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Pedepar

MaricTepcbka aucepraliisg: 09 CTOPIHOK,  CJIaiijiiB JJId IPOeKTopa, 31 mep-
MIOJIKePeT.

BuB4ualoThcs aCHMITOTUYHI BJACTUBOCTI OIIHKY HalMEHIITNX KBaJpPaTiB IMapa-
MEeTPIB CUHYCOIJIHOI MOJIeJIl TEKCTYPOBAHOI TTOBEPXHI.

Mera poboru 1oJjisirae B OTpUMaHHI BUMOI' JIO TapAMETPUYHOT MHOXKUHU Ta
BUIIQJIKOBOT'O T10JISI, STKUM MOJIETIOEThCS BUIIQIKOBUI IIYyM, 3a SIKUX OIIHKU Haii-
MEHIINX KBaJIpATIB HEBIOMUX aMILIITY/ Ta KYyTOBUX YaCTOT CYMH JIBOBUMIPHUX
rapMOHIYHUAX KOJIUBaHb € CHUJIbHO KOHCHUCTEHTHUMM Ta ACUMITOTHYHO HOPMaJb-
HUMU.

3aBraHHsIM poOOOTH € OTPUMAHHS pPe3yJbTATIB PO CUJIbHY KOHCHCTEHTHICTD
Ta aCUMITOTHIHY HOPMAJbHICTH OIMIHKW HaWMEHINX KBaJIpaTiB MapaMeTpiB CH-
HYCOLJIHOT MO/l TeKCTYPOBaHOI moBepxHi. OO0 €KTOM JIOC/IJIKEHHS € TPUIOHOME-
TPUYIHA MOJIeJIb perepecil Ha IJIONIKMHI 3 HellepEPBHUM ITapaMeTPOM CIIOCTEPEKEHb.
[Ipegmerom JOC/TIJIPKEHHST € BJIACTUBOCTI KOHCUCTEHTHOCT] Ta aCUMIITOTHIHOI HOP-
MaJIbHOCT1 OIIHKM HalMEHITUX KBaIpaTiB ITapaMeTpiB TPUTOHOMETPUIHOI MOJIeJ]
perpecii Ha TIJIOMIAHI.

s oTpuMaHHs BKa3aHUX pPe3yAbTaTiB BUKOPUCTAHO CKJAJHI IMOHATTSA TEO-
pii ¥MOBIpHOCTEN 1 MATEMATUYIHOl CTATUCTUKU, METOIU CTATUCTUIHOTO aHAJIZy
BHUTIAJKOBUX TIOJiB, TeopeMy bpayepa mpo HepyXoMy TOUKY.

Brepiie B Mojiesi TPUTOHOMETPUYHOI perpecii Ha IJIONKHI 3 OJIHOPITHUM Ta,
130TPOIHUM TayCCIBCHKUM IOJIEM Y $KOCTI IIyMYy JIOBEJIEHO CUJIbHY KOHCHUCTEH-
THICTH Ta ACUMIITOTUYHY HOPMaJILHICTh OIIHKU HalilMEHIIINX KBapaTiB HEBLIOMUX
napameTpiB, KoBaplaliiiny MaTpuilio rpaHnIHOTO HOPMAJbHOTO 3aKOHY 3aliCaHO
B siBHOMY BHUTJIAMI. lle BuBHa9ae aKTyaJ bHICTH, BayKJIUBICTh Ta HOBU3HY OTPUMA-
HUX Pe3yJIbTATIB JIJIsT CTATUCTUKYU BUTIAIKOBUX TIOJIIB.

Kitrouosi ciioBa: Cunycoigna MoJieNb, TEKCTYPOBaHa MOBEPXHS, OJHOPIIHE Ta
130TPOITHE BUIIA/IKOBE 110J1e, OIlIHKA HallMeHIIINX KBa/ IpaTiB, KOHCUCTEHTHICTD, aCUM-
HTOTUYHA €JIMHICTH, TeopeMa bpayepa 11po HEpyXOMy TOUKY, aCUMIITOTUYHA HOP-
MaJIbHICTD.




Abstract

Master degree thesis contains 59 pages,  slides for projector, 31 primary
sourses.

The least squares estimator asymptotic properties of textured surface sinusoi dal
model parameters are studied.

The goal of the work lies in obtaining requirements to parametric set and
random field that plays the role of random noise to ensure strong consistency and
asymptotic normality of unknown amplitudes and angular frequencies the least
squares estimator of a sum of bivariate harmonic oscillations.

The task of the research is receiving results on the least squares estimator
strong consistency and asymptotic normality of textured surface sinusoidal model
parameters. Trigonometric regression model on the plane with continuous observa-
tion parameter is the object of the studying. Consistency and asymptotic normali-
ty of trigonometric regression model parameters the least squares estimator on the
plane is the research subject.

For obtaining the thesis results complicated concepts of probability theory and
mathematical statistics, methods of statistical analysis of random fields, Brouwer
fixed point theorem have been used.

For the first time in trigonometric regression model on the plane with homoge-
neous and isotropic Gaussian random noise the least squares estimator consistency
and asymptotic normality of unknown parameters are proved, covariance matrix
of the limiting normal law is written down in explicit form. These facts determine
urgency, importance and novelty of results obtained for statistics of random fields.

Key words: sinusoidal model, textured surface, homogeneous and, isotropic
random field, the least squares estimator, consistency, asymptotic uniqueness,
Brouwer fixed point theorem, asymptotic normality.
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Beryn

Y poboTi pO3IJISiIHYTO JIBOBUMIPDHY CUHYCOLJIHY MOJI€JIb CIIOCTEPEXKEHb TEeKC-
TYpOBaHOI IIOBEPXHI, pI3BHOMaHITHI JUCKpeTHI Mo/ iniKaIl SKOI OTpUMAJIA BeJIu-
Ky yBary B Jireparypi 3 0OpoOKU CUTI'HAJIIB, 3aBJIsIKM 1X 3aCTOCYBaHHIO B aHaJIi31
Tekctyp |[1-4], 30kpema, B 06pobITi, TaK 3BaHUX, CHMETPUIHUX 00Opa3iB BiATIHKIB
ciporo (symmetric gray-scale texture images), y ToMy po3yMiHHi, 10 iHTEHCHB-
HICTH CIPOr0o KOJILOPY B OVIb-sKiil TOUI 1IBOro 0Opa3y IIPOIOpIiiiHa 3HAUECHHIO
IPOIIECY, IO CIOCTEPIraeThcs, v miit Touni. Ist npobiema Mae cremniajabHuii iHTE-
pec y clekTpajbHOMy aHauizi [5, 6], juB. Takox [4] Ta upucyTHi Tam HOCUJIAHHS
Ha TMPUKJIIHI mybJtikanii 3 yKazaHol mpobJieMaTuKH.

B namiii pobori oTpUMaHO BJIACTUBOCTI KOHCHMCTEHTHOCTI Ta aCUMIITOTHIHOI
HOpMaJIbHOCTI oninKy Haiimenmux kBajpatis (OHK) meBimomux mapamerpis cu-
HYCOTJIHOT MOJIeJI Y BUIIAJIKY, KOJIM BUIIAJIKOBUI IIIyM € OJJTHOPIJITHUM Ta 130TPOITHUM
raycciBCbKUM mosieM Ha mrormuHi [7,8]. 3 MaTeMaTuvHOl TOUKE 30py TaKa MOCTa-
HOBKa 337124l OI[IHIOBaHHS € IIPUPOJIHUM y3araJibHEHHsIM JI00pe BiJIoMOT Tpod/ieMu
BUSIBJIHHSI TIPUXOBAHUX Nepiognanocreii (nius., Hanpukias, [9-11]).

Y IUCKpeTHIN MOCTaHOBII 3a/1a41, KOJI MOMHIJIKH CIIOCTEPEKEHD € He3aJIeXKH1-
MU OJIHAKOBO POBIOJILJIEHUMHU BUIIAJIKOBUMU BEJIMYMHAMU, 30KPEMa, 'ayCCiBChKM-
mu, acumnrorndni BiractuBocti OHK 6yio posrisayro B poborax [12,13]. s
MMOMMJIOK CIIOCTEPEXKEeHb, 10 YTBOPIOIOTH JWCKPETHE JIiHIffHEe OJHOPIIHE TToJie, Il
pesynbTaT y3aradgbHeno B [14]. SayBakumo Takoxk, mo B poboti [15] posris-
HyTO DararTorapaMeTpuiHe TapMOHIYHE KOJMBAHHS, 0 CIOCTEPIraeThcs Ha (POHI
OJTHOPIJTHOTO BUIIAIKOBOTO TOJS, V SIKOTO ICHYIOTH CIEeKTPaJbHl MILJILHOCTI BCIX
nopsAiKiB. s Takol Mojieni ¢cpopMyaIbOBaHO JiesiKi pe3yJibTaTh PO acUMIITOTH-
YHY MOBEJIHKY repiogorpamMunx ominok 1 OHK weBijomux aMmiiTy i 1 KyTOBUX
FaCTOT THOTO TAPMOHIYHOTO KoJimBaHHsA. B Monorpadil [16] posrisananacs 3amada
OIIHIOBaHHsI KYyTOBUX 4YacTOT DararornapaMeTpuiHOrO CUT'HAJY, NEPIOJMIHOTO 34
KOYKHOIO 3MIHHOTO, 1110 CIIOCTEPIrae€ThCsl Ha (POHI OJHOPITHOINO BUIIAIKOBOIO IOJIS,
sIKe 3aJI0BOJILHSE YMOBI CUJIBHOTO TIEPEMITITYBAHHSI.

MaricTepcbka aucepTaliis CKIAIA€ThCs 13 YOTUPHOX PO3ILIIB.

Y 1-My po3iji po3TJIsIHYTO MOJIENTh CIIOCTEPEKEHD Ta BUCYHYTO BUMOTHT JI0 T1a-
paMeTpuIHOl MHOXKWHM, B siKiii Mu mykaemo OHK amrmiiTy Ta KyToBux 4acTor
CYMH JIBOBUMIDHHX T'apMOHIUHUX KojimBaHb. CIIpaBa B TOMY, 1110 TPUI'OHOMETPH-
yHa, QYHKIIIA perpecil noraHo po3pisusie napamerpu. st Toro, mob j1onoMorTu
it pospisusaTu mapamerpu Kpaire, Mu ciigom 3a A. M. Yoskepowm [17], posrisiiae-
MO CHCTEMY MapaMeTPUIHUX MHOYKHUH, sika J03BoJisie Tak o3uadanTn OHK, mo mn
MOXKEMO JIOBECTH TeopeMy 1 Ipo CUJIbHY KOHCHUCTEHTHICTH 1€l OIiHKU, 3POOUB-
U TTOTPIOHI MPUTTYIINEHHST 1T10J[0 BUIIAIKOBOTO IMIYyMY, 110 € BUTTAJIKOBUM TIOJIEM Ha
IJIOIIMHI, Ta MOBEJIIHKKU HOIro KoBapialliitHoT (DyHKIIIT.

