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�¥å © a
1

, . . . , am ¤¥ïª÷ ¢§ õ¬­® ¯à®áâ÷ ­ âãà «ì­÷ ç¨á« .

�¥å © n ≥ 1 | â ª®� ­ âãà «ì­¥ ç¨á«®. Ǳ®§­ ç¨¬® ç¥à¥§

N(i) ª÷«ìª÷áâì ­ âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ¤÷«ïâìáï ­ 

ai (¬ îâì ¢« áâ¨¢÷áâì ¤÷«¨â¨áï ­  ai). �­ «®£÷ç­®, N(i, j),
i 6= j, | æ¥ ª÷«ìª÷áâì ­ âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ¤÷-
«ïâìáï ­  ai â  aj (¬ îâì ¢« áâ¨¢÷áâì ¤÷«¨â¨áï ­  ai â  aj).
�«ï ¡ã¤ì-ïª®£® 1 ≤ k ≤ m â ª¨¬ �¥ ç¨­®¬ ¬®�­  ®§­ -

ç¨â¨ N(i
1

, . . . , ik) (÷­¤¥ªá¨ i
1

, . . . , ik ¢á÷ à÷§­÷) ïª ª÷«ìª÷áâì

â¨å ­ âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ¤÷«ïâìáï ­  ai
1

, . . . , aik
(¬ îâì ¢« áâ¨¢÷áâì ¤÷«¨â¨áï ­  ai

1

, . . . , aik). Ǳ®§­ ç¨¬® ç¥-
à¥§ M ª÷«ìª÷áâì â¨å ­ âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ¤÷«ïâìáï
¯à¨­ ©¬­÷ ­  ®¤­¥ § ç¨á¥« a

1

, . . . , am.

Ǳà¨ª« ¤ 1. �¥å © m = 2. � ä®à¬ã«¨ (3.6) ¢¨¯«¨¢ õ,

é® M = N(1) + N(2) − N(1, 2). �¥¢ �ª® §à®§ã¬÷â¨, é®

N(1) = [n/a
1

℄, N(2) = [n/a
2

℄, N(1, 2) = [n/a
1

a
2

℄ ([x℄ | æ÷« 

ç áâ¨­  ¤÷©ç­®£® ç¨á«  x). �ªé® L | æ¥ ª÷«ìª÷áâì â¨å

­ âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ­¥ ¤÷«ïâìáï ­  �®¤­¥ § ç¨á¥«

a
1

â  a
2

, â®

(1) L = n−

[

n

a
1

]

−

[

n

a
2

]

+

[

n

a
1

a
2

]

.

0
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�¥®à¥¬  1. �¥å © m ≥ 3,   a
1

, . . . , am | ¢§ õ¬­® ¯à®áâ÷

­ âãà «ì­÷ ç¨á« . Ǳ®§­ ç¨¬® ç¥à¥§ L ª÷«ìª÷áâì â¨å ­ -

âãà «ì­¨å ç¨á¥« k ≤ n, ïª÷ ­¥ ¤÷«ïâìáï ­  �®¤­¥ § ç¨á¥«

a
1

, . . . , am. �®¤÷

(2) L = n−
(

S
1

− S
2

+ · · ·+ (−1)m−1Sm

)

,

¤¥

S
1

=

m
∑

i=1

[

n

ai

]

, Sm =

[

n

a
1

. . . am

]

,

Sk =

∑

1≤i
1

,...,ik≤n
i
1

,...,ik ¢á÷ à÷§­÷

[

n

ai
1

. . . aik

]

, 2 ≤ k ≤ m− 1.

