, IO

XpP(0) — XpP(—o00) = XpP(0),

14



Je

YpP(—00) = /\l_i>r_noo YpP(N).

[le BurmBae 3 Toro, mo poskyiaganus p(x + \) nae

1 n(n— 1)
+ 2

Hutst locTaTHhO HEraTUBHOIO A, 7-# KoedilieHT MaTuMe TOi caMuii 3HaK,

anx" +n(apA+ ap_1)x"" (A2 + 200\ + ap_o)x" 24 .. ..

mo it a, A", TakuM auaoM Y |, pP(—00) = 0, OCKITBKE MPOCT] €I€MEHTH Tepry-
FOThCs 38 3HAKOM. 3ayBaxxnuMo, mo 2pP(0) Bianosiqae HAIIOMyY TOYATKOBOMY
y XpP. 3a teopemoro CusbBecTpa MU Ma€MO

YpP(0) = XpP(0) — XpP(—00) > (—00,0).

3perroro, 3Mina p(r) Ha p(—x) 3MIHIOE CTAJICTh Ta Bapiallil IPOCTUX eJie-
MEHTIB, 1110 Tpu3BoanTh 10 L P(0) > (0, 00). O
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2.3 JloBegenna CuiabBecTpa

CubBeCTp CTBEP/KYBaB, 110 OB sI3aHl MOC/IJOBHOCTI 3HAKIB JJIs1 TOJIHOMIB
p(x 4+ p) ta p(x + v) BLAPI3HAIOTHLCT TOTHUM IUHOM (10 103B0sMI0 CHITh-
BeCTpy mifTBepuTu nonepesaio pobory Herorona). @akruwno, k-it mpocTtuii
(KBa,ZLpaTI/I‘{HI/IfI) eJIEMEHT JIJIsT TIOJIHOMA, p(w + /L) MaThMe TOM CaMUil 3HaK,
o i Bijguosiuuii k-it ejement jisi p(x + V), sIKIIO TUIbKK 1EH eJieMeHT He
crame HyJeMm s nosinoMa p(x + A), ge p > A > v. Bes obmexenns 3a-
raJibHOCT1, Hexall t = A + € Ta V = \ — €, Jie € JIOCTaTHhO MaJe, 1100 Bupas
MOJIIHOMA,

PN, pU I (N, 2072 (N), B (N, 4TI (), L mlp(h)(21)
30151 K-ro HpocToro (KBagparHuoro)
Qn(A); Qn-1(A), Qn-2(A), Qn-3(A), Qn-a(N), ..., Qo(N),
e
Qn(A) = (™ (N)% Qo(N) = (p(V))? (2.2)

eJleMeHTa JIOPIBHIOBAB HyJ0 B iHTepBasi (A — €, A + €) sume B Todri A.

Y 1bOMY PO3LIL MU MPEJCTABISIEMO TOTOXKHOCTI, siki CHIbBECTP BUKOPH-
cToByBaB, MO0 MoKazaTu, sk 3mina Big 0 (y Touri A) mo + abo - (y Touri
A &£ €) MOBHICTIO BU3HAYAETHCSA 3HAKAMU HEHYJIBOBUX CYMiI)KHUX €JIEMEHTIB y
TOYIl A Ta 3HAKOM €.

CuJibBecTp BUBIB HACTYIHI TOTOXKHOCTI 3 HaBejeHux Bupasis (2.1), (2.2)
Ta

Qr(N) = (PP (N)? = 3D () pFHI(N) (2.3)

37 = (n—k+1)/(n—k) ko 1 < k < n—1 1y mpocTuX Ta KBaIPATHIHIX
ejeMeHTiB, Teopemu Teitopa Ta HenepepBHOCTI oiHOMIB. CaMe Ha IUX CITiB-
BIJIHOIIIEHHSIX 0a3y€ThCst aHAJI3. Y HACTYITHUX BUBEJACHHSAX JIJIst TOTOXKHOCTEH
(2.2) ra (2.3) CimbBecTp BHKOPHCTOBYBaB TOil dakT, M0 2 — v = 1/7k41.
TakoxK 3ayBaxkTe, 10 allPOKCUMAIll MaloTh YICHH IHOXUOKH, SKl IPAMYIOThH
JIO HyJIs 3UiJIHO 3 TeopeMoio Teitjopa 1Ipo 3aIUIIKK JJIsi TOJIHOMIB. Takum
YUHOM, 3HAKK UJIEHIB 10 00UJIBa OOKU CHMBOJIy allpOKCHMAII 000B’I3KOBO
OJIHAKOBI1, KOJIu € jjocTarHbo MaJjie. Ochb anpokcumaiiil, siki 3actocyBap Cijib-
BECTP:

L p®(\) =0 = PFI(N + €) = ep*F(N)
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2 p(k)()\)_o_ k;+1( ) k+z 1)()\):0

= PPN+ €) ~ Z—;p(k“)()\)
3. kN =0 = Qo) = e fQu)limn = 55 p(k+1) Qk+1( )
4. Qr(N) =0=Qpn(N) =---= Qk—i—z 1( )

= Qr(A+¢) =~ i%+i%+l ;m Qk—i—z( )

Bunagok a. [IpunycrimMo, 1o M# CHOCTEPIraeMo 0JIHOPAa30Be 3HUKHEHHSI
npocroro enementa p*(\) 3 k # 0 abo n. Ksagparnuni eneventu B (2.4)

B g plk=D)

BU3HATAIOTLCST BEPXIIMHI €leMEHTaMH, 1 ToMy y Hac € e pl
JUUIS BIJIBHOIO IIPU3HAYEHHs 3HAKA IJTI0C 800 MiHyc. OJiHaK, 3MiHA BCIX 3HAKIB
3BEpPXY HE 3MIHIOE CTAJICTh Ta Bapialifo. TaKuM YMHOM, MU (DAKTUIHO MAEMO
22 /2 = 2 MOXKJMBOCTI J1J1s1 TOTO, 1O BigbyBaeThesa B A, Uiienn B pamni OyryTh

BUKOPUCTOBYBATUCS JIJIsI OOUNC/ICHHS 3HAKIB JIO Ta, IICJs .

(k+1) (k) —
P p 0+ abo ¥ (2.4)

Qi1 Qk le + + + 4+ +

3ayBazKuMO, 1110 BCl 3HaKN y (2.4) MAIOTh 3aJIUITATHCS CTAJNMA I11JT 9ac TTe-
PEXOJ1Y, 38 BUHSITKOM MOXKJIMBOT TIO3MUIIIT, sIKYy 3aiimMae k-1it MpoCTHii eJieMeHT.
Bijmosiiai 3naky Jist 1€l HOSI/IHﬁ BUBHAYAIOTHCS 34, JIOIIOMOI'0I0 TOTOXKHOCTI
(1), sika ToBopuTE, Mo 31HaK pF)(\ + €) BU3HAUAETLCA MHOYKEHHSAM 3HAKA €
Ha 3HAK Y PaMIIL.

[Tepes um MomeHTOM OOHYJIEHHST (TOOTO TP A — €), BIINOBI/IHI esleMeHTH
MAIOTh BUTJISI/I:

= abo
Qi1 Qr Qr1 + + + + + +
[Ticsist mosiBu vyJist (10610 B ToUni A + €) MU 00UMCIIOEMO BLIOBIIHI eJie-
MEHTH $K:

= a00
Qi1 Qr Qr + - + + + +

TakyuM 9MHOM, MU He OAYUMO >KOJIHOI UKMCTOI BTPATU UM HPUOYTKY BiJI
MOJIBIHOT cTaI0CcTi pu epexoji Big A — e jo A+ ey R.

Bunagok b. Ilpunycrumo, mu criocrepira€Mo ojjuHUYHE 3aHYJIEHHS KBa-
nparudHoro ejementa Qr(N), me k Bigpisusiernest Big 0 Ta n. leii mysbo-
BUII eJIeMEHT 3a O3HauYeHHsIM () BUMarae, o0 30BHIIIHI IPOCTI eJeMEeHTH
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000B’SI3KOBO MaJii OJTHAKOBUI 3HAK, 1 MU MaEMO YOTHUPHU TMO3MUIII, JIe MOXKHA,
BLJILHO IIpU3Ha4YaTu + abo —. OjHaK, siK 1 paHille, HACIPaB/l MU MAaEMO JIUIIIE
24/4 = 4 moxmBocri npu A (y 11bOMY BUIQJIKy HUYKHI 3HAKM HE BU3HAYAIO-
ThCsI TIOTPIIKOIO BUITE HUX):

R e N e o B e e E A R e
+] 0 — [+] 0 + [+] O — [+] 0 +.

Hosuii 3uaK, 1110 Binosijgae k-it KBaJapaTUIHii MO3UIIIT, BUBOJIUTHCS 3 TOTO-
XKHOCTI (3), siKa TOBOPUTH, IO 1€ 3HAK OTPUMYETHCS K JIOOYTOK 0OBEICHIUX
TEPMIHIB 31 3HAKOM €.

[lepes BUHUKHEHHSIM HyJIsT (TOOTO P A — €) MU OOUUCTIOEMO BIIOBIIHI
eJIEeMEHTH $IK:

+++ +++ -+ + -+
+ - — 4+ -+ ++ - + + +

Ilicng Bunukmenns myss (TOOTO mpu A + €) MH OTPHUMYEMO BiJIIOBi/THI
€JIeMEHTHU:

+ 4+ 4+ +++ + -+ + =
+ 4+ - +++ + - - 4+ -+

TaxuMm guHOM, MU He OAYMMO HI YHCTOTO ITPUPOCTY, Hi 30UTKY JJIs1 MEePIIOoi,
TPeThOl Ta YeTBepTol POpM, & TaKOXK MPUPICT JBOX MOJABIHHUX CTAJIOCTel y
JIpyTiii popwmi.

Bunanok c. ko A € kopenem kparHocti ¢ jist p(x), o ocranui i + 1
€JIEMEHTIB OB 3aHUX TTOCTIOBHOCTER ¥ A,

Qi Qi-1 ... Q1 Qu,
CTalOThb
p 0 ... 00
Q@ 0 ... 00,
110 3BOJIUTHCA 1O €JITUHOTO BUIIAJIKY
+ 0 ... 00
+ 0 ... 0 0.
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Y Tourl A — € Mu 6aUInIMO

+ -+ - ... £ F
+ + + + ...+ +

a B Toulll A + € popma

+ o+ A+ o+ o+ A
+ o+ + o+ o+

HAaOUpaE ¢ MOJBIHHUX IHTErPAJIiB CTAJIOCTI, KOJU MU IMPOXOJINMO Uepe3 KOPiHb
KPaTHOCTI 2. 3HAKM IPOCTUX ejeMeHTIB Oyyin 004UMCJIeHl 3a JIOIOMOI'OI TO-
rosknocti (2), ge supas € Fpl)(X)/(i — k)! Bkasye, 10 3HAK MOXOAUTH Bij
€% 1o crBoproe mpocTi Bapiallii nepey nepexojoM (€ HeraTHBHe) Ta IPOCTi
crasocti micis nepexofy (€ momarie). Bxke Toni Mu Gaummo, 10 moBiitHuX
craJjiocTeit ipu A — € He BuHuKkae. [1lo crocyeThest KBaJIpaTUIHUX €JIEMEHTIB,
3ayBaxkuMO, 1110 (;(T) € JIoJaTHUM IPOTITOM YChOIO [EePexoJly 3a [PUHIIU-
OM HerepepBHOCTI, a Qo() € IOMaTHUM y TOUKaX A — € Ta A + €, OCKUIbKH
BiH BU3HATAETHCS IPOCTUM €JIEMEHTOM HaJl HuM 3a dopmyiiorwo (2.2). [pamuii
aHaJi3 3 BUKopucrantsam (opmysn (2.3) mokasye, 10 MPOMiKHI KBaJ[paTHIH]
€JIEMEHTH 3aJIMIIAIOTHCH JIOJIATHUMU [IPOTATOM YChOI'O 11EPEXO/LY.

