
�¥ªæ÷ï 1

����� �����������ø ö�����öø

�¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ç áâ® ¢¨ª®à¨áâ®¢ãõâìáï ã

¬ â¥¬ â¨ç­¨å ¤®¢¥¤¥­­ïå. Ǳà®¤¥¬®­áâàãõ¬® ÷¤¥î æì®£®

¯à¨­æ¨¯ã ­  ¯à¨ª« ¤÷ à®§¢'ï§ ­­ï ­ áâã¯­®ù § ¤ ç÷.

� ¤ ç  1. �«¥¬¥­â ¬¨ ¬­®�¨­¨ A õ ­ âãà «ì­÷ ç¨á« . �÷¤®¬®,

é®

i
1

) 1 ∈ A;

i
2

) ïªé® k ∈ A, â® k + 1 ∈ A.

�®¢¥áâ¨, é® ¤®¢÷«ì­¥ ­ âãà «ì­¥ ç¨á«® ­ «¥�¨âì A.

�®§¢'ï§ ­­ï § ¤ ç÷ 1. �¥®¡å÷¤­® ¤®¢¥áâ¨, é® ª®�­¥ ­ -

âãà «ì­¥ ç¨á«® ­ «¥�¨âì ¬­®�¨­÷ A. �®¢¥¤¥¬®, á¯®ç âªã,

é® 2 ∈ A. �÷©á­®, ®áª÷«ìª¨ 1 ∈ A §  ã¬®¢®î i
1

), â® § i
2

)

¯à¨ k = 1 ¢¨¯«¨¢ õ, é® 2 ∈ A. �­ «®£÷ç­® ¤®¢®¤¨âìáï, é®

3 ∈ A: ®áª÷«ìª¨ 2 ∈ A, â®, § áâ®á®¢ãîç¨ i
2

) ¤«ï k = 2, ¤®-

¢®¤¨¬®, é® 3 ∈ A.

�  â ª®î � áå¥¬®î ¤®¢®¤¨âìáï â¥,é® ¤®¢÷«ì­¥ ­ âãà «ì-

­¥ ç¨á«® ­ «¥�¨âì ¬­®�¨­÷ A.

1. Ǳà¨­æ¨¯ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù

Ǳ®§­ ç¨¬® ç¥à¥§ A ¤¥ïª¥ â¢¥à¤�¥­­ï, ïª¥ ¢÷¤­®á¨âìáï

¤® ¤®¢÷«ì­®£® ­ âãà «ì­®£® ç¨á«  n, ­ ¯à¨ª« ¤

(1)

A = 〈áã¬  ªãâ÷¢ ã ¢¨¯ãª«®¬ã ¬­®£®ªãâ­¨ªã § n+ 2

áâ®à®­ ¬¨ ¤®à÷¢­îõ 180

◦ · n〉.
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�«ï â®£®, é®¡ ¤®¢¥áâ¨ á¯à ¢¥¤«¨¢÷áâì â¢¥à¤�¥­­ï A ¤«ï

¤®¢÷«ì­®£® §­ ç¥­­ï n, ­¥¤®áâ â­ì® ¤®¢¥áâ¨ ©®£® ¤«ï ¯¥à-

è¨å 10,  ¡® 100,  ¡® ­ ¢÷âì 1000 §­ ç¥­ì n. � ¬ ¯®âà÷¡-

­® ª®à¨áâã¢ â¨áì áâà®£¨¬¨ ¬ â¥¬ â¨ç­¨¬¨ ¬÷àªã¢ ­­ï¬¨,

®á­®¢­÷ ÷¤¥ù ïª¨å ¯à®¤¥¬®­áâà®¢ ­® ¯à¨ à®§¢ï§ã¢ ­­÷ § ¤ -

ç÷ 1. �ªé® n = 1, â® ¬®¢  ¢ (1) ©¤¥ ¯à® âà¨ªãâ­¨ª,   ¬¨

§­ õ¬® § ¥«¥¬¥­â à­®ù £¥®¬¥âà÷ù, é® áã¬  ©®£® ªãâ÷¢ ¤®à÷¢-

­îõ 180

◦ · 1. �®¡â® â¢¥à¤�¥­­ï A õ ¢÷à­¨¬ ¤«ï n = 1.

� ¢¨¯ ¤ªã n = 2 (â®¡â®, ç®â¨à¨ªãâ­¨ª ), ¬¨ ¯à®¢®¤¨-

¬® ¤÷ £®­ «ì, ïª  ¤÷«¨âì ç®â¨à¨ªãâ­¨ª ­  ¤¢  âà¨ªãâ­¨-

ª . �à®§ã¬÷«®, é® áã¬  ªãâ÷¢ ç®â¨à¨ªãâ­¨ª  ¤®à÷¢­îõ áã¬÷

ªãâ÷¢ ¤¢®å âà¨ªãâ­¨ª÷¢,   á ¬  áã¬  ¤®à÷¢­îõ 180

◦
+180

◦
=

180

◦ · 2. �¥ ®§­ ç õ, é® â¢¥à¤�¥­­ï A õ ¢÷à­¨¬ ÷ ¤«ï n = 2.

Ǳ¥à¥å®¤ïç¨ ¤® ¢¨¯ ¤ªã n = 3 (â®¡â®, ¤® ¯'ïâ¨ªãâ­¨ª ),

¬¨ à®§¡¨¢ õ¬® ©®£® ­  ¤¢  ¡ £ â®ªãâ­¨ª¨, ç®â¨à¨ªãâ­¨ª

â  âà¨ªãâ­¨ª. �áª÷«ìª¨ ¯¥àè¨© § æ¨å ¡ £ â®ªãâ­¨ª÷¢ § 

¤®¢¥¤¥­­ï¬ ¬ õ áã¬ã ªãâ÷¢ 180

◦ · 2,   ¤àã£¨© | 180

◦ · 1, â®
áã¬  ªãâ÷¢ ¯'ïâ¨ªãâ­¨ª  ¤®à÷¢­îõ 180

◦ · 3, â®¡â® A õ ¢÷à­¨¬

â ª®� ÷ ¤«ï n = 3.

