
�¥ªæ÷ï 3

��ö�����ö �������

�­®�¨­  A ­ §¨¢ õâìáï áª÷­ç¥­­®î, ïªé® ¢®­  ¬ õ áª÷­-

ç¥­­ã ª÷«ìª÷áâì ¥«¥¬¥­â÷¢. �÷«ìª÷áâì ¥«¥¬¥­â÷¢ áª÷­ç¥­­®ù

¬­®�¨­¨ A ¯®§­ ç õ¬® |A|  ¡® 
ard(A).

1. �÷«ìª÷áâì ¥«¥¬¥­â÷¢ ¢ ®¡'õ¤­ ­­÷ ¬­®�¨­

�¥å © A â  B ¤¢÷ áª÷­ç¥­­÷ ¬­®�¨­¨, ïª÷ ­¥ ¬ îâì á¯÷«ì-

­¨å ¥«¥¬¥­â÷¢. �®¤÷

(1) |A ∪B| = |A|+ |B|.

�î ä®à¬ã«ã ¬®�­  ã§ £ «ì­¨â¨ ­  ¤®¢÷«ì­ã ª÷«ìª÷áâì ¬­®-

�¨­.

�¥®à¥¬  1. �¥å © n ≥ 2,   A
1

, . . . , An | áª÷­ç¥­­÷ ¬­®-

�¨­¨, é® ¯®¯ à­® ­¥ ¯¥à¥â¨­ îâìáï, â®¡â® Ai ∩Aj = ∅

¤«ï ¡ã¤ì-ïª¨å i 6= j. �®¤÷

(2) |A
1

∪ · · · ∪ An| = |A
1

|+ · · ·+ |An|.

�®¢¥¤¥­­ï â¥®à¥¬¨ 1. � áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­-

¤ãªæ÷ù.

� §  ÷­¤ãªæ÷ù: n = 2.

Ǳà¨¯ãé¥­­ï ÷­¤ãªæ÷ù. Ǳà¨¯ãáâ¨¬®, é® à÷¢­÷áâì (2) ¢¨ª®-

­ãõâìáï ¤«ï ¤¥ïª®£® n = N ≥ 2.
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�à®ª ÷­¤ãªæ÷ù. �®¢¥¤¥¬® à÷¢­÷áâì (2) ¤«ï n = N+1, â®¡â®

¤«ï ¬­®�¨­ A
1

, . . . , AN+1

, é® ¯®¯ à­® ­¥ ¯¥à¥â¨­ îâìáï.

Ǳ®§­ ç¨¬® B
1

= A
1

∪ · · · ∪ AN , B2

= AN+1

. �­®�¨­¨

B
1

â  B
2

­¥ ¯¥à¥â¨­ îâìáï: B
1

∩ B
2

= ∅. �¥ â¢¥à¤�¥­­ï

¤®¢¥¤¥¬® ¢÷¤ áã¯à®â¨¢­®£®: ¯à¨¯ãáâ¨¬®, é® B
1

∩ B
2

6= ∅.

�®¤÷ ÷á­ãõ ¯à¨­ ©¬­÷ ®¤¨­ ¥«¥¬¥­â x ∈ B
1

∩ B
2

. �®¬ã

x ∈ B
1

â  x ∈ B
2

§  ®§­ ç¥­­ï¬ (2.5) ¯¥à¥â¨­ã ¬­®�¨­.

�  ®§­ ç¥­­ï¬ ®¡'õ¤­ ­­ï ¬­®�¨­ æ¥ ®§­ ç õ, é® ¥«¥¬¥­â

x ­ «¥�¨âì ¯à¨­ ©¬­÷ ®¤­÷© § ¬­®�¨­ A
1

, . . . , AN . �¥å ©

æ÷õî ¬­®�¨­®î õ Ai. �®¤÷ §  ®§­ ç¥­­ï¬ ¯¥à¥â¨­ã ¬­®�¨­

x ∈ Ai ∩AN+1

, é® ­¥ ¬®�«¨¢® §  ¯à¨¯ãé¥­­ï¬. � ª¨¬ ç¨-

­®¬ ¤® ¬­®�¨­ B
1

â  B
2

¬®�­  § áâ®áã¢ â¨ ä®à¬ã«ã (1):

|B
1

∪B
2

| = |B
1

|+ |B
2

| = |A
1

∪ · · · ∪AN |+ |AN+1

|.

� áâ®áã¢ ¢è¨ ¤® ¯¥àè®£® ¤®¤ ­ªã ¯à¨¯ãé¥­­ï ÷­¤ãªæ÷ù, ¤®-

¢®¤¨¬® ä®à¬ã«ã (2) ¤«ï n = N + 1. �  ¯à ¢¨«®¬ ¬ â¥-

¬ â¨ç­®ù ÷­¤ãªæ÷ù æ¥ ®§­ ç õ, é® â¥®à¥¬  1 ¤®¢¥¤¥­  ¤«ï

¤®¢÷«ì­®£® n. �

�®à¬ã«  (1) ­¥ á¯à ¢¤�ãõâìáï ¤«ï ¬­®�¨­, é® ¯¥à¥â¨-

­ îâìáï. � ¯à¨ª« ¤, ïªé® A
1

= A
2

6= ∅, â® A
1

∪A
2

= A
1

÷

â®¬ã |A
1

∪ A
2

| 6= |A
1

|+ |A
2

|. � â ª¨å ¢¨¯ ¤ª å âà¥¡  ¢¨ª®-

à¨áâ®¢ã¢ â¨ ÷­èã ä®à¬ã«ã:

(3) |A ∪B| = |A|+ |B| − |A ∩B|.