Y 2-My pO3JIi A1 3araJbHOI HEJIIHIHOI MaJiesli perpecii JI0BeJIeHO TeopeMy
pejykiii (TeopeMa 2), sika JIO3BOJISE B MOJAJIBIIOMY TEKCTI POOOTH 3BECTH JI0-
BeJleHHs acuMnTorndHol HopMmaabHocTi OHK 110 noBejiennst acuMITOTHYIHOI HOP-



maJsibrHocTi OHK B mesikiit monmomixkuiii sminiitHi# Momesi perpecii. Takum danHOM,
dakTIHO, Teopema 2 € TeopeMoio jJiHeapu3allil. OCKIJIBKA MU POOMMO HTPUITYIIe-
HHST TTPO TayCCIBICTD MyMYy, JJIsT OTpUMaHHsT acuMiTorrnarol Hopmaabrocti OHK B
JIHIAHIA MOJIeJ11 JIOCTATHBO JI0BECTH 3012KHICTD 1T KOBapialiiiHOl MaTpUILl J0 JIesIKOl
rpanuii. [lepeBipeno, 1Mo cuHycoiaHa MOJIEb 3aJ0BOJIbHSIE YMOBaM TeOpeMH 2.

Puc. 1: I'padik peasbHux janmnx

Y 3-My po3iii Jiisi 3araJibHOl HeJIIHIHOT MOJj1eJl perpecii J10BeJIeHO TeopeMy 3
PO ACUMIITOTUUHY €uHicTh KoHcucTenTHOI OHK 1 mokazano, 1110 TpuronoMerpu-
yHa (pyHKIlsT perpecii 3aJ0BOJIbHSIE YMOBAM I[I€1 TEOPEMHU.

Y oCcTaHHBOMY, 4-My pPO3/IiJIi 3 BUKOPUCTAHHAM pPE3yJAbTATiB MOIEPEIHIX PO3-
JIJIIB, TOHSATTSI CIeKTpaJbHOl Mipu (QYHKIIT perpecii Ta Teopemnu Bpayepa 1po
HEPYXOMY TOYKY JIOBEJIEHO 3arajibHy Teopemy 4 1po acuMIITOTUYHY HOPMaJib-
nictb OHK B cenci Yousikepa. [laJjii 3HaiijIeHO CIIeKTpaJbHy Mipy TPUIOHOMETPH-
qHOT (PYHKIIT perpecii Ta OTPUMAHO TEOPEMY d PO ACUMIITOTUYHY HOPMaJIbHICTh
OHK napameTpiB CHHYCOITHOI MOJIe/Ii TEKCTYPOBAHOI IIOBEPXHI.

3ayBaXumo, 1110 JoBejerHs acumnrornanol Hopmaabrocti OHK Bukopucro-
By€ CXeMy, 3alpornoHoBany B poborax [10,11], aje Teopemn 2-4 € MONILOBUMHU y3a-
raJibHeHHSIMU BIITTOBIIHUX (DaKTIB BKa3aHUX POOIT.

Pesysibraru 1-r0 posuiiy HajpykosaHo B poborax [18,19] ra jonosijanucs na
VI Bceykpaltucbkiit KoHbepeHiil MoofuX BUeHnX 3 MaTeMaTuku Ta (bizuku [20] i
na XVIII mixknapojniit kondepennii imeni akajemika Muxaiina Kpasuyka [21].

Pesynabratu posmiiis 2-4 nonosinanucs #Ha VII BceykpalHcbKiit KoH@epeHIil
CTYJIEHTIB, aclipaHTiB Ta MOJIOJUX BueHuX [22].

CyKymHICTh OTPUMAHUX B MAariCTepCchKiil gucepraliii pe3yabTaTiB Oysa Haro-
pojikena y 2018 pori jguriomom I crynenst va BeeykpainchkoMy KOHKYPCI CTYy-
JICHTCHKUX HAayKOBUX POOIT 3 raJysi 3uatb (creniaibuocri) "Maremaruka ra cra-
TucTuKa. [Ipuknagna matemarnka (Mexamika)'.



1 KoHcHuCTeHTHICTh OIIHKM HaiiMeHINmX KBaJpa-
TiB
POSFHHHGMO MOJ€JIb CIIOCTEPE2KEHD
X(t1,t2) = g(t1,t9;0°) + e(t1, t2), t = (t1,t2) € R%, (1.1)
e

g(ty,t;0° A cos( ALty + pta) + Byl sin(A\)t + pita)), (1.2)

Mz

k:1

90:(9?7987(9??7(927" 92N73792N 2:92N 1792]\7):
— (A B(1)7>\17M17"'7A BN7>\N7MN) (13)

aucio N > 1 e siomnn; (AV)? + (BY)? >0, k=1, N, — BeKTOp iCTHHHUX 3Ha-
qeHb HeBigoMux napamerpis; € = {e(ty,12), (t1,12) € R?} — s3anane na nosnomy
fimoBipricHomy mpoctopi (€2, ¥, P) BumaikoBe 1moJie, Bi[HOCHO SIKOTO MPUITYCTHMO

TaKe.

N. € — HerepepBHe B CepeIHbOMY KBaJ[PATHIHOMY Ta Maiizke HaleBHO (M. H.)
OJIHOPIJIHE I'ayCCIBChKE 110JI€ 3 HYJIbOBUM CEPEJIHIM, KoBapialliifiHa (pyHKIis SKOIro
B(ty,ts) = Ee(t1,t2)e(0,0), (t1,t2) € R?, 3a/10B0JIbHAE OJIHY 3 YMOB:

(i) noste € € izorporaum Ta B(t,t2) = B(||t]|) = L(||t]])[|t] ", « € (0,1), ne L
— MOHOTOHHO HECIIaJIHa TMOBLIBHO 3MIHHA Ha HeCKiHYeHHOCTI hyHKIisA, t = (1, t2),
It = (1 +3)"2.

(11)/ |B(t1,t2)‘dt1dt2 < 0.
R2

Oyukiii perpecii (1.2), sik i Kiaacuani rpuronomerpudni GyHKIT perpecii ,ug =
0, k = 1,N) npu N > 2 He HaliKpaluM YUHOM DPO3PI3HSAIOTH MAapaMeTpHu, y
TOMY PO3YMiHHI, 110 HE 3aJI0BOJILHSIOTH YMOBU KOJHOI 3arajbHOI TEOPEMU TIPO
koncucrenrricrs OHK napamerpis nesiniitnux mogpesieit perpecii (jius., Hanpu-
kiiaJ, [8,23]). Takum qunom, s nosepenns kouncucrenrnocri OHK mapamerpis
(1.3) Tpeba joroMortu TpuroHoMeTpuyHiil yHKIT perpecii po3pisHsTH Hapame-
TpH, obuparoun, Hanpukaa, jaid BuzHadenns OHK Taky napamMeTpuiny MHOXKW-
Hy, B dKiil TapaMerpu Bxke OyjiyTh JI0Ope PO3PI3HSATUC.

Hns touok (a,b), (c,d) ma maomnmui Oymemo mucatu (a,b) < (¢, d), Ko
a <c, b<d. V uiit pobori Mu posrisigaemo mMogednb (1.1)—(1.3), B sikiit BUKoHaHO
HACTYIIHE MIPUIYIIECHHI.

R1. ()\kuuk) (Akﬂ,,LLkH) k=1, I,N—-1 1, 1 BCi BesiauHM )\0 ,ug, i,7=1,N
— JIoJIaTHI Ta Pi3Hi.

J
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[le npunyiennst o3Havae, 110 NapaMeTPUIHl MHOKWUHHU, B AKUX T1epebyBaloTh
suauennst mapamerpis A = (MY, .. A%, w = (1), ..., u%) maors BurIAN

AAMN) ={A=0, . A0 eRY:0< A< A <. <Ay <A<}, (14)

M(ﬁ,ﬁ):{,u:(,ul,...,,u]v)ERN:O§E<M1<---<,MN<ﬁ<oo}. (1.5)

[Tognaunmo
T T
QT(Q) = T2/ / [X(tl, tg) - g(tl, tg; 6)]2dt1dt2. (16)
0 0

3a crangapranM oznadennam OHK napamerpa 6°, orpumanoi 3a ciocrepeske-
ausMu modist X (tq,t2), (t1,t2) = [0,T] x [0, T], HasuBaeTbest Oyib-IKUil BUMA KO-
BUII BEKTOP

Or = (Air, Bir, \irs par, -, AN, BNT, ANT, UNT), (1.7)

o Minimizye dynkmnionan (1.6) Ha mapamerpudniit MEHOXKUHI © C R*N | B axiit
A, B, k= 1, N, MoxxyTb HabyBary Oyib-sKHX 3HAUCHD, & A, [l — y 3aMKHEHUX
vmoxuaax A\, N), M<(u, ).

Huskue giisi orpumanns crissignomens (1.28), (1.29) ta B nogaibimmux o6uu-
CJIeHHSIX Tpebda 3a0e31meunTn 301XKHICTh M. H. JI0 HYJs Tpu 1 — 00 BeJIUINH

sin T(A\er — Nj7)  sin T (upr — pjr)  sinT (Mg — )\(})
Ter — M) 7 TQukr —pyr) - T = A)) 7

sin T (pur — p19) - sin TAgr  sin Tpr
T(prr — 1) P TN T pgr

 k=T,N. (1.8)

OJiHaK, KOPUCTYIOUUCH HABEJEHUM O3HAUEHHSIM OMIHOK Ay = (A17, ..., ANT),
pr = (a7, ...y UNT), HEMOXKJIMBO 3’sICyBATH 11OBEJ[IHKY 3HAMEHHUKIB JpobiB (1.8)
npu 1 — oo.

A. M. Yosikep [17]| cBoro 1acy 3aiponoHyBaB y KJacHuHil 3a/1a4i BUsIBJICHHS
IPUXOBAaHKUX IepiojgudHocTeil Taky Momudikario o3nadenass OHK kyrosux ua-
cror, sika 3abesnedye 1 B Hamiii mocraHoBIl 3a/a4i 36ikHicTh BigHOMmeHsb (1.8) 10
HyJsisd. Ile Hajlae MOXKJIMBICTD JIOBECTH KOHCUCTEHTHICTH yKazaHuX OIiHOK. CeHc
Takol Mojudikanil mosisirae B Tomy, 1o omnirka (1.7) BU3HaYaeTHCs K TOUYKA Mi-
nimymy dynkiionana (1.6) Ha napamerpuuniii MHOXKUHI, O 3ajexurb Bijg T i
ACUMIITOTHYHO 1Ipu T — 00 J1006pe po3pi3HsE CYKYIHOCTI 4acToT A 1 L.