�¥¯¥à áâ õ §à®§ã¬÷«®, é® æ÷ ¬÷àªã¢ ­­ï ¬®�­  ¯®¢â®àî-

¢ â¨ ¡¥§¬¥�­®. � ª¨¬ ç¨­®¬ ¬¨ ¤®¢¥¤¥¬® â¢¥à¤�¥­­ï A

¤«ï ¢¨¯ ¤ªã n = 4, ¯®â÷¬ ¤«ï ¢¨¯ ¤ªã n = 5, ÷ â ª ¤ «÷. �ª

÷ à ­÷è¥, ª®�­¨© ­ áâã¯­¨© ¢¨á­®¢®ª ¢¨¯«¨¢ õ § ¯®¯¥à¥¤-

­ì®£®, ÷ â¢¥à¤�¥­­ï A ¢¨ï¢«ïõâìáï ¤®¢¥¤¥­¨¬ ¯à¨ ¤®¢÷«ì-

­®¬ã §­ ç¥­­÷ n.

1.1. �®à¬ã«î¢ ­­ï ¯à¨­æ¨¯ã ¬ â¥¬ â¨ç­®ù ÷­¤ãª-

æ÷ù. ö ¢ § ¤ ç÷ 1, ÷ ¢ ¤®¢¥¤¥­­÷ ÷áâ¨­­®áâ÷ â¢¥à¤�¥­­ï (1),

¬¨ ¢¨ª®à¨áâ «¨ â ª¨© ¯à¨©®¬: â¢¥à¤�¥­­ï A á¯à ¢¥¤«¨¢¥

¤«ï ¤®¢÷«ì­®£® ­ âãà «ì­®£® ç¨á«  n, ïªé®

i
1

) ¢÷¤®¬®, é® ¢®­® õ ¢÷à­¨¬ ¤«ï n = 1;
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i
2

) ÷á­ãõ § £ «ì­¨© ¬¥â®¤ ¤®¢¥¤¥­­ï â®£®, é® ïªé® â¢¥à-

¤�¥­­ï õ ¢÷à­¨¬ ¤«ï n = r, â® ¢®­® õ ¢÷à­¨¬ â ª®�

÷ ¤«ï n = r + 1.

Ǳà¨­æ¨¯ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù áª« ¤ õâìáï § ¤¢®å ç áâ¨­:

¯¥àè  ç áâ¨­ , ïª  ¬÷áâ¨âìáï ¢ i
1

), ­ §¨¢ õâìáï ¡ §®î ÷­-

¤ãªæ÷ù,   ¤àã£  ç áâ¨­ , ïª  ¬÷áâ¨âìáï ¢ i
2

), | ÷­¤ãªâ¨¢­¨¬

¯¥à¥å®¤®¬.

2. �¥ª÷«ìª  ­ ©¯à®áâ÷è¨å § áâ®áã¢ ­ì

�ª« ¤­® ¯¥à¥«÷ç¨â¨ ¢á÷ ¬ â¥¬ â¨ç­÷ â¢¥à¤�¥­­ï, ïª÷ ¤®-

¢®¤ïâìáï ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. �¨ à®§£«ï­¥¬®

«¨è¥ ¤¥ª÷«ìª  ¯à¨ª« ¤÷¢ ¤®¢¥¤¥­­ï ¢« áâ¨¢®áâ¥© ®¤­®£® ÷§

æ÷ª ¢¨å ç¨á«®¢¨å á÷¬¥©áâ¢. ö­è÷ ¯à¨ª« ¤¨ ¤®¢¥¤¥­ì ¬¥â®-

¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù §'ï¢«ïâìáï ¯÷§­÷è¥ ¢ ÷­è¨å «¥ª-

æ÷ïå.

2.1. �à¨ªãâ­÷ ç¨á« . �÷«ìª÷áâì §÷à®ç®ª, ïª÷ ¬®�ãâì ¡ã-

â¨ à®§áâ ¢«¥­÷ ã ä®à¬÷ à÷¢­®áâ®à®­­ì®£® âà¨ªãâ­¨ª , ­ §¨-

¢ õâìáïâà¨ªãâ­¨¬ ç¨á«®¬. Ǳà¨ª« ¤¨ â ª¨å à®§áâ ­®¢®ª

­ ¢¥¤¥­÷ ­¨�ç¥.

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆

⋆

� ª¨¬ ç¨­®¬, ç¨á«  6, 10 ÷ 15 | âà¨ªãâ­÷. �¥áª« ¤­® ¯®-

¬÷â¨â¨, é® §  à¨ä¬¥â¨ç­®ù â®çª¨ §®àã âà¨ªãâ­¨¬¨ õ ç¨á« 

T
1

= 1, T
2

= 3, T
3

= 6 © ¢§ £ «÷

Tn = 1 + 2 + · · ·+ (n− 1) + n, n > 3.
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� §¢¥¬® n-¨¬ âà¨ªãâ­¨¬ ç¨á«®¬ n-¨© ç«¥­ ¯®á«÷¤®¢­®áâ÷

{Tn}. � ®§­ ç¥­­ï n-£® âà¨ªãâ­®£® ç¨á«  §à®§ã¬÷«®, é® ¢®-

­® ®¡ç¨á«îõâìáï § (n−1)-£® âà¨ªãâ­®£® ç¨á« , ïªé® ¤®¤ â¨
¤® ­ì®£® ç¨á«® n, â®¡â®

(2) Tn = Tn−1

+ n, n ≥ 2.

�«ï ¢¨§­ ç¥­­ï ¡÷«ìè ¯à®áâ®£® ¢¨à §ã ¤«ï Tn, ¯à®¢¥¤¥-

¬® â ª÷ £¥®¬¥âà¨ç­÷ ¯¥à¥â¢®à¥­­ï âà¨ªãâ­¨ª , ãâ¢®à¥­®£®

T
3

§÷à®çª ¬¨:

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ �

⋆ ⋆ −→ ⋆ ⋆ −→ ⋆ ⋆ � �

⋆ ⋆ ⋆ � � �

Ǳ¥àè¥ ¯¥à¥â¢®à¥­­ï | æ¥ §áã¢ ¢á÷å á¨¬¢®«÷¢ ¢ ª®�­®¬ã

àï¤ªã ÷ ¢¨à÷¢­î¢ ­­ï ¯® «÷¢®¬ã ªà î. �àã£¥ | æ¥ ¤®¯®¢-

­¥­­ï ª®�­®£® àï¤ª  â ª, é®¡ ¢á÷ ¢®­¨ ¬÷áâ¨«¨ ®¤­ ª®¢ã

ª÷«ìª÷áâì á¨¬¢®«÷¢.