�ªé® ¬­®�¨­¨ ­¥ ¯¥à¥â¨­ îâìáï, â® |A ∩ B| = 0 ÷ ä®à¬ã-

«¨ (3) â  (1) á¯÷¢¯ ¤ îâì.

�®¢¥¤¥­­ï ä®à¬ã«¨ (3). �­®�¨­  B ¬÷áâ¨âì |B| − |A ∩ B|
¥«¥¬¥­â÷¢, ïª÷ ­¥ ¢å®¤ïâì ¢ ¬­®�¨­ã A. �¢÷¤á¨ ÷ ¢¨¯«¨¢ õ

ä®à¬ã«  (3). �
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�®à¬ã«ã (3) ¬®�­  ã§ £ «ì­¨â¨ ­  ¢¨¯ ¤®ª âàì®å ¬­®-

�¨­. Ǳ®§­ ç¨¬® B
1

= A
1

∪ A
2

, B
2

= A
3

. � ä®à¬ã«¨ (3)

®âà¨¬ãõ¬®

|B
1

∪B
2

| = |B
1

|+ |B
2

| − |B
1

∩B
2

|

= |A
1

|+ |A
2

| − |A
1

∩ A
2

|+ |A
3

| − |(A
1

∪ A
2

) ∩A
3

|.

�  ¯÷¤áâ ¢÷ ¢« áâ¨¢®áâ÷ ¤¨áâà¨¡ãâ¨¢­®áâ÷ (2.15) (A
1

∪A
2

)∩
A
3

= (A
1

∩A
3

)∪ (A
2

∩A
3

). �¥ à § § áâ®áã¢ ¢è¨ (3), ®âà¨-

¬ãõ¬®

|(A
1

∪A
2

)∩A
3

| = |A
1

∩A
3

|+ |A
2

∩A
3

|−|(A
1

∩A
3

)∩(A
2

∩A
3

)|.

� ª¨¬ ç¨­®¬

(4)

|A
1

∪ A
2

∪ A
3

| = |A
1

|+ |A
2

|+ |A
3

|

− |A
1

∩ A
2

| − |A
1

∩ A
3

| − |A
2

∩A
3

|

+ |A
1

∩ A
2

∩ A
3

|.

2. �®à¬ã«  ¢ª«îç¥­ì-¢¨ª«îç¥­ì

�®à¬ã«¨ (3) â  (4) ­ §¨¢ îâìáï ä®à¬ã« ¬¨ ¢ª«îç¥­ì-

¢¨ª«îç¥­ì. Ǳ®ïá­¨â¨ æî ­ §¢ã ¬®�­  ­  ¯à¨ª« ¤÷ (3): ¯à¨

¯÷¤à åã­ªã ª÷«ìª®áâ÷ ¥«¥¬¥­â÷¢ ¬­®�¨­¨ A
1

∪A
2

¬¨ á¯®ç â-

ªã ¢ª«îç õ¬® ¤® áã¬¨ ª®�¥­ ¥«¥¬¥­â § ¬­®�¨­ A
1

â  A
2

;

¯÷á«ï æì®£® ¬¨ ¢¨ª«îç õ¬® § áã¬¨ ª®�¥­ ¥«¥¬¥­â § ¬­®�¨-

­¨ A
1

∩ A
2

.

�­ «®£ ä®à¬ã«¨ (3) ¬®�­  ¤®¢¥áâ¨ ÷ ã ¢¨¯ ¤ªã ¤®¢÷«ì-

­®ù ª÷«ìª®áâ÷ ¬­®�¨­, ïª  â ª®� ­ §¨¢ õâìáï ä®à¬ã«®î

¢ª«îç¥­ì-¢¨ª«îç¥­ì.
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�¥®à¥¬  2. �¥å © n ≥ 2 â  A
1

, . . . , An | 
ª÷­ç¥­­÷ ¬­®-

�¨­¨. �®¤÷

(5) |A
1

∪ · · · ∪An| = S
1

− S
2

+ · · ·+ (−1)n−1Sn,

¤¥ S
1

= |A
1

| + · · · + |An|, S
2

=

∑

|Ai ∩ Aj | (áã¬  à®§¯®-

¢áî¤�ãõâìáï ­  ¢á÷ ¯ à¨ à÷§­¨å ÷­¤¥ªá÷¢), . . . , Sn = |A
1

∩
· · · ∩ An|.

� ã¢ �¥­­ï 1. � â¥®à¥¬÷ ¢¨§­ ç¥­÷ ¯¥àè÷ ¤¢  ç¨á«  S
1

â  S
2

,   â ª®� ®áâ ­­õ Sn. �ªé® n = 4, â® ¢ ä®à¬ã«ã (5)

¢å®¤ïâì ¤®¤ ­ª¨ S
1

, S
2

, S
3

, S
4

. � æì®¬ã ¢¨¯ ¤ªã ¤®¤ ­®ª S
3

¢¨§­ ç õâìáï ïª

∑

|Ai
1

∩Ai
2

∩Ai
3

|, ¤¥ áã¬  à®§¯®¢áî¤�ãõâì-
áï ­  ¢á÷ ¬®�«¨¢÷ âà÷©ª¨ ÷­¤¥ªá÷¢ (i

1

, i
2

, i
3

), �®¤­÷ ¤¢  §

ïª¨å ­¥ õ à÷¢­¨¬¨. �­ «®£÷ç­® ¢¨§­ ç îâìáï ÷ ÷­è÷ ç¨á-

«  Sk =
∑

|Ai
1

∩· · ·∩Aik |, ¤¥ áã¬  à®§¯®¢áî¤�ãõâìáï ­  ¢á÷
¬®�«¨¢÷ ÷­¤¥ªá¨ (i

1

, . . . , ik), �®¤­÷ ¤¢  § ïª¨å ­¥ õ à÷¢­¨¬¨

â  ¤«ï ïª¨å 1 ≤ i
1

≤ n, . . . , 1 ≤ ik ≤ n.

� ã¢ �¥­­ï 2. �¨á«  S
1

, . . . , Sn ã ä®à¬ã«÷ (5) §¬÷­î-

îâìáï à §®¬ § n. �®¬ã ¡÷«ìè â®ç­¨¬¨ ¯®§­ ç¥­­ï¬¨ ¤«ï

S
1

, . . . , Sn õ S
1,n, . . . , Sn,n,   á ¬  ä®à¬ã«  ä®à¬ã«  (5) ¤«ï

â ª¨å ¯®§­ ç¥­ì áâ õ â ª®î:

|A
1

∪ · · · ∪ An| = Sn,1 − Sn,2 + · · ·+ (−1)n−1Sn,n,

�®¢¥¤¥­­ï â¥®à¥¬¨ 2. � áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­-

¤ãªæ÷ù.

� §  ÷­¤ãªæ÷ù: n = 2. �¥áª« ¤­® §à®§ã¬÷â¨, é® ä®à¬ã-

«  (5) ¯à¨ n = 2 á¯÷¢¯ ¤ õ § ¢�¥ ¤®¢¥¤¥­®î à÷¢­÷áâî (3).

Ǳà¨¯ãé¥­­ï ÷­¤ãªæ÷ù. Ǳà¨¯ãáâ¨¬®, é® (5) ¢¨ª®­ãõâìáï

¤«ï ¤¥ïª®£® n = N ≥ 2.
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�à®ª ÷­¤ãªæ÷ù. �®¢¥¤¥¬® (5) ¤«ï n = N + 1. Ǳ®ª« ¤¥-

¬® B
1

= A
1

∪ · · · ∪ AN , B2

= AN+1

. �¨ª®à¨áâ®¢ãîç¨ (3),

®âà¨¬ãõ¬®

|B
1

∪B
2

| = |B
1

|+ |B
2

| − |B
1

∩B
2

|

= |A
1

∪ · · · ∪ AN |+ |AN+1

|

− |(A
1

∪ · · · ∪ AN ) ∩AN+1

|.

�  ¯à¨¯ãé¥­­ï¬ ÷­¤ãªæ÷ù ¤® ¯¥àè®£® ¤®¤ ­ªã ¬®�­  § áâ®-

áã¢ â¨ ä®à¬ã«ã (5). �÷¤¯®¢÷¤­÷ ç¨á«  SN,1, . . . , SN,N ¯®§­ -

ç¨¬® S′
N,1, . . . , S

′
N,N , é®¡ ¯÷¤ªà¥á«¨â¨, é® ¢®­¨ ¯®¡ã¤®¢ ­÷

§  ¬­®�¨­ ¬¨ A
1

, . . . , AN . �® âà¥âì®£® ¤®¤ ­ª  § áâ®áãõ¬®

¢« áâ¨¢÷áâì ¤¨áâà¨¡ãâ¨¢­®áâ÷:

|(A
1

∪ · · ·∪AN )∩AN+1

| = |(A
1

∩AN+1

)∪ · · ·∪ (AN ∩AN+1

)|.

�¥¯¥à ÷ ¤® ­ì®£® ¬®�­  § áâ®áã¢ â¨ (5). �÷¤¯®¢÷¤­÷ ç¨á-

«  SN,1, . . . , SN,N ¯®§­ ç¨¬® S′′
N,1, . . . , S

′′
N,N , é®¡ ¯÷¤ªà¥á«¨-

â¨, é® ¢®­¨ ¯®¡ã¤®¢ ­÷ §  ¬­®�¨­ ¬¨ A
1

∩AN+1

, . . . , AN ∩
AN+1

. � ª¨¬ ç¨­®¬

|A
1

∪ · · · ∪AN ∪AN+1

|

= S′
N,1 − S′

N,2 + · · ·+ (−1)N−1S′
N,N

+ |AN+1

| −
[

S′′
N,1 − S′′

N,2 + · · ·+ (−1)N−1S′′
N,N

]

= [S′
N,1 + |AN+1

|℄− [S′
N,2 + S′′

N,1℄ + . . .

+ (−1)N−1

[S′
N,N + S′′

N,N−1

℄ + (−1)NS′′
N,N .