ITizcymoBytoun, 31 30LJIbIIEHHSIM IapaMeTrpa A KiJbKICTb MOJBIMHUX CTa-
JIOCTEH y IIOB’SI3aHUX IIOCJIIOBHOCTSAX IMPOCTUX 1 KBAJIPATUIHUX E€JIEMEHTIB
30LJILINYEThCH Ha KLILKICTH MPOIYIIEHUX JIICHUX KOPEHIB, KOXEH 3 SKUX
iJIpaxoBaHUil 3 KPATHICTIO, a Oy/Ib-siKe 301JbIIeHHS TIOHA/T 110 KIJIbKICTD 3a-
JA€THCS TTAPHUM TiiuM ducsiom. Perra Bumnaskis, Bunajaku (d) ta (e), MaoTsh
KIJIbKa, 9JIEHIB, 1Kl OJIHOYACHO 3HUKAIOTH. CUIBBECTD 3a3HAYMUB, 1[0 HEBEJIU-
Ke pyiHyBaHHs KOeIIIEHTIB 3MIHUTD 111 CUHT'YJIsIDHI BUIIA/IKU HA 3araJjbHUi,
3aJIMIIAIOYN TIPU IIHOMY IPUPOJLY KOpeHiB He3MiHHO0. OIHAK MOXKJINBUIl BU-
HSTOK IOB’si3aHUIl 3 Iepexo/ oM JIIHCHIUX KOPEHIB J0 YSBHOI IapH, 1 3aMiCThb
TOro, 1mob posidparucs 3 1€ TOHKICTIO, BIH PO3IJISIHYB CUHTYJISIPHI BUIIA/I-
KI, sIK MW BKa3aJIH.
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2.4 Po3B’sa3aHHsd piBHIHb 3a HEIMOBHUM mpaBujioM HpoToHA

Po3B’d3aHHA 3arajJbHOTO KBAa/IPATHOI'O PIBHAHHS 3a He-
MOBHUM npaBujioMm HpioToHA

Posriisinemo 3araJibie KBaJpaTHe PIBHSIHHS:
f(x)=ax®>+br+c=0
Koedinienru nojinoma:

as=a, a1 =0>b, ay=c

Kpok 1: Ob6uncjaeHHdS KBaAPATUIHUX €JIEMEHTIB

3a dhopmysiamu 3 Teopemu Hpiorona:

Qs = a3 = d®

lea%—azaozlﬂ—ac

Qo = ay = ¢

Kpok 2: AnaJii3 3HaKiB IIOCJIiJOBHOCTI

[ocainoBuicTs: (g, Q1, Qo
3MiHW 3HAKY B MOCJLIOBHOCTI (+/—) BU3HAYAIOTH HIKHIO MEXKY KLJILKOCTI

1ap CHPs2KEHUX KOMILJIEKCHUX KOPEHIB.

BucuaoBok

- dkmo Q1 = V? —ac < 0, MmaeMo oy 3MiHy 3HaKy (HaIpHKIaJ, +, —, +) —
OTKe, PIBHSHHS Ma€ OJHY TMapy KOMILJIEKCHUX CHPS>KEHUX KOPEHIB. -
Axmo Q1 > 0, 3MinK 3HAKY MOXKYTh OyTH BiJICYyTHI — MOXKJIMBO, € JIBa, JIHCHI
KOPEHI.

Takum dmHOM, TeopeMa J03BOJIsIE€ BCTAHOBUTH HIKHIO MEXKY KIJTbKOCTI
YSBHUX KOPEHIB 0e3 004MC/IeHHs JIMCKPUMIHAHTA.
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Po3B’sa3anHd piBHAHHA 2°+ 1 = ( 32 HEIIOBHUM IPABUJIOM
HrroTona

Kpok 1: 3anuc nojsriHoMa y MOTPIOHOMY BUTJISITI

[Tonminowm:
p(r) =2+ 0x +1
Orxke, pocTi KoeillieHTH:

CL2:1, CL1:O, CL():l

Kpok 2: O6uncanmMo KBaJapaTUdHi €JIeMEeHTU

DopmyJin 3 TEOPEMU:
Qun=1a, Quni1=0a> |—ayt, 2, Quo2=a> ,
Y HaIOMy BUITAJIKY:
Qr=a;=1"=1
Qi=a—ayay=0"—-1-1=—1
Qo =0a5=1"=1

Kpok 3: Buznauumo 3HaK! IOCJITOBHOCTI (Do, (01, Qo

Le:
Q=1 (+), Qi=-1 (=), Q=1 (+)
[TocaioBHiCTh 3HAKIB:
+, -+
Maemo 2 3minn 3HaKy, 1o 3rigHo 3 Teopemoro H'torona (Theorem 2.1),

O3HAYAE HE MEHIIE JIBOX YSBHUX KOPEHIB (KOMIUIEKCHUX ), TOOTO OJ[HY Hapy
CIIPAXKECHUX YABHUX YUCEJI.

Bucuosok

3riJIHo 3 HEeMOBHUM IpaBuoM HbioToHA, piBHSIHHS:
22+1=0
Ma€ OJIHY 11aPy YsiBHUX KOPEHIB, 1110 30Ira€ThCs 3 TOUHUM PO3B’SI3KOM:

r =41
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Poss’a3anns piBagaag f(r) = 2° — 22 +2 = ( 3a HeNMOBHUM

npasmjaoM HbioToHa

Kpok 1: 3anuc nosriHoMa y MOTPIOHOMY BUTJISITI

3amuIreMo MoJiHOM Y CTaHapTHOMY BUTJISIL:
f(z) =2° 4+ 02% — 20 42
Orxke, 1pocTi KoeilieHTH:

CL3:1, CLQIO, CL1:—2, CL0:2

Kpok 2: O6uncjaeHHd KBaAPAaTUIHUX €JIEMEHTIB

Qopmynn A1 KBaIPATUIHUX €JIEMEHTIB:

2 2 2
Qn=ua,, Qni1=a,_{—ana,-2, Qno=ar o—a, 10,3,

Y HaoMy BUTAJIKY:

ngag—a3a1:02—1-(—2):2
Q1 =al —asap = (—2)>—0-2=4
Q0:G3:22:4

Kpok 3: AHaJi3 mocJjiToBHOCTi 3HAKIB

[TocaijioBHiCTh KBaJpaTUUHUX €JIEMEHTIB:

Q37Q27Q17Q0: 17 27 47 4

[TocaioBHiCTh 3HAKIB:
+, 4+, +, +

3MIiH 3HAKIB HEMAE.
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Bucuosok

3rijino 3 HermoBHUM npaBuJjioMm HbIOTOHA, KiJIbKICTH 3MiH 3HAKY B IOC/Ii-
JIOBHOCTI (1, Q1 - - -, Qo € HIZKHBOIO MEKEIO JIJIsI KIJIBKOCT1 YSIBHUX KOPEHIB
[IOJIIHOMA.

OckibKY 3MiH 3HAKy HEMa€, MPaBUJIO HE TapaHTye€ HasBHOCTI »KOILHOTO
YSIBHOI'O KOPEHSI.

IIpoTe 11e He o3HaAUaE, IO X HEMAaE — HACIpaB/li PIBHIHHS

flz) =2 =2z +2

He Ma€ JIicHIX KOPEeHiB, 1 BCl #oro KopeHi € KomMIiieKcHuMu. IIpocro npa-
B0 HhioTOHA IHOTO HE BUSIBMJIO, OCKIJIBKK BCl KBaJIPATWIHI €JIEMEHTH JI0-
JIQTHI.
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PosB’szanng pisagaasg (z—1)° = 0 3a Teopemoio HeoToHA
Kpok 1: 3anuc nojsiiHoMa y pO3TOPHYTOMY BUIJISIIi
PoskpuBaemo J1yKKu:
(z—1P2 =232 +32 1= f(r) =2 32" + 32— 1
Koedimienru:

as = 1, a2=—3, a1=3, CL():—l

Kpok 2: ObunciienHs KBaJIJpATUIHUX €JIE€MEHTIB

3a Teopemoro HproToHa:

Qs=a3=1"=1

Qo =a3—asza; = (-3 —(1)(3)=9-3=6
Q1 =a%—asag=3>—(-3)(-1)=9-3=6
Qo=ua2=(-1)7=1

Kpok 3: AHaJjiz 3HaKiB IOCJIiIOBHOCTI (3, (Q2, )1, Qo

Q=1 (+), Q=6 (+), Q=6 (+), Q=1 (+)

3minn 3HaKy: 0

BucuoBok

3rijiHo 3 Teopemoro HploToHa, SKINO HEMa€E 3MiH 3HAKY, TO:
PiBHsiHHSI Ma€ TiJibKK JIIACHI KOPEH].
Ile Bi/iIIOBiIa€ TOYHOMY PO3B SA3KY:

x =1 (TpukparHuii KOpiHb).
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Poss’a3anns piBagaug (v —1)(z>+x+1) = 0 3a Teopemoro
Herorona

Kpok 1: 3anuc nojsiiHoMa y pO3TOPHYTOMY BUTJISITi
PoskpuBaemo JyKKH:
(z—1D)(2*+2r+ D)=+ +r—2* -2z —-1=2"—1
OrxKe, MAEMO PIBHSIHHS:

2 —1=0.

Kpok 2: Buznauennsa koedilfi€eHTIB
[TominoM Mae BUTJISIL:
f(x) = az2® + asx® + ayx + ap = 2° + 02> + 0z — 1.
KoedimienTu:
az=1, ay=0, a3 =0, ay=—1.

Kpok 3: O6uncyieHHda KBaJIpaTUIHNX €JIEMEHTIB 3a Teopemoro Huro-
TOHA

Qz=a;=1"=1,

Qs =a%—asa; =0>—1-0=0,
Q1 =at —ayag=0>—0-(=1) =0,
Qo =ag=(-1)"=1.

Kpok 4: AnaJjii3 3HaKiB II0CJIiJOBHOCTI

ITocniioBHICTD:

Q=1 (+), Q=0 (0), Q=0 (0), Q=1 (+)
3min 3HaKy: 0. 3rigno 3 Teopemoio HproTona:

PiBusiHHS HEe MICTUTH ODOB’SIBKOBUX Iap KOMILJIEKCHUX KOPEHIB.
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Kpok 5: Tounnii po3B’a30K piBHIHHS

PiBHsiHHSI PO3KJIAJIA€THCS HA MHOXKHUKU:
(z — 1) (2> +2+1)=0.
o [lepmmit kopinb: z = 1.

o JIpyra wactuma: x>+ + 1 = 0.
JucKpuMiHaHT:

D =1*—4(1)(1) = —3.
Ockinbkn D < 0, Ma€MO JIBI KOMILJIEKCHO CIPSIYKEeHI KOPEHi:

_ —1+4V3
2

X

Bucuosok
PiBuanng mae:
® OJIMH JilicHuNl KOpiHb: © = 1,

® OJIHYy APy KOMILJIEKCHO CIPSKEHUX KOPEHIB: T = %
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3 Teopema IlITypma

Teopema Illtypma — 1e pyHaMeHTaIbHEE pe3yabTaT 19-ro cTOMITTS, sAKnii
OB s13y€ KLIBKICTH JIHCHUX KOPEHIB moJyiiHoMa f B iHTEpBaJl 3 KIJIbKICTIO
3MIH 3HAKIB y IHOCJIJOBHOCTI 00YMC/IeHD, MOAIOHKX JI0 JIJIEHHS IIOJIHOMIB.
R[z] — 1e cykymHicTh yeix MOJHOMIB Bijl 3MIHHOT 21 3 [ificHuME KoedirienTa-
vu. st 6ynp-sikoi f € R[z| crenens d Busnataemo 11 CeBIO3AIUIITKOBY M0~
caigosuicTs (Takox Bigomy sik nocaigosuicts Lrypua) sik Py := (po, ..., pd),
ae po = f, p1:= f' (woxigna f), p; := qiy1pi41—Pive mis Beix ¢ € 0, ...,d — 2,
a @11 Ta —pjro — 1l BIITOBIJIHO YacTKa Ta OCTada, OTPUMAaH1 B[ J1JE€HHS
pi Ha pir1. Takoxk Busnaunmo Pr(c) = (po(c), ..., pa(c)) st Oyub-siKoro
c € R, a Vy(c) — ne xinbkicrs 3min 3uakiB y nocaigosnocti Pr(c). 3okpewma,
KITBKICTh 3MIH 3HAKIB y JOBUIBHINA MOCHITOBHOCTL (Sq, ..., Sg) — i€ TPOCTO
Kijgpkicts J € 0, ...,d — 1 takux, mpo icuye k > 03 5554 Ta 5 = 0 J14 BCix
[ 375 <l <7+ k. Ilincymonytoun, nexait o : R — —1,0,1 Oyne dyHkIiieo
3HaKa, sika Bijobpaxae Bel gojarni (BianosijHo Bij'eMui) ducsa B 1 (Bimo-
BisiHo —1) Ta 0 B 0. IIpupogHUM YHMHOM MPOJOBKYEMO 0 HA MOCJIIOBHOCTI
3a jornomoroio a(s) := (a(sg), ..., (sq))-