Ǳ¥àè÷ ¤¢÷ ª®­ä÷£ãà æ÷ù ¬ îâì ®¤­ ª®¢ã ª÷«ìª÷áâì á¨¬-

¢®«÷¢,   âà¥âï | ¢ ¤¢  à §¨ ¡÷«ìè¥. �÷«ìª÷áâì á¨¬¢®«÷¢ ¢

âà¥â÷© ª®­ä÷£ãà æ÷ù ¯÷¤à åã¢ â¨ ¯à®áâ®, ïªé® ¯®¬÷â¨â¨, é®

¢®­  áª« ¤ õâìáï ÷§ âàì®å àï¤ª÷¢, ¢ ª®�­®¬ã § ïª¨å ¬÷áâ¨âì-

áï ç®â¨à¨ á¨¬¢®«¨. �®¬ã ¢ æ÷© ª®­ä÷£ãà æ÷ù 12 á¨¬¢®«÷¢,

§­ ç¨âì ¢ ¯¥àè÷© | 6.

�áª÷«ìª¨ ¢ æì®¬ã ¯à¨ª« ¤÷ ¯÷¤à åã¢ â¨ ª÷«ìª÷áâì â®ç®ª

¬®�­  ÷ ¡¥§¯®á¥à¥¤­ì®, â® ¯à®¢¥¤¥­¥ ¬÷àªã¢ ­­ï ¬®�¥ §¤ -

â¨áï ­¥¤®à¥ç­¨¬. �«¥ ¢®­® ¬ õ ¢ �«¨¢ã ¢« áâ¨¢÷áâì: ©®£®

¬®�­  ã§ £ «ì­¨â¨ ­  ¤®¢÷«ì­ã ª®­ä÷£ãà æ÷î.

�ªé® ¢¨ª®­ â¨ £¥®¬¥âà¨ç­÷ ¯¥à¥â¢®à¥­­ï, ®¯¨á ­÷ ¢¨é¥,

 «¥ ¤«ï âà¨ªãâ­¨ª , áª« ¤¥­®£® § Tn â®ç®ª, â® ¬¨ ¤®¢¥¤¥¬®
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ä®à¬ã«ã

(3) Tn =

n(n+ 1)

2

, n ≥ 1.

Ǳà®¤¥¬®­áâàãõ¬® ÷­è¥ ¤®¢¥¤¥­­ï ä®à¬ã«¨ (3) §  ¤®¯®-

¬®£®î ¬¥â®¤  ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. � ¤ ­®¬ã ¢¨¯ ¤ªã

â¢¥à¤�¥­­ï A, ïª¥ ­¥®¡å÷¤­® ¤®¢¥áâ¨ §  ¤®¯®¬®£®î ¯à¨­-

æ¨¯  ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù, ¢¨à � õâìáï à÷¢­÷áâî (3). �¥§-

¯®á¥à¥¤­ì® ¯¥à¥¢÷àïõ¬®, é® T
1

=

1·(1+1)

2

, â®¡â® (3) ¢¨ª®­ -

­® ¤«ï n = 1. �¨¬ á ¬¨¬ ¬¨ ¯¥à¥¢÷à¨«¨ ¡ §ã ÷­¤ãªæ÷ù i
1

).

ö­¤ãªâ¨¢­¨© ¯¥à¥å÷¤ i
2

) ¯¥à¥¢÷àïõâìáï â ª¨¬ ç¨­®¬: ïªé®

â¢¥à¤�¥­­ï (3) ¢¨ª®­ãõâìáï ¤«ï n = r, â®

Tr =

r(r + 1)

2

.

�¨ª®à¨áâ®¢ãîç¨ (2), ®âà¨¬ãõ¬®

Tr+1

= Tr + (r + 1) =

r(r + 1)

2

+ (r + 1) =

(r + 1)(r + 2)

2

.

�ï à÷¢­÷áâì ÷ õ ¢« áâ¨¢÷áâì (3) ¤«ï n = r+1. � ª¨¬ ç¨­®¬ ¬¨

¯¥à¥¢÷à¨«¨ á¯à ¢¥¤«¨¢÷áâì ÷­¤ãªâ¨¢­®£® ¯¥à¥å®¤ã, §­ ç¨âì

à÷¢­÷áâì (3) õ á¯à ¢¥¤«¨¢®î ¤«ï ¤®¢÷«ì­®£® n ≥ 1 ¢ á¨«ã

¯à¨­æ¨¯ã ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù.

� ¤ ç  ¯à® àãª®¯®â¨áª ­­ï. � ¯à¨¬÷é¥­­÷ §­ å®¤¨âì-

áï n «î¤¥©, ª®�­÷ ¤¢®õ § ­¨å ®¡¬÷­ï«¨áì àãª®¯®â¨áª ­­ï-

¬¨. �®¤÷ § £ «ì­  ª÷«ìª÷áâì àãª®¯®â¨áª ­ì ¤®à÷¢­îõ Tn−1

.