BrejieMo JiBl MOHOTOHHO HeCHa/iHl ¢iM'T BIIKPUTUX MHOXKUH

AT - A(A7X)7 MT C M(Haﬁ)u T Z TO > 07 (19)

AKi MicTaTh icTrHHI 3Hadennsd napamerpis A\, 0, BiaoBiHO, Ta 33/10BOIBHAIOTE
HaBeJleHl HUKYe YMOBH.
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R2. lim inf T(A\jp—Aj) = lim inf T(pjp1 — pj) = oo, (1.10)

T—o0 1<j<N-1 T—o0 1<j<N-1
)\EAT /LGMT
lim inf TA; = lim inf Tp; = oo. (1.11)
T—o00 AeAr T—o0 peMr

Yumosa (1.11) saBxkan BukonyeThes, komm A > 0, p > 0. dkmo Ap C A0, ),
Myp € M(0,7), To nst ukonanus (1.10), (1.11) MmoxkHa posriisiaTi, HATPUKJIA,
muoxkunu A, Mrp taki, mo
inf  (A\jp1—Nj) = inf  (pjo1 —py) = inf Ay = inf gy = T2 (1.12
oo =) = b (e — ) = inf o= inf (1.12)
)\EAT MEMT
Cemnc npunymens (1.10), (1.11) nossrae B ToMy, 100 OXOIMUTH BUIIAJOK OIIHIOBA-
HHst 6m3bKuxX gacror y cykynnocrsx A0, Y i 6mmusbkux g0 nynsa gacror A, pud.

A2

Puc. 2

Ha Puc. 2 306paxeno napamerpuany muoxuny A(0,1) OCBA npu N = 3:
0 < A\ < A < A3 < 1. HeobxinHo MaTu Ha yBa3i, MO MU BIIIJISIEMO JIESAKY
MaJly JaCTHHY 3 DOKOBHX I'paHeil Jijisi po3pisHerHs mapamerpis — Big OCA s
BiJIOKpeMJieHHst A1 Bij Ao; Biy OCB juist Bijlokpemsensst A1 Bij 0; Big OAB st
BIJOKPEMJICHHST Ao BIJ A3.

Osnauenns 1 OHK (6 cenci Yoaxepa) sexmoprozo napamempa 0° cuenady (1.3)
modeai (1.1), (1.2) nassemo 6ydv-axut sunadkosuts eexmop Op eueaady (1.7),
wo minimizye gynxyionan (1.6) na mroocuni napamempic © C RN 6 axiti am-
naimyou Ay, B, k=1, N, moocymv nabysamu do6iAbHUT 3HAYEHD, G KYMOGH
wacmomu A, j — Y 3amrnenus muosrcunar N, M.
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V nopadbioMy Tekceri crarTi posrisaerses came Taka OHK 07 napamerpa 6°.
Hagesiena nmxktde jieMa y3araJbHIO€ BUIMOBLIHUN pesysbrar poboru [9]. Tlo-
sHauIMO @ = (1, @9) € R,

Jlema 1 Hrxwo suxonano ymosy N(i), mo daa p < a/6

/ / i(p1t1+pata) (tla tg)dtldtg

JoBeaenns. [Ipocti 3aminym 3MIHHUX JIO3BOJISIIOTH 3aIIACATH

/ / —2901 (t1—s1)

T T
x/ / e_im(tz_s?)e(tl,tg)g(sl,SQ)dtldtgdsldSQ = 2/ / cos(pruy + paus) X
0 Jo 0 Jo
T—Ul T—UQ T T
X / / e(v1, v2)e(vy + ug, Vo + ug)dvidvedusdug + 2/ / cos(pu;—
0 0 0 Jo

T (751 T U
—QOQU2) / / 8(?)1 + Uy, ’02)8(’01, V2 + uz)dvldvgduldm.
0 0

E(T) = sup T+
peER?

— 0 M. n., T"— 0.

(1.13)

i(p1t1+pata) (tl,tg dtldtg

Maemo masi

T T
< 2T—4+2p/ /
o Jo
T /T
42742 / / E
o Jo 0 0
T T T T
§2T4+2”/ / \Ili/2(u1,u2)du1duQ+2T4/ / ‘lfém(ul,uz)duldu%
o Jo o Jo

Je 3a ¢gopmyoro Icepiica

T—u, pT—us pT—ur pT—us
ul,uQ / / / / E€ U1+U1,U2+U2) (1}1,1}2)

e(wy + ul, wsy + uz)e(wy, wy)dvydvedwidws =
— u1 (T UQ) BQ(Ul,Uz)‘l—

T—uy pT—us T up  pI— uz
/ / / / vl — Wy, Vg — wy)dvydvedwydws+
T—uy pT—us pT—ur pT—us
‘|‘/ / / / B(vl—w1+u1,v2—w2+u2)x
0 0 0 0

13

E&(T) <
T—usy
e(v1, v9)e(v1 + ug, Vo + ug)dvidus

T—U1
duldU2‘|‘

T—uq T—uy

8(1}1 + uq, U2)€(U1, Vg + UQ)dvldUQ duldu2 S




XB(Ul — W1 — U,V — Wy — ’LLQ)dUldUdeldwg =

3
= Z‘Ijlj(ulau2)§
=1

T— U1 T— u2 T— U7 T— u
ul,UQ / / / / EE U1+U1,U2) (Ul,v2+u2)

w1 + Ul, w2)€ w1, Wy + UQ)dvldUdeldwg
— Ul T — U2)2B2(U1, —U2)+

T— ul T— U9 T ul T— U2
/ / / / 2(v) — wy, vy — wy)dvydvadw; dws+
T—uq T—uy T—uq T—uy
/ / / / B(vy — wy + uy,v9 — wy — ug) X

XB 1}1 w; — Uy, U2 Wy + Ug)dUldUdeldwg
= Z Woj(ur, us).
j=1

OcklibKK

TO

T T
Ef?'(T)SZZIij(T), Iij(T):2T4+2p/ / \Ifgj/?(ul,w)dulduz (1.14)

1=1 j=1 0 0
Oninumo koxuy Besnauny I;;(T) okpemo. Iosuaunmo b, (v; — wy,v9 — wy) =
= B(vy — w1 + uyg, v9 — wg + ug) B(vy — w1 — U1, V9 — W — Us) 1 3amUIIIEMO

T—u, pT—uy pT—us pT— u2
‘1113 ul,u2 / / / / Ul w1,V — wg)d’Uldwldvgde
T— U1 T— u9
t t
= (T — u))(T — us / / (1— 4] )(1— £2] )bu(tl,tz)x
T ’U,l T 'LL2 - ul T - u2

5 1—u T~ 1 ].—'LI/QTil |t1‘
thldtQZT T—U1 T—UQ / / (1——) X
( ) ) (1w T (1w 1 —wuT7!

1— — 2L )y (Tty, Tty)dtydty <
><< 1—u2T1> (T'ty, Tta)dt dty

1 1
S T2(T — ul)(T — UQ) / / bu(Tﬁl, TtQ)dtldtQ S
-1J-1

14



1 1
< TZ(T — ul)(T — UQ) B 0) / / B(Ttl + uq, TtQ + Ug)dﬁldtg—i—
0 JO

0 0
0) / / B(Ttl — U1, Ttg — uz)dt1dt2+

([ L] frern

4
T(t—u1 —UQ Z\IJ Ul,UQ
k=1

3a yMOBH JleM1 \11513) = \Il%), \Ifg) = \If%), 1 TOMY MM OIIHUMO \If%) Ta \Ifg) Ockisb-

kn ||Tt+ul| < 2v/2T, 10 pisi gosinbroro € > 0 npu gocraribo Beanknx T’ (Hexaii
npu T' > Tp), 3aBasakn Mmonotonuocti L, orpumyemo L (|| Tt + ul|) < (1+¢)L(T).

3 iu1oro 60Ky,
Tt + || > T, (1.15)

o) < (1+e)1=a)'BO)B(T), T > T (1.16)

[Tepexonsun J10 ONIHKH \Il(l?, 3ayBaXKUMO, 10 Jijisi 1-ro muoxkauKa by, (Tty, T'ts) €

npaBuibHOIO oninka (1.15), a st 2-ro — oninka
Tt — u||* > TS, (1.17)

TOOTO

Ul < (14+)*(1 —a) ?BXT), T > Ty, (1.18)

Ta JIJIsd TUX caMux 1'

]13(T) < Sﬂx
x ((1 + V21 — ) V2BYX(0)BYA(T) + (1 +¢)(1 — &)‘1B(T)) T%. (1.19)

Mipkyooun aHaJOriIYHO, OTPUMYEMO OIIHKHI

1 1
\1112<U1, UQ) S 4B(0)T2(T — ul)(T — UQ) / / B(Ttl, Ttg)dtldtg,
0 0

(T < %6(1 +)V2(1 — )2 BY2(0) BVA(T) T, (1.20)

Kpim mworo, gaa T > Ty

T T
[11<T) < QT_4+2'O/ / (T — ul)(T — ug)B(ul, UQ)duldUQ <
0 0

1 1
< TQP/ / B(Tuy, Tuy)duyduy < 2(1+¢)(1 — o) 'B(T)T?. (1.21)
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Takum unnom, i3 (1.19)-(1.21) BuruuBae, 1o npu T° — 00

1.21)
ihj = O(BY*(T)T%). (1.22)

[Tozragumo
cu(vl — W1, V9 —U)Q) = B(Ul — w1 —|—U1, Vo — W9 —Ug)B(Ul — W1 — U,V — W2 +U2)

Anagoriuno orinmi st Wis(ug, ug) OTPUMYEMO

Wos(ur, ug) < THT — uy)(T — up) (/01/1+/0/0+/1/0+/0/01> X

XCU<Tt1, Ttg)dtldtg = TZ(T — Ul — U9 Z ul, Ug
k=1

3ayBarkK1Mo, 10 38 YMOBH JIEMU
1 2 3 4 3 4 1 2
‘1’53) = ‘Ijés) - ‘Dg?)) = ‘I’Q, ‘1’53) = ‘I’;s) - ‘1153) - ‘I'(13)-

Kpim mworo, Wo; = Wiy, Yoy = Wy, Ile o3nauvae, mo npu 1" — 0o
Z I; = O(BY*(T)T*). (1.23)

Cuissinnomennst (1.22), (1.23) pazoM i3 (1.15) nokasyworhs, mo npu T — 0o
EE(T) = O(LV(T)T /), (1.24)

Hexait T}, = n?, e umncio 8 > 0 3a10BONbHIE CIIBBIHOMEHHST (% — 2p) b=
1+ 6 s gesikoro § > 0. Toxi >.°7  EE*(T,) < oo, Tobro &(T),) — 0 m. n.
n—oo

Posristnemo mociIoBHICTL BATIAKOBAX BEJIMUNH

Gn=_sup  [§(T) = &(T0)| <

T,<T<T,i1
< sup sup

T,<T<T, R 2+p/ / ohret) <t17t2)dt—
n+1 Q€ 2
2+P/ / i(p1t1+pata) (tl,tQ)dt <
(T2+1 > - n+1 n+1 n+1 n+1
< (g 1)emperm ([ // L)
= T2 P,

‘E(tl,tg ‘dtldtg = Z Cn
i=1
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OueBnHo, Q(Ll) — 0 M. 1. Ing k € N posrisinemo
n—0o0

E<C7§L2))2 Y G p/nﬂ/ 2k/n+1/ EH‘g W) 4 ‘Hdt dt2

2k—1”Bk ) —2k(2— p(T+1_T)2kT2k

= (2k — 1)!'B*(0) (T%“

n

2k
— 1) T30 = O(n~21-9)) = 0.