�®¢¥¤¥­­ï â¥®à¥¬¨ 1. �¥å © C = {k : k ≤ n}. �®§£«ï­¥¬®
¢« áâ¨¢®áâ÷ vi = {ç¨á«® k ∈ C ¤÷«¨âìáï ­  ai}. �®¤÷ N(i) =
[n/ai℄, N(i, j) = [n/aiaj ℄ ÷ â ª ¤ «÷. �®¬ã (2) ¢¨¯«¨¢ õ §

ä®à¬ã«¨ (3.6). �

1. �ã­ªæ÷ï �©«¥à 

�ã­ªæ÷ï �©«¥à  ϕ(a) ­ âãà «ì­®£®  à£ã¬¥­âã a ®§­ -

ç õâìáï ïª ª÷«ìª÷áâì ­ âãà «ì­¨å ç¨á¥« k ≤ a, ïª÷ õ ¢§ õ¬­®
¯à®áâ¨¬¨ § a. �«ï ­¥¢¥«¨ª¨å a §­ ç¥­­ï äã­ªæ÷ù �©«¥à 

«¥£ª® ®¡ç¨á«¨â¨: ϕ(2) = 1, ϕ(3) = 2, ϕ(4) = 2, ϕ(5) = 4.

� ã¢ �¥­­ï 1. �ªé® p ¯à®áâ¥ ç¨á«®, â® ϕ(p) = p− 1.
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�¥®à¥¬  2. �¥å © a = pα1

1

. . . pαm

m | ª ­®­÷ç­¥ ¯à¥¤-

áâ ¢«¥­­ï ç¨á«  a ç¥à¥§ áâ¥¯¥­÷ ¯à®áâ¨å ç¨á¥«, ¯à¨ç®¬ã

α
1

> 0, . . . , αm > 0. �®¤÷

ϕ(a) = a

(

1−
1

p
1

)

. . .

(

1−
1

pm

)

.

�®¢¥¤¥­­ï â¥®à¥¬¨ 2. �¯®ç âªã à®§£«ï­¥¬® ¢¨¯ ¤®ª m =

2, â®¡â® a = pα1

1

pα2

2

¤«ï α
1

> 0, α
2

> 0. �®à¬ã«  (1) ã æì®¬ã

¢¨¯ ¤ªã ¬ õ ¢¨£«ï¤:

ϕ(a) = a−

[

a

p
1

]

−

[

a

p
1

]

+

[

a

p
1

p
2

]

?

= a−
a

p
1

−
a

p
1

+

a

p
1

p
2

= a

(

1−
1

p
1

)(

1−
1

p
2

)

.

� § £ «ì­®¬ã ¢¨¯ ¤ªã

(

1−
1

p
1

)

. . .

(

1−
1

pm

)

= 1−
m
∑

i=1

1

pi
+

∑

1≤i,j≤m
i6=j

1

pipj
+ · · ·+ (−1)m

1

p
1

. . . pm
.

�®¬­®�¨¢è¨ ®¡¨¤¢÷ ç áâ¨­¨ ­  a, ®âà¨¬ãõ¬® â¢¥à¤�¥­­ï

â¥®à¥¬¨. �
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2. �ã«ìâ¨¯«÷ª â¨¢­¨¢­÷ äã­ªæ÷ù

�ã­ªæ÷ï f ­ âãà «ì­®£®  à£ã¬¥­âã ­ §¨¢ õâìáï ¬ã«ìâ¨-

¯«÷ª â¨¢­®î, ïªé®

(i) ÷á­ãõ a
0

, ¤«ï ïª®£® f(a
0

) 6= 0;

(ii) f(ab) = f(a)f(b) ¤«ï ¢á÷å ¢§ õ¬­® ¯à®áâ¨å a â  b.

� ¯à¨ª« ¤, äã­ªæ÷ï f(a) = as õ ¬ã«ìâ¨¯«÷ª â¨¢­®î ¤«ï

¡ã¤ì-ïª®£® s.

�¥¬  1. f(1) = 1 ¤«ï ¡ã¤ì-ïª®ù ¬ã«ìâ¨¯«÷ª â¨¢­®ù äã­-

ªæ÷ù f .

�®¢¥¤¥­­ï «¥¬¨ 1. �ªé® a
0

| æ¥ ç¨á«®, ¤«ï ïª®£® f(a
0

) 6=
0, â® ­  ¯÷¤áâ ¢÷ ¬ã«ìâ¨¯«÷ª â¨¢­®áâ÷ ¬ õ¬® f(a

0

) = f(1 ·
a
0

) = f(1)f(a
0

), â®¡â® f(1) = 1. �

�¥¬  2. �ªé® f
1

â  f
2

¬ã«ìâ¨¯«÷ª â¨¢­÷ äã­ªæ÷ù, â®

f = f
1

f
2

â ª®� ¬ã«ìâ¨¯«÷ª â¨¢­ .

�¥®à¥¬  3. �ã­ªæ÷ï �©«¥à  õ ¬ã«ìâ¨¯«÷ª â¨¢­®î. ö­-

è¨¬¨ á«®¢ ¬¨, ϕ(ab) = ϕ(a)ϕ(b) ¤«ï ¢á÷å ¢§ õ¬­® ¯à®áâ¨å

a â  b.

�®¢¥¤¥­­ï. �÷©á­®, f(1) = f
1

(1)f
2

(1) = 1. �à÷¬ æì®£®,

f(ab) = f
1

(ab)f
2

(ab) = f
1

(a)f
1

(b)f
2

(a)f
2

(b) = f(a)f(b) ¤«ï
¢§ õ¬­® ¯à®áâ¨å ç¨á¥« a â  b. �

�®¢¥¤¥­­ï â¥®à¥¬¨ 3. �¬®¢  (i) ®ç¥¢¨¤­® ¢¨ª®­ ­ . �¥å ©

a â  b ¢§ õ¬­® ¯à®áâ÷. � ¯¨è¥¬® ÷å­÷ ª ­®­÷ç­÷ à®§ª« ¤¨:

a = pα1

1

. . . pαm

m , b = qβ1
1

. . . qβn

n .

� ã¢ �¨¬®, é® ¬­®�¨­¨ {p
1

, . . . , pm} â  {q
1

, . . . , qn} ­¥ ¯¥-

à¥â¨­ îâìáï, ®áª÷«ìª¨ a â  b ¢§ õ¬­® ¯à®áâ÷. �®¬ã ­  ¯÷¤-



42 \�¨áªà¥â­  ¬ â¥¬ â¨ª "

áâ ¢÷ â¥®à¥¬¨ 2

ϕ(ab) = ab

(

1−
1

p
1

)

. . .

(

1−
1

pm

)(

1−
1

q
1

)

. . .

(

1−
1

qn

)

= a

(

1−
1

p
1

)

. . .

(

1−
1

pm

)

× b

(

1−
1

q
1

)

. . .

(

1−
1

qn

)

= ϕ(a)ϕ(b).

�

�÷¤§­ ç¨¬® ®¤­ã § ¢ �«¨¢¨å ¢« áâ¨¢®áâ¥© ¬ã«ìâ¨¯«÷ª -

â¨¢­¨å äã­ªæ÷©, é® áâ®áãõâìáï ¯÷¤à åã­ªã áã¬¨

∑

d|a

f(d),

ïª  ¯®è¨à¥­  ­  ¢á÷ ¤÷«ì­¨ª¨ ç¨á«  a (¢ª«îç îç¨ 1 ÷ á ¬¥

a). � �«¨¢¨¬¨ ¯à¨ª« ¤ ¬¨ â ª¨å áã¬ õ ª÷«ìª÷áâì ¤÷«ì­¨ª÷¢

ç¨á«  a (¢¨¯ ¤®ª f(x) = 1 ¤«ï ¢á÷å x) â  áã¬  ¤÷«ì­¨ª÷¢

ç¨á«  a (¢¨¯ ¤®ª f(x) = x ¤«ï ¢á÷å x).

�¥®à¥¬  4. �¥å © a = pα1

1

. . . pαm

m | ª ­®­÷ç­¨© à®§ª« ¤

ç¨á«  a. �®¤÷ ¤«ï ¡ã¤ì-ïª®ù ¬ã«ìâ¨¯«÷ª â¨¢­®ù äã­ªæ÷ù f

(3)

∑

d|a

f(d) =
m
∏

i=1

{1 + f(pi) + · · ·+ f (pαi

i )} .

�ã¬  ¢ «÷¢÷© ç áâ¨­÷ à÷¢­®áâ÷ (3) ¯®è¨à¥­  ­  ¢á÷ ¤÷«ì­¨ª¨

ç¨á«  a (¢ª«îç îç¨ 1 ÷ á ¬¥ a).

�®¢¥¤¥­­ï â¥®à¥¬¨ 4. �®�¥­ ¤÷«ì­¨ª d ç¨á«  a ¬ õ ¢¨£«ï¤

pβ1
1

. . . pβm

m ¤«ï ¡ã¤ì-ïª¨å 0 ≤ β
1

≤ α
1

, . . . , 0 ≤ βm ≤ αm. � 

¯÷¤áâ ¢÷ ¬ã«ìâ¨¯«÷ª â¨¢­®áâ÷

f
(

pβ1
1

. . . pβm

m

)

?

= f
(

pβ1
1

)

. . . f
(

pβm

m

)

.
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�®¬ã

∑

d|a

f(d) =

α
1

∑

β
1

=0

· · ·

αm
∑

βm=0

f
(

pβ1
1

. . . pβm

m

)

?

=

α
1

∑

β
1

=0

· · ·

αm
∑

βm=0

f
(

pβ1
1

)

. . . f
(

pβm

m

)

?

=

m
∏

i=1

{f(1) + f(pi) + · · ·+ f (pαi

i )} .

�¥®à¥¬  ¤®¢¥¤¥­ , ®áª÷«ìª¨ f(1) = 1 §£÷¤­® ¤® «¥¬¨ 1. �

� á«÷¤®ª 1.

∑

d|a ϕ(d) = a.

�®¢¥¤¥­­ï ­ á«÷¤ªã 1. �¥å © a = pα1

1

. . . pαm

m | ª ­®­÷ç­¨©

à®§ª« ¤ ç¨á«  a. �®¤÷ §£÷¤­® § â¥®à¥¬®î 4

∑

d|a

ϕ(d) =

m
∏

i=1

{

ϕ(1) + ϕ(pi) + ϕ
(

p2i
)

+ · · ·+ ϕ (pαi

i )

}

.

�áª÷«ìª¨

ϕ
(

pki
)

= pki − pk−1

i , k ≥ 1,

â® ϕ(1) + ϕ(pi) + ϕ
(

p2i
)

+ · · ·+ ϕ (pαi

i ) = pαi

i ÷ â®¬ã

∑

d|a

ϕ(d) =

m
∏

i=1

pαi

i = a.

�
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3. �ã­ªæ÷ï �¥¡÷ãá 

�ã­ªæ÷õî �¥¡÷ãá  ­ §¨¢ õâìáï äã­ªæ÷ï µ ­ âãà «ì­®-

£®  à£ã¬¥­âã, ïª  ¤«ï  à£ã¬¥­âã a = pα1

1

. . . pαm

m § α
1

>
0, . . . , αm > 0, ¢¨§­ ç õâìáï ­ áâã¯­¨¬ ç¨­®¬: µ(1) = 1,

µ(a) =

{

(−1)m, α
1

= · · · = αm = 1,

0, ¢ ÷­è®¬ã ¢¨¯ ¤ªã.

� ã¢ �¨¬®, é® µ(a) = 0 â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ a ¤÷«¨âìáï

­  ª¢ ¤à â ¤¥ïª®£® ç¨á« .

�¥¬  3. �ã­ªæ÷ï �¥¡÷ãá  õ ¬ã«ìâ¨¯«÷ª â¨¢­®î.

�®¢¥¤¥­­ï. �¥å © a = pα1

1

. . . pαm

m â  b = qβ1
1

. . . qβn

n ¢§ õ¬­®

¯à®áâ÷, â®¡â® ¬­®�¨­¨ {p
1

, . . . , pm} â  {q
1

, . . . , qn} ­¥ ¯¥à¥-

â¨­ îâìáï. �®¬ã ab ¤÷«¨âìáï ­  ª¢ ¤à â ¯à®áâ®£® ç¨á«  â®-
¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨  ¡® a,  ¡® b ¤÷«¨âìáï ­  ª¢ ¤à â ¯à®áâ®-
£® ç¨á« . � æì®¬ã ¢¨¯ ¤ªã µ(ab) = 0 â  µ(a)µ(b) = 0, â®¡â®

µ(ab) = µ(a)µ(b). � ÷­è®¬ã ¢¨¯ ¤ªã µ(a) = (−1)m, µ(b) =
(−1)n, â  µ(ab) = (−1)m+n

, â®¡â® µ(ab) = µ(a)µ(b). �

�¥®à¥¬  5. �¥å © f | ¤¥ïª  ¬ã«ìâ¨¯«÷ª â¨¢­  äã­ª-

æ÷ï. �®¤÷ ¤«ï a > 1, a = pα1

1

. . . pαm

m ,

∑

d|a

µ(d)f(d) = (1− f(p
1

)) . . . (1− f(pm)).

�®¢¥¤¥­­ï â¥®à¥¬¨ 5. Ǳ®ª« ¤¥¬® f
1

= µf . �®¤÷ f
1

(p)
?

=

−f(p) â  f
1

(ps)
?

= 0 ¤«ï s > 1, ïªé® p | ¯à®áâ¥ ç¨á«®. �

«¥¬ 2 â  3 ¢¨¯«¨¢ õ, é® f
1

õ ¬ã«ìâ¨¯«÷ª â¨¢­®î äã­ªæ÷õî.

�¥¯¥à § ¯¨è¥¬® (3) ¤«ï f
1

, æ¥ ÷ ¤®¢®¤¨âì â¥®à¥¬ã. �

� Ǳ � � � �
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�¯à ¢  1. �®¢¥áâ¨, é® lima→∞ ϕ(a) = ∞.

�ª §÷¢ª . �¥å © a = p
α
1

1

. . . p
αm
m . �ªé® a > NN

2

, â®

max

{

m, max

1≤i≤m

αi, max

1≤i≤m

pi

}

> N.

�¯à ¢  2. �¡ç¨á«¨â¨

∑

d|1024 ϕ(d).

�¯à ¢  3. Ǳ®§­ ç¨¬® ç¥à¥§ S(a) áã¬ã ¤÷«ì­¨ª÷¢ ç¨á«  a. �®¢¥áâ¨,

é®

S(a) =
p
α
1

+1

1

− 1

p
1

− 1

. . .
p
αm+1

m − 1

pm − 1

.

�ª §÷¢ª . � ¯¨á â¨ (3) ¤«ï f(a) = a; ¯®â÷¬ ¯÷¤à åã¢ â¨ áã¬¨ £¥®-

¬¥âà¨ç­¨å ¯à®£à¥á÷©.

�¯à ¢  4. �­ ©â¨ S(720).

�¯à ¢  5. Ǳ®§­ ç¨¬® ç¥à¥§ τ(a) ª÷«ìª÷áâì ¤÷«ì­¨ª÷¢ ç¨á«  a. �®¢¥-

áâ¨, é®

τ(a) = (α
1

+ 1) . . . (αm + 1).

�ª §÷¢ª . � ¯¨á â¨ (3) ¤«ï f(a) = 1.

�¯à ¢  6. �­ ©â¨ τ(720).

�¯à ¢  7. �®¢¥áâ¨, é®

∑

d|a µ(d) = 0 ¤«ï a > 1.

�ª §÷¢ª . � áâ®áã¢ â¨ â¥®¥à¥¬ã 5 ¤«ï f(a) = 1.

�¯à ¢  8. �®¢¥áâ¨, é® ¤«ï a > 1

ϕ(a) = a
∑

d|a

µ(d)

d
.

�ª §÷¢ª . � áâ®áã¢ â¨ â¥®à¥¬ã 5 ¤«ï f(a) = 1

a
; áª®à¨áâ â¨áì â¥®-

à¥¬®î 2.