¢¯à. 1
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Ǳ®¢­®§¢'ï§­  â®¯®«®£÷ï. �®¯®«®£÷ï ª®¬¯'îâ¥à­®ù ¬¥à¥-

�÷, ¢ ïª÷© ª®�­  à®¡®ç  áâ ­æ÷ï ¯÷¤ª«îç¥­  ¤® ª®�­®ù § ãá÷å

÷­è¨å, ­ §¨¢ õâìáï ¯®¢­®§¢'ï§­®î. �¥© ¢ à÷ ­â ¯®¡ã¤®¢¨

¬¥à¥�÷ õ £à®¬÷§¤ª¨¬ ÷ ­¥¥ä¥ªâ¨¢­¨¬, ­¥§¢ � îç¨ ­  á¢®î

«®£÷ç­ã ¯à®áâ®âã. �«ï ª®�­®ù ¯ à¨ à®¡®ç¨å áâ ­æ÷© ­¥®¡-

å÷¤­® ¢¨¤÷«¨â¨ ­¥§ «¥�­ã «÷­÷î,   ª®�­¨© ª®¬¯'îâ¥à ¯®¢¨-

­¥­ ¬ â¨ áâ÷«ìª¨ ª®¬ã­÷ª æ÷©­¨å ¯®àâ÷¢, áª÷«ìª¨ ª®¬¯'îâ¥-

à÷¢ ¢ª«îç¥­® ¢ ¬¥à¥�ã. Ǳ® æ¨¬ ¯à¨ç¨­ ¬ ¬¥à¥�  § â -

ª®î â®¯®«®£÷õî ­¥ ¬®�¥ ¬ â¨ ¢¥«¨ªã ª÷«ìª÷áâì ¢ã§«÷¢. � ©-

ç áâ÷è¥ ¯®¢­®§¢'ï§­  â®¯®«®£÷ï ¢¨ª®à¨áâ®¢ãõâìáï ¢ ¡ £ â®-

¬ è¨­­¨å ª®¬¯«¥ªá å  ¡® £«®¡ «ì­¨å ¬¥à¥� å ¯à¨ ¬ «÷©

ª÷«ìª®áâ÷ à®¡®ç¨å áâ ­æ÷©. �÷«ìª÷áâì §'õ¤­ ­ì ¢ â ª÷© ¬¥à¥-

�÷ ¤®à÷¢­îõ

Tn =

n(n− 1)

2

.

2.2. �ã¬  âà¨ªãâ­¨å ç¨á¥«. �ã¬  ¢á÷å âà¨ªãâ­¨å ç¨-

á¥« ¤® n-£® ¢ª«îç­® ¤®à÷¢­îõ

(4)

n
∑

k=1

Tk =

n(n+ 1)(n+ 2)

6

, n ≥ 1.

�®¢¥¤¥¬® ä®à¬ã«ã (4) ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù.

� §  ÷­¤ãªæ÷ù, â®¡â® à÷¢­÷áâì (4) ¯à¨ n = 1, ®ç¥¢¨¤­® õ á¯à -

¢¥¤«¨¢®î. Ǳ¥à¥¢÷à¨¬® ÷­¤ãªâ¨¢­¨© ¯¥à¥å÷¤: ïªé® (4) ¢¨-

ª®­ãõâìáï ¯à¨ n = r, â® § (3) ¢¨¯«¨¢ õ

r+1

∑

k=1

Tk =

r
∑

k=1

Tk + Tr+1

=

r(r + 1)(r + 2)

6

+

(r + 1)(r + 2)

2

=

(r + 1)(r + 2)(r + 3)

6

.
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�ï à÷¢­÷áâì ÷ õ ¢« áâ¨¢÷áâî (4) ¤«ï n = r+ 1. � ª¨¬ ç¨­®¬

¬¨ ¯¥à¥¢÷à¨«¨ á¯à ¢¥¤«¨¢÷áâì ÷­¤ãªâ¨¢­®£® ¯¥à¥å®¤ã, â®¡-

â® (4) á¯à ¢¥¤«¨¢  ¤«ï ¤®¢÷«ì­®£® n ≥ 1 ¢ á¨«ã ¯à¨­æ¨¯ã

¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù.

2.3. �ã¬  ®¡¥à­¥­¨å âà¨ªãâ­¨å ç¨á¥«. �ã¬  ç¨á¥«

®¡¥à­¥­¨å ¤® âà¨ªãâ­¨å ¤®à÷¢­îõ

(5)

n
∑

k=1

1

Tk

= 2−
2

n+ 1

.

�®¢¥¤¥¬® ä®à¬ã«ã (5) ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. � -

§  ÷­¤ãªæ÷ù, â®¡â® à÷¢­÷áâì (5) ¯à¨ n = 1, õ ÷áâ¨­®î. Ǳ¥-

à¥¢÷à¨¬® ÷­¤ãªâ¨¢­¨© ¯¥à¥å÷¤: ïªé® (5) ¢¨ª®­ãõâìáï ¯à¨

n = r, â® § (3) ¢¨¯«¨¢ õ

r+1

∑

k=1

1

Tk

=

r
∑

k=1

1

Tk

+

1

Tr+1

= 2−
2

r + 1

+

2

(r + 1)(r + 2)

= 2−
2

r + 2

.

�ï à÷¢­÷áâì ÷ õ ¢« áâ¨¢÷áâî (5) ¤«ï n = r+ 1. � ª¨¬ ç¨­®¬

¬¨ ¯¥à¥¢÷à¨«¨ á¯à ¢¥¤«¨¢÷áâì ÷­¤ãªâ¨¢­®£® ¯¥à¥å®¤ã, â®¡â®

à÷¢­÷áâì (5) õ á¯à ¢¥¤«¨¢®î ¤«ï ¤®¢÷«ì­®£® n ≥ 1 ¢ á¨«ã

¯à¨­æ¨¯ã ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù.

2.4. �ã¬  ªã¡÷¢. �ã¬  ªã¡÷¢ ­ âãà «ì­¨å ç¨á¥« ¢÷¤ 1 ¤®

n ¤®à÷¢­îõ ª¢ ¤à âã n-£® ª¢ ¤à â­®£® ç¨á« , â®¡â®

(6)

n
∑

k=1

k3 = T 2

n , n ≥ 1.
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�®¢¥¤¥¬® ä®à¬ã«ã (6) ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. � -

§  ÷­¤ãªæ÷ù, â®¡â® à÷¢­÷áâì (6) ¯à¨ n = 1, õ ÷áâ¨­®î. Ǳ¥-

à¥¢÷à¨¬® ÷­¤ãªâ¨¢­¨© ¯¥à¥å÷¤: ïªé® (6) ¢¨ª®­ãõâìáï ¯à¨

n = r, â® § (3) ¢¨¯«¨¢ õ

r+1

∑

k=1

k3 =

r
∑

k=1

k3 + (r + 1)

3

= T 2

r
+ (r + 1)

3

=

(

r(r + 1)

2

)

2

+ (r + 1)

3

= (r + 1)

2

(

r2

4

+ r + 1

)

=

(

(r + 1)(r + 2)

2

)

2

= T 2

r+1

.

�ï à÷¢­÷áâì ÷ õ ¢« áâ¨¢÷áâî (6) ¤«ï n = r+ 1. � ª¨¬ ç¨­®¬

¬¨ ¯¥à¥¢÷à¨«¨ á¯à ¢¥¤«¨¢÷áâì ÷­¤ãªâ¨¢­®£® ¯¥à¥å®¤ã, â®¡â®

à÷¢­÷áâì (6) õ á¯à ¢¥¤«¨¢®î ¤«ï ¤®¢÷«ì­®£® n ≥ 1 ¢ á¨«ã

¯à¨­æ¨¯ã ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù.

3. �¥ªãà¥­â­÷ à÷¢­®áâ÷

� ÷­¤ãªæ÷õî â÷á­® ¯®¢'ï§ ­÷ â ª §¢ ­÷ à¥ªãà¥­â­÷ à÷¢­®-

áâ÷. �¨ ¯®§­ ©®¬¨¬®áï § ­¨¬¨ ­  ¯à¨ª« ¤÷ ¤®¤ âª®¢¨å

¢« áâ¨¢®áâ¥© âà¨ªãâ­¨å ç¨á¥«.

�÷àªã¢ ­­ï ¬¨ ¯®ç­¥¬® § ä®à¬ã«¨ (2), §  ¤®¯®¬®£®î

ïª®ù ª®�­¥ âà¨ªãâ­¥ ç¨á«® ¬®�­  ¢¨à §¨â¨ ç¥à¥§ ¯®¯¥à¥¤-

­õ. �ªé® ç«¥­¨ ¤¥ïª®ù ¯®á«÷¤®¢­®áâ÷ {an} ¤®à÷¢­îîâì áã-

¬ ¬ ç«¥­÷¢ ÷­è®ù ¯®á«÷¤®¢­®áâ÷ {bn}, â®¡â®

an =

n
∑

k=1

bk,
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â®

(7) an = an−1

+ bn.

�ªé® ç¨á«  bn ¢÷¤®¬÷, â® (7) | æ¥ à¥ªãà¥­â­¥ à÷¢­ï­­ï

¤«ï ¯®á«÷¤®¢­®áâ÷ {an}, ïª¥ ¤®§¢®«ïõ ¯÷¤à åã¢ â¨ ª®�­¥ an

§  ¯®¯¥à¥¤­÷¬ an−1

. � ¯à¨ª« ¤, áã¬ã ªã¡÷¢ an
def

=

∑

n

k=1

k3

­ âãà «ì­¨å ç¨á¥« ¬®�­  § ¯¨á â¨ ã ¢¨£«ï¤÷ à¥ªãà¥­â­®ù

à÷¢­®áâ÷

an = an−1

+ n3.

� ¬¥ æî à÷¢­÷áâì ¬¨ ¢¨ª®à¨áâ®¢ã¢ «¨ ¯à¨ ¤®¢¥¤¥­÷ à÷¢­®-

áâ÷ (6) ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. �®ç­® â ª á ¬® ¬¨

¤®¢®¤¨«¨ à÷¢­÷áâì (4), ¢¨ª®à¨áâ®¢ãîç¨ à¥ªãàá÷î

an = an−1

+ Tn.

�¥© á ¬¨© ¯à¨©®¬ ¡ã¢ ¢¨ª®à¨áâ ­¨© ¤«ï ¤®¢¥¤¥­­ï à÷¢­®-

áâ÷ (5) §  ¤®¯®¬®£®î à¥ªãàá÷ù

an = an−1

+

1

Tn

.

3.1. �à¨ªãâ­÷ ç¨á« , ïª÷ õ ª¢ ¤à â ¬¨. �¥ªãà¥­â­÷

à÷¢­®áâ÷, ïª ¯à ¢¨«®, ¬ îâì áª« ¤­÷èã áâàãªâãàã, ­÷� (7).

�¨ ¯®¡ ç¨¬® æ¥ ­  ­ áâã¯­®¬ã ¯à¨ª« ¤÷.

�¥ïª÷ âà¨ªãâ­÷ ç¨á«  õ ª¢ ¤à â ¬¨, ­ ¯à¨ª« ¤ T
1

= 1

2

÷ T
8

= 6

2

. �®�­  ¤®¢¥áâ¨, é® âà¨ªãâ­¨å ç¨á¥« § â ª®î

¢« áâ¨¢÷áâî ­¥áª÷­ç¥­­® ¡ £ â®. Ǳà®áâ¥ ¤®¢¥¤¥­­ï æì®£®

â¢¥à¤�¥­­ï ®á­®¢ ­¥ ­  â ª÷© «¥¬÷. ¢¯à. 6
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�¥¬  1. �¥å © s | âà¨ªãâ­¥ ç¨á«®. �®¤÷

t = 4s(8s+ 1)

â ª®� âà¨ªãâ­¥ ç¨á«®. �ªé®, ªà÷¬ â®£®, s | ª¢ ¤à â

­ âãà «ì­®£® ç¨á« , â® ÷ t ª¢ ¤à â ­ âãà «ì­®£® ç¨á« .

�§­ ç¨¬® â¥¯¥à ¯®á«÷¤®¢­÷áâì {Sn} â ª¨¬ ç¨­®¬: S
1

= 1,

(8) Sn+1

= 4Sn(8Sn + 1), n > 1.

�£÷¤­® ¤® «¥¬¨ 1, ¢á÷ ç«¥­¨ æ÷õù ¯®á«÷¤®¢­®áâ÷ õ âà¨ªãâ­¨-

¬¨ ç¨á« ¬¨, ïª÷ ¤®à÷¢­îîâì ª¢ ¤à â ¬ ­ âãà «ì­¨å ç¨á¥«.

� ª¨¬ ç¨­®¬, ç¨á¥« § â ª¨¬¨ ¢« áâ¨¢®áâï¬¨ ¤÷©á­® ­¥áª÷­-

ç¥­­® ¡ £ â®.

�÷¢­÷áâì (8) ¤®§¢®«ïõ §­ ©â¨ Sn+1

§  ¤®¯®¬®£®î Sn, â®¡â®

õ à¥ªãà¥­â­®î à÷¢­÷áâî. �à®§ã¬÷«® â ª®�, é® (8) §®¢á÷¬ ­¥

áå®�  ­  (7), ®áª÷«ìª¨ ¢ª«îç õ S2

n
¢ ¯à ¢÷© ç áâ¨­÷, â®¤÷

ïª (7) ¢ª«îç õ «¨è¥ ¯¥àè÷ áâ¥¯¥­÷ ç«¥­÷¢ ¯®á«÷¤®¢­®áâ÷.

�¥ ¢á÷ âà¨ªãâ­÷ ç¨á« , ïª÷ ¤®à÷¢­îîâì ª¢ ¤à â ¬ ­ âã-

à «ì­¨å ç¨á¥«, ¬®�­  ®âà¨¬ â¨ §  ¤®¯®¬®£®î ä®à¬ã«¨ (8).

�÷©á­®, ¯¥àè÷ âà¨ ç«¥­¨ æ÷õù ¯®á«÷¤®¢­®áâ÷ ¤®à÷¢­îîâì 1,

36, 41616. Ǳ¥àè÷ ç®â¨à¨ âà¨ªãâ­¨å ç¨á« , ïª÷ ¤®à÷¢­î-

îâì ª¢ ¤à â ¬ ­ âãà «ì­¨å ç¨á¥«, ¤®à÷¢­îîâì 1, 36, 1225,

41616. � ª¨¬ ç¨­®¬, ç¨á«® 1225 ­¥ ¢å®¤¨âì ¢ ¯®á«÷¤®¢-

­÷áâì (8).

öá­ãõ ÷­è  ä®à¬ã« , §  ïª®î ¬®�­  §­ ©â¨ ¢á÷ âà¨ªãâ­÷

ç¨á« , ïª÷ õ ª¢ ¤à â ¬¨. �ªé® n-â¥ ç¨á«® § â ª®î ¢« -

áâ¨¢÷áâî ¯®§­ ç¨â¨ ç¥à¥§ Qn, â®
1 Q

0

= 0,

(9) Qn = 34Qn−1

−Qn−2

+ 2, n > 1.

1

�¥ â¢¥à¤�¥­­ï ¬¨ ­¥ ¤®¢®¤¨¬®.
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�®à¬ã«  (9) ¢÷¤à÷§­ïõâìáï ÷ ¢÷¤ (7), ÷ ¢÷¤ (8), ®áª÷«ìª¨ ¢

¯à ¢÷© ç áâ¨­÷ ¢ª«îç õ ¤¢  ¯®¯¥à¥¤­÷å ç«¥­¨ ¯®á«÷¤®¢­®áâ÷,

â®¤÷ ïª (7) ÷ (8) ¢ª«îç îâì «¨è¥ ®¤¨­. �¨¬ ­¥ ¬¥­è, (9)

â ª®� ­ §¨¢ õâìáï à¥ªãà¥­â­®î à÷¢­÷áâî: ¢®­  ¤®§¢®«ïõ

¯÷¤à åã¢ â¨ ª®�­¨© ç«¥­ ¯®á«÷¤®¢­®áâ÷ §  ¯®¯¥à¥¤­÷¬. �¥-

áª« ¤­® ¯¥à¥¢÷à¨â¨, é® Q
2

= 36, Q
3

= 1225 â  Q
4

= 41616.

3.2. �÷¢­ï­­ï Ǳ¥««ï. �¥å © Tn | æ¥ n-â¥ âà¨ªãâ­¥

ç¨á«®, ïª¥ õ ª¢ ¤à â®¬. �®¤÷

n(n+ 1)

2

= m2

 ¡® (2n+ 1)

2

= 8m2

+ 1.

Ǳ®§­ ç¨¢è¨ x = 2n+ 1 ÷ y = 2m, ¯à¨å®¤¨¬® ¤® à÷¢­ï­­ï

(10) x2 − 2y2 = 1,

ïª¥ ­ §¨¢ õâìáï à÷¢­ï­­ï¬ Ǳ¥««ï. �®�­  ¯®ª § â¨, é®

¢á÷ à®§¢'ï§ª¨ æì®£® à÷¢­ï­­ï ¬®�­  ¢¨à §¨â¨ ç¥à¥§ ç¨á« 

Ǳ¥««ï {Pk} ­ áâã¯­¨¬ ç¨­®¬: ¢¯à. 7

(11) x = P
2k−1

+ P
2k, y = P

2k.

� ¬÷ � ç¨á«  Ǳ¥««ï ¢¨§­ ç îâìáï ç¥à¥§ â ªã à¥ªãà¥­â­ã

à÷¢­÷áâì: P
0

= 0, P
1

= 1,

(12) Pn = 2Pn−1

+ Pn−2

, n > 1.
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4. �®§¢'ï§ ­­ï ­ ©¯à®áâ÷è¨å à¥ªãà¥­â­¨å à÷¢­ï­ì

4.1. �à¨ä¬¥â¨ç­  ¯à®£à¥á÷ï. �®§£«ï­¥¬® ¯®á«÷¤®¢-

­÷áâì {an}, § ¤ ­ã à¥ªãà¥­â­®î à÷¢­÷áâî: a
0

= 0,

(13) an = d+ an−1

, n ≥ 1.

�¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¤®¢¥¤¥¬®, é® an = nd, n ≥
1. � §  ÷­¤ãªæ÷ù ¯¥à¥¢÷àïõâìáï ¡¥§¯®á¥à¥¤­ì® ¯÷¤áâ ­®¢ª®î

n = 1 ¢ (13). ö­¤ãªâ¨¢­¨© ªà®ª â ª®� ­¥áª« ¤­¨©:

an = d+ an−1

= d+ (n− 1)d = nd.

4.2. �¥®¬¥âà¨ç­  ¯à®£à¥á÷ï. �¥å © ¯®á«÷¤®¢­÷áâì {an}
§ ¤ ­  à¥ªãà¥­â­®î à÷¢­÷áâî: a

0

= 1,

(14) an = qan−1

, n ≥ 1.

�ãâ q | ¤¥ïª¥ ¤÷©á­¥ ç¨á«®. �®¢¥¤¥¬®, é® an = qn. �«ï

æì®£® áª®à¨áâ õ¬®áï ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù. � § 

÷­¤ãªæ÷ù ¯¥à¥¢÷àïõâìáï ¡¥§¯®á¥à¥¤­ì®: a
1

= qa
0

= q1. �«ï

¯¥à¥¢÷àª¨ ÷­¤ãªâ¨¢­®£® ¯¥à¥å®¤ã § ¯¨è¥¬®

ar+1

= qar = q · qr = qr+1.

� ª¨¬ ç¨­®¬ ¬¨ ¯¥à¥¢÷à¨«¨ á¯à ¢¥¤«¨¢÷áâì ÷­¤ãªâ¨¢­®£®

¯¥à¥å®¤ã â  ÷áâ¨­÷áâì ¯®âà÷¡­®ù ä®à¬ã«¨ ¤«ï ¤®¢÷«ì­®£® ­ -

âãà «ì­®£® ç¨á«  n ≥ 1.

�®§£«ï­¥¬® ¡÷«ìè áª« ¤­¥ à¥ªãà¥­â­¥ à÷¢­ï­­ï: a
0

= 1,

a
1

= 1,

an = q
1

an−1

+ q
2

an−2

, n > 1.
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�®§¢'ï§ ­­ï â ª®£® à÷¢­ï­­ï à®§£«ï­¥¬® ­  ¯à¨ª« ¤÷ q
1

= 2

â  q
2

= −1, â®¡â®

an = 2an−1

− an−2

, n > 1.

�®¤÷ a
1

− a
0

= 1 ÷

an − an−1

= an−1

− an−2

, n > 1.

�¢÷¤á¨ ¢¨¯«¨¢ õ, é® ¢á÷ à÷§­¨æ÷ an − an−1

à÷¢­÷ ¬÷� á®¡®î ÷

¤®à÷¢­îîâì 1, â®¡â®

an − an−1

= 1, n > 1.

�¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù §¢÷¤á¨ ­¥áª« ¤­® ¢¨¢¥áâ¨,

é® an = n, n ≥ 1.

4.3. �à¨ä¬¥â¨ç­®-£¥®¬¥âà¨ç­÷ ¯à®£à¥á÷ù. �®¬¡÷­ -

æ÷ï ã¬®¢ (13){(14) ¯à¨¢®¤¨âì ¤® ÷­è®£® â¨¯ã ¯®á«÷¤®¢­®-

áâ¥©,   á ¬¥

(15) an = d+ qan−1

, n ≥ 1.

�®§£«ï­¥¬® ç áâª®¢¨© ¢¨¯ ¤®ª d = 1, q = 2. �¥å © a
0

=0.

�®¡ à®§¢'ï§ â¨ à¥ªãà¥­â­¥ à÷¢­ï­­ï

(16) an = 2an−1

+ 1, n ≥ 1,

¯¥à¥¯¨è¥¬® ©®£® ã â ª®¬ã ¢¨£«ï¤÷

bn = 2bn−1

, ¤¥ bn = an + 1.

� ª¨¬ ç¨­®¬, {bn} | æ¥ £¥®¬¥âà¨ç­  ¯à®£à¥á÷ï, â®¡â®

bn = 2

n, an = 2

n − 1.
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4.4. � ¤ ç  ¯à® � ­®©áìªã ¢¥�ã. �¥ªãà¥­â­¥ à÷¢­ï­-

­ï (16) ¯®¢'ï§ ­¥ § ¢÷¤®¬®î £®«®¢®«®¬ª®î, ïª  ­ §¨¢ õâìáï

� ­®©áìª®î ¢¥�¥î. � ¬  £®«®¢®«®¬ª  ãâ¢®à¥­  âàì®¬ 

áâà¨�­ï¬¨ ÷ ª÷«ìª®¬  ¤¨áª ¬¨ à÷§­¨å à®§¬÷à÷¢, ïª÷ ¬®�­ 

­ áã­ãâ¨ ­  ¡ã¤ì-ïª¨© áâà¨�¥­ì. � ¯®ç âª®¢®¬ã áâ ­÷ ¤¢ 

áâà¨�­÷ õ ¯®à®�­÷¬¨,   ¢á÷ ¤¨áª¨ à®§â è®¢ ­® ­  âà¥âì®¬ã

¢ ¬®­®â®­­® á¯ ¤­®¬ã ¯®àï¤ªã ùå­÷å ¤÷ ¬¥âà÷¢, ïªé® ¢÷¤«÷ª

¯®ç¨­ â¨ §­¨§ã. � ª  ª®­áâàãªæ÷ï ­ £ ¤ãõ ¢¥�ã.

�¥â®î £®«®¢®«®¬ª¨ õ ¯¥à¥­¥áâ¨ ¢¥áì áâ®á ¤¨áª÷¢ ­  ÷­-

è¨© áâà¨�¥­ì, ¤®âà¨¬ãîç¨áì â ª¨å ¯à ¢¨«:

a: §  ®¤¨­ à § ¬®�­  àãå â¨ «¨è¥ ®¤¨­ ¤¨áª.

b: �®�¥­ ªà®ª ¯®«ï£ õ ¢ ¯¥à¥­¥á¥­­÷ ¢¥àå­ì®£® ¤¨áª  §

®¤­®£® §÷ áâà¨�­÷¢ ÷ ­ áã¢ ­­ï ©®£® ­  ÷­è¨© áâà¨-

�¥­ì §¢¥àåã.


: �¨áª ­¥ ¬®�­  ª« áâ¨ ­  ÷­è¨©, ïªé® â®© ¬ õ ¬¥­-

è¨© ¤÷ ¬¥âà.

�÷¤®¬®, é® ­ ©¬¥­è  ª÷«ìª÷áâì àãå÷¢ an, ­¥®¡å÷¤­¨å ¤«ï

â®£®, é®¡ à®§¢'ï§ â¨ § ¤ çã ¯à® � ­®©áìªã ¢¥�ã § n ¤¨áª -

¬¨, § ¤®¢®«ì­ïõ à¥ªãà¥­â­¥ à÷¢­ï­­ï (15). �®¬ã an = 2

n−1.