Teopema 3.1 (Yrounena teopema Ilrypma). Jasa 6ydv-akoi dynruii f €
R[z1] 0 ma 6ydv-axuzr diticnur wucea a ma b 3 a < b, nevait N¢(a,b] no-
anavac Kiavkicmo xopenie gynkuil [ y naniesidxpumomy inmepsani (a, b.
Tooi

1. Awxwo nia, wib ne € kpammnumu xopenamu, mo N¢(a,b] = Vi(a)—V(b).
2. Axwo f(c) = f'(c) =0, mo Vi(c) = 0.

3oKpeMa, 3ayBaXKUMO, 10 MOXKEMO paxyBaTu KopeHi B (a, b], HaBITH KOJIHI
ojiHa abo ODOM/BI KIHIIEBI TOUYKM € KOPEeHsIMU f — 3a yMOBH, 110 B YKOJHIi 3
KIHIIEBUX TOYOK HeMa€ KpaTHux KopeHin. [ToTpibHO yHUKaTH KpaTHUX KOpe-
HIB Y KIiHIIEBUX TOYKaX ITiJ] 9aC BUKOpUCTaHH:A Teopemu LlITypma, ockiibku,
indopmariisi, 1110 epeaeThes 3MiHaMu 3HaKiB Pf(c), HOBHICTIO BTpavaeThes,
KOJIM ¢ € KPATHUM KOPEHEM.

Iosedera.

TBepmxkenua 3.1. Ocwkinvku po(c) = f(c) ma pi(c) = f'(c), pexypen-
muicmo, wo eusnauac nocaidoswicmo LImypma, odpasy onc oznanae, wo
pi(c) daa ecix j > 2.
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TBepmxkenuns 3.2. Axuwo a = b, abo f — Henysvosa Koncmanma, mo oue-
sudno, wo Nf(a,b] = Vi(a) — Vi(b) = 0. Omorce, npunycmumo, wo a < b,
1 wo f mae dodammuuti cmenins d.

Temep mepeiieMo 10 OKpeMUX BHUIAJKIB, KOJU BHKOHYIOTHCS HACTYIIHI
YMOBH:

1. (a,b] micturs He Ginbiie 1 KopeHs f, npuaoMy b HEBUPOJKEHHUIA, SIKITIO
BiH € KopeHneMm f.
Jist poro, crouarky npuiycrumo, mo f mae kopesi B (a,b], 1 110, y
CTPOTO 3POCTAIOTOMY TOPSIIKY, IIE CAME G, ..., Gp. LIOKIATEMO C1, ..., Cp
Ha OY/[b-sIKy IIOCJIIJIOBHICTD, 11O 3aJI0BOJIbHSIE

< <gq<co<@< <y <G,<b,
mu batumo, mo Vi(a) — Vy(b) nopisuioe came
(Vi(a)=Vi(e))+(Vi(er) =Vi(e2)) 4+ - -+ (Vi(em—1)=Vi(cm))+(Vi(em) =V (D).
Ockinbkn, 3a BusnadenusaM, Ny(a, b] e came
Nf(CL, cl] + Nf(cla CQ] + -+ Nf(cm—b Cm] + Nf(Cm, b]7
TO, OUEBUJIHO, JOCTATHLO JIOBECTH, 110
Ny(a, 1] = Vi(a) = Vi(er), Ny(er, ea] = Vi(er) = Vi(ea), . .,
s Ne(em—1,em) = Vilem—1)—Vi(em) 1@ Ny(cm, b = Vi(en)—Vi(b).

2. (a,b] micrurs He Ginbie 1 kopensi f, i Oyab-sikuii kopinb f B (a,b] €
IIPOCTUM.
Hns mporo 3aysaxkumo, mo g = HCJI(f, f') € Rlx;] Ta maa seix
i €1,...,m, f/g ninuTbes na T — ¢, aje He AiMnThed Ha (2 — )2, OTxe,
f ma f/g matorb oHaKOBI JiiicHI KOpEH], 3a BUHSTKOM TOTO, IO BCl JIiii-
cui xopeni f/g e upocrumu. Orpumyemo, mo o(Py(c)g(c)) = Pyj4(c) i,
TaxuM qunoM, o(Pr(c)) = o(g(c))o(Py/4(c)) nng seix piiicnux c. 3okpe-
Ma, Vi(c) = Vy/4(c), Ko ¢ ne € KpaTHuM KOpeHeM.

[]
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3.1 Po3p’a3anHga piBHaHb MeTozoMm ITITtypma
> +1=0
Kpok 1. ITo6ynora sanmiora ITItypma

Jnst muorounena f(z) = 22 + 1 6ymyemo nociigosuicrs [Typma;

folz) = 2* + 1,

fi(z) = f(z) = 2a.
Hauni sukonyemo jinenns fo(x) na fi(x) 3 ocravero (3anummok Gepemo 3i
3HAKOM MIHYC):

fo(r) = q1(@) fi(z) — faw).

Bukonyemo jinenns:

2’ +1= <g> (2x) — fo(z).
3BlCH:
folx) = — [a:z +1- (g) (2:13)} — 1

Orxke, jganmor [Typma Burisgae Tax:

fo(x) = 2% + 1,
fi(z) = 2z,
fz(.r) = —1.

Kpok 2. Obuncinenss KiJIbKOCTI 3MiH 3HAKY

PosriisineMo 3HaueHHsI Ha, HECKIHYEHHOCTSIX.
IIpu r = —oc:

fo(—00) >0, fi(—0) <0, fo=-1<0.
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[TocaiioBHICTD 3HAKIB:

(+), (=), (=)

KinbkicTh 3MiH 3HAKY:

fo(+00) >0, fi(+00) >0, fo=-1<0.

ITocniioBHICTD 3HAKIB:

(+), (+), (=)-

KinbkicTh 3MiH 3HAKY:

V(+o00) = 1.

Kpok 3. 3acrocyBannga Teopevmn Illtypma

KinbkicTs ificHEX KOpeHiB Ha iHTepBaJi (—00, +00) 009uCII0eThCst 33 Gop-
MYJI01O:

N = V(=00) = V(400) =1 —1=0.

BucuaoBok

PiBugnnga

2 4+1=0

HEe Ma€ KOJIHOTO JIIMCHOTO KOPEHS.
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23— 20 +2=0
Kpok 1. Ilobynosa sanmiora ITItypma

Hexaii
folz) = 2° — 22+ 2.
Ob6unCII0EMO TTOX1JTHY:
filz) = 32% — 2.

Bukonyemo minennst fo(x) na fi1(z) 3 ocradero (3MiHIOEMO 3HAK OCTadl):

¢ (x) = %%
5 2
q(z)fi(z) =a° — 533
Bignimaemo:
4
f2($) = [fo(ﬁ) - Q1(£U)f1($)] = ga: — 2.
Kpok 2. /Ipyrumit 3aaurmok
Himimo fi(x) ma fo(z):
@ (7) = Zx’
5 9
q2(x) fo(z) = 327 — 7%
Bignimaemo:
9
r(z) = filz) = ga(2) folz) = 52 = 2.

Himimo r(x) ma fo(x):

2z
43 =7 = 35
533 8
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g fa(z) = T
Binnimaemo:
o~ res- () - (3-) 2

Kpok 3. Ilocaigosnicts IITypma

Orxke, MaeMO:

ffo(x) = a3 — 22+ 2,
fi(x) = 32% — 2,
) fo(x) = gx — 2,
19
\f3(x) = —Z

Kpok 4. 3uakn Ha HECKIHYEHHOCTHAX

Ilpu x — —oc:

fo(—o00) =
[TocaioBHicTh 3HAKIB:

(=), (), (=), (=).

KinbkicTh 3MiH 3HAKY:

V(—o0) =2.

fa(—00)

—00, fi(—o00) = 400,

[Tpn x — +o0:

fo(+00) = 400, fi(+o0) = 400, fo(+00)
[TocaiioBHICTD 3HAKIB:

(+)7 (+)7 (+)7 (_)

KisibkicTh 3MiH 3HAKY:

V(+o00) = 1.

32
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Kpok 5. BucHoBOK

KijibKicTh JifiCHUX KOPEHIB PIBHSIHHS BU3HAYAETHCS SK:

N=V(-0)—=V(+o0)=2-1=1.
OrxKe, pIBHSHHSI
3 —20+2=0

Ma€ OJUH JilicCHUII KOPiHb.
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(z—1)3=0
Kpok 1. Ilobynosa sanmiora ITItypma
Poskpuemo Jiy)Ku:
folz) = (z — 1)3 =3 — 322 +3x— 1.
3HaXOINMO TTOX1THY:
filx) = fi(z) = 32* — 62 + 3.

Tenep gimvo fo(x) ma fi(x) 3 ocraveto (3amuniok HGepemo 31 3HAKOM Mi-

HYC).
Bukonyemo inenns:
1) Ilepmmit wren gacTku:

1

q(r) = gx

2) MHOKUMO Ha3a/1;
@ (x) fi(x) = %x(3az2 — 62 +3) =2 — 22° 4 .
3) Bimnimaewmo:
fo@)—q(z)fi(z) = (2° 32> + 32— 1) — (2° —22° + 1) = —2* + 22— 1.
SMIHIOEMO 3HAK 3aJIUIIKY:

folr) =2* 20 +1=(z - 1)~

Kpok 2. Hacrynauii 3aaurmok

Himimo fi(x) va fo(x):

1) Yacrka:
q(z) = 3.
2) MuoxkumMo Ha3a:
@ () fo(r) = 3(2* — 22+ 1) = 32 — 62 + 3.
Bignimaemo:
f3(z) = = (fi(x) — @2(2) fo(2)) = —(32° — 62 + 3 — 32> + 62 — 3) = 0.
[Ticsig Hy/IbOBOTO BAUITKY MPOIEC 3aKIHIYETHCS.
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Kpok 3. IlocaigosaicTs IITypma

Orxke, MaeMo:

fo(z) = 23 — 322 + 32 — 1,
fi(x) = 32% — 62 + 3,
fo(z) = (xz — 1)2

Kpok 4. 3uHaky Ha HECKIHYEHHOCTIX

Hnst x — —o0:
- fo(=00) = —00, - fi(—00) = +00, - fo(—00) = +00.
[TocaioBHICTD 3HAKIB:

(=), (), ()

KinbkicTh 3MiH 3HAKY:
V(—o00) =1

Hnsa r — +o00:
- f0(+OO) = +OOJ - fl(—|—OO) = +OO> - f2(—|—OO) = +00.
[TocaioBHiCcTh 3HAKIB:

(+), (), ().

KisibKicTh 3MiH 3HAKY:

V(+00) = 0.

Kpok 5. BucrnoBok

KinpKicTb AificHIX KOPEHiB:

N=V(-00)=V(+o0)=1-0=1
Takum 9UHOM, PIBHSIHHS
(z—10°=0
Ma€e OMH [AificHuit KOPiHb (3 KparHicTio 3) — 116 © = 1.
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(z—1)(2*4+2+1)=0

Poskpuemo JiyxKu:

folx) =2 + 2% + 2 — 1.

Kpoxk 1. Ilobynosa nanmiora IItypma

SHailj1eMo HOXiJHY:

fi(x) = 32 + 22 + 1.

Kpok 2. dineuna fy Ha f;

Himimo fo(x) ma fi(x) (3 ocratero).
1) Ilepmmit wren gacTku:

1

q(zr) = 3%

2) Muoxumo:

1 2, 1
ai(@)filz) = 52(30° + 20 +1) = ° + 20” + .

3) Bignimaewmo:

2 1 1 2
fol)—qu(z) fi(z) = (#*+2° +2—1)— (1:3 + §x2 + §x> = §x2+§x—1.
SMIHIOEMO 3HAK 3aJIUITKY:

1 2 1 2
pley = (32 + 30 -1) = a7 2o
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Kpok 3. Hinennsa f; Ha fo
Himumo fi(x) na fo(x).

1) Iepmmit wren gacTku:

@2(z) = —9.
2) MuoxkIMO:
1, 2

@ () folz) = =9 <—§x — gx + 1) = 322 4 6z — 9.

3) Bignimaewmo:

fi(z) — () foz) = (32 + 2z + 1) — (322 + 62 — 9) = —dx + 10.

SMIHIOEMO 3HAK 3aJIUIIKY:

f3(z) = 4x — 10,

Kpok 4. [ineuns f; Ha f3
Hinumo fo(x) na f3(x).

1) Iepmmit wren gacTku:

1
q3(z) = —Ex.

2) Muoxkumo:

1 1 5

3) Bignimaewmo:

2 5 2 o}

3

fa(x)—qs(x) f3(z) = (—%ﬁ — 3%+ 1) — <—%az2 + 6:6) = —gaj—i—l—éx = —§m+1.

SMIHIOEMO 3HAK:

3

fa(z) = 5%~ L.
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Kpok 5. [dinennsa f; va f;

Hinnmo f3(x) = 4z — 10 na fi(z) = 3z — 1.

1) Yacrka:
_4x 8
= %x 3

2) Muoxkumo:

qufa(z) = ; (gaz — 1) — 4 — g

3) Bignimaewmo:

8. 8 22
fs(x) — qufi(z) = (4o — 10) — (4o — §) =5 —10=—7.

SMIHIOEMO 3HAK:

Kpok 6. IlocigoBHICTh 3HAKIB HA HECKIHIYEHHOCTAX

IIpu x — —oc:

- fo(=00) = =00, - fi(—00) = +00, - fo(—00) = —00, - f3(—00) = —00,
- fi(—00) = —o0,- fs = 2 > 0.

[TocaioBHiCcTh 3HAKIB:

(_)7 (+)7 (_)7 (_)7 (_)7 (+)

KijibkicTh 3MiH 3HAKY:

V(—o0) =2.

Ilpu x — +o0:
- fo(+00) = 400, - fi(+00) = +00, - fo(+00) = —00, - f3(+00) = +o0,
- fu(+00) = +o0, - f5 =2 > 0.
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[TocaiioBHICTD 3HAKIB:

KinbkicTh 3MiH 3HAKY:
V(+o0) = 2.
Kpok 7. BucnoBok

KinpKicTb AificHUX KOPEHiB:

N =V(—00) — V(+00) = 2 — 2 = 0.

Ane HacpaB/l pIBHSIHHS Ma€ aHAJITUYHI PO3B SI3KMU:
- x = 1 (pnificanit kopinn), - #2 + x + 1 = 0 (Komiiekchi Kopeni).
Omrxke, pificiux KopeHiB — 1, 3 kparuicTio 1.
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4 IIpasmio 3HaKiB JlekapTta

Y MaremaTuili npaBuio 3HakiB Jlekapra, ommcane Pene [lekaprom y iio-
ro npari "Teomerpist”, miapaxoBye KOpeHi MHOIMOUJIEHA, JTOCIIKYIOUN 3MIHNA
3HaKiB floro koedimienris. KijibKicTb JOJaTHUX JIICHUX KOPEHIB He Oljibiie
HIXK KIJBKICTH 3MiH 3HAKIB y TOCJIOBHOCTI KoedilieHTiB MHOTOWeHa (6e3
ypaxyBaHHs HYJTbOBUX KOCMDIIEHTIB), a PI3HUIT MK KITbKICTIO KOPEHIB i
KIJTBKICTIO 3MIH 3HAKIB 3aBXK/M MapHa. 30KpeMa, KOJU KLJIbKICTh 3MiH 3Ha-
KiB JIOPIBHIOE HYJIIO ab0 OJIMHUIL, TO ICHYE PIBHO HYJib abD0O OJIMH JIOJaTHUI
KOPIHb.

Jlema 4.1. Axwo noaimom q(x) 3 diticnumu koedivienmamu demoncmpye
m amin 3naxa, mo daa 6ydv-akozo o > 0 noainom p(x) = (r — a)q(z)
demoncmpye wonatmernwe m + 1 aminy anaxa.

Josedenna. Hexait creninb g(x) nopisaioe n. Tomi, dopmytoun p(z) = (x —
a)q(x), orpuMyemo

n
p(z) = —aq+ > (gj-1 — agj)r’ + g2

J=1

[le osnauae, Mo ppi1 = go(= 1) i, oTke, Mae Toit camwmii 3uak. Kpim Toro,
KOJII MM CKaHYeMO BlJI j = T BHU3 JI0 J = 1, BUXOJUTh, IO NIPU KOXKHOMY
epexoJil 3HaKy MIXK ¢; Ta ¢j_1 3HAYCHHA p; = @j_1 — (¢ Ma€ TOI caMmuii
3HAK, MO il ¢j_1. TakuM 4MHOM, HOUMHAIOYUN 3 Py, ICHYE H1JIIOC/ILIOBHICTD
pj, 4Ky Ha3BeMO pj,, fKa Mae Ti »K 3HaKM KoedilieHTiB, 1o it BijanoBiaHA
niAnocioBHicTs ¢j,—1 Koedinientis ¢(x). Ocklnbku KinbKicTb 3MiH 3HAKA B
IOBHI 110C/ILIOBHOCTL pj HE MEHINa 3a KLIbKICTh 3MIH 3HaKa B Oy/ib-sKiil 111)1-
MTOCJTTIOBHOCTI, MU BpaxyBaJii MMOHANMEHIIIE M 3MiH 3HaKa B p(x). 3perToro,
po Ma€ 3HAK, MPOTHJIEXKHUIT 3HAKY o, & OTKe, 1 3HaKy p; . OTKe, p(x) Mae
monalimMenie m + 1 3miny 3HaKy. [l

Hacaigok 4.1. Iloamom 3 m dodamnumu KOpeHAMU MAE OLALWE HINHC M
HEHYNDOBUL KOEPIUIEHMIE.

Hosedenna. 3a gemoro (4.1) icuye monafiMeniine m 3MiH 3Haka KoebilienTin
MOJITHOMA, 3 110 JIOJIATHUMU KOPEHsIMU, OT2Ke, IoHaiimen e m+1 koediiienTis
JIJIE 3MIHM 3HAKA MIXK HUMU. J

Teopema 4.1 (IIpasusio snakis dekapra — 1). Kiavkicms dodamnux xopenis
noaimoma p(x) 3 dilichumu Koediuienmamu He Nepesutsye KiabKoCmi 3MiH
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anaxa 1020 xoepruienmic. Hyrvosut xoediuienm mne 6parosyemuves Ak 3mMina
3HAKA.

osedernsa. Mu jgiemo 3a JIOMOMOrOIO 1HJYKINT 38 KIIBKICTIO JIOJTaTHUX KO-
periB p(x). Ak p(r) He Mae JOJATHUX KOPEHIB, PE3yJIbTaT € MUTTEBUM.
[Ipunyctumo Temnep, 110 1€ CIPaBJKYETbCs JIJI MEHII HiXK k JOJaTHUX KO-
peHiB i mo Mu Maemo mnosinoMm p(x) 3 k gomarnumu kopensivu. Toi st
Oy1b-sIKOro Kopensi o > 0,

p(z) = (z — a)q()

Jutst estkoro noginoma ¢(z) 3 k — 1 gojaTHUMu KOpeHsIME. 3a IHJYKITE,
q(x) mae monaitmentie k — 1 3min 3naka. Orke, 3a gemoio (4.1), p(z) mae
monaimenine (k — 1) + 1 = k 3min 3HaKa. O

1106 j101aTKOBO TOKA3aTH, IO PI3HUIS MIXK KIJIbKICTIO 3MIH 3HAKa Ta KiJib-
KICTIO KOPEHIB € MapHOI0, MU BUKOPUCTOBYEMO CIIOCTEPEXKEHHSI 111010 HapHO-
CTI:

TBepmxkennd 4.1 (Ilapuicts). Hapnicmo, mobmo saruwor 6id disenna na
2, 610 KIALKOCMIL 3MIH 3HAKG 6 NOCAII08HOCTE HEHYALOSUT JIICHUT YUCeN

sj, = 0,...,n, dopisnroe Kiavkocmi smin 3nara 6 deoesemenmmil nidnocai-
dosrocmi SoS,,.

Hosedenna. Hexait o; Oyne 3uakom s;. Toxl BijHoenus 0;/0,41 10piBHIOE
—1 npw KoxHIit 3MiHl 3HaKa Ta 1 B iHmoMy Bumnaaky. Orxe,

j=n—1

1 f3MiH 3HaKa __ 9j _ 90
(=1) = =—,
Oj+1 On

J=0
10 O3Havae, MO PI3HUIE B KIJIHKOCTI 3MIH 3HaKa Yy BCl IOCJIJIOBHOCTI Ta,
KizbKoCTi 3MiH 3Haka (1060 0 abo 1) y mianocaigoBHOCTI oS, € napHow. [

BukopucToByoun mneit pe3ysabTaT, MA MOXKEMO Opa3y Po3MupuTH Jlemy 2,
1100 BijgoOpas3uTu Te, 1o Oyab-siKi JI0JaTKOBI 3MIHM 3HaKa ITOBUHHI BiJI0yBa-
TUCS MOMaPHO MIXK ICHYIOUMMU 3MIHAMM 3HAKA!

Jlema 4.2. Axwo noaimom q(x) 3 diticnumu koedivienmamu demoncmpye
m 3min 3naxa, mo daa o6ydv-akozo o > 0 noainom p(x) = (v — a)q(x)
demorncmpye m + 1+ 21 amin 3naxa dra dearozo uinozo wucaa [ > 0.

3pemniTo, KoM MU BPaxOBYEMO HapHICTb y npaBumi Jekapra, BHUIIAIOK
inaykiil n = 0 Bxke He € O6e3mocepeiHiM, aJie, Ha IacTs, Jer'KO BCTAHOBJIIIOE-
ThCS:
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TBepmxkenns 4.2. Hxwo p(x) ne mae dodamnux xopenis, mo tiozo xoedi-
ULEHMU MAOMD NAPHY KIADKICTIG 3MIH 3HAKA.

Jlosedenna. OCKIIBKYU p, JOJAaTHE, 3a MapHICTIO HAM MOTPIOHO JIKIIE TOKa-
3aTH, M0 Py TAKoXK jojgarHe. [Ipumycrumo, mo Bono Big'emue. Tomi p(0)
Bij'emue. p(r) jojarHe Jijisi JOCTATHBO BEJUKUX X, ToMy p(x) JOPIBHIOE Hy-
0 s Jesikoro x> 0, Mo cynepednTh rinoresi mpo te, mo p(r) He Mae
JIOJTATHUX KOPEHIB. ]

Teopema 4.2 (Ilpasuio suakis dekapra —2). Kiavkicms dodamnux xopenis
noaimoma p(x) 3 diicnumu Koediuienmamu ne nepesuusye KiabKoCmi 3MiH
3HaKa 1020 KOEPIUIEHMIE | GIOPIBHAEMBCA 610 HET Ha YUCAO, KpamHe J6OM.
Hyavosuti xoepiuienm we 8parosyemuves Ak 3MiHa 3HAKA.

Hacuimok 4.2. Arxwo eci koedivicnmu dynryii p(x) dodammni, mo p(x) ne
mae dodamuuz kopenis. Hrwo xoedivienmu dynruii p(x) aminoroms odun
3HAK, MO BOHA MAE PIEHO 00uHn dodammutl KOPIHD.

Hosedenna. 0 — equne nesia emue napue uncao < 0, a 1 — egune HeBir eMHe
HerapHe yncao < 1. ]

1106 misHaTwCs PO Bil €MHI KOPEHi, MU PO3TJISTHEMO 3MiHy 3HaKa B p(—).
[MToso camoi p(x), 3mian 3HaKa B p(—) BIAMOBIIAIOTH OJHIN 13 JBOX TTOBE/TI-
HOK 3HaKa:

e Bijicyrricrh 3minu 3Haka (3HaKOBUIl psij| abO CTATICTH) MiXK CTEreHs-
MU T, PO3JIJICHUMU TAPHUM YHUCJIOM, BKJIIOUYAIOUUA HYJIb, HPOIMYIIEHUX
YJIeHIB

e 3MiHa 3HAKA MIXK CTENEHSIMU T, PO3JILIEHUME HEMAPHOIO KLJIBKICTIO ITPOITY-
IMEeHNX YJIEHIB.

Hacaigok 4.3. Kiavkicmo 6id emnur xopenie p(x) me nepesuwsye Kiavko-
CMi 3HAK0BUT PAJIE, PO3AIACHUT NAPHON KIABKICMIO SLICYMMHIT YAeHi8, Jo-
daroi 0o KiabKoCMI 3MIH 3HAKG, PO3JIAEHUL HENAPHON KIADKICMIO 610CYMHIT
unenie y p(x). Kpim mozo, pisnuus € naprum “uciom.

Hacuaimok 4.4. Kiavkicms komnaekcnux xopenis p(x) na nesid emme nap-
HE ULAE YUCAO NEPESUWYE KIALKICTD NPONYULEHUT YAEHIE NAIOC KIALKICITLY
3HAKOBUT PADLE, PO3AACHUT HENAPHOIO KIAGKICTNIO YAEHIE, MIHYC KIAGKICMD
3MIH 3HAKA, PO3TAEHULT HENAPHOIO KILALKICTNIO NPONYULLHUL 4AEHIE.
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4.1 Po3B’a3aHHg piBHAHb NpaBUJoOM 3HaKiB /lekapra
22 +1=0
Kpoxk 1. 3anncyemo MHOTOUWIEH y CTaHAAPTHOMY BUTJISIL:
f(z) = 2* + 02 + 1.
[TocaiioBHiCT 3HAKIB KOEDIIIEHTIB:
+,0, +.

OcKiJIBKI HYJIb He BPaXOBYEThCA MPHU MiJIpaXYHKY, TO 3MiHa 3HAKIB JIOPiB-
HIOE:

KinpkicTs 3min 3uaKiB = 0.
3rijgno 3 mpaBusiom 3uakiB [lekapra, KIIbKICTH TOJATHUX KOPEHIiB:
= 0.

Kpoxk 2. Ilepesipumo KijibkicTb Biji'€eMHux kopenin. IlijicraBumo 3amicrb
X BUpa3 —x:

f(=2) = (=2 +1=2"+1.
[TocaiioBHIiCTh 3HAKIB 3aJUITAETHCA HE3MIHHOIO:
+,0, +.
KiujibkicTh 3MiH 3HAKIB 3HOBY JIOPIBHIOE:
= 0.
OrKe, KIJIBKICTD BiJI €MHUX KOPEHIB:
=0.

BucnHoBoxk: 3rijiHo 3 npasusiom 3uakiB Jlekapra, jlaHe PIBHsIHHS HE Mag€
JIUMCHUX KOPEHIB.
AHaMITHYIHO K HOTO PO3B 130K BUIVISAIAE TaK:
2 o . .
rr=-1 = x==i

Ot2Ke, KOpeHI KOMILJIEKCHI.
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23— 20 4+2=0
Kpok 1. 3anncyemMo MHOrOUIEH y CTaHAPTHOMY BUIJISIL:
f(z) =2° + 02 — 2z + 2.
[TocaijioBHicTh 3HaKIB KOeDilieHTiB:
+,0, —, +.
Hynb ne BpaxoByeThes MpU MiIpaxyHKY 3MiH 3HaKiB, TOMY CIIOCTEPITAEMO:
+, —, +.
KinpKicTb 3MiH 3HAKIB:
1 (Big + 5o —), 2 (Big — g0 +).
Pazowm:
KisbkicTb 3MiH 3HaKIB = 2.
3rigno 3 npasuioMm Jlekapra, KiJbKICTb JIOJATHUX KOPEHIB MOXKe OyTH:
2 abo 0.

Kpok 2. IlepeBipumo KiJbKicThb Biji eMHUX KopeHiB. IlijicraBumo —z 3a-
MICTh X:

f(=z) = (—2)* +0(—2)* = 2(—2) + 2 = —2° + 22 + 2.
3anucyemMo HOBUI MHOI'OUJICH:
f(=2) = —2° 4+ 22 + 2.
[TocaitoBHICTE 3HAKIB KOEMIIIEHTIB:
-+, +.
KinpKicTb 3MiH 3HAKIB:
1 (Big — g0 +).
OrKe, KIJIBKICTD BiJI' €MHUX KOPEHIB:
1.

BucuoBox: 3rijiHo 3 npaBuiom 3uakiB Jlekapra: - JIoaTHUX KOPEHIB MO-
e oyru 2 abo 0, - Biji'eMHux KopeHiB — 1.

Orke, pIBHSIHHST Ma€: - OJIMH BLT€MHUIl KOPiHb TOUHO, - pernra (0 abo 2)
— abo KOMILIEKCHI, ab0 JIOJaTHI.
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(z—1)3=0
Poskpuemo JiyxKu:
23 —32°+3x—1=0.
Kpoxk 1. [locniioBHicTb 3HaKIB KOeiIiEHTIB:
+,—,+,—
Paxyemo 3MiHy 3HaKiB:
+,— (1 3mina),
—,+ (2 3wmina),
+,— (3 3wmina).
Orxe:
KinpKicTb 3MiH 3HaKIB = 3.
3rigno 3 npasuioMm Jlekapra, KiJbKICTb JIOJATHUX KOPEHIB MOXKe OyTH:
3, 1.

Kpok 2. Ilepesipumo kijibkicTh Biji’emuux Kopesis. IlijicraBisemo —x
3aMICTb T:

f(=2) = (-2)* = 3(—2)* +3(—2) — 1 = —2* — 32* — 30 — 1.

[TocaijioBHicTh 3HAKIB KOEDIlieHTIB:

2KoHol 3MiHN 3HAKIB HEMAE.
Omrxke:

KisibkicTs Biji'eMuux kopenis = 0.

BucnosBok:

3rijiHo 3 npaBuJIoM 3HaKiB /lekapTa: - J0JaTHUX KOPEHIB MoxKe OyTu 3 abo
1, - BiI'eMHUX KOpEHIB HEMAE.

AHaITHIHO 2K MAEMO:

(z—-1P%=0 = x=1.
Kopiub kparaocri 3: x = 1. OTxe, JilicHuiT KOPIHb OJMH, aJie 3 KPaTHICTIO.
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(z—1D(@*+z+1)=0
Poskpuemo JiyxKu:
v +2+1)—1@*+z+ ) =2 +2* +or—2* —x— 1.
Cupocrumo:
flz)=2"—-1=0.
Kpoxk 1. TlocuijioBricTh 3HaKiB Koedilli€HTIB:
+,0,0, —.
[Ipu migpaxyHKy irHOPYEMO HYJIl, OTYKE MAEMO:
+, —.

KisnbkicTh 3MiH 3HAKIB:

3rigno 3 mpaBusiom 3rakiB [lekapra, KIIbKICTH TOJATHUX KOPEHIiB:
1.

Kpok 2. IlepeBipumo KiJIbKiCTh BiJi’éMHUX KopeHiB. [lijicraBisgemo —x
3aMICTh X

f(=2) = (—2)* = 1= -2 — 1.
[TocaioBHICTb 3HAKIB:

Y

3MIH 3HAKIB HEMAE.
Orxke:

KisibkicTh Biji'eMauX KopeHiB = 0.

AnamiTuuHnii po3B’d30K:
PiBHAHHSA PO3MaTa€ThCsI HA B MHOXKHIKIH:

(x—1)=0 = x=1,
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?4+r+1=0.

JucKpuMiHAHT JIJIsI KBaJIPATHOIO PIBHSIHHS:
D=1*—-4(1)(1)=1-4=-3<0.

Omxe, AfiCHUX KOPEHIB HEMAE, JIIIE OJINH JIHCHUI KOPIHb:
x = 1.

BucnoBok: 3rijino 3 mpapuiiom 3uakiB [ekapra, oquH 101aTHANR KOPIHb.
Anamitnano: = 1 — equnnii gificunit KOpiHb.
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5 Teopema I'aycca - JIioka

Teopema laycca, BinkpuTa JITOKOM, OIUCY€E UyOBHIl 3B’sI30K MiK KOPEHSIMU
MHOTOYJIeHa Ta KOPEHsMU HOTO MOXI1JTHOI.

st muorousiena P My Ha3uBaeMO KOpeHi HOro 1moxijiHol KpUTUIHUMU TO-
JKAMH.

CnouaTky HaMm HOTpPiOHO cHOPMYJIIOBATU PE3YJIbTAT, SIKUMl € IIKaBUM CaM
1o cobi Ta Oyjie BUKOpucTaHuii y jioBejienHi Teopemu laycca - Jlroka. Mu
Ha3UBATUMEMO HIBILJIOIIMHOIO OYyJib-51KY 3 JIBOX 00J1acTeil, BABHAYEHUX JIIHIETO
Ha, IIJIOITMHI.

Jlema 5.1. Cyma crkinuennoi Kisvkocms KOMNACKCHUT YUCEA, ULO PO3MAULO-
6aMt Y 610KPUMLT NIGNAOUUHTL, PO3MAUL08AHA Y Uil 1OKPUMIT NIBNAOULUHL.

Jlosedenna. Mu MoKEeMO 3MICTHTH TPSMY Ta YUCIO Tak, 1Mo0 MpsMa, sKa
BU3HAYAE MIBIJIOIIMHY, TPOXO/UJIA Yepe3 oYaTOK KOOPJUHAT.

JloctaTHbo MTOKa3aT TBEPXKEHHS JIJIs JIBOX KOMIIJIEKCHUX YNUCEJI, OCKLIBKI
TOJIl MU MOXKEMO 1TepyBaTHU HAILy CyMYy.

Mu MOXKeMO MOBEPHYTH HAIy JIHIIO Tak, 0O BoHA OyJa BiCCIO X, & KOM-
IIJIEKCHI UMCJTa, 3HAXOIMIUCA HaJl Heto. 1ol 3po3yMiJio, M0 sKINO TOJOBHUMHA
apryMeHTaM¥ JIBOX KOMILIEKCHUX dnces € 61 ta 6y, To iXHs cyma MarTume
TOJIOBHUI apryMeHT MixK 0 Ta 0y, OCKLIBKU CyMa JBOX KOMIIJIEKCHUX UNCEJT
21, Z9 € BEPIINHOIO IapaJiejjorpaMa, a 1HII BEPIINHU JOPIBHIOOTH 21, 21, 0.

Ha zapeprmennsi, 6 Oyme gech mixk 0 Ta 7, a oT»Ke, y BEePXHIil MiBIJIOMINHI.

]
Tenep mu moxxkemo cdopmysiroBaru Teopemy ['aycca - JIroka.

Teopema 5.1. Hexati P — xomnaexcnuti mmozounren. Todi kopeni P’ nane-
oAcamv ONYKALG 000A0HUL, WO BU3HAMAEMBCA KOpeHAMU P.

Hosedenns. Sannmemo P(z) = (2 — z1) ... (2 — 2zp), e n = deg(P) (deg —
HaMOLIbIINIA [IOKA3HUK CTelleHs 3MIHHOI B MHOFoqﬂeHi).

Toni P'/P =L +...4 1

z—z1 Z2—2n "
[Ipunycrumo, mo P'(w) = 0 ra P(w) # 0, i 10 w He HAJEXKUTH OIMyKJIiil
OOOJIOHII], 110 BUSHAUAETHCH 21, - . . , Zp.

Mu MOxKeMO NTPOBECTH Yepes w JIHII0, Ka He IePETUHAE OTYKJIOT 000JOHKN
Zlyenyln-

Toji BCl unca w— z; Oy/LyTh pO3TAIIOBaHI B OJIHI 3 BIJIKPUTUX TIBILJIONIIH,
BU3HAYEHUX [IEPEHECEHHSM IPsAMOI Yepe3 10YaTOK KOOPJIMHAT.
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ObepHeHi 10 W — 2; MATUMYTh FOJIOBHI apr'yMeHTH, OTPUMaHI IIISIXOM BiJI-
HIMAHH¢ [MOYaTKOBUX I'OJIOBHUX apryMEHTIB B 27 BIJITIOBITHO. [
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5.1 Po3p’a3anHsg piBHIHBb 3a TeopeMoro 'aycca-JIroka

22+ 1=0
3HaX0IMMO KOPEeHi:

?=—-1 = =i

SHAXOAUMO TTOXITHY MOJIIHOMA:

P'(z) = 2z.

SHaX0IMMO KOPEeHI ITOXiHOI:

2c=0 = x=0.

OmnykJra 000JT0HKa MHOXKUHU KOopeHiB {i, —i} — 1e BiIpi3oK Ha ysABHIi OCi

MiK ¢ Ta —¢. Kopiab noxigaol x = 0 JIeXKuTh BeepeauHi 1€l OmyKJaol 060~

JIOHKH.

Puc. 1: Burian Ha KOMIIJIEKCHIii TIIOITHHI.

Taxum umHOM, Teopema ['aycca-JI1oKa cmpaBIKyeThCs.
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2 —2r+2=0
Posrngnemo nosnuowm:
P(z) = 2% — 22 + 2.

Kpok 1. 3Haxo/1uM0 KOpEeHi IMoJIiiHOMAa
PosB’sixkeMO piBHSAHHSI:

22— 22 +2=0.

AHaiTHIHO KOPEHI MOYKHA 3HAWTH, HAIIPUKJIAJL, 38 JOIOMOro0 (hopMy/In
Kappnano, aie ocaoBHe a5 Teopemu ['aycca-JItoka — 3HaTH, JIe PO3TaIIOBaHI
KOpeHl Ha KOMIIJIEKCHIH TIJIOMNHI.

Hexaii KopeHi JIOPIBHIOIOTH X1, Ta, T3 (MOXKJIMBO KOMIJIEKCHI).

Kpok 2. 3uaxoammMo MoxiJHy IIOJIIHOMA

SHAXOIUMO ITOX1THY:

P'(z) = 32 — 2.

Kpok 3. 3nHaxoammMo KOpeHi 1MOXiTHOL
Posp’szxemo:

2 2
337 —=2=0 = 2*=2 = 1x=d44/=.
x x 3 x 3
Kpok 4. IlepeBipka Teopemu I'aycca-JI1oka
KopeHni moxijHor:

2
r=1+\/=
3
— IIe JIMCHI 9ucaa, 10 JexXaTh Ha, J1CcHIi ocl.
Teopema 'aycca-JIoka cTBepKye, 10 BCi KOpeHi MOXiHOI JeKaTh BCcepe-
AnHi a00 Ha MexKi OIMyKJI0l 000JI0HKHU KOPEHIB OPUTIHAJHHOTO TOJIHOMA..

Tobro, TOUuKH = = :I:\/g MaIOTh 3HAXOJIUTHUCS BCEpPEInHI abo Ha MexKl

OILYKJIOT 0O0JIOHKM MHOXKUHU {1, Lo, T3}
Kopeni nosinoma 23 — 22 +2 =0 €

1. 1 = —1.7693 (niiicHuii KOpiHb)
2. x9 = 0.8846 + 0.5897i (KOMIIJIEKCHHI KOPIHb
3. x3 = 0.8846 — 0.5897i (kommIeKCHNUI KOPIHD

OT:ke, OMH 3 KOPEHIB € JIfCHNUM, a JBa IHIUX € KOMIIEKCHUMHI 3 OJHa-
KOBUMHU peaJIbHUMHU YaCTUHAMMU, aJie PI3HUMHU YSIBHUMHU HYaCTUHAMHU.
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Im

KopeHi noniHoma

1.01

.5

0.0+

=5 @

~1.0- 0O

=1.51

=110

T 1.5 0.0 0.5
Re

Puc. 2: Burias Ha KOMIIEKCHIH IJIONIUHL.
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(z—1)3=0

Kpok 1: 3naxoumo KopeHi:

r =1 (kparnicrs 3).

Kpok 2: 3naxoaumMo moxijany:

P(z)=(r—1)=2" - 32> + 32 — 1,

P'(x) = 3% — 62 + 3.

Posp’skemo P'(x) = 0:

322 —6x+3=0,

2?2 —2x4+1=0,
(x —1)*=0.

OrKe, KpUTHUUIHA TOYKA:

r =1 (xparhicTs 2).

BucHoBok: Vci kopeni nosinoma P(x) 36irarorbes B ojaiit Touni x = 1.
3rigao 3 Teopemoio aycca-JIioka, ycl KOpeHi MOXI1JIHOI JIeXKATh Y ONYKJIii
000JIOHIII MHOXKUHU KOPEHIB, TOOTO TakKoXK y Touni x = 1.
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(z—1D(@*+z+1)=0

Kpok 1: 3naxoumMo KopeHi.
He—1=0 = z=1
2) 22+ x + 1 = 0. Jluckpuminant:

D =1*—4(1)(1) = —3.
Kopeni:

 —1+4V3

Kpoxk 2: O6unciumMo noxijiHy moJiHoMa.

X

[Tominowm:

P(z) =2° — 1.
[Toxinna:

P'(z) = 32°.

3HaxX0IMMO KOPEHi MOXiIHOT:

322=0 = z=0.

Kpok 3: Teopewma l'aycca-JIioka.
KopeHni nojiiHOMa yTBOPIOIOTH PIBHOCTOPOHHIN TPUKYTHUK HA KOMILJICKCHI
IJIONTUHI 3 BepIIMHAMU B TOUKaX:

—14+4/3
: .

Kopiap noxigaol x = 0 JeXKUTh ycepeInHi ITHOTO TPUKYTHUKA.

L,
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Im

IMosicHeHHs: YopHi TOUKM — Tie Koperi noiinoMa (z — 1) (22 +x+1) = 0,

Yepsona Touka — Tie Kopinb noxigmoi P'(x) = 32?2 = 0. Bin nexuts Beepe-

JIFH] OITYKJI0T 000JIOHKK KOPEHIB, sIK 1 cTBep/Ky€e TeopeMa, ['aycca-JIoka.

BucnoBoxk: Teopema laycca-Jlioka 1ijrBepiaKyeTbes.
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6 OcHoBHaA Teopema aJreopu

OcHoBHA TeopeMa aJredpH, sSIKy TaKO)K Ha3uBaiOTL Teopemoio I’ Amambepa
abo Teopemoro I’Anambepa-I'aycca, cTBepKye, 10 KOXKEH HEMOCTIHHIH 1Mo~
JIHOM BiJI OJ{HI€l 3MIHHOI 3 KOMILJIEKCHUMU KOedilieHTaMu Ma€ NpuHaiMHi
OJINH KOMILJIEKCHII KopiHb. Ile BKJIOUa€e MOJIHOMHU 3 JIHCHUMEU KoedilienTa-
MU, OCKLJIbKI KOXKHE JIIiCHEe YUCJIO € KOMIIJIEKCHUM YUCJIOM 3 YSIBHOIO YaCTH-
HOIO, 1110 JIOPIBHIOE HyJif0. EKBIBaJIeHTHO (32 BU3HAYEHHSIM ), TeOpeMa CTBep-
JRKYE, 110 110JIe KOMILJIEKCHUX 4Yucesl € aJjiredpaluHo 3aMKHEHUM. Teopema,
TaKOXK (POPMYJTIOETHCS HACTYIMTHUM YHMHOM: KOXKE€H HEHYJIbOBUII TIOJIIHOM BiJT
OJIHIET 3BMIHHOT CTYTIEHsI 71 3 KOMILJIEKCHUMU KOeMIIiEHTaM Ma€, BpaXOBYIOUH
KPaTHICTh, PIBHO 1 KOMILJIEKCHUX KOPeHiB. EKBIBaJIeHTHICTH JIBOX TBEP/I?KEHb
MOKHa JIOBECTHU 3a JIOIOMOI'OIO ITOCJILIOBHOIO JiljenHs moainomiB. HesBarka-
I0YM Ha CBOIO Ha3BY, BOHA He € (PYHIaMEHTAJIHLHOIO JIJIsT CYYacHOI ajreOpu;
BOHa OyJia Ha3BaHa, KOJIM ajrebpa OyJjia CHHOHIMOM TeOopil PiBHSHb.

Teopema 6.1. Hexatt P — xomnaexcnut nosinom 3i cmenenem (P) =n >
1. Todi icnye zg € C, wo 3adosoavnac P(zy) = 0.

Hosedenna. Sanucyoun P(2) = ag+arz+---+ap,2", nea; € C,0 < j <n,
an # 0, maemo | P(2)] > |an||2[" — |ao| — -+ = |ap-a||2]"™
mo lim,|,o [P(2)| = oo. 3riamo 3 HenmepepsHicTIo, Jerko modaunTu, mo |P)|

, 3 40Ir'0 BUILJINBAE,

Mae abCOTIOTHIH MiHIMYyM 1ipH JtesskoMy 2o € C. [Ipumyctumo 6e3 obmexkeHHs
sarajgbHoCT, o 29 = 0. Omxe, noknagaroun ST =w € C: |w| =1,

IP(rw))? — |[P(O)2 >0,  Vr>0,Vwe S, (6.1)

ta P(z) = P(0) + 2*Q(z), nnst meskoro k € 1,...,n, ge Q — nosinom,
a Q(0) # 0. Ioeanyioun e piBHsIHHS TIpM z = Tw 3 HepisuicTio (7.1),
OTPUMYEMO

|P(0)+7"w*Q(1w) > =|P(0)|* = 27" Re[P(0)w*Q(Tw)]+72*|Q(Tw)|? > 0,V
a mojituBIy Ha 7F > 0, oTpuMyeMo
2Re[P(0)w"Q(1w)] + 7"Q(Tw) > > 0, V7 > 0,Vw e S,

JiBa YacTHHA SIKOrO € HenepepsHoto dyukuieo 7, jge 7 € [0;+00). Takum
IUHOM, SKIIO IOKJIacTH 7 — (), MaeMo

2Re[P(0)Q(0)w"] >0,  Vwe S (6.2)
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Hexait a = P(0)Q(0). Posknagaoun creneni uncia 2 Ha MHOXKHUKH, MU
MozkeMo zamucatu k = 2/m, ne m — nenapue uucio. Baapmm w = 1y (6.2),
M pobnMo BrcHOBOK, o Rela] > 0. Bubnpaoun w Tak, mod w? = —1, mu
pobumo BUCHOBOK, 10 Re[a] < 0, a orxke, Re[a] = 0. Bubupatoun w rax,
1100 w? = i, OTPUMYEMO BUCHOBOK, 1110 w* = 4 ta " = Fi. [ligcraBnsioun
w ra Wy (6.2), Mmu pobumo BucHOBOK, mo Imla] = 0. Omke, o = 0, i
P(0) =0. O
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6.1 Po3B’da3aHHd piBHAHb 32 OCHOBHOIO TEOPEMOIO aJIredpu
> +1=0

Posp’si)keMo piBHSHHS 3a JIOMIOMOI'OI0 OCHOBHOI TeopeMu aJjreOpu:

?+1=0
2t =—1
x::I:\/—_l
T = *Fi.

OrKe, MHOYKMHA KOPEHIB 1IbOTO PIBHSIHHSI:

r=1 abo x = —1.
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2 —2r+2=0

Kpok 1: IlepeBipka MO2KJIMBUX KOPEHIB METOOM IIiICTAHOBKU
IIepeBipsiemo JiesiKi 3HAYEHHA NI X

f(=1)=(=1°=2(-1)+2=-1+2+2=3 (ue e kopenem),

f()=1-2(1)4+2=1-2+2=1 (ue e kopeuewm),
f(=2)=(-2)=2(—2)+2=—-8+4+2=—2 (ne ¢ kopenem).

Kpok 2: Hucnosi meroam abo dpakropusaiis

AKmo He BraeThed 3HAUTH KOPIHb METOJOM MiJICTAaHOBKH, MU MOXKEMO 3a-
CTOCYBATU METOJU YUCJOBOTO PO3B’si3aHHs a00 (paKTOpU3aIliIo.

3a 0OCHOBHOIO TEOPEMOIO aireOpu PIBHAHHS Ma€ Xo4da, O OJ1UH KOPIHb B KOM-
miekcHii mronmui. [ToTpibHO 3HAUTH TOUHI KOPEH] 3a JOIOMOT0I0 TaKKX Me-
TOJIB, siK MeToj; HbioroHa abo 3a JI01IOMOI0OI0 UHCI0BUX OOUYUC/IEHD.
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(z—1)3=0
3riJIHO 3 OCHOBHOIO TEOPEMOIO ajreOpu, KyOiuHe PIBHSIHHS MOBUHHO MaTH 3

KOPEHI y MHOXKHMHI KOMIIEKCHUX YHCEJT (3 ypaxyBaHHSM KPATHOCTI).

Buznauenunsa

AKI1o KOpiHb T = @ 3a/10BOJIbHSE PIBHSHHS:
P(z) =0,

1 MHOT'OYJIEH MOYKHa, PO3KJIACTU Y BUTJISJIL
P(z) = (z — a)"Q(x),

je Q(a) # 0, o roBopsTh, 1110 ¢ — KOPiHb KPaTHOCTI k.
Po3B’stzkeMo piBHSHHS:

(x—1)%*=0
r—1=0
xr = 1.

AJte OCKIJIbKY PIBHSIHHST MA€ BUTJISI]L:
P(z) = (z —1)%,

et Kopinh Ma€ KPaTHICTD 3.

I'eomeTpuuHMii cenc

- flKimo KpaTHicTh KopeHs gopiBHIOE 1 — rpadik nepernnae Bich Ox. - fAKIimno
KpaTHicTh napHa (Hanpukaaj, 2, 4, 6...) — rpadik Topkaerhest oci Ox i 1o-
Beprae HaszaJj. - JKIo KparTHicTh HenapHa Olibiie 1 — rpadik nepernHae
BiCb, ajie "BUPIBHIOETHCA" B OKOJII KOpeHst, 00 MOXIIHA TeXK OOHYISIEThCS.

3B’ 30K 3 OCHOBHOIO TEOPEMOIO aJareopn

OcHoBHa Teopema aJredpu CTBEPIKYE, IO JiJist Oy/Ib-sIKOTO MHOTOUJIEHA, CTe-
nerst n Hag C 3araibHa KUIBKICTh KOPEHIB (3 ypaxyBaHHSM KPATHOCTI) J10-
PIBHIOE N.
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V punajiky pisnsanns (z — 1)3 = 0:
- CTelliHb MHOTOWIeHa = 3, - €JIUHuil KOpiHb = 1, - #loro KpaTHICTh = 3.
BucnoBoxk: PiBHsinHs Ma€ 0jiiH KOPiHb:

r =1,

SIKUi € KopeHeM KPaTHOCTI 3.
Ile oznauae, 110 * = 1 — €unuuil po3B 530K, KUl HOBTOPIOETHCS TPUUI.
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(z—1D(@*+z+1)=0

3riJIHO 3 OCHOBHOIO TEOPEMOIO aJIredpH, KOXKEH MHOT'OUJIEH CTEIEHs 1 Ma€ N
KOPEHIB y MHOXKWHI KOMILIEKCHUX 1Hces (3 ypaxyBanusam KparHocti). Hare
PIBHSAHHS — 1€ JJOOYTOK JIBOX MHOXKHUKIB:

l.z—1=0
2. 22+ +1=0
Kpok 1: Po3p’azyemo z — 1 =0

r—1=0
r=1.

Kpok 2: Po3p’azyemo 22 + z 4+ 1 = 0 BUKOpHCTOBYEMO JAMCKPUMIHAHT:

D=0V —4dac=1>—4(1)(1)=1—4= -3,
Ockinbkn D < 0, KOpeHi KOMILJIEKCHI:

_ —bEVD  —-1+4/-3
20 2 '

3aInncyeMo oCTaToOIHO:

X

-1 \/§

r=-—=x1—.
2 2
BucuoBok:
PiBHsHHA Ma€e Tpu KOpeHi:
1.z = 1 (aificunit); 2. x = 3L + 2*/73 (komIutekchuil); 3. x = Sb — Z\/Tg

(KOMIUIEKCHUIT CIIPSTYKEHNIA ).
Ile MOBHICTIO Y3rOMKYETHCA 3 OCHOBHOIO TEOPEMOIO aJiredpu: y piBHIHHA

cTerens 3 — TPU KOPEHI.
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7 Teopema nmpo pamioHaJbHI KOpPeHi

B asrebpi Teopema mpo parnioHasbHi Koperi (a00 TecT mpo parnioHaJbHi KO-
peHi, TeopeMa PO pallioHaJIbHUN HYJIb, TECT PO pallloHAJILHUNE HYJIb a00 g
TeopeMa) BCTAHOBJIIOE OOMEXKEeHHsI Ha palioHaJbHI PO3B’A3KH MOJIHOMIAb-
HOT'O PIBHSIHHS

ant” 4+ ap 12" P+ ay=0

3 IIJI0YKHCETbHIME KoedinmienTaMu a; € 7 1a ag, a, # 0. Po3p’s13ku piBHIHHS

TAKOXK HA3UBAIOTHCsI KOPEHsIME ab0 HYJISIMU MOJIHOMA, 3 JIBOTO OOKY.
Teopema, cTBepKYe, 10 KOXKEH PallioHAJbLHII PO3B’SI30K T = g, 3ammnca-

HUl y HAfiMEHIINX wieHaxX (TOOTO p Ta ¢ € B3a€MHO MIPOCTUMH ), 38I0BOJIbHSIE:

® p — IJIOYUCENHHNI MHOXKHUK MOCTIHHOTO YJeHa ay,
® ( — IIJIOYUCE/IbHUI MHOXKHUK CTAPIIOr0 KOeIIIEHTa @y, .

Teopema 7.1 (Teopema mpo parionanbhi Kopeni). Hevat f = ag + ajx +
oo 4 apx”, ue noainom 6 Qlx], de a; € Z, a, # 0. Koowcen payionanrvrud
kopino T 6id f 6 Q mae euzand T =0b/c (b,c € Z), de blag ma c|a,.

Josedenns. Hexait 7 = b/c — panjonaynbhuii kopinb Gyukiiil f, ge b, ¢ —
B3aE€MHO TIPOCTI ITLJI1 JUCIA.
Maewmo:

n

0="> ai(b/c).

1=0

[TomHOXKMBIIIM 0OMIBI YaCTUHU BUINEHABEIEHOIO PIBHSIHHSI Ha Cp, MAEMO:
. n n—1 n—212 n
0 =apc" + a1 b+ ac” “b"+---+a,b
ab0 eKBIBaJICHTHO:
n __ n—1 n—212 n
apc” = — (a1 b+ a7 + -+ ayb?).

OckiyiibKu b JIMTh IIpaBy YacTUHY, a b Ta ¢ B3a€MHO IPOCTI 4ucja, b mMae
JIJIATH ag. AHAJOTITHO, MaEMO:

apb™ = —(apc” + a1 b+ agc" AP 4 -+ a1,

OckiJIbKK ¢ JIJINTH TIPaBy YacTHHY, a b Ta ¢ B3a€MHO HMPOCTI YUC/IA, C Ma€
JUTATH Q. ]
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7.1 Po3B’a3aHHsa piBHIHBb 32 TEOPEMOIO ITPO PAaIliOHAJIbHII KOPEHi
22 +1=0
[Iepenuiiemo #oro sik MHOTOYJIEH:

P(r) =2+ 0 +1=0.

3rifiHO 3 TEOPEMOIO PO pallioHAJbHI KOpEeHi, SIKIIO KOPiHb T = %’ pariio-
HaJIbHUH, TO:

1. p Mae JIUTU BIIbHUN 4ieH ag = 1, Tobro p = =£1; 2. ¢ Mae niiuTu
crapiiuii koedimieaT ay = 1, TodbTo ¢ = =£1.

Orke, MOYKJIMBI parfioHaJbHI KOPEHi:

1
4,
T

IIepesBipumo:
Hnst x = 1:

124+1=2+#0.
Hna x = —1:
(=1)*+1=2#0.

OrKe, palliloHAJIbHUX KOPEHIB HEMAE.
Po3B’s130K 11bOT'0 piBHSIHHS Oy/1yTh KOMIIJIEKCHI YnCJia:

TOOTO
T = =i.
TaknM 9UHOM, PO3B’SI30K:

r = +u1.
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2 —2x+2=0

3riJIHO 3 TEOPEMOIO PO pallloHAJIbHI KOPEHI, MOXKJIMBI palioHaJbHI KOPeHi
MaIOTh BULJISJ & = g, ie:

1. p Mae JinuTu BIIbHUI WieH ag = 2, TobTo p = +1, +2; 2. ¢ mae aiuTu
crapiuit koedinient ag = 1, Tobro ¢ = +1.

OrKe, MOXKJIMBI palllOHAJIbHI KOPEHI:

x =41, 42.

[IepeBipumo 11l 3HAUEHHSI.
Hna x = 1.

P—-2(1)+2=1-2+2=14#0.
Hna x = —1:

(=1 =2(=1)+2=—-14+2+2=3#0.
Hna x = 2:

22 —2(2)+2=8-4+2=6#£0.
Hna x = —2:

(=2)* —2(=2) +2=-8+44+2=-2#0.

Om2xKe, XKOJICH 3 1IePEBIPEHNX KOPEHIB HE € PO3B’sI3KOM PIBHSIHHS, 1 11€ O3HA~
Jae, M0 PIBHIHHSA He Ma€ pallloHaJbHUX KOPEHIB.
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(z—1)3=0

[1106 3Ha#TH KOPiHb 1ILOI'O PIBHSHHS, CKOPUCTAEMOCS BJIACTUBICTIO CTEIICHIB:
piBHSIHHS Oyjle BUKOHYBATHUCS, sKIMO BUpas (¢ — 1) JOpiBHIOE HYJIIO:

r—1=0 r=1
OrXKe, €IUHNI KOPIHb PIBHSIHHS — IIe & = 1, IpUIOMY 1€l KOpIHb Ma€ Kpa-
THICTH 3, OCKIIbKY PIBHAHHS OyJI0 MTHATE JI0 KyOa.
(x—1)(2*+2+1)=0

Ao 100yTOK JIOPIBHIOE HYJIIO, OJIMH 3 MHOXKHUKIB Ma€ OyTH PiBHUI HYJIIO.
1. Po3B’si3yeMo 1epiinii MHOXKHUK:

r—1=0 = xz=1.
2. Po3B’s13yeMo Jpyruit MHOXKHUK:
2 4+x+1=0.

Po3B’5130K 11bOI'0 PIBHSIHHS 38, JIOIIOMOI'0I0 (POPMYJIK JIJIsi KOPEHIB KBaIPaTHO-
T0 PIBHAHHS:

—1+/12—-4(1)(1) -1xy1T-4 -1£v/=3 -1+iV3
2(1) B 2 B 2 B 2

OT2Ke, KOpeHi JIpyroro MHOXKHUKA.!
—1+14V3 —1—iV3
— Ta = ———.
2 2
Taknm 9UHOM, PO3B’SI3KM PIBHSIHHS:

_—140iV3 —1-iV3

r=1, =z T
2 2
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7.2 Po3B’sa3aHHsd piBHIHb 32 T€OMETPUYHNMU BJIACTUBOCTIMU KO-
PEHiB MMOJIIHOMA

224+ 1=0
[Iepenocumo 1 B inmmuit 6iK:
22 =—1

PosB’sa3yeMo 11e piBHAHHSA ¥ MHOXKWHI KOMTIJIEKCHUX YHUCEJT:

r==xV—-1==L1

l'eomerpuyHa iHTEepIIpeTaIlis

Y KOMIIJIEKCHI IJIOMIAHI YUCJIO ¢ BIJIIIOBIJIa€ TOYIIL:
Re(i) =0, Im(i) =1
a YMICJI0O —7 BIJITIOBITA€ TOYIIL:
Re(—i) =0, Im(—i)=—1
Orxke, KopeHi © = %1 jexKaTh Ha OJUHIIHOMY KOJI:

z] =v02+12=1

[li KopeHi € KOMIIJIEKCHO CIPSXKEHUMH, CUMETPUUYHIMHA BiJTHOCHO JificHOI
ocl, 1 po3MIITeHl Ha OJJUHUIHOMY KOJII B TOUYKaX:

s

x1=€2, z9=¢"

jus
2

I'pacdik kopeHiB piBHgHHS 2’ + 1 = () HA KOMILJIEKCHiii
TIJIONIHI
Im

1 Odununne xor0
-~ _
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BucaoBok
Teomerpuuno, Kopeni piBusuns £2+1 = 0 — 11e TOYKU HA OJIMHUUHOMY KOJIi,
IO yTBOPIOIOTH KYT § Ta —3 3 JOJATHAM HAIPAMOM JifiCHOT OCi.
23 -2 +2=0
1. BaraabpHuii BUTJIS] PIBHIHHS
PosryisinbMo KybOiuHe piBHSIHHS:
2’ +pr+q=0
Y HaIoOMy BUIIAJIKY:

2 —2042=0 = p=-2, q¢g=2

2. ®opMmys1a JUCKPUMIHAHTA JIJisd KyOITHOrO PiBHAHHA

HduckpuMinanT KyOi4HOI'O PIBHSAHHS BU3HAYAETHCH SIK:
D = —4p® — 274
[TijicraBumo 3navenust p = —2, ¢ = 2:
D = —4(-2)> - 27(2)* = —4(—8) — 27(4) = 32 — 108 = —76
Ockisnbku D < (0, maemo:
o OnwuH giiicHuit KOPiHD

e /IBa KOMILJIEKCHO CIPS2KEHI KOpEeHi

3. 'eomeTpuyna iHTepHpeTalligd KOPEeHIB

AKIo Kopinb T JUCHUI, & T9 1 T3 KOMIIJIEKCHO CIIPSIXKEH1, TO:

ro=a+bi, x3=0a—W

Touxi 1i jBa KOpeHi JieXKaTh CUMETPUUHO BiJIHOCHO JIIHICHOI OCI Ha KOMILIE-
KCHi#f miomuni. Bel KopeHi MoXKHA YEBUTH sIK TOUKKA 800 BEKTOPH, 1110 Pop-
MYyIOTh BepriiHu (Dirypu (B HAIOMY BHTIAQJKY — Bi0OpaskeHHs cuMeTpii).
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4. 'eomeTpisgd BEKTOPiB

Yci Tpu KOpeHi 3a/10BOJIbHAIOTH YMOBY:
1+ Ty + T3 = 0

(ockisbku Koeditient npu x? JIOpIBHIOE HYIIIO).

OtKe, TEOMETPUTHO Il TPU BEKTOPH (KOpPEHi) YTBOPIOIOTH 3aMKHEHY hi-
I'ypy Ha IJIONUHI — TPUKYTHUK, Jile BEKTOPHA CyMa JIOPIBHIOE HYJIO. ZIKIIO
OJIVH KOPIHB JIHCHWE, JABa 1HIN MOBUHHI MaTW PIBHY JIHCHY YaCTUHY, TPO-
TUJIEXKH] YsiBHI 4aCTUHU — TOOTO 1€ CUMMEeTPUYHE PO3TalllyBaHHs BiJIHOCHO
JI1CHOI OCl.

I'padik Kopenis piBHgHHS 7° — 27+ 2 =0

Im
Kopeni xybiumozo nostroma

r9 ~ 0.884 + 0.5897

Re

z A~ =177 0

3~ 0.884 — 0.589%

5. BucHoBOK
Pigustans 22 — 2z + 2 = 0 mae:
e Onun jaificHuil KOpPiHD
e /IBa KOMILJIEKCHI KOPEHI, sIKi € CIPs>KeHUMHI

e [comerpuuno — i KOpeHi yTBOPIOIOTH cUMeTpudHy (irypy, HeHTPOM
KOl € II0YaTOK KOOP/IMHAT
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(z—1)3=0
1. AnajsritTudHe poO3B’A3aHHS

Poskpuemo Jiy)Ku:

(x—1°=0=x=1 (xparnicts 3)

2. XapakTepucTuKa KOPEHIB

PiBugnnsa mae ojgun fAificnuit Kopinb x = 1, aje BiH Mae KpaTHicTb 3. lle
O3HAYAE:

e Vci Tpu KOpeHi piBHL: ] = Ty = 13 = 1
o I'padix bynxuii y = (z — 1) gorukaerbes 10 oci z y Touni o = 1, ane
He epeTuHae 11.
3. 'eomerpuyHa iHTEepHpeTalliga KOPeHiB
3 morJisy reoMmeTpii:
e Vci KopeHi poaralioBaHi B OjHiil TouIl Ha JiiicHii ocl: x = 1
e Ha xommrekcHiit mionuai e Touka (1,0)

e KO yABUTH KOPEHI IK BEKTOPH, BOHH CIPSMOBaHI OJTHAKOBO — TOOTO
He POPMYIOThH 3aMKHEHOI (IrypH, sik y BUIAJIKY PI3HUX KOPEHIB

e AjsirebpaluHo: cyma KOpeHiB (3 ypaxyBaHHAM KPaTHOCTI) JOpiBHIOE 1 +
14+ 1 = 3, o Bianosijgae KoedimeHTam, siKIIO POSKPUTH TTOJTIHOM
I'pacdik norpiitHoro kopens piBHsgHHS (7 — 1)° =

Im

Tpu xopeni 6 0dnil mowuyg

\ele
1

Re
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4. BucHoBok

Tominom (z —1)% = 0 mae oaun kopinb kparHocti 3. TeomerpudHo, e 03Ha-
Jae:

e Vci Tpu KOpeHi 30iraloThbCsi B OJIHIM TOYII
e Ha rpadiky dyHKIl 11e TOUKa JOTUKY 10 OCI X

e Ha KoMIIIeKcHiil TJIONMMHI KOPiHb PO3TAIIOBAHMI Ha JICHIN oci
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(z—1D(@*+z+1)=0
1. Po3B’si3aHHA PiBHIHHYA
PiBustHHs Mae BUTJIsA)L JIOOYTKY JIBOX MHOYKHUKIB:
(z—1)(2*+2+1)=0
Orxke, KOpeH] pIBHsIHHA — TIe:

oz =1

® Iy, T3 — KODEHi KBaJpaTHOro piBHAHHA 22+ + 1 =0

Posp’sixkemM0O KBajipaTHe PIBHSHHS:
?+r+1=0 = D=0 —4dac=1%—4(1)(1)
 —1+£v=-3  -1£iV3

— -3

T
2 2
Orxe:
—1+iv3 —1-4V3
Ty BT T

2. 'eomeTpuyHa iHTEpHpeTaIlid

Ha komrmiekcniit miomnmmi:
e r; =1 — piiicumit kopinb (7exuTh Ha oci Re)

® 19, 3 — KOMILJIEKCHO CIIPsIKeHl KOpeHl, po3TallloBaHl CUMEeTPUIHO BiJI-
Hocuo oci Re

e Vci Tpu KOpeHi JiexKaTh Ha OJUHUIHOMY KOJIi:
7] =1
OCKITBKY BCI 337I0BOJILHSIIOTE yMOBY || = 1

i kopeHi Bi/IIOBIJIaI0TH KYOIUHUM KOPEHSIM 3 OJIMHUIIL:

1 €2m/37 e47m/3
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I'pacdik kopenis pisagaudg (r — 1)(2° + 2+ 1) =0
Im

Kopeti na 00UHUYHOMY KOAT
/ \\
/ \

1 > %e
\\ /’ ‘/Li] —

3. BucuoBok

KopeHni piBHsIHHS:

—14+4v/3
2

— YTBOPIOIOTH BEPIINHU TTPABUJIHLHOTO PIBHOCTOPOHHBLOT'O TPUKYTHUKA Ha OJTH-

r =1,

HUYHOMY KOJIi B KOMILJIEKCHIi# mromuHi. [le Tpu KyOiuHI KOpeHi 3 OJIUHHUII].
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8 IlopiBHsJIbHA TAOJANIISI METO/IB

Y HACTYIHIN TAOJIUI MICTATHCA Pe3yJbTaTH aHaJi3y 3a3HaueHUX PIBHSIHD.

MeTon, 224+1=0 2 —22+2=0 | (z—-12=0 (z —1)(z* + 2+ | pumitknm
1)=0

IIpaBuio 0 <2 0 1 Jae omiaKy Kitb-

smakiB  [le- KOCTI  JOJAaTHUX

Kapra KOpEHiB

Metop, 0 1 1 1 Touna KiJbKiCTH

IIrypma JificHUX KOpEeHiB

Hemnosne 0 1 1 1 Onjinka Ha OCHOBL

[IPABUIIO MOX1THUX

Hororona

Teopema — TakK — — Kopeni moxiznoi

Taycca- B omykmiiii 0bo-

JIoka JIOHTII
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9 BucaoBkn

Y Xodl JOCHIIXKEHHS YHCeJbHUX METOJIB JIJIs 3HAXOJ2KEHHsI KOPEHIB He-
JIHIWHUX PIBHSHb OyJI0 3’sicOBaHO, 110 MeTo)i HbioToHa € Jiy»Ke MOTY>KHUM
THCTPYMEHTOM JIJIsi YMCEJbHOI'O PO3B’si3yBaHHs HEJIIHIMHUX PIBHSHb, OJ[HAK
JUIsl #ioro e(beKTUBHOIO 3aCTOCYBAHHS BayKJIMBUM € BHUOIP MOYATKOBOIO Ha-
OJIMKEHHSI, K€ IIOBUHHO OyTH JIOCTATHHO OJIU3bKKUM JI0 KOPEHH.
3arajioM, MpoBejIeHe JOCIIIKEHHST TITBEPINJIO BUCOKY e(PeKTUBHICTH METO-
Jiy HbroroHa, sikuit € oJiHUM 13 OCHOBHUX 1HCTPYMEHTIB JiJisi PO3B I3y BaHHS
HeJTIHIHUX pIBHAHB Y 6araThoX HAYKOBUX 1 TEXHIYHUX 3a/adax.

L1i pe3yibraTi MOXKYTH OYTH KOPUCHUMU HE JIMIIIE B TEOPETUUHUX JIOCJI1JPKEH-
HSIX, aJie i Y IPaKTUYHUX 3aCTOCYBAHHAX YUCEJbHUX METOJIIB JIJIsi PO3B’si3aHHsI
3aJ1a4, Jle HeOOX1JIHO TOUHO 3HAXOMUTU KOpeHi (PYHKIN y peabHOMY CBITI,
TaKUX 9K 1HXKeHepHI, (PI3UUHI Ta eKOHOMIUHI MOJIEJI.
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10 Coucok JjgitepaTypn

e Newton’s Rule of Signs for Imaginary Roots. Author: Daniel J. Acosta

e Descartes’ rule of signs

Descartes’ Rule of Signs - How hard can it be? Author: Stewart A. Levin

Fundamental theorem of algebra

The Fundamental Theorem of Algebra: an Elementary and Direct Proof.
Author: Oswaldo Rio Branco de Oliveira

e Florian Enescu, Fall 2010 Polynomials: Lecture notes Week 9.
e Rational root theorem

e Rational Root Theorem, Gauss’s Theorem, Eisenstein’s Criterion. Math
2070 Week 12

e Sturm’s Theorem with Endpoints. Author: Philippe Pebay, J. Maurice
Rojas, David C. Thompson. February 23, 2017
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