Ǳ®§­ ç¨¬® ç¥à¥§ SN+1,1, . . . , SN+1,N+1

¢÷¤¯®¢÷¤­÷ ç¨á«  ã

ä®à¬ã«÷ (5), ïª÷ ¯®¡ã¤®¢ ­÷ §  ¢á÷¬  ¬­®�¨­ ¬¨ A
1

, . . . ,

AN+1

. �à®§ã¬÷«®, é®

S′
N,1 + |AN+1

| = |A
1

|+ · · ·+ |AN |+ |AN+1

| = SN+1,1.
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� «÷, S′′
N,1 =

∑

|Ai ∩ AN+1

|, â®¬ã S′
N,2 + S′′

N,1 = SN+1,2.

�­ «®£÷ç­®

S′
N,k + S′′

N,k−1

= SN+1,k, 2 ≤ k ≤ N.

�áâ ­­÷© ¤®¤ ­®ª ¢÷¤à÷§­ïõâìáï ¢÷¤ ÷­è¨å:

S′′
N,N = |(A

1

∩ AN+1

) ∩ · · · ∩ (AN ∩ AN+1

)|

= |A
1

∩ · · · ∩ AN ∩ AN+1

| = SN+1,N+1

.

� ª¨¬ ç¨­®¬

|A
1

∪ · · · ∪AN ∪AN+1

|

= SN+1,1 − SN+1,2 + · · ·+ (−1)N+1SN+1,N+1

÷ â®¬ã ä®à¬ã«  (5) ¤®¢¥¤¥­  ¤«ï n = N + 1. �  ¯à ¢¨«®¬

¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù æ¥ ÷ ¤®¢®¤¨âì â¥®à¥¬ã 2 ¤«ï ¡ã¤ì-

ïª®£® n. �

� ¤ ç  1. �ª÷«ìª¨ ÷á­ãõ ­ âãà «ì­¨å ç¨á¥«, ïª÷ ­¥ ¯¥à¥¢¨éãîâì

1000, ÷ ­¥ ¤÷«ïâìáï ­  �®¤­¥ § ç¨á¥« 3, 7, 11?

�®§¢'ï§ ­­ï § ¤ ç÷ 1. �¥å © A
3

= {n ≤ 1000 : n = 3k}, A
7

=

{n ≤ 1000 : n = 7l}, A
11

= {n ≤ 1000 : n = 11m}. �÷¤¯®¢÷¤¤î ­ 

¯¨â ­­ï õ ç¨á«® 1000 − |A
3

∪ A
7

∪ A
11

|, ®áª÷«ìª¨ A
3

∪ A
7

∪ A
11

| æ¥

¬­®�¨­  ç¨á¥«, ª®�­¥ § ïª¨å ¤÷«¨âìáï ¯à¨­ ©¬­÷ ­  ®¤­¥ § ç¨á¥« 3,

7  ¡® 11. �÷«ìª÷áâì â®ç®ª ã ¬­®�¨­÷ A
3

∪ A
7

∪ A
11

¬®�­  §­ ©â¨ § 

¤®¯®¬®£®î ä®à¬ã«¨ (4). ¢¯à. 1
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3. � áâ®áã¢ ­­ï ä®à¬ã«¨ ¢ª«îç¥­ì-¢¨ª«îç¥­ì

� ¤ ç  2. � £àã¯¨, ïª  áª« ¤ õâìáï § 35 áâã¤¥­â÷¢, 20 ¬ îâì

¢« áâ¨¢÷áâì §'ï¢«ïâ¨áì ­  ¯¥àèã ¯ àã,   11 | §'ï¢«ïâ¨áì ­  ¤àã£ã,

¯à¨ç®¬ã 10 áâã¤¥­â÷¢ ¬ îâì ¢« áâ¨¢÷áâì ­¥ §'ï¢«ïâ¨áì ­  �®¤­ã.

�ª÷«ìª¨ áâã¤¥­â÷¢ ¬ îâì ¢« áâ¨¢÷áâì §'ï¢«ïâ¨áì ­  ®¡¨¤¢÷ ¯ à¨?

Ǳ®¤÷¡­÷ § ¤ ç÷ ¬®�­  à®§'¢ï§ã¢ â¨ §  ¤®¯®¬®£®î â ª®£®

¢ à÷ ­âã ä®à¬ã«¨ ¢ª«îç¥­ì-¢¨ª«îç¥­ì.

�¥å © C |¤¥ïª¨© ­ ¡÷à ®¡'õªâ÷¢. �¥å © v
1

, . . . , vr | ¤¥ï-

ª÷ ¢« áâ¨¢®áâ÷, ïª÷ ¬®�ãâì ¬ â¨ ®¡'õªâ¨ § C (  ¬®�ãâì | ­¥

¬ â¨). �«ï ®¡ç¨á«¥­­ï ª÷«ìª®áâ÷ ®¡'õªâ÷¢, ïª÷ ¬ îâì ¯à¨-

­ ©¬­÷ ®¤­ã § æ¨å ¢« áâ¨¢®áâ¥©, ¯®§­ ç¨¬®: N(i) | ª÷«ì-

ª÷áâì ®¡'õªâ÷¢, é® ¬ îâì ¢« áâ¨¢÷áâì vi (áî¤¨ ¢ª«îç õ¬® ÷

â ª÷ ®¡'õªâ¨, é® ¬ îâì ÷ ÷­è÷ ¢« áâ¨¢®áâ÷); N(i, j) | ª÷«ì-

ª÷áâì ®¡'õªâ÷¢, é® ¬ îâì ¢« áâ¨¢®áâ÷ vi â  vj (áî¤¨ ¢ª«î-

ç õ¬® ÷ â ª÷ ®¡'õªâ¨, é® ¬ îâì ÷ ÷­è÷ ¢« áâ¨¢®áâ÷); . . . ;

N(1, . . . , r) | ª÷«ìª÷áâì ®¡'õªâ÷¢, é® ¬ îâì ¢á÷ ¢« áâ¨¢®áâ÷.

�ªé® M | æ¥ ª÷«ìª÷áâì ®¡'õªâ÷¢, é® ¬ îâì ¯à¨­ ©¬­÷ ®¤­ã

§ ¢« áâ¨¢®áâ¥©, â®

(6)

M =

[

∑

N(i)
]

1

−
[

∑

N(i, j)
]

2

+ · · ·+ (−1)r−1N(1, . . . , r),

¤¥ [

∑

N(i)℄
1

| æ¥ áã¬  ¯® ¢á÷¬ i: 1 ≤ i ≤ r, [
∑

N(i, j)℄
2

|

áã¬  ¯® ¢á÷¬ ¬®�«¨¢¨¬ ¯ à ¬ à÷§­¨å i ≤ r â  j ≤ r. �

æî ä®à¬ã«ã ¢å®¤ïâì ¤®¤ ­ª¨ [

∑

N(i
1

, . . . , ik)℄k | áã¬  ¯®

¢á÷¬ ¬®�«¨¢¨¬ i
1

≤ r, . . . , ik ≤ r, �®¤­÷ ¤¢  § ïª¨å ­¥

¤®à÷¢­îîâì ®¤­¥ ÷­è®¬ã. �÷¢­÷áâì (6) ¢¨¯«¨¢ õ § ä®à¬ã-

«¨ ¢ª«îç¥­ì-¢¨ª«îç¥­ì (5). �÷©á­®, ­¥å ©

Ai = {x ∈ C : x ¬ õ ¢« áâ¨¢÷áâì vi}.
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�®¤÷

A
1

∪ · · · ∪Ar = {x ∈ C : x ¬ õ ¯à¨­ ©¬­÷ ®¤­ã

§ ¢« áâ¨¢®áâ¥© v
1

, . . . , vr}.

�  ä®à¬ã«®î (5) M = S
1

− S
2

+ · · · + (−1)n−1Sn, ¯à¨ç®¬ã

Sk = [

∑

N(i
1

, . . . , ik)℄k. �¥ ÷ ¤®¢®¤¨âì à÷¢­÷áâì (6).

� ã¢ �¥­­ï 3. �ªé® r = 2, â® ä®à¬ã«  (6) ¬ õ ¢¨£«ï¤

M = N(1) +N(2)−N(1, 2).

�ªé® ¯®§­ ç¨â¨ ç¥à¥§ L ª÷«ìª÷áâì ®¡'õªâ÷¢, ïª÷ ­¥ ¬ îâì

�®¤­®ù ¢« áâ¨¢®áâ÷, â®

L = |C| −M.

�®§¢'ï§ ­­ï § ¤ ç÷ 2. Ǳ®§­ ç¨¬® ç¥à¥§ N(1, 2) ª÷«ìª÷áâì áâã¤¥­-

â÷¢, ïª÷ ¬ îâì ¢« áâ¨¢÷áâì §'ï¢«ïâ¨áì ­  ®¡¨¤¢÷ ¯ à¨,   ç¥à¥§ M |

ª÷«ìª÷áâì áâã¤¥­â÷¢, ïª÷ ¬ îâì ¢« áâ¨¢÷áâì §'ï¢«ïâ¨áì ¯à¨­ ©¬­÷ ­ 

®¤­ã ¯ àã. �  ã¬®¢ ¬¨ § ¤ ç÷ N(1) = 20, N(2) = 11, |C| = 35. �®¬ã

M = N(1) +N(2) − N(1, 2) = 31 −N(1, 2) §  ä®à¬ã«®î (6) ¯à¨ r = 2.

� ÷­è®£® ¡®ªã, M + 10 = |C|, â®¡â® M = 25, §¢÷¤ª¨ N(1, 2) = 6.

4. �®à¬ã«  ¢ª«îç¥­­ï-¢¨ª«îç¥­­ï

¤«ï ¤®¡ãâªã äã­ªæ÷©

� ¬ â¥¬ â¨æ÷ §ãáâà÷ç îâìáï ¢¨à §¨ ¢¨£«ï¤ã

(7) (1− x
1

)(1− x
2

) . . . (1− xn).

� ­ ©¯à®áâ÷è®¬ã ¢¨¯ ¤ªã x
1

, x
2

, . . . , xn õ ¤÷©á­¨¬¨ ç¨á« -

¬¨. �÷«ìè áª« ¤­®î õ á¨âã æ÷ï, ª®«¨ x
1

, x
2

, . . . , xn | æ¥
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äã­ªæ÷ù ¯¥¢­®£®  à£ã¬¥­âã. �®à¬ã«ã ¢ª«îç¥­­ï-¢¨ª«î-

ç¥­­ï ¬®�­  ¤®¢¥áâ¨, à®§ªà¨¢ îç¨ ¤ã�ª¨ ã ¢¨à § å (7).

�¥© á¯®á÷¡ ¬¨ § à § ®¡£®¢®à¨¬®.

�¯®ç âªã à®§£«ï­¥¬® ¢¨¯ ¤®ª n = 2. �®§ªà¨¢è¨ ¤ã�ª¨

ã (7), ®âà¨¬ãõ¬®

(1− x
1

)(1− x
2

) = 1− x
1

− x
2

+ x
1

x
2

.

�áâ ­­÷© ¤®¤ ­®ª ã ¯à ¢÷© ç áâ¨­÷ õ ¤®¡ãâª®¬ x
1

­  x
2

.

�àã£¨© â  âà¥â÷© ¤®¤ ­ª¨ ¬ îâì ¢¨£«ï¤ x
1

· 1 â  x
2

· 1,  
¯¥àè¨© ¬®�­  ¯à¥¤áâ ¢¨â¨ â ª 1·1. � ã¢ �¨¬®, é® ¬­®�¨-
­  x-÷¢, § ïª¨å áä®à¬®¢ ­® ¯¥àè¨© ¤®¤ ­®ª, õ ¯®à®�­ì®î.

�­ «®£÷ç­¨¬¨ ¬­®�¨­ ¬¨ ¤«ï ¤àã£®£®, âà¥âì®£® â  ç¥â¢¥à-

â®£® ¤®¤ ­ª÷¢ õ {x
1

}, {x
2

}, {x
1

, x
2

}. Ǳ®§­ ç¨¬® æ÷ ¬­®�¨­¨
ç¥à¥§ Q

1

, Q
2

, Q
3

, Q
4

. �®�­  â ª®� ¯®¬÷â¨â¨, é® §­ ª ¤®-

¤ ­ª  ¢¨§­ ç õâìáï ª÷«ìª÷áâî x-÷¢, § ïª¨å áä®à¬®¢ ­® æ¥©

¤®¤ ­®ª,   á ¬¥, §­ ª ¤®¤ ­ª  ¤®à÷¢­îõ (−1)ª÷«ìª÷áâì x-÷¢
. �®-

¬ã §­ ª i-£® ¤®¤ ­ª  ¤®à÷¢­îõ (−1)|Qi|
. �÷ á¯®áâ¥à¥�¥­­ï

§¢¥¤¥­® ­¨�ç¥ ã â ¡«¨æî.

¤®¤ ­®ª ª÷«ìª÷áâì x-÷¢ §­ ª ¬­®�¨­  Qi (−1)|Qi|

1 0 + ∅ +

2 1 − {x
1

} −
3 1 − {x

2

} −
4 2 + {x

1

, x
2

} +

� à¥èâ÷, i-¨© ¤®¤ ­®ª ¬®�­  § ¯¨á â¨ â ª¨¬ ç¨­®¬

(8) (−1)|Qi|
∏

x∈Qi

x.
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�áâ ­­÷¬ § ã¢ �¥­­ï¬ õ â¥, é® Qi ¢¨ç¥à¯ãîâì ¢á÷ ¬®�«¨¢÷

¯÷¤¬­®�¨­¨ § {x
1

, x
2

}. � ª¨¬ ç¨­®¬,

(1− x
1

)(1− x
2

) =

∑

Q⊆{x
1

,x
2

}

(−1)|Q|
∏

x∈Q

x.

�«ï n = 2 â ª¥ ¯¥à¥â¢®à¥­­ï «÷¢®ù ç áâ¨­¨ §¤ õâìáï ­¥¢¨-

¯à ¢¤ ­­® áª« ¤­¨¬,  «¥ ¤«ï ÷­è¨å n á¨âã æ÷ï §¬÷­îõâìáï.

�¨¯ ¤®ª n = 3 ¯à¨¢®¤¨âì ¤® â ª®£® à®§ª« ¤ã ¤®¡ãâª  (7):

(9)

(1− x
1

)(1− x
2

)(1− x
3

) = 1− x
1

− x
2

− x
3

+ x
1

x
2

+ x
1

x
3

+ x
2

x
3

− x
1

x
2

x
3

.

� ¡«¨æï §­ ª÷¢ ¤®¤ ­ª÷¢ ¢ æì®¬ã ¢¨¯ ¤ªã õ â ª®î:

¤®¤ ­®ª ª÷«ìª÷áâì x-÷¢ §­ ª ¬­®�¨­  Qi (−1)|Qi|

1 0 + ∅ +

2 1 − {x
1

} −
3 1 − {x

2

} −
4 1 − {x

3

} −
5 2 + {x

1

, x
2

} +

6 2 + {x
1

, x
3

} +

7 2 + {x
2

, x
3

} +

8 3 − {x
1

, x
2

, x
3

} −

�¨à § (8) ÷ ¢ æì®¬ã ¢¨¯ ¤ªã ¤®à÷¢­îõ i-®¬ã ¤®¤ ­ªã,   Qi

¢¨ç¥à¯ãîâì ¢á÷ ¯÷¤¬­®�¨­¨ § {x
1

, x
2

, x
3

} (¤¨¢. ¯®¯¥à¥¤­î

â ¡«¨æî). �®¬ã

(1− x
1

)(1− x
2

)(1− x
3

) =

∑

Q⊆{x
1

,x
2

,x
3

}

(−1)|Q|
∏

x∈Q

x.
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�¨ ¡ ç¨¬®, é® ãáª« ¤­¥­­ï ¯à ¢®ù ç áâ¨­¨ ¬ ©�¥ ­¥ ¢÷¤-

¡ã«®áï ã ¯®à÷¢­ï­­÷ § ¢¨¯ ¤ª®¬ n = 2 («¨è¥ x
3

¤®¤ ¢áï ¤®

¬­®�¨­¨ ¯÷¤ §­ ª®¬ áã¬¨). �­ «®£÷ç­  ä®à¬ã«  õ á¯à ¢¥¤-

«¨¢®î ÷ ã § £ «ì­®¬ã ¢¨¯ ¤ªã.

�¥®à¥¬  3. �«ï ¡ã¤ì-ïª¨å ¤÷©á­¨å ç¨á¥« x
1

, x
2

, . . . , xn

(1− x
1

)(1− x
2

) . . . (1− xn) =

∑

Q⊆{x
1

,x
2

,...,xn}

(−1)|Q|
∏

x∈Q

x,

¤¥ ¯÷¤áã¬®¢ã¢ ­­ï ¢¥¤¥âìáï §  ¢á÷¬  ¬®�«¨¢¨¬¨ ¯÷¤¬­®-

�¨­ ¬¨ Q § {x
1

, x
2

, . . . , xn}, |Q| | æ¥ ª÷«ìª÷áâì ¥«¥¬¥­â÷¢

¢ Q,  
∏

x∈Q x | æ¥ ¤®¡ãâ®ª ¥«¥¬¥­â÷¢ § ¯÷¤¬­®�¨­¨ Q

(¢¢ � õ¬®, é®

∏

x∈∅
x = 1 ). ¢¯à. 6

� ¢¥¤¥¬® ­ á«÷¤®ª æì®£® à¥§ã«ìâ âã ¤«ï ¢¨¯ ¤ªã ÷­¤¨ª -

â®à­¨å äã­ªæ÷©.

� á«÷¤®ª 1. �¥å © A
1

, . . . , An | ¯÷¤¬­®�¨­¨ ¯¥¢­®ù

ã­÷¢¥àá «ì­®ù ¬­®�¨­¨ 
. �«¥¬¥­â¨ ã­÷¢¥àá «ì­®ù ¬­®-

�¨­¨ ¡ã¤¥¬® ¯®§­ ç â¨ ç¥à¥§ ω. �¥å © 1IA
1

, . . . , 1IAn
| æ¥

÷­¤¨ª â®à­÷ äã­ªæ÷ù , â®¡â®

1IAi
(ω) =

{

1, ïªé® ω ∈ Ai,

0, ïªé® ω 6∈ Ai.

�®¤÷

(1− 1IA
1

)(1− 1IA
2

) . . . (1− 1IAn
) =

∑

Q⊆{1,2,...,n}

(−1)|Q|
∏

i∈Q

1IAi
,

¤¥ ¯÷¤áã¬®¢ã¢ ­­ï ¢¥¤¥âìáï §  ¢á÷¬  ¬®�«¨¢¨¬¨ ¯÷¤¬­®-

�¨­ ¬¨ Q § {1, 2, . . . , n}, |Q| | æ¥ ª÷«ìª÷áâì ¥«¥¬¥­â÷¢ ¢
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Q,  
∏

i∈Q 1IAi
| æ¥ ¤®¡ãâ®ª â¨å ÷­¤¨ª â®à­¨å äã­ªæ÷©

¯÷¤¬­®�¨­ Ai, ç¨ù ÷­¤¥ªá¨ ­ «¥� âì Q (¢¢ � õ¬®, é®

∏

i∈∅
1IAi

= 1 ). ¢¯à. 7

� ã¢ �¥­­ï 4. � �«¨¢¨¬ ÷ ¤®á÷âì ­¥á¯®¤÷¢ ­¨¬ õ â¥, é®

ã ¡ £ âì®å ¢¨¯ ¤ª å ¯à ¢ã ç áâ¨­ã ¯÷¤à åã¢ â¨ ¯à®áâ÷è¥,

­÷� «÷¢ã, å®ç  ¯à ¢  ç áâ¨­  ¢¨£«ï¤ õ ¡÷«ìè áª« ¤­®î.

Ǳà¨ª« ¤ 1. �®§£«ï­¥¬® ¢¨¯ ¤®ª n = 2:

(1− 1IA
1

)(1− 1IA
2

) = 1− 1IA
1

− 1IA
2

+ 1IA
1

1IA
2

.

�áª÷«ìª¨ 1 − 1IAi
= 1IAi

(¢« áâ¨¢÷áâì (2.18)) â  1IA
1

1IA
2

=

1IA
1

∩A
2

(¢« áâ¨¢÷áâì (2.19)), â® «÷¢  ç áâ¨­  ®áâ ­­ì®ù à÷¢-

­®áâ÷ ¤®à÷¢­îõ 1IA
1

∩A
2

,   æ¥ õ å à ªâ¥à¨áâ¨ç­®î äã­ªæõî

¬­®�¨­¨ A
1

∪A
2

(¢« áâ¨¢÷áâì (2.13)). �¥ à § áª®à¨áâ ¢-

è¨áì ¢« áâ¨¢®áâï¬¨ å à ªâ¥à¨áâ¨ç­¨å äã­ªæ÷© 1IA
1

∪A
2

=

1− 1IA
1

∪A
2

â  1IA
1

1IA
2

= 1IA
1

∩A
2

, ®âà¨¬ãõ¬®

1IA
1

∪A
2

= 1IA
1

+ 1IA
2

− 1IA
1

∩A
2

.

�ªé® ¢à åã¢ â¨ § «¥�­÷áâì å à ªâ¥à¨áâ¨ç­¨å äã­ªæ÷© ¢÷¤

 à£ã¬¥­â , â® ®áâ ­­î à÷¢­÷áâì ¬®�­  § ¯¨á â¨ â ª

1IA
1

∪A
2

(ω) = 1IA
1

(ω) + 1IA
2

(ω)− 1IA
1

∩A
2

(ω), ω ∈ 
.

�áª÷«ìª¨

∑

ω∈
 1IB(ω) = |B| ¤«ï ¡ã¤ì-ïª®ù ¯÷¤¬­®�¨­¨ B ⊆

, ¢¯à. 8 â® ¯÷¤áã¬®¢ã¢ ­­ï¬ «÷¢®ù â  ¯à ¢®ù ç áâ¨­ ®âà¨-

¬ãõ¬®

|A
1

∪A
2

| = |A
1

|+ |A
2

| − |A
1

∩A
2

|,

é® ¯®¢â®àîõ ä®à¬ã«ã ¢ª«îç¥­­ï-¢¨ª«îç¥­­ï (3).
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�­ «®£÷ç­¨¬ ç¨­®¬ ¬®�­  ¤®¢¥áâ¨ ä®à¬ã«ã (4), ¢¨ª®à¨-

áâ®¢ãîç¨ à÷¢­÷áâì (9). ¢¯à. 9

� £ «ì­¨© ¢¨¯ ¤®ª ä®à¬ã«¨ ¢ª«îç¥­­ï-¢¨ª«îç¥­­ï (5)

â ª®� ¢¨¯«¨¢ õ § ­ á«÷¤ª  1. ¢¯à. 10

� Ǳ � � � �

�¯à ¢  1. �¥å © ¬­®�¨­¨ A
3

, A
7

â  A
11

®§­ ç¥­÷ ã à®§¢'ï§ ­­÷

§ ¤ ç÷ 1. Ǳ÷¤à åã¢ â¨ |A
3

∪A
7

∪A
11

| §  ¤®¯®¬®£®î ä®à¬ã«¨ ¢ª«îç¥­ì-

¢¨ª«îç¥­ì (4).

�¯à ¢  2. �®¢¥áâ¨, é® (A
1

∩A
3

) ∩ (A
2

∩A
3

) = A
1

∩A
2

∩A
3

.

�¯à ¢  3. Ǳ®ïá­¨â¨ ä®à¬ã«ã (4).

�¯à ¢  4. �®¢¥áâ¨, é® S′

N,k
+ S′′

N,k−1
= SN+1,k, 2 ≤ k ≤ N , ¢

¤®¢¥¤¥­­÷ â¥®à¥¬¨ 2.

�¯à ¢  5. �®¢¥áâ¨, é®

(A
1

∩ AN+1

) ∩ · · · ∩ (AN ∩AN+1

) = A
1

∩ · · · ∩AN ∩AN+1

.

�¯à ¢  6. �  ¤®¯®¬®£®î ¬¥â®¤  ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¤®¢¥áâ¨ â¥®-

à¥¬ã 3.

�¯à ¢  7. �  ¤®¯®¬®£®î ¬¥â®¤  ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¤®¢¥áâ¨ ­ -

á«÷¤®ª 1.

�¯à ¢  8. �¥å © B ⊆ 
. �®¢¥áâ¨, é®

∑
ω∈


1IB(ω) = |B|.

�¯à ¢  9. �®¢¥áâ¨ ä®à¬ã«ã ¢ª«îç¥­­ï-¢¨ª«îç¥­­ï (4) §  ¤®¯®¬®-

£®î ­ á«÷¤ª  1 ¯à¨ n = 3.

�¯à ¢  10. �®¢¥áâ¨ ä®à¬ã«ã ¢ª«îç¥­­ï-¢¨ª«îç¥­­ï (5) §  ¤®¯®-

¬®£®î ­ á«÷¤ª  1.

�¯à ¢  11. � â®çª¨ ¯à®¢¥¤¥­® n ¯à®¬¥­÷¢. �ª÷«ìª¨ ªãâ÷¢ ¢®­¨

ãâ¢®àîîâì?

�¯à ¢  12. �ª÷«ìª¨ ÷á­ãõ ­ âãà «ì­¨å ç¨á¥«, ¬¥­è¨å ­÷� 100,

æ¨äà¨ ïª¨å ÷¤ãâì ã §à®áâ îç®¬ã ¯®àï¤ªã?