� ã¢ �¥­­ï 1. �  � å®¤÷ æî § ¤ çã ¢¯¥àè¥ ®¯ã¡«÷ªã¢ ¢

äà ­æã§ìª¨© ¬ â¥¬ â¨ª �¤ã à¤ �îª  ã 1863 à®æ÷. öá­ãõ

«¥£¥­¤  ¯à® åà ¬ ¢ ö­¤÷ù, ïª¨© ¬÷áâ¨âì ¢¥«¨ªã ª÷¬­ âã §

âàì®¬  áâ®¢¯ ¬¨ ÷ 64 §®«®â¨¬¨ ¤¨áª ¬¨ ­  ­¨å. �à¥æì

¡à £¬ ­, ¢¨ª®­ãõ ª®¬ ­¤ã ¤ ¢­ì®£® ¯à®à®æâ¢ , ¯¥à¥áâ ¢«ï-

îç¨ æ÷ ¤¨áª¨ §£÷¤­® § ¯à ¢¨« ¬¨ £®«®¢®«®¬ª¨. � «¥£¥­¤÷

áª § ­®, é® ¯÷á«ï § ¢¥àè «ì­®£® àãåã ­ áâ ­¥ ª÷­¥æì á¢÷âã.

�ï¢÷¬®, é® ¢ «¥£¥­¤÷, ïªã ®¯ã¡«÷ªã¢ ¢ �îª , �à¥æì ¯¥-

à¥áã¢ õ ª®�¥­ ¤¨áª §  ®¤­ã á¥ªã­¤ã. �®¤÷ ¢÷­ § ª÷­ç¨âì á¢®õ

§ ¢¤ ­­ï §  2

64 − 1 ≈ 10

18

á¥ªã­¤. �®¡ ãï¢¨â¨ ¢¥«¨ç¨­ã

æì®£® ç¨á« , § ã¢ �¨¬®, é® ã å¢¨«¨­÷ ¬¥­è¥, ­÷� 100 á¥-
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ªã­¤, ã £®¤¨­÷ ¬¥­è¥, ­÷� 100 å¢¨«¨­, ã ¤®¡÷ ¬¥­è¥, ­÷� 100

£®¤¨­, ã à®æ÷ ¬¥­è¥, ­÷� 1000 ¤÷¡. � ª¨¬ ç¨­®¬, ª®�¥­ à÷ª

¬÷áâ¨âì ¬¥­è¥, ­÷� 10

9

á¥ªã­¤, â®¡â® á¢®õ § ¢¤ ­­ï �à¥æì

§ ª÷­ç¨âì ¡÷«ìè¥, ­÷� §  10

9

(®¤¨­ ¬÷«ìïà¤) à®ª÷¢.

�÷ ®¡ç¨á«¥­­ï ¤ îâì ­ ¤â® £àã¡¥ ­ ¡«¨�¥­­ï. �÷«ìè

â®ç­¨© ¯÷¤à åã­®ª ¯à¨¢®¤¨âì ¤® ¢÷¤¯®¢÷¤÷ 2×1013 (20 âà÷«ì-
©®­÷¢) à®ª÷¢.

� Ǳ � � � �

�¯à ¢  1. � ª÷¬­ â÷ §­ å®¤¨âìáï n «î¤¥©, ª®�­÷ ¤¢®õ § ïª¨å ®¡-

¬÷­ï«¨áì àãª®¯®â¨áª ­­ï¬¨. �®¢¥áâ¨, é® § £ «ì­  ª÷«ìª÷áâì àãª®¯®-

â¨áª ­ì ¤®à÷¢­îõ Tn−1.

�¯à ¢  2. �'õ¤­ õ¬® ¢÷¤à÷§ª ¬¨ ¯àï¬¨å ¢á÷å áãá÷¤÷¢ ¢ âà¨ªãâ­¨ªã

Tn (¯® £®à¨§®­â «ï¬, ¢¥àâ¨ª «ï¬ ÷ ¤÷ £®­ «ï¬). �÷«ìª÷áâì ¢÷¤à÷§ª÷¢

¯®§­ ç¨¬® ç¥à¥§ Ln, L
0

= 0. �®¢¥áâ¨, é®

1) Ln = Ln−1 + 3(n− 1), n ≥ 1;

2) Ln = 3Tn−1, n ≥ 2.

�¯à ¢  3. �®¢¥áâ¨, é® Tn + Tn−1 = (Tn − Tn−1)
2

= n2.

�¯à ¢  4. �®¢¥áâ¨, é® Ti+j = Ti + Tj + ij.

�¯à ¢  5. �®¢¥áâ¨, é® Tij = TiTj + Ti−1Tj−1.

�¯à ¢  6. �®¢¥áâ¨ «¥¬ã 1.

�¯à ¢  7. �®¢¥áâ¨, é® x ÷ y, ¢¨§­ ç¥­÷ ¢ (11), § ¤®¢®«ì­ïîâì à÷¢-

­ï­­ï Ǳ¥««ï (10), ¤¥ {Pk} | æ¥ ç¨á«  Ǳ¥««ï, ¢¨§­ ç¥­÷ à¥ªãà¥­â­®î

à÷¢­÷áâî (12).

�¯à ¢  8. �®¢¥áâ¨, é® ïª¨¬ ¡¨ ­¥ ¡ã«® n > 1, ¤¥áïâª®¢¨© § ¯¨á

ç¨á«  2

2

n

+ 1 § ª÷­çãõâìáï æ¨äà®î 7.

�¯à ¢  9. �®¢¥áâ¨, é® ­ ©¬¥­è  ª÷«ìª÷áâì àãå÷¢ an, ­¥®¡å÷¤­¨å

¤«ï â®£®, é®¡ à®§¢'ï§ â¨ § ¤ çã ¯à® � ­®©áìªã ¢¥�ã § n ¤¨áª ¬¨,

§ ¤®¢®«ì­ïõ à¥ªãà¥­â­¥ à÷¢­ï­­ï (15).