Axkmo Bp < 1, 1o BUOOpOM Kk MOkHa 3abe3neunTw 301XKHICTH pﬂ,zLy

S E(Q(f))% < 00, i Q(f) . 0 m. H. Maemo Bp = C’;gfg)p < 1, abo p < (3+5)

Ockisibku § > 0 MOxke OyTH siK 3aBrOJIHO MaJIuM, TO yMOBa Jjiemu p < a /6 3a0e3-

: L 2 Ce 3 :
nevye noTpioHy 301KHICTh Q(l ) gk 1 s6bxmics Q(l ) T;)O 0 m. 1. OcKiTbKN

E (<<4>>2 < (2k — 1)I'B*(0) L : Te —
n — v T n -

n

= O(n~2FC=8ry 5 0,

TO 1 QSLL) — 0 M. 1. Jlemy 1 moBegieno. [

n—oo

Jlema 2 frwo suronano ymosy N(ii), mo £(T) — 0 m. n. npu T — oo daA
p<1/3.

JloBeaennsi. BukoprcToBytoun mosnadeHHs JieMn 1 Ta yMOBY JIeMU 2, OTPUMYEMO
g1 =1,2

[1(T) = O(T 7212, Iio(T) = O(T %), Ii3(T) = O(T %), T — .
(1.25)

Hexaii T), = n”, ne (1—2p)B = 1+6, § > 0. Toni, sax i B emi 1, £(T},) — 0

n—oo
M. H., (, = Z?Zl Q(lw. Toui Q(ll) — 0 M. H., a ymoBa jemn p < 1/3, gk i B
n—0o0
noBejierHi jgemn 1, 3abe3nedye 3017KHICTD Q(f) — Om. 1., 1 =2,3,4. [
n—oo
Teopema 1 fHxwo suxonarno ymosu N, R1, R2, mo OHK 6 cenci Yon-
kepa Or € cuavno Komcucmenwmmnoro ouinxoro napamempa 0°, a  came:
Ayr — AY Ber — BY, T(\er — A)) — 0, T(uer — 1) — 0 m. n. npu
T — o0, k=1,N.
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HoBenennsi. Posrisinemo  cucremy iiHiiHux  piBHsHb  BigHocno  OHK

Apr, Ber, k=1,N

0Qr(0)
A,

~0Qr(0)
- 0B,

:07 p:17N7
0=0r

0=0r

SIKY MOYKHQ TIEPENUCATU Y BULJIS/IL

chvzl al(er)AkT + Z;ﬂvzl bl(g?BkT = 01(92)7 p=1N.
[Toznaunmo
COS()\thl + ,uthQ) = COSg, Sin(Athl + uthQ) = sing,
cos(Aty 4 pf) = cosy, sin(Alt + p)) =sin), k=1, N. (1.27)

Toni koedinienrn cucremn (1.26) MoxKHa 3amucaTi y BATJISAT

akp = / / cosy; cosy dtidts, alC = / / cosy; siny, dt1dts,
= / / siny cos, dtidty, b p / / siny, sin,, dt1dts,
-2 _ =2 ;
/ / X(tl, tz) COSp dtldtg, Ckp =T / / X(tl, tg) S1Ily, dtldtg.
o Jo o Jo

[Tosuaummo Takoxk o(1), ysarasi KaxKydu, pi3Hi BUIIAIKOBI IPOIECH, 10 3aJI€2KAThH
BT mapaMeTpa 1’ Ta mpsaMyIOTh JIOo HyJs M. H. ipu 1 — 00.

Bepyun g0 ysarm Biactumocti (1.10), (1.11) mapamerpuaHIX MHOXKHH
Ap, My, y 3aMuKaHHSIX sIKHX HAOYBalOTh 3HAYEHHST OIIHKNA A7, (i, €JIeMEHTap-
HUMHU OOYMCJICHHSAMHU 3HAXOTUMO

1
(LISD) = 0(1), k ?é D, a]%) = 5 + O(l), a'/(fp) = 0(1)7 kap - 17N7 (128)

Bl = al(jf) = o(1), b,(jj) =o0(1), k # p, bg =

kp

+o(1), k,p=1,N.  (1.29)

JLjist 1os1aJibIInx 00YKUC/IEHD TO3HAYUMO

sin T(\,p — \Y sinT’ — 0
x/\p - ( & 0 p)7 aj/ip = (MPT 5p>7 17 N7
T(APT - )\p) T(MPT - /up) (1 30)
o — 1 —cosT(Ayr — A)) . 1 — cos T(pyr — 1) — :
v Tyr =2y 7" T(ppr —p) o
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3anumneMmo
T T T T
cg) = T2 / e(ty, t9) cos, dtydty + T2 / / g(ty, ty; 0°) cos, dtdty =
0 0 0 0

1
— 9 [Ag(x/\pxup — YnpYup) — Bg(y)(xﬂpy)\p + x/\py,up)] + o(1) (1.31)
3a JemaMmu 11 2 Ta cTaHJgapTHUMKA OOUUCICHHSIMU. AHAJIOTIIHO

1
61(92> ~ 9 [Ag(xﬂpy/\p + TrpYup) + Bg(xkpiﬂup - ykpyup)} +o(1). (1.32)

OcklbkE [T ap|, |Zpls [Urpls |[Yup] < 1, p = 1, N, To 3aBAsKY CHIBBIAHOMIICHHSIM
(1.28), (1.29), (1.31), (1.32), po3B’s30k cucremn (1.26) MOXKHA 3aIUCATH Y BUTJIAI]

Apr = Ag(xkpxup — YopYup) — Bg(xupykp + TapYpp) + 0(1),
Byr = Ag(-%'upy/\p + TapYpp) + Bg(x)\pxup — YY) T0(1), p=1,N.  (1.33)

Y cBoto uepry, i3 (1.33) BunmBarTh HEpiBHOCTI
[Apr|, |Byr| <2 (|4 +|Byl) +o(1), p=T1,N. (1.34)

[Tozanaunmo

Gr(61;6;) = / / [g(t1,t2; 01) — g(ty, ta; 02)]7 dtydts.
3a oznauennam OHK
0> Qr(fr) — Qr(¢°) = Gr(0r; 6°)+

T T
+ QT_Q/ / (ty,t2) (9(751,752; 0°) — g(t1, ta; QT)) dtidty. (1.35)
o Jo

3a joBejiennmu Jemamu Ta (1.34) apyruit jojaHoK npasoi yactunu pisaocri (1.35)
e Besmauntoio o(1). Le osnauae, mo

Gr(07;0°) — 0 M. 1., T — oo0. (1.36)

Banummemo Bupas st Gr(07; 0°) takum wunom, mo6 i3 (1.36) BummBaza KoH-
cucrenrricts OHK mapamerpis \?, ,ug, k=1, N. Maemo

Gr(07;0%) = // (t1,to; Op)dt dty + T // (t1,t2;0°)dt dty—

—2T_2/ / g(tr,ta; Or)g(tr, t2: 0 )dtydts = Ji + Jo + Js.
0 0
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I3 Bukopucrannsim (1.34) ra cnissignomens (1.28), (1.29) orpumyemo

J = ; Z (Ar + Bir) + o(1), (1.37)

Ja= 5 3 ((AD? + (BYY?) +o(1), (1.39)

T T
= -2 Z Z T2 pTAk cos,, cosy, + A, By cos, smk) dt dty—
p=1 k=1 0 /0

T T
—2 Z Z T—* pTAk sin,, cos), +B,r B} sin,, sing) dtdty =
p=1 k=1 0 /0

pTA Tx\pTpp — YopYpup) — ApTBg(xupyAp + xkpyup» -

Mz

p=l1
N

- Z (BpTAg($upy>\p + TopYup) + BpTBg(xprup - y/\pyup)) +o(1). (1.39)
p=1

[osnaunMo 21, = TxapTup — YrpYups 22p = TupYrp + TapYup, P = 1, N, 1 nijicraBumo
y (1.37) ta (1.39) Bupasu (1.33). Toxi

1
7(07;6°) = =3 Z [(A%21, — Blzo,)? + (Adzop + Boz1y)? + (AD)? + (BY)?] —
p=1

N
Z [(AD)221, — 240BY21,20, + (BY)?23)] —

N
Z [(AO) zQp + 2AOBOzlngp + (BO) zlp] +o(1) =

= LS (A (B (1= - ) + o) =
= 537 (D + (BY) (1= (53, + ) a2+ )+ o(1) =
1 . 0y2 0\2 _[sin 3T (V\pr — A) " (sin 3T (ppr — ) 2
~ 9 p; ((Ap> + (Bp) ) 1 ( %T()\pT —AD) ) ( %T(upT — 1) ) i
+o(1). (1.40)
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Pigricts (1.40) pasom i3 (1.36) posoasirs, mo T'(Ayr —A)) — 0, Tt — ) — 0
M. 1., T — oo, p=1,N. Tenep i3 (1.30) Butmsae, mo Ty, Tup — 1, Yops Yup —
Owm. u.,T =00, p=1,N,as(1.33) orpumyemo A,p — Ag, Byr — Bg. Teopemy
JIOBEJIEHO. []
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2 Teopema penykiiii
Posrigremo mMomens perpecii
X(ty,ta) = glty,t9; 0) 4 e(t1, t2), (t1,12) € [0, T)?, (2.1)

ne g : [0;00)% x ©, — R? nenepepsua dyukuis, 6., = Uja<1(© + @),y > 0
- Jeske yuciao, © C R? - BigKkpuTa MHOXKHUHA, IO MICTUTH B €00l MOHOTOHHO
HeCHaHy CiM'I0 BIAKPUTUX OMYyKJNX MHOXKWH Op C O,T > Ty > 0, icrunne
3HaueHHd mapamerpa # € Op, T > Tj. IlpunyckaemMo TakoxXK, IO BUIIAKOBHIA
myMm £(t1, t2) 3a0BosbHsIE yMoBaM IN.

Moznauanmo Qr (1) = T2 fOT fOT[X(tl, to) —g(t1, ta; 7)]*dt1dls Ta npumycTHMO,
mo inf cee Qr(7) mocaraervea B Muoxunax 0%, T > Ty, anda KoxkHOro W € 1.

O3znagenns 2 OHK wnesidomozo napamempa 0 = (01, ...,0,) € Op, T > T, mo-

deai cnocmepeoicenn (2.1) nasusacmuca 6ydv-axut sexmop Op = (61,...,6,) €
T, 044 AK020

Qr(fr) = inf Qr(r).

TEOS,

BayBa)KMMO, 110 iICHyBaHHsT X04a 6 OJJHONO TaKOrO BHUIAJIKOBOIO BEKTODA BH-
mmBae 13 Teopemu (3.10), crop. 270, poboru 1. [Tdanuars [24].
[Tpumycrumo, mo g(ty, t2;-) € C*(6.,) mrs koxmoro (t1,ts) € R2. Ilozaatmmo

2

(97'2'(97'1
dr(0) = diag(dir(9))i;,

T T
dir(0) :/O /O g; (t1, tg; O)dtydty, limy, T dip(0) > 0, i =1,q,

g(tlatQ;T)u Zal = 17Q7

0
gi(t1,te;7) = Eg(tbbﬁ); Ga(ti, ty; 1) =
7

T T
dz (0) :/ / g3 (t1, ta; 0)dtydts, 0 € ©5, i1 =1,q.
0 0
Posruisinemo nopmoany OHK
ar = ar(0) = dr(0) (0r — 6). (2.2)

3pobumo 3aminy 3minnux u = dp(0)(7—6), sxa Binnosigae HopmyBaunio (2.2),
y dyHKIiT perpecii Ta i1 moxiJiHux, T0O6TO
g(t1,t;7) = gty t2; 0 + d (0)u) = h(ty, ta; u),
gi(t1,ta; 7) = gi(tr, ta; 0 + dy (O)u) = hilty, ta;w),
gu(tr, t2;7) = galty, ta; 0 + dp' (O)u) = ha(ty, ta;u), i,1 =1,q.
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Mosnatumo V(R) = {u € R? : |ju| < R}. BykBamn k nosmauarumemo
nonaTHi KoHcTaHTH. IIpmmyckaemo, mo aasg R > 0, BCiX JOCTATHBO BEJIMKUX
T(T > Ty(R)) Ta icTHHHOTO 3HAYEHHS MapaMerpa f BUKOHYEThCsT YMOBa

R3.
hi t ,t ] _ . P
(2) sup ity ta; u) <k(RT* i=17¢; (2.3)
(tt2)el0.T2, ueve(r)  dir(6)
hi t ,t ; _ . -—
Gy s Bl T 2a)
(t1t2)€[0.702, ueve(r)  dirr(0)
dle(e) 7 -1 - -—
17 : <kijT ", i,l=14q. 2.5

[To3naunMo TakoxK

H(ty,to;uy, us) = h(ty, to;uy) — h(ty, to; us),
Hi(t, to; ur, ug) = hi(th, ta;ur) — hi(ti, tasue), © = 1,q.

Beejemo BeKTOpHO3HAUHI (DYHKIIIT

: i(th, to;
\I/T(’U,) = (\I/gp( ) i=1s \Ifl / / tl,tg 1 (;) )dtldtg-i—

/ / H(t1,12;0 h (;1’;;7) )dtldt2, i=1,q, (2.6)

Ta

(u) = (Lip(u))L,
g1 tl,tz, gz(t17t2;9) .
t t dtdt =1.q. (2.7
/ / 1 2 E le diT(Q) 1atg, 1 4 ( )

Bekrop Vp(u) Busnaueno aist u € USL(6), Ur(6) = dr(0)(Or — 0).

3a namumu npunyiiennsivu maoxuua Up(0) posimuproerses o RY npu T —
oo. Toni ms Oynp-sikoro R > 0 V(R) C Up(0) naa T > Ty(R). Bekrop Lp(u)
BU3Ha4eHo Juist u € RY.

Jlerko 3posymitu craructuanuit 3mict Bektopis Wy (u) ta Ly(u).

OHK up 3am0BoIbHSIE crCTEM] HOPMAJIHLHUX PIBHSTHD

Ur(u) = 0. (2.8)

Bekrop Lr(u) Bignosigae BipTyaabHiil JiHiiiHIA perepciiiniii Momesni 3 HeBiqoMIM
napamerpom 3 = (B, ...0,)

Z(t1,12) = Zgz ty, to; 0)5; + ety t2), (tr,t2) € [0, TV, (2.9)

23



1 crucTreMa HOpMaJIbHUX PIBHSIHD
Ly(u) =0 (2.10)
zajtae HopmoBany OHK up mapamerpa (8 € RY, gKimo Mu 3alumeMo
ir = tr(0) = dr(0)(Br — B). (2.11)
Br - cranpapraa OHK napamerpa 8 mojedi (2.9).

Teopema 2 fdxuwo surxonyromoves ymosu N ma R3, mo dan dosinvrur R >
0, r>0

P sup ||Yp(u) — Ly(uw)|| >rp— 0,T — oo. (2.12)
ueVe(R)

Hosenenuns. s 1 =

1
it t
Ul (u) — // tl,tg 1’ 2’ dtldt2+//Ht1,t2,Ou

hi(t.t (1,190 Zt,t,
% (dl’ 2,4 dtldtg // tl,tQQ(dl 2 dtldt2+/ / g\, 02 b)
ZT

(t1,t H;(t,t
Zgl L 2’ 9) wdt dty = / / ety to) (1, ta; u, O)dtldt2+
le zT(Q)

H;(t1,t2;u,0) zt,t,
+/ / H(t1,t2: 0, ) (;’ é’u dtldt2+/ / FL "2 0)
ZT

(1,1
[ tl,tQ, O U Z gl dllji 2, ]dtldtg = ]1(%) + IQ(U) + [3(u) (213)

Hexaii u € V¢(R) dbikcoBano. Maemo

2
Eli() = E // e(t1, ta) tl’t%uo)dtldb =
zT(H)

H;(ty,t H; :
/ / / / 17 2771/ 0) ('Ul,UQ,U 0) Eg(tl,t2> (v17v2)dtldt2dvld’lj2

H?(ty,t 0
~ sup 1’ 2,’LL / / / / ’ES tl,tg Ul,Ug ‘dtldtgdvldvg
(t17t2) (0,772

(2.14)
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Bukopucrosyouu dhopmysty Jlarpanxka ta ymoy R3, orpumyemo

||

sup

Hi<t1,t2;u,0) < q |hil(t17t2;u)|
)  dir(0) T

sup
ZZ:; (t1,t2)€[0,717, ueve(r) dir(0)dir(0)

<R ( i kil(R)]%il> T
I=1

(2.15)

- i sup [Pirlts; to; )| dinr(6)
17 (t1t2)€[0.T12, ueVe(R) diur(0)  dir(0)dir(0)

Hexait Bukonano ymony N(ii). Toui

q
R2 (Z ]ﬁzl(R)%zl> / / / / ‘ Ee tl, tg Ul, Ug) dtldtgdvldvg
=1

3a ymoBu N | Ec(t1,t2)e(vy, v9)| = |B(t; — v1,t1 — v2)|, Mmaemo

/ / / / tl — U1, tl - UQ)ldtldthvldUQ —

t] t
_ 7 / / ’ ! _| 2‘)|B(t1,t2)|dt1dt2 = / Br(ty, t2)dtidts,
R2

(1—%')(1 |t2)\B(t1,tz)| (t1,t2) € [T, 1] x [-T,TJ;

Br(ty,t2) = {
0, (tl, tg) c R? < [—T, T] X [—T, T]

Ouesunno, Br(t,ts) — |B(ti,t2)|, T — oo, (ti,t2) € R% Kpim mporo,
Br(ty,t2) < |B(ty,t2)|, T > 0, (t1,t2) € R2 3a reopemoio Jlebera npo masko-
posany 36ikHicTs I'(T') — [o, |B(t1,t2)|dt1dty < 0o, T — oo, T06TO iHTErpar

I(T) =O(T2) npu T — oo.
Hexait Bukonano ymosy IN(i). Toai nicsist saminn 3minuux t1 — T'tq, to — Tto

t t
/‘/ Loy %53WM&@@=
dtydt
// (1= [ta[)(X = [t2]) B(T'||t]])dtrdts < // H;Ha?’
1

dt,dt 92-a/2,
/‘/ ! ?1/ \Wﬂwzzf/ P dp — |
T = s o 2~ a

tooro I'(T) = O(B(T)) npu T — oc.

OTPUMYEMO
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P
Takum qunom, maemo, 1o I1(u) — 0 npu T'— 0o noroukoso jyist u € VE(R).

3 iHmoro 60Ky,

P{ sup  |[1(uw1) — Ix(ug)| > T}S

||U1—U2||<h

S sup
|U1 uz|<h
H;(ty,1t
<r' sup sup it t2i o) E |(0,0)|T7?,
||U1—UQ||§h (tl,tg)G[O,T]z dZT(e)

3a ymoBu R3 orpumyemo

|H;(t1, to; uy, ug)|
sup sup <
||U1—U2||§h (tl,tg)G[O,TP dZT<0)

<h

3 (2.17) BuruinBae HepiBHICTH

P{ sup  |[1(uy) — Ir(ug)| > r}< kirth,

[ur—uz|[<h

e
ky = (Z kﬂ(R)/%ﬂ> E|£(0,0)].

Hexait N}, cxinuenna h-citka xymi V¢(R). Toxi

sup |Li(u)] < sup  [L1(ur) = D(ug)| + max |y (u)].

ueVe(R) [y —us||<h uENp

3 (2.16), (2.17) maemo st Oyjp-sikoro r > 0

P{ sup |1 (u)| > 7’}§ 2k17’1h—|—P{m?VX|Il(u) > g}
ucNp,

ueVe(R)

tla t?v uy, U’Q)
t t dt1dts| <

(2.16)

q

\ha(t1,t;u)|  dar(0
E sup g kzl
" (haelorP uevery  dir(0)  di (Q)le

(2.17)

(2.18)

(2.19)

(2.20)

Hns e > 0 3amamo h = f—,;. Tom mna T > T 3aBIAKHN MOTOUYKOBINA 301:KHOCTI

I1(u) mo nymst 3a iiMoBipHiCTIO,

r €
P I — < =
{mN il = 2}— )

1
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BHACJILJIOK Y0T'0

P{ sup |Il(u)|>7”}< €.

ueVe(R)

Takum uuroM, [1(u) 36iraerbes piBHOMipHO 32 u € VE(R) 10 Hysist 3a fiMOBip-
HICTIO.
3a reopemoro Jlarpan:xa, nepisuicrio Komi-ByHnsikoBebkoro ta ymosun R3,

hi(t, t;uy, )

sup  sup  |H(ty,t9;0,u)| = sup  sup u;| <
u€Ve(R) (t1,t2)€[0,T]? ueVe(R) (t1,t2)€[0.T]? | 525 dir(0)
1/2
< u ap oy (Ml <k
B (t1,t2)€[0,T12, ueVe(R) 3 dir(0) B ’ '

ne k(R) = (ki(R), ..., kg(R)). Toni, saBnsxu (2.15) Ta (2.21), 3anuiemo

Hi t at y U,
sup | Io(u)] = sup / H(t1, 120, u) (trtoiw0) i | < 2
ueVe(R) ueVe(R le(Q)
Hi t 7t y U, ! 7
s sup (bt 0.0 E O oo gy (3 (R .
UGVC(R) (thtg)e[o,TP d'LT(Q) I=1

i Ir(u) piBHomiprO 32 u € V¢(R) npu T" — oo 36iraeThes 1o 0.
Hesaxkko nobaduru, mo I3(u) MoxKHA 3amucaTu y BALIIs

gilt1, 125 0) t1,t2, g1 t17t2,
tl,tg, 0 u dtldtg =
/ / [ Z dir (0

gill1, 02;0) t17t27 hlj(tht%ut t )
= —— L2 dt dte =
/ / .:1 dir(0)d;r6 Htg et

T Ty ( t,t,u At 120
:__Z / / it tas vy, 4,) gilty, to; )dtldtz w1t € V(R).
dir(0)

d 0
1j=1 ZT ]T

Toni, 3a ymosu R3,

sup |I3(u)| < (Z kji(R Jlul|u]> <

ueVe(R) 1j=1
qki(R) .1 p2p-l
< 5 max [k(R)ky| BT
Omxe, I3(u) pinomipro 3a u € V¢(R) npu T — oo 36iraerbes 1o 0. O
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[TepeBipumo, mo ymoBa R3 BuKoHyeTbCsi Jijisi PO3IJIsi/lyBaHOI HaMU (PYHKIIIT
perpecii (1.2), (1.3). Ouesunno, npu k = 1, N

gae—3(t;0") = GAOg(t; 0") = cos(Mt1 + ppta),
gur—2(t;0") = aBog(t;GO) = sin(A0t + 10ts),
gur1(t;0°) = Wg(t; 0") = —t1 AV sin( A0ty + pts) + 1 By cos( A0ty + pits),

0 :
gar(t; 0) = on 0g(t 0)) = —to AD sin( Aty + pots) + t2 By cos(ANty + pipts),

0? .
gar—s3.ar1(t0") = gar—1.ar-3(; 0°) = aAOa)\og(f; 0) = —ty sin(AYty + pits),
KONk
0? .
Gai—3 4k (t; 0°) = Gak ak—3(t; ") = 8A08,uog(t; 0) = —tysin( Aoty + pits),
KOy
82
Gar—2.46-1(t;0°) = gur—1.a5—2(t;0°) = 8B08)\Og(t 0°) = t1 cos(ALty + pita),
2
Gar—2.45(t; 0°) = gupap—2(t;60°) = DB g(t;0%) = ta cos(Ats + pipta),
KO
2
g4k,1,4k,1(t; 90) = 0 g(t; 90) = —t%Ag COS()\gtl + ,ug@) — t%Bg Sin(/\gtl + ,ngtg),
(OA)?
0? .
Garar(t;0°) = ( auo)gg(t; 0°) = —t3A) cos(Nity + pyta) — 3By sin(Aty + piyts),
k
32
Gar—1.4(;0°) = gapap—1(t;0°) = N Og(t 0°) =

= —t1t2A2 COS()\gh + ,ugtg) — t1t23k sm()\ktl + ,ugtg),
gar—3.ak-2(t;0°) = gur—2.41-3(t;0°) = gak—3.41-3(t; 0") = gup—2.45-2(¢;0°) = 0.
Maemo jaui
T2
diy. zT(eo) =5 +0(1), i =2,3;
(A2 + BH)T?

di_ir(0°) = +0(T?), i=0,1; (2.22)
4

T .
dik—i,élk—LT(eO) =% +O0(T%), i =2,3;
4

T .
A3 a7 (0°) = & +0(T7%), i =2,3;
((AD)?+ (B))T®

4.

dik—l,élk:—l,T(eO) -
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dik*lAk,T(eO) - ((A]%)Q iéBg)Q)TG
B at?) = BT o 223)

Bukopucrosytoun (2.23), (2.24), 6auumo, 110

+O(TY);

\hap—3(t;u)|
sup S —
1e0,12, ueve(r) dax—37(60°)
I (O + di (0 )uar )ty + (1) + di (0" um)ta) |

te[0,T)2, ueVe(R) T; + O(l)

=O(T™).

Tak camo

sup | hag—i(t; u)]

=0(T™"),i=0,1,2,
tefo.792, ueve(r) dak—ir(0°) o

To6T0 R3(i) Bukonamso.

Anasoriyno

|Pap—3ar-1(t;u)|

sup =
te[0,112, ueve(r) dap—34x—1:7(60°)

‘ — tl sin ((A% + d;kl_l T(QO)U4k_1)t1 + (,ug + d;le(QO)UZLk)tQ)‘
= Sup 2 2 e
te[0,T)2, ueVe(R) %4 + O(T?)
= O(T™);

h — t; _ .
sup oan i ax( Qf))‘ =0T, i=0,1,2,3;
tef0.7)2, ueve(r) dak—iakx(0°)
\Page—i a—1(t; w)|
sup .
tef0.7P, ueve(Rr) dak—iak—1,7(0°)

=0O(T™Y),i=1,2

Y Y

i R3(ii) Takox Bukonano. Kpim mporo, Bukonanus R3(iii) sunimpae 3 HacTymHnx
CHIBBIJHOIIIEHD:

T4
dap-s3ar—1:7(0°) Ve T O(T?) — o
0 0y 2 012 0)2\74 ’
daje—3,7(0°)dgj—1,7(0°) /T7 N 0(1)\/((Ak) +E(in) i O(T?)
T4
da—3.46:7(60°) Ve T O(17) B

0 0 0\2 0y2 4 ’
dyp—37(09)dy.7(6°) o) \/<<Ak> HBDIT | o(72)
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da—2.45-1.7(60°) _ % + o) = O(T™);
0 0\ o 012 0)2\74 - ’
dap—o.7(0°)dy—1.7(6°) Ty O(l)\/((Ak) +éBk) T o(T?)
T4
dap-24r:7(0Y) T o) = O(T™hy;

0 0) 5 0V2 (B0)2)7T4
d4k—2,T((9 )d4k7T(6 ) T7 + 0(1)\/((Ak) +(Bk») )T + O(T2>

dap—3.4k—1.7(0°)

-1
dap—3.7(0°)da—1,7(6°) B T; +O<1)\/((A2)2+é32)2)T4 +O(T?) =0
dag—145-1:7(60°) _ (A Ja(fk) =+ O(TY) —o(T "
a1 7(0°)dyz_1.7(6°) ((A2>2+é32>2)T4 +O(T?) ’
dap et (09) B ((A2)2+1(532)2)T6 +O(TY _ o
dagr(0°)dap,r(0°)  WADZEBIITE | o (72) |
T (09 U 4 o) -

dige—1,7(09)duo r(6°) ((A2)2+éBE>Q)T4 + O(T?)

Takum quHOM, Jijisi TpUroHOMeTpuaHOT Mogesi perpecii (1.1)-(1.3) ymosy R3
BUKOHAHO.
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3 AcuMnOTrorTndyHa €AWHICTL OIIHKMN HaMEHIINX
KBaJIpaTiB

[lo3nauumo

T T
Jr(0) = (ar 0y, Jar(0) = d7(0)d (0) / / gi(tr. t2; 0)gu(t, t: 0)dby s,
0 0
(3.1)

Amin(A) (Amaz(A)) — najimenine (Haiiblibiie) BiaacHe YUCIO JIOJATHO BU3HA-
yeHol MaTpuil A.

RA4. Jlna nesxoro A\, > 0 mpu T > Ty
Amin(JT(0)) > A (3.2)

Posryisinemo nHopmoany OHK

wp = wr(0) = T~ 'dr(0)(r — 6), (3.3)

AKiit Bijnosigae samina sminanx w = T dr(0)(7 — 0) y dbynxuii perpecii Ta ii
MTOX1JTHIX.
Bsesgemo nosnauenns

g(tlutl;T) - g(t17t270 + de_’l(e)w) - f(tlth;w)a
gi(ti, t; 1) = gi(t1, 12,0 + Tdy' (O)w) = filta, ta; w), (3.4)
gu(tr, t1;7) = gu(t1,t2;0 + Tdy' (O)w) = falty, ty;w), i,l =1,q.

Takoxk 3anumnemo

F(t1,to;wr, wa) = f(t1, ta;wr) — f(t1, ta; wa),
Fi(t1,to;wy, we) = fi(t1, to;wr) — fi(ty, to; we),
Fu(ty, to; wi, we) = fu(ti, te;wr) — ful(ty, to; we), (3.5)

T T
Py 7(w,0) = / / F3(t1, to;w, 0)dtydts, i,1 =1,4q.
o Jo

Hawm norpibna HacryiiHa yMmoBa

R5. st gesikoro rg > 01T > T(rg) >0

7 t 7t ; 7 — .
() sup filty, b w)] <ki(ro)T7, i=T1,¢; (3.6)
(t1.4) €0, T2, weve(ry)  diT(0)
) t 7t ; 7 - .
(ZZ) Sup ’fl( L2 w)‘ < kil(TO)T 17 Zvl = ]-7 q; (37)

(ﬁl,tg)E[O,T]Q,U}EVC(To) le;T(e)
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(iid) sup T2d2(0)di2(0)Pir(w,0)|w]® < ka(ro), i,1 =T, q. (3.8)
weVe(rg)

Posriisinemo inTerpad

—T / / tl, t2 (tl, tg; w))thldtQ = %QT (9 -+ Td}%@)w) (39)

1 floro rpajienT

Ma(w) = (Mir(w))" 1—(aii(%QT(HJer}l(@)w)))q _

1=1

. t 7t ; e
/ / t17t2 (thtz;w)) fc(l;(;) w) dtldtQ) e

Toi mHopmoana OHK wp 3a/10B0/1bHSIE CHCTEMY PIBHSIHD

Morp(w) =0, (3.10)
Hacrymra ymoBa € yMOBOIO €/1aOKOT KOHCHCTEHTHOCTI HOPMOBAHOI OI[IHKH W7 .

C. Ina 6yap-sikoro r > 0 P{||wr|| > r} = 0, T — oo.

Teopema 3 Hexat sukonyromoca ymosu N, R3(iii), R4, R5, C. Todi nopmosa-
na OHK wy 3 dmosipruicmio, wo npamye do 1 npul’ — 00, € edurnum po3s’azkom
cucmemu pishans (3.10).

HoBenenns. Posrsinemo jioBinbuuii esement marpuii Tecce inrerpadna (3.9)

H(w) = (Hp(w);,_, :

Hiw) = 5.0 (3000 + Tz ) =

_ w — fulti, ta;w) o
=T //( (t1,t2) — f(t1, a3 w)) L@@ | T

| _ _ T T
+fz(t1,t2,w)fz(t1,t2;w)T2>dt1dt2:/ / (F(t1,t2;0,w) + &(ty, t2)) x

dir(0)dir(0)

— fu(t1, to; w) / / fi( t17t2, w) fi(ty, to; w)
X dtidty + dtdt
A (0)dir(0) © (0)dyr(0) 1

T T
fir(ty, to;w / / le 751, 2, W)
- F(ty, ta: w, 0 dtdt e(t, t2) dt dty+
/0 /0 (t1, 10 )dZ )iz (0) 1dte — 1,19 ~(0)dr(0) 1dts
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+/T /T (filt, ta; w) = £t £ 0)) (hiltr, faiw) = filtr, 250)) by oy

d 7(0)dir(0)

(fi(t1, t2;w) — fi(t1,2;0)) fi(t1, 125 0)
/ / Tr(8)dir(0) Atz
(fi(t1, ta;w) — fi(t1,t2;0)) fi(t1,t2;0)
/ / Tr(8)dir (0) dhdlzt
fz t17t27 fl t17t270) _
/ / R
= [ (w) + L(w) + I3(w +]4( )+I5( )+ Jar(0), i,l=1,q. (3.11)

BacrocoByioun uepisuicTh ( [25], ¢. 103)

[ Amin(H(w)) — )‘mm(JT(eO))‘ < qlin%i( ‘Hzl w) — JihT(eO) 3 (3.12)
3HAXOJUMO
5
B 0
Jmax | Ha(w) — Jur(6°) ] gnzlxi(qH (3.13)
3a ymoBaMu TeopeMu Jiist Hw|| < rg
fiz(t1,t2;w)
[ t t dtidto] <
’ 1 17 2, W dT(Q)le(Q) 1wt >
Ju(t, t2;w) 27 F 2
< T? sup F(t1,to;w,0 < Tk (ro)kygT =%
i [t O gy | < T o)
X sup  |F(t,to;w,0)] < kiky  sup | f(t, to;w) — f(t1,12;0)| =
(tl,tg)E[O,TP (tl tg) [0 T]2
A~ tlatQa Ektlt2> &y
= kiky Sup wz‘ < Kkl x
(t1,t2)€ le )
q f(t w2\
I\t1, l2; W 2 s 7
X sup (—) wl|| < (|k(ro)| - ki - ki - [|w]|,
(121: e o @ ) [Jwl] < [|&(ro)]] Jw]]

(3.14)

~

k(ro) = (ki(ro), . ky(r0), llwfll < Jlwll, (ta,t2) € [0, TT.

SanuiemMmo
le t1,to; w)
I _‘ £(th, t2) dt dt’:
(w)| // ) P s

zl t1,t2,w 0) / / le t1,t2,0)
= t t dt dt t t dt1dts| <
‘/ / 1,12) 2(0)d(0) 1aty + 1,t2) (0)dr(0) 1ata| <
< | Ig(w)| + |I7(w (3.15)
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3a nepisnicTio R5(iii)

ztl tQUJO
I _‘ ety o) 2 dtdt’<
|6 | / / 1,02 H)le(Q) 1Wi2| >

1/2 B0, 0) 1/2
< T‘Q/ / E2(ty, to)dt dt | 2 <
< ) Jy St B (0)T,0)
T T 1/2
§<T2 Iy s2<t1,t2>dtldt2) (o) ol (3.16)
0 0

Kpim 1poro,
_2/ / EQ(tl,tg)dtldtg) =
0 0

T T
2/ / (52(t1,t2) N EgQ(O,O))dtldt2 4+ E52(0,O))1/2 _
= (& +E£2(0,0))",

E& =T //// (E&%(t1,t2)€% (51, s2) — (E€%(0,0))%)dt1dtadsids.

[Tokaxkemo, 110

E& —0, T — oo. (3.17)

3a ymoBu N ta hopmynn Icepitica
E€2(t1,t2)€2(81, 52) - (E 82(0, 0))2 = 232(t1 - Sl,tg - 82).

Hexait Bukonano ymosy N(ii). 3a reopemoro Jlebera nmpo maxkoposaty 306i-

JKHICTD
/ / / / tl — 51, tg — Sg)dtldtgdsldSQ

t1] t
/ / | ! |;‘>BQ(t1,t2)dt1dt2 —

— B (tl,tQ)dtldtz, T — oo,
R2

10070 (3.17) Mae Mmicre.
Hexait Bukonano ymoy N(i). Tosi Tak camo, sk 1 B 10BejieHH] TeopeMu 2, Mu
OTPUMYEMO

/ / |t1 |§‘)BQ(HtH)dt1dt2 = O(BX(T)), T — o0,
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i (3.17) BUKOHYETHCSI.

[Tosuaunmo & = 0](91)(1) 50, T — o
AKI10 BUKOHAHO YMOBY N(ii) 3 BUKOpUCTaHHsSM ymMoBu RS orpumyemo

le t17t270) 2
E| L (w)]? = E( £(t, b) dtydt ‘ <

2
fiu(ti,t2;0)
Ec(ty, to)e(s1, S2)|dtrdtads ds su <
[ / (Eelin f)2(on o) dhadtads, << S e dir (O)dir (0
S (:IACZ'[(T()) . ]NCZ'[)QT_ZL/ / / / |B(t1 — Sl,tg — 82)‘dt1dt2d81d$2 S
o Jo Jo Jo

< T_2 ‘B(tl,tg)utldtg — O, T — oo.
R2

3a ymosu N(i) ne maremarudne crojgiBants, sik OyJo MOKa3aHO B JIOBEJICHH] Te-
opemn 2, € Besmaunoio O(B(T)). Takum unnowm,

I (w)] = 0o (1) 50, T — oo. (3.18)

Maemo jaui

T T
(fi(t1, to;w) — fi(t, 25 0))(fi(t1, ta; w) — fit1,12;0))
Iy(w)| = ‘/ / dtydty| <
| 3( )’ dzT(Q)le(Q) 1462
|f23<t17t27w1 it ))| |f18(t17t25w;(t t ))|
<T! sup 2 sup 22t dty ¥
;; e dir(0)dir(0) @ meprp  dsr(0)dir(0) o
q

a |fi'(t1?t2;w>1kt i)l dijr(0)
wil - Jws| < T* u ] I
<ol o T3 Lr®)  da(0)d;r(0)

|fls (tb t2; wg(ﬁ@))‘ - dl&T(Q)

X o sup diydty - |wj] - Jws| <
(t1,t2)€[0,T)? dls’T(Q) dsr(0)dir(0) 1dty - | j| |ws|
q 1/2 q 1/2
(Z kls TO kls)2> (Z (kij(ro) . kij)2> HUJH2> (319)
s=1 j=1

107y il MW, ol < Hlwll, (1,2) € [0, T2
a ymoB Teopemn R3 Tta R5 orpnmyeMo Takox, 1110

(fit1, to;w) — fi(t1,t2;0)) fi(t1, t2;0)
— <
i)l = ‘/ / d2(0)dir (0) dtidty| <
‘fw(tlvt% (t t ))l dT((9> fl(tl tQ'O)
<713 w sup - L — =<
Z' b T dr0) de(0)di(®)  dir(6)
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1/2
< ha(ry) (Z(/%im - 7@)2) el (3.20)

1/2
|15 (w)] < ki(ro) - (Z(/%zj(ro) : %‘)2) lwl]. (3.21)

Dinajbauil eran joBejieHHs TeopeMu 3 criBnajae 3 Mipkysanusamu B [10, 11],
1 MM TX HABOJAMMO TLJILKM JiJIsl [IOBHOTH BUKJIQJIEHHsI MaTeplaJly.
Otke, BpaxoBytoun orpuMani repisrocti (3.12)—(3.21), maemo

[ Amin(Her(w)) — )‘min(JT(eo)” <

< ¢ max <|ic<ro>| e -l + (o (1) + E€2(0,00) (k) - lwll+

1<i,l<q
. 12 , 4 1/2
+O]()2)(1)+(Z(kls(7“0 kls > <Z il 700 Zj ) HwH2+
s=1 7=1
. 1 . L o172 a 1/2
o) (2 (kig(ro) - iy)”) - loll + katro) - (D2 (ko) - Rg)) - ).
(3.22)

[Tincrasasioun B (3.22) wHopmoarny OHK wp, Ta BpaxoBytoun, 1mo 3a ymo-
Bu R4 JT(GO) — J0JIATHO BU3HAYEHA MATPUIA 3 MIHIMAJbHUM BJIACHUM YHUCJIOM
Anin (J7(0°)) > Ai, juist gesixoro r > 0 po3riIsHEMO TIOJIHIO

2NN = {|oP )] <r o] <r. i) <r} c

& M) = Ain (I (0))] < 22} =
= (a0 = 5 < A (i) < A (T8 + %} c
C {Amin(HT(UA}T)) > Amin (J7(6%)) — %} { min(Hr (7)) > %}

Haui, orpuMmyeMo

P{OQ1 N QN Qs} < P{Q1} + P{Qs} + P{Qs} =
= P{‘olgl)(l)‘ > 7“} - P{‘oz(f)(l)‘ > 7“} + P{H”&)TH > fr’}.
Hns nosinbroro € > 0 gna T' > T
€ 3
P{’ol(,l)(l)’ >r} < 3 T2 P{}ol(f)(l)} >r} < 3
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Toui, sixmo g T > Ty P{||wr|| > r} < £ 3a ymosn C, 10
P{!oé”(l)! >r}+ P{’og)(l)’ >r}+ P{|jur|| >r} <e,

a, oTxKe, g 1" > Ty
P{leggmgg} >1—c.

Lle oznauae, o nopmoana OHK wyp 3 iimoBipHicTIO, 1110 Tipsimye jio 1 mpu 1" —
00, € €IMHNM PO3B’si3KoM crctemu piBHstHB (3.10), ockinbku marputst Hy(wr) €
JI0JIATHO BU3HAUYEHOIO, 1 dyHKionan (3.9) mae equum ekcrpemyM (MiHiMyMm) B
TOYI W7 ]

BayBaxkennsd. Ocxinvku —T 1@ (ir) = Mr(wr) = 0, de wr = T Yy, dr =
dr(0) (07 — 0), mo iz cdunocmi ovinku Wy 6 xyai V(r) 3 eeauron tmosipiicmio
npu T > Ty daa deaxozo v > 0 sunasusae edunicms OUIHKY U 3 MAKON HC
tamosipruicmio daa T > Ty 6 wyat V(Tr).

[TepeBipumo BukoHanust ymoBu RS jij1s po3riisijiyBaHOT HaMu (PYHKIIIT perpecii
(1.2), (1.3).

st Bunajkis, komu ¢ = [ = 4k—3, 1 = [ = 4k—2,ab0 1 = 4k—3, | = 4k —2,
abo 1 =4k—2, | =4k -3, gl(t—1,t2;0) =0, ne k = 1, N, i Bukonanns R5(iii)

€ O4YeBUJHUM.

Hnst Bunajkis, ko ¢ = 4k — 3, | = 4k —1r1a 1 =4k — 1, | = 4k — 3,
k = 1, N, BUKOPUCTOBYIOUHM IOIEpPE/IHI 00UUCIEHHs 1 Oepydu JI0 yBaru, imo w =
(U)l, W2, W3, W4, . . ., W4N -3, W4N -2, WAN -1, UJ4N), Ma€eMO:

T2q)le(w 0) 5
i(ty, tosw) — falty, t2;0) ) dtydty =
dfTw)d%T(e) dfT dgT / / falty, to;w) — falt 20)) \dts

dQT dip (0 / / <_t1$m (N + Tdy (@) wag—17)t1+

—|‘( . + Td4k;’T(0)w4k,T)t2) + tlszn()\ktl + ,uktg)) dt1dts <

AT? SRS 1 1
< d2 d2 / / tisin _(lek_lw%—ltl + Tde; w4kt2)dt1dt2 <
zT ZT

477 - ~ 2
-~ d2 d2 / / t2 4k 1w4k_1t1 + Td4k1w4kt2)> dtldtg S kZleHQ
’LT lT

Awnajioriuno, juist BuniaJikis, kojau ¢ = 4k — 3, | = 4k ra 1 = 4k, | = 4k — 3,
k=1, N,

T2 (I)le(w 0) / / 9
fulti, to;w) — fu(ti,te;0) ) dtdts =
B0~ EOED (0 :0))
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dQT( dZQT / / ( — thln(()\k -+ Td4k 1 T<9)w4k—1,T)t1+

2
(1l + ngk{T(e)w%,T)tQ) + tosin(A\t; + p2t2)> dtydts <

4 T 1
< d2 dQ / / t%SZ.n2—(Tde1_1w4kf1t1 + Td;klwglktg)dtldh <
ZT ZT

4T2 -1 2 2
< d2 O 752 dyt wae 1ty + Tdy, w4kt2)> dtidty < kil|w]||*.
(0

Amnajioriuno, jajist Bunajxis, koqn ¢ = 4k — 2, =4k —1T1a1 =4k —1, [ =
4k — 2, k=1, N,

T°®; 7(w,0) 1?2 /T /T 2
= fil t1,to;w) — fulty, t2;0 ) dtidty =
TG0 OO (o) = full, 1:0)

dIQT / / (thOS )‘O + Tdy  p(0)wap 1 1)t +

2
+<u2 F T O wnr)te) — teos( + i) ) dtdsy <

4 o1, B
S d2 d2 / / t%San—(lelklilwzyﬂ_ltl + Td4k1w4kt2)dt1dt2 S
ZT lT

472 - - 2
>~ d2 d2 / / tz 4k 1w4k_1t1 + Td4k1w4kt2)> dtldtg S klleH2
zT ZT

Amnastoriano, st Bunagkis, koun ¢ = 4k, | = 4k — 2 ra 1 = 4k — 2, | = 4k,

k=1,N,

T? (I)le(w 0) / / 9
( t 7t W i t ,t ; dt1dto =
E(0),(0) dgT d;T falti,toiw) = fa(tr, 12:0) ) dtudts

dQT(H )dir(9) / / <t2608((>\0 + Ty (@) wa—1 )b+

2
+(M2 + Td4k17T(9)w4k7T)t2> — tQCOS()\ztl + M%tg)) dtldtg S

AT> L PSS 1 1
< 2 (0)d2( / / tysin —(lek_lw%—ltl +Tdy, w4kt2)dt1dt2 <
ZT lT

4T? B 2 ,
~ d2 d2 t2 4k 1w4k 1t1 + Td4k w4kt2)> dtldtg S k)lleH .
ZT lT

s punajgky, koo ¢ =4k — 1, =4k —1, k=1, N,
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T2(I) _ _ w, O .
42211117%;(’?)( dik 7(0) / / t <A’”~COS +Td4k1—1,T(9)w4k—1)t1+
-1, 1

() + Td4k7T(9)w4k)t2) Adcos( Aty + pits)+
+Bysin ((A% + Ty p(0)was—1)t + (pp + lekl,T(9)w4k)t2) -

—Bsin(A\)t; + pits)+

“‘lekl—37T(9)w4k—3 ' 005(0\2 + TdLIkl—LT(e)w% Dt + (g + Tdy, T(H)w4k) +
2
+Tdy 7 (0)wap—s - sm((Ag + Ty 7 (0)war—1)t1 + (g, + Ty () war )t ) X

thldtzg
< / / (1A +1BY) - (Tdzl fwasalts + T wuelta) +
4k— 1T
2
FTd 7 (0) wiss] + Tdyl sy (0) waso] ) “dirdte

Buxopucrosyioun nepisnocti (a+b+c)* < 3(a?+b*+c?) i (a+b)? < 2(a® +b?),
3HAXOIUMO

T?®y—1 45—1,7(w, 0) T

< 6(]4%) + |BY 2(—\w4k_1|2+
& (0 14+ 15\ 52—
+ T12 | |2) + 1 Tl() | ‘2+
W4k - W4k—3
2P, 0T 1 (0) 2T 0By 1 (0)

1 TlO
+=
2 djllk—l,T (Q)dik—lT (8

Amnajtoriuno, jjs Bunajky, Koau ¢ = 4k, | =4k, k=1, N,

)\w4k_2\2 < k4k—1,4k—1||w“2-

LY 0)
411 Ak T(w : / / t4 (Ak:COS —|— szkl_l 7(0)wap—1)t1+
d4k,T(Q) d4k T ’

(g + Ty () war)ta) — Ajcos( Nty + pipta)+
+B,23m<(/\0 +Tdy, 7(0)wag-1)t: + (uy + Tdy;] T(Q)w4k)t2) —
—BYsin( AVt + pite)+

+Tdy, 5 7(0) w3 - cos ((/\2 + Ty p(O)wae—1)t + (), + Tdy, T(e)w%) +
2
+Tdy, o (0) w2 - sin(()\g + Ty 7 (0)war—1)t1 + (g, + Ty, () war )t ) X

39



X dtldtg S

T T
| 040+ 1B2) - (g wncales + Tdidwult)+
0 0

>
d4k,T

2
+HTdy g 7 (0)wa—s| + Tdizjg,T(eﬂwzlk—z\) dtidty <

T12 ) T12 )
A0+ |BY ( g +—!w4k\)+
<6 N sz oanm Hd, )
1 TlO 1 TlO

+ [ wap_s3|® + = lwap—o|* < kagear||w]?.

2dj, 1 (O) 331 (0) 2dy, () dy s 1 (0)
[, naperri, jist Bunagky ¢ =4k — 1, [ =4k, a1 =4k, [ =4k — 1,k =1, N,

leifil;(lg)kdgij(g)) o o dik 0 / / tits (Akcos (W + lekl_LT(@) X
XWyp_1 )t + (U + Td4kT(9)w4k)t2) AVcos( Aoty + pita)+
—|—Bksm<()\ + Ty | (O)wa 1)t + (1) + Td%{T(e)w%)tz)_
—Blsin(ALt + pite)+
+Tdy! g 1 (0)wap—3 - cos <(A2 + Ty p(O)wap—1)ts + (up + Td;k{T(e)w4k)t2> +

2
+Td2k1,27T(9)w4k—2 . sin(()\o + Td4k ) T(@)w4k—1)t1 + (1 + Td;kl,T(Q)w4k)t2)> X

X dtldtz <

< / / 863 (1430 + 1BY) - (Tdgt slwwelts + T wals) +
4k— 1T 4kT

2
+Td2k_3,:r(9)\w4k—3| + Tdel—Q,T(QHw‘lk?‘) dtidty <
T12 T12
149+ 1BY) ( gl + \w4k\2)
<6048+ 1B 53 0,0 2, O],
3 TlO 3 TlO
1A 2 2 |wag— 3| + =5 2 2
16 d4k—17T(9)d4k,T(9)d4k—3,T(9) 16 dy,. 4 (9)d4k,T(9>d4k—2,T(9)

< kg pax||w]*.

\w4k—2|2 <

+

Bukonanns wepisnocreit R5(i) i R5(ii) nepesipsierbest ananoriano nepesipii
sukonanms ymos R3(i) i R3(ii) momepeannoro posiy.

Jr(0) nnst rpuronomerpuunol dyskii perpecii (1.2), (1.3) 36iraerbest 10
OJI09HO-/[IarOHAJIBHOT MaTPHUIll 3 OJIOKAMHI
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_ . . B B -
VA(AD)2+H(BY)?) /3 A/4((AD)?+(BY)?)/3
0 1 4 A
J = o 0 VAAD)2+(BY)?) /3 A/4((AD)?+(BY)?)/3
k — Ay 3 ’
VA(AD2+H(BD?) /3 /4((A))2+(BY)?)/3 L 4
By — A} 3 1
| VA(ADPH(B)?)/3  A/A((AD)2+(BY)?)/3 4 i
k=1,N. (3.23)

Bactocyemo kpurepiit CiibBecTpa JIJIsl IepeBIPKHU JI0aTHOI BU3HAUEHOCTI Ma-
tputli Jr(0). JocrarHbo nepeBipuTu yMOBYH KpuTepito jijist 00Ky Ji. OdeBu/iHoO,
miropu A1 > 0 ta Ay > 0;

B (A0)2 + (30)2 B 1 .
A=l g s 1
71 (A)P+(B)? 1

YTI6 2 (A2 (BY3 16 0.

TakuM uuHOM, BCi roJioBHI MiHOpHU J) cTporo nojaTHi i, 3a Kpurepiem CiibBecTpa,

MATPHUIIS € JIOJIATHO BU3HAUEHOIO. 3 I[LOI0 BUILINBAE, 110 icHYyE Jesike 1{ Take, 10

s T > Ty maTpuis JT(QO) € JM0JIaTHO BU3HAUYEeHOI0, 1 ymMoBy R4 BHKOHAHO.
st rpuronomerpuanol Mogedi (1.1)-(1.3) 3a npunymennasimu N, R1, R2 Hop-

MOBaHa OIHKA W7 CHJILHO KOHCHCTEHTHA (Teopema 1), i, 30KpeMa, YMOBY CJIabKOl

kKoHncucreHTHOCTI C BHKOHAHO.
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4 AcuMnToTmyHa HOPMAJILHICTH OIIHKM HaiiMeH-
IMNX KBaJIPaTiB

B 1poMy posjil Mu JIOBOJIMMO TeOpeMy IPO aCUMITOTHIHY HOPMAJIbHICTH
OHK 67 B cenci OBHAYEHHs 2 1 3aCTOCOBYEMO T1 Jijisi OTPUMAHHS ACUMIITOTHIHOL
HopmaJsibnocti OHK 67 mapamerpiB TpUroHOMETpUIHOI MOJIE.

Posruisinemo Hediniiiny Mojesb perpecii (2.1) ta BBejeMoO CiM'I0 MaTpUIHUX
Mip vr(d\, du; 0) na (R?,8), ne B — o - anrebpa Gopesesux mipvuoxun R?, 3
MaTPUIHAMU MJIHLHOCTAMA

( (>‘ N?e)) A=’ VT(A ;L,Q)

~1/2
| - | ) ,
= g (A, 13 0) g (X, 1 9)(/2 g7 (A, 12;0) | dAdM/Q |97 (A, 15 0)] dAdu) ,

)\ :ua / / i1 Fptz) t17t279)dt1dt27 ]7l =1 4.

BsesieMo yMOBY

R6. Civ'st mip vp(dA, du; 0) cnabko 36iraerbest ipu T — 00 JI0 JOJIATHO BU-
3HaYeHOT MaTpuaHOTl Mipu v(d\, du; 0).

YmoBa R6 o3nauae, mo s Oyjib-AKOI OOMEXKeHOI HerepepBHOI (DYHKITT
a(\ 1), (N, 1) € R?,

/ a(\, pvr(dX, du; 0) — [ a(\, w)v(dA, du; 0), T — . (4.1)
R2 R2

3a ymosu N(ii) cuexkrpaibhia miibhicts f(Ar, A2), A = (A, A2) € R? sