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������ö Ǳ������ ����ö��������

�¥å © B |¤®¢÷«ì­  áª÷­ç¥­  ¬­®�¨­ . Ǳ®§­ ç¨¬® ç¥à¥§


ard(B) ª÷«ìª÷áâì ¥«¥¬¥­â÷¢ ¬­®�¨­¨ B.

1. Ǳà ¢¨«® ¡÷õªæ÷ù

�¥å © X ÷ Y ¤¢÷ ¤®¢÷«ì­÷ ¬­®�¨­¨. �ªé® § ¤ ­® ¯à -

¢¨«®, §£÷¤­® § ïª¨¬ ª®�­®¬ã ¥«¥¬¥­âã x ∈ X ¢÷¤¯®¢÷¤ õ

¥«¥¬¥­â y ∈ Y , â® £®¢®àïâì, é® § ¤ ­® ¢÷¤®¡à �¥­­ï ¬­®-

�¨­¨ X ­  ¬­®�¨­ã Y . �ªé® ¯®§­ ç¨â¨ ¯à ¢¨«® ¡ãª¢®î

f , â® ¢÷¤®¡à �¥­­ï ¬­®�¨­¨ X ¢ ¬­®�¨­ã Y ¯®§­ ç îâì

f : X → Y . �ªé® §£÷¤­® § ¢÷¤®¡à �¥­­ï¬ f ¥«¥¬¥­â y ∈ Y

¢÷¤¯®¢÷¤ õ ¥«¥¬¥­âã x ∈ X , â® y ­ §¨¢ õâìáï ®¡à §o¬ x,  

x | ¯à®®¡à §®¬ y.

Ǳà¨ª« ¤ 1. �¥å © X | ¬­®�¨­  ¢á÷å «î¤¥©, ïª÷ �¨¢ãâì

­  ­ è÷© ¯« ­¥â÷, Y | ¬­®�¨­  ¢á÷å ªà ù­ á¢÷âã. �¨§­ ç¨-

¬® ¯à ¢¨«® f ­ áâã¯­¨¬ ç¨­®¬: f(x) | æ¥ ªà ù­ , ¢ ïª÷©

¯à®�¨¢ õ «î¤¨­  x. �á­®, é® f | æ¥ ¢÷¤®¡à �¥­­ï ¬­®-

�¨­¨ X ¢ ¬­®�¨­ã Y . � ã¢ �¨¬®, é® ¤«ï à÷§­¨å x
1

6= x
2

æ÷«ª®¬ ¬®�«¨¢®, é® f(x
1

) = f(x
2

).

�÷¤®¡à �¥­­ï ­ §¨¢ õâìáï ¡÷õªæ÷õî, ïªé® ª®�­®¬ã ¥«¥-

¬¥­âã x ∈ X ¢÷¤¯®¢÷¤ õ â÷«ìª¨ ®¤¨­ ¥«¥¬¥­â y ∈ Y ,  

ª®�­¨© ¥«¥¬¥­â y ∈ Y ¢÷¤¯®¢÷¤ õ â÷«ìª¨ ®¤­®¬ã ¥«¥¬¥­âã

x ∈ X .
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Ǳà¨ª« ¤ 2. �¡¨¤¢÷ ¬­®�¨­¨ X ÷ Y á¯÷¢¯ ¤ îâì § ¬­®-

�¨­®î ¤÷©á­¨å ç¨á¥«. �÷¤®¡à �¥­­ï f(x) = x õ ¡÷õªæ÷õî,  

f(x) = x2 | ­÷.

Ǳà ¢¨«® 1. �¥å © ¬­®�¨­¨ X ÷ Y ¬ îâì áª÷­ç¥­ã

ª÷«ìª÷áâì ¥«¥¬¥­â÷¢. �ªé® ÷á­ãõ ¡÷õªæ÷ï ¬÷� X ÷ Y , â®


ard(X) = 
ard(Y ).

�®¢¥¤¥­­ï ¯à ¢¨«  ¡÷õªæ÷ù. �«ï §àãç­®áâ÷ ¯®§­ ç¨¬® m =


ard(X) â  n = 
ard(Y ). �¥å © X = {x
1

, . . . , xm} ÷ Y =

{y
1

, . . . , yn}. � ¯¨è¥¬® â ¡«¨æî § ¥«¥¬¥­â÷¢ ¬­®�¨­¨ X ÷

¥«¥¬¥­â÷¢ ¬­®�¨­¨ Y , ïª÷ ù¬ ¢÷¤¯®¢÷¤ îâì §£÷¤­® ¢÷¤®¡à -

�¥­­ï f :

(1)

x
1

. . . xm

↓ . . . ↓
f(x

1

) . . . f(xm)

� ä÷ªáãõ¬® i ≤ m. �áª÷«ìª¨ f(xi) ∈ Y , â® ÷á­ãõ yj ∈ Y ,

¤«ï ïª®£® yj = f(xi). �áª÷«ìª¨ f | ¡÷õªæ÷ï, ¢á÷ ¥«¥¬¥­â¨

f(x
1

), . . . , f(xm) à÷§­÷. øå áãªã¯­÷áâì õ ¯÷¤¬­®�¨­®î Y . �®-

¬ã m ≤ n. �ª ¡¨ m < n, â® §­ ©è®¢áï ¡ â ª¨© ¥«¥¬¥­â

y
0

∈ Y , ïª¨© ¢÷¤à÷§­ï¢áï ¡ ¢÷¤ ¢á÷å ¥«¥¬¥­â÷¢ ¤àã£®£® àï¤ª 

â ¡«¨æ÷. Ǳ®§­ ç¨¬® ¥«¥¬¥­â § X , ïª¨© ¢÷¤¯®¢÷¤ õ y
0

, ç¥à¥§

x
0

. �­ ©¤¥¬® x
0

¢ â ¡«¨æ÷. �ªé® ¥«¥¬¥­â x
0

§­ å®¤¨âì-

áï ¢ â ¡«¨æ÷ ­  ¯®§¨æ÷ù i, â® ©®¬ã ¢÷¤¯®¢÷¤ õ ¥«¥¬¥­â f(xi).

� ª¨¬ ç¨­®¬, ÷ y
0

, ÷ f(xi) ¢÷¤¯®¢÷¤ îâì x
0

. � ®§­ ç¥­­ï¬

¡÷õªæ÷ù æ¥ ­¥¬®�«¨¢®. �®¡â® m = n. �

2. Ǳà ¢¨«® ¤®¤ ¢ ­­ï

�¡'õ¤­ ­­ï¬ ¬­®�¨­ A ÷ B ­ §¨¢ õâìáï áãªã¯­÷áâì ¥«¥-

¬¥­â÷¢, ª®�­¨© § ïª¨å ­ «¥�¨âì å®ç  ¡ ®¤­÷© § ¬­®�¨­ A
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÷ B (¯®§­ ç õâìáï A ∪ B). Ǳ¥à¥â¨­®¬ ¬­®�¨­ A ÷ B ­ -

§¨¢ õâìáï áãªã¯­÷áâì ¥«¥¬¥­â÷¢, ª®�­¨© § ïª¨å ­ «¥�¨âì

ª®�­÷© § ¬­®�¨­ A ÷ B (¯®§­ ç õâìáï A ∩B).

�¥å © A
1

, . . . , An áª÷­ç¥­÷ ¬­®�¨­¨. �®¡â® 
ard(Ai) <∞,

1 ≤ i ≤ n. �â¢®à¨¬® ùå­õ ®¡'õ¤­ ­­ï

A =

n⋃

i=1

Ai.

Ǳà ¢¨«® 2. Ǳà¨¯ãáâ¨¬®, é® ¬­®�¨­¨ A
1

, . . . , An ¯®-

¯ à­® ­¥ ¯¥à¥â¨­ îâìáï, â®¡â® Ai ∩ Aj = ∅, i 6= j. �®¤÷

(2) 
ard(A) = 
ard(A
1

) + · · ·+ 
ard(An) =

n∑

i=1


ard(Ai).

�®¢¥¤¥­­ï ¯à ¢¨«  ¤®¤ ¢ ­­ï. �÷©á­®, §  ®§­ ç¥­­ï¬ ®¡'õ¤-

­ ­­ï ª®�­¨© ¥«¥¬¥­â a ∈ A ¢å®¤¨âì ¯à¨­ ©¬­÷ ¢ ®¤­ã ÷§

¬­®�¨­ A
1

, . . . , An. �áª÷«ìª¨ ¢®­¨ ¯®¯ à­® ­¥ ¯¥à¥â¨­ -

îâìáï, â® ÷á­ãõ â÷«ìª¨ ®¤­  ¬­®�¨­  á¥à¥¤ A
1

, . . . , An, ïª 

¬÷áâ¨âì a. �®¬ã a à åãõâìáï â÷«ìª¨ ®¤¨­ à § ¢ ¯à ¢÷© ç -

áâ¨­÷ (2). �

� ¤ ç  1. �¢ ¤à â ÷§ áâ®à®­®î ¤®¢�¨­¨ 4 à®§¡¨«¨ ­  16 ®¤­ -

ª®¢¨å ç áâ¨­ 4{¬  «÷­÷ï¬¨, ¯ à «¥«ì­¨¬¨ ¢÷á÷ Ox, ÷ 4-¬  «÷­÷ï¬¨,

¯ à «¥«ì­¨¬¨ ¢÷á÷ Oy. �ª÷«ìª¨ ª¢ ¤à â÷¢ ¬®�­  ­ à åã¢ â¨ ¢ â -

ª÷© ª àâ¨­æ÷?

�®§¢'ï§ ­­ï § ¤ ç÷ 1. �ç¥¢¨¤­®, é® ¯ à «¥«ì­÷ ¯àï¬÷ ¯à®¢¥¤¥­÷

­  ®¤­ ª®¢÷© ¢÷¤áâ ­÷ ®¤­  ¢÷¤ ®¤­®ù. Ǳ®§­ ç¨¬® ç¥à¥§ A ¬­®�¨­ã

¢á÷å ª¢ ¤à â÷¢ ­  æ÷© ª àâ¨­æ÷,   ç¥à¥§ Ai, 1 ≤ i ≤ 4, | ¬­®�¨­ã

ª¢ ¤à â÷¢, ¤®¢�¨­  áâ®à®­¨ ïª¨å ¤®à÷¢­îõ i. � ¯à¨ª« ¤, A
1

| æ¥

¬­®�¨­  ª¢ ¤à â÷¢, ¤®¢�¨­  áâ®à®­¨ ïª¨å ¤®à÷¢­îõ 1. �à®§ã¬÷«®,
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é® A = A
1

∪A
2

∪A
3

∪A
4

÷, ªà÷¬ æì®£®, 
ard(A
1

) = 16 â  
ard(A
4

) = 1

�¥áª« ¤­® â ª®� ¯®¡ ç¨â¨, é® 
ard(A
2

) = 9, 
ard(A
3

) = 4. �áª÷«ìª¨

¬­®�¨­¨ A
1

, A
2

, A
3

, A
4

¯®¯ à­® ­¥ ¯¥à¥â¨­ îâìáï, â® §£÷¤­® § ¯à ¢¨-

«®¬ ¤®¤ ¢ ­­ï 
ard(A) = 16 + 9 + 4 + 1 = 30.

� ¤ ç  2. �ª÷«ìª¨ å®¤÷¢ ­  è å®¢÷© ¤®èæ÷ 8 × 8 ¬®�¥ §à®¡¨â¨

ª®à®«ì?

�®§¢'ï§ ­­ï § ¤ ç÷ 2. �÷«ìª÷áâì å®¤÷¢, ïª÷ ª®à®«ì ¬®�¥ §à®¡¨â¨

§ ä÷ªá®¢ ­®ù ª«÷â¨­ª¨, § «¥�¨âì ¢÷¤ ¯®«®�¥­­ï æ÷õù ª«÷â¨­ª¨ ­  è -

å®¢÷© ¤®èæ÷. �«÷â¨­ª¨ ­  ¤®èæ÷ ¯®§­ ç¨¬® ç¥à¥§ Kij , 1 ≤ i, j ≤ 8, ¢

§ «¥�­®áâ÷ ¢÷¤ ùå ¯®«®�¥­­ï, ¯à¨ç®¬ã K
11

| æ¥ «÷¢  ­¨�­ï ª«÷â¨­-

ª . � ª«÷â¨­ª¨ K
11

ª®à®«ì ¬®�¥ §à®¡¨â¨ 3 å®¤¨, § ª«÷â¨­ª¨ K
12

| 5

å®¤÷¢, § ª«÷â¨­ª¨ K
22

| 8 å®¤÷¢. �®§£«ï­¥¬® ¬­®�¨­ã ª«÷â¨­®ª A
3

,

A
5

÷ A
8

, § ïª¨å ª®à®«ì ¬®�¥ §à®¡¨â¨ 3, 5 ÷ 8 å®¤÷¢ ¢÷¤¯®¢÷¤­®. �ªé®

A | æ¥ ¬­®�¨­  ¢á÷å ª«÷â¨­®ª ¤®èª¨, â® A = A
3

∪A
5

∪A
8

. �áª÷«ìª¨

¬­®�¨­¨ ¯®¯ à­® ­¥ ¯¥à¥â¨­ îâìáï, â® §£÷¤­® § ¯à ¢¨«®¬ ¤®¤ ¢ ­­ï


ard(A) = 
ard(A
3

) + 
ard(A
5

) + 
ard(A
8

). � ®áª÷«ìª¨ 
ard(A
3

) = 4,


ard(A
5

) = 24 ÷ 
ard(A
8

) = 64 − 4 − 24 = 36, â® ª÷«ìª÷áâì ¬®�«¨¢¨å

å®¤÷¢ ª®à®«ï õ 4 × 3 + 24 × 5 + 36 × 8 = 12 + 120 + 288 = 420.

3. Ǳà ¢¨«® ¬­®�¥­­ï

�¥å © X ÷ Y | ¤¢÷ ¤®¢÷«ì­÷ ¬­®�¨­¨. �ãªã¯­÷áâì ¢¥ª-

â®à÷¢ (x, y), x ∈ X , y ∈ Y , ­ §¨¢ õâìáï ¤¥ª àâ®¢¨¬ ¤®-

¡ãâª®¬ ¬­®�¨­ X ÷ Y . Ǳ®§­ ç¥­­ï: X × Y . �¥ª àâ®-

¢¨¬ ¤®¡ãâª®¬ ¬­®�¨­ X
1

, . . . , Xn ­ §¨¢ õâìáï áãªã¯­÷áâì

¢¥ªâ®à÷¢ (x
1

, . . . , xn), x1 ∈ X
1

, . . . , xn ∈ Xn. Ǳ®§­ ç¥­­ï:

X
1

× · · · ×Xn

Ǳà ¢¨«® 3. Ǳà¨¯ãáâ¨¬®, é® ª®�­  § ¬­®�¨­ X
1

, . . . ,

Xn õ áª÷­ç¥­®î. �®¤÷ ùå­÷© ¤¥ª àâ÷¢ ¤®¡ãâ®ª X
1

× · · · ×Xn
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â ª®� ¬ õ áª÷­ç¥­ã ª÷«ìª÷áâì ¥«¥¬¥­â÷¢, ¯à¨ç®¬ã

(3) 
ard(X
1

× · · · ×Xn) = 
ard(X
1

) . . . 
ard(Xn).

� á«÷¤®ª 1. �¥å © ¬­®�¨­¨ X â  Y õ áª÷­ç¥­¨¬¨. �®¤÷


ard(X × Y ) = 
ard(X) 
ard(Y ).

�®¢¥¤¥­­ï ¯à ¢¨«  ¬­®�¥­­ï. Ǳ®§­ ç¨¬® ni = 
ard(Xi),

1 ≤ i ≤ n. �¯®ç âªã à®§£«ï­¥¬® ¢¨¯ ¤®ª n = 2. �ã¤¥¬® ª®-

à¨áâã¢ â¨áì ¯®§­ ç¥­­ï¬¨ X = X
1

, Y = X
2

. �á÷ ¥«¥¬¥­â¨

X × Y ¬®�­  à®§¬÷áâ¨â¨ ã ¢¨£«ï¤÷ â ¡«¨æ÷

[áâ®¢¡ç¨ª ­®¬¥à 1℄ [áâ®¢¡ç¨ª ­®¬¥à n
2

℄

↓ ↓
(x

1

, y
1

) . . . (x
1

, yn
2

) ← [àï¤®ª ­®¬¥à 1℄

. . . . . . . . . . . .

(xn
1

, y
1

) . . . (xn
1

, yn
2

) ← [àï¤®ª ­®¬¥à n
1

℄

� æ÷© â ¡«¨æ÷ n
1

àï¤ª÷¢ ÷ n
2

áâ®¢¯æ÷¢. �®¬ã ª÷«ìª÷áâì ¥«¥-

¬¥­â÷¢ ¢ ­÷© ¤®à÷¢­îõ n
1

n
2

. �¥ ÷ ¤®¢®¤¨âì ¯à ¢¨«® ¬­®�¥­-

­ï ¤«ï n = 2.

�¥å © â¥¯¥à n > 2. �ª®à¨áâ õ¬®áì ¬¥â®¤®¬ ¬ â¥¬ â¨ç-

­®ù ÷­¤ãªæ÷ù. � §®î ÷­¤ãªæ÷ù õ ¢¨¯ ¤®ª n = 2, ïª¨© ¬¨ ¢�¥

à®§£«ï­ã«¨ ¢¨é¥. Ǳà¨¯ãáâ¨¬®, é® ¯à ¢¨«® ¬­®�¥­­ï õ

á¯à ¢¥¤«¨¢¨¬ ¤«ï k = 1, 2, . . . , n − 1. �®¢¥¤¥¬® ©®£® ¤«ï

k = n. Ǳ®§­ ç¨¬®

X = X
1

× · · · ×Xn−1, Y = Xn.

�®¤÷ X
1

× · · · × Xn = X × Y . �£÷¤­® § ¢�¥ à®§£«ï­ãâ¨¬

¢¨¯ ¤ª®¬ 
ard(X × Y ) = 
ard(X) × 
ard(Y ). �£÷¤­® § ¯à¨-

¯ãé¥­­ï¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù


ard(X) = 
ard(X
1

× · · · ×Xn−1) = 
ard(X
1

) . . . 
ard(Xn−1).

�¥ ÷ ¤®¢®¤¨âì ¯à ¢¨«® ¬­®�¥­­ï (3). �
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4. �á­®¢­¥ ¯à ¢¨«® ª®¬¡÷­ â®à¨ª¨

Ǳà ¢¨«® ¬­®�¥­­ï ç áâ® §àãç­® ä®à¬ã«î¢ â¨ ­ áâã¯-

­¨¬ ç¨­®¬. �¥å © ¤¥ïª  ®¯¥à æ÷ï O §¤÷©á­îõâìáï §  ¤®-

¯®¬®£®î ¤÷© D
1

, . . . , Dk, ïª÷ ¢¨ª®­ãîâìáï ¯®á«÷¤®¢­®. �¥©

ä ªâ ¬¨ § ¯¨áãõ¬® â ª: O = D
1

⊗ · · · ⊗Dk.

Ǳà¨ª« ¤ 3. �¥å © O = {§ ¯¨á â¨ á«®¢® § 4-å «÷â¥à},  
Di = {§ ¯¨á â¨ i-ã «÷â¥àã}, 1 ≤ i ≤ 4. �áª÷«ìª¨ ª®�­¥

á«®¢® ®âà¨¬ãõâìáï ¯®á«÷¤®¢­¨¬ § ¯¨á®¬ «÷â¥à ã ¯®§¨æ÷ïå 1,

2, 3 â  4, â® O = D
1

⊗D
2

⊗D
3

⊗D
4

.

Ǳà ¢¨«® 4. �¥å © ¤÷î Di, 1 ≤ i ≤ k, ¬®�­  ¢¨ª®­ â¨

ni á¯®á®¡ ¬¨. �®¤÷ ®¯¥à æ÷î O ¬®�­  §¤÷©á­¨â¨ n
1

. . . nk

á¯®á®¡ ¬¨.

�¥ ¯à ¢¨«® ­ §¨¢ õâìáï ®á­®¢­¨¬ ¯à ¢¨«®¬ ª®¬¡÷­ â®-

à¨ª¨.

�®¢¥¤¥­­ï. �®¢¥¤¥¬®, é® ®á­®¢­¥ ¯à ¢¨«® ª®¬¡÷­ â®à¨ª¨

õ ¥ª¢÷¢ «¥­â­¨¬ ¯à ¢¨«ã ¬­®�¥­­ï. �«ï æì®£® à®§£«ï­¥¬®

k ¬­®�¨­ X
1

= {1, . . . , n
1

}, . . . , Xk = {1, . . . , nk}.
�®�­¨© ¢¥ªâ®à (x

1

, . . . , xk) ∈ X
1

× · · ·×Xk ¬®�­  ÷­â¥à-

¯à¥âã¢ â¨ ïª ¯¥¢­¨© à¥§ã«ìâ â ¢¨ª®­ ­­ï ¤÷© D
1

, . . . , Dk.

�¥© à¥§ã«ìâ â ®âà¨¬ãõâìáï, ïªé® ¤÷ï Di ¢¨ª®­ãõâìáï á¯®-

á®¡®¬ ­®¬¥à xi, 1 ≤ i ≤ k. �®¤÷ ®¯¥à æ÷ï O § ª÷­çãõâìáï à¥-

§ã«ìâ â®¬, ïª¨© ¢÷¤¯®¢÷¤ õ ¢¥ªâ®àã (x
1

, . . . , xk). � ª¨¬ ç¨-

­®¬, ¬¨ á¯÷¢áâ ¢«ïõ¬® ª®�­®¬ã á¯®á®¡ã, ïª¨¬ à¥ «÷§ãõâìáï

®¯¥à æ÷ï O, ¢¥ªâ®à ÷§ ¤¥ª àâ®¢®£® ¤®¡ãâªãX
1

×· · ·×Xk. � -

ª¥ á¯÷¢áâ ¢«¥­­ï õ ¢§ õ¬­® ®¤­®§­ ç­®î ¢÷¤¯®¢÷¤­÷áâî ¬÷�

X
1

× · · · × Xk ÷ ¬­®�¨­®î á¯®á®¡÷¢ à¥ «÷§ æ÷ù ®¯¥à æ÷ù O.

�£÷¤­® § ¯à ¢¨«®¬ ¡÷õªæ÷ù æ¥ ®§­ ç õ, é® æ÷ ¬­®�¨­¨ ¬ -

îâì ®¤­ ª®¢ã ª÷«ìª÷áâì ¥«¥¬¥­â÷¢, é® ÷ ¤®¢®¤¨âì ­¥®¡å÷¤­¥

â¢¥à¤�¥­­ï. �
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� ¤ ç  3. � ¬÷áâ  A ¢ ¬÷áâ® B ¢¥¤¥ 5 ¤®à÷£,   § B ¢ C | 4 ¤®à®£¨.

�ª÷«ìª¨ ÷á­ãõ à÷§­¨å è«ïå÷¢ § A ¢ C?

�®§¢'ï§ ­­ï § ¤ ç÷ 3. �¯¥à æ÷î O = {¢¨¡à â¨ è«ïå § A ¢ C}

¬®�­  ¯à¥¤áâ ¢¨â¨ ïª à¥§ã«ìâ â ¢¨ª®­ ­­ï ¤¢®å ¤÷© O = D
1

⊗ D
2

,

¤¥ D
1

= {¢¨¡à â¨ ¤®à®£ã § A ¢ B} ÷ D
2

= {¢¨¡à â¨ ¤®à®£ã § B ¢ C}.

�÷î D
1

¬®�­  §¤÷©á­¨â¨ 5 á¯®á®¡ ¬¨,   ¤÷î D
2

| 4 á¯®á®¡ ¬¨. �£÷¤­®

§ ¯à ¢¨«®¬ ¬­®�¥­­ï ®¯¥à æ÷î O ¬®�­  §¤÷©á­¨â¨ 20 á¯®á®¡ ¬¨.

� ¤ ç  4. �¥å © X ÷ Y ¤¢÷ áª÷­ç¥­÷ ¬­®�¨­¨. �ª÷«ìª¨ ÷á­ãõ à÷§­¨å

¢÷¤®¡à �¥­ì X ¢ Y ?

�®§¢'ï§ ­­ï § ¤ ç÷ 4. �¥å © m = 
ard(X) ÷ n = 
ard(Y ). �®�­¥

¢÷¤®¡à �¥­­ï f ¬®�­  ¯à¥¤áâ ¢¨â¨ ã ¢¨£«ï¤÷ â ¡«¨æ÷ (1). �®§£«ï­¥¬®

¤÷ù Di, 1 ≤ i ≤ m:

Di = {¢¨¡à â¨ ®¡à § ¥«¥¬¥­â  xi, â®¡â® ¢¨¡à â¨ f(xi)} .

�÷«ìª÷áâì á¯®á®¡÷¢ §¤÷©á­¨â¨ ¤÷î Di ®¤­ ª®¢  ¤«ï ¢á÷å 1 ≤ i ≤ m ÷

¤®à÷¢­îõ n. �®¬ã §£÷¤­® § ®á­®¢­¨¬ ¯à ¢¨«®¬ ª®¬¡÷­ â®à¨ª¨ ®¯¥à -

æ÷î

O = {¢¨¡à â¨ ¢÷¤®¡à �¥­­ï} = D
1

⊗ · · · ⊗Dm

¬®�­  §¤÷©á­¨â¨ nm
á¯®á®¡ ¬¨. �¥ ®§­ ç õ, é® ÷á­ãõ nm

à÷§­¨å ¢÷¤®-

¡à �¥­ì ¬­®�¨­¨ X ¢ ¬­®�¨­ã Y .

� ¤ ç  5. �ª÷«ìª¨ ÷á­ãõ á¯®á®¡÷¢ ¢¨¡à â¨ ¯ àã ¯®«÷¢ ­  è å®¢÷©

¤®èæ÷ 8× 8 â ª, é®¡ ®¤­¥ ¯®«¥ ¡ã«® ¡÷«¨¬,   ¤àã£¥ | ç®à­¨¬?

�®§¢'ï§ ­­ï § ¤ ç÷ 5. �¥å © X | æ¥ ¬­®�¨­  ¡÷«¨å ¯®«÷¢,  

Y | ¬­®�¨­  ç®à­¨å ¯®«÷¢. �ªé® ¢¨ª®à¨áâ®¢ã¢ â¨ á¯®á÷¡ ­®â æ÷ù ¢

è å å, â® X = {a1, a3, . . . , h8}, Y = {a2, a4, . . . , h7}. �à®§ã¬÷«®, é®


ard(X) = 
ard(Y ) = 32. � ¯¨â ­­ï § ¤ ç÷ ¬®�­  áä®à¬ã«î¢ â¨ â ª:

áª÷«ìª¨ ÷á­ãõ ¯ à (x, y), â ª¨å, é® x ∈ X,   y ∈ Y ? �á­®, é® æ¥

§ ¯¨â ­­ï áâ®áãõâìáï ª÷«ìª®áâ÷ ¥«¥¬¥­â÷¢ ¤¥ª àâ®¢®£® ¤à¡ãâªã X×Y .

�®¡â® ¢÷¤¯®¢÷¤ì ¢ § ¤ ç÷ â ª : 32 · 32 = 1024.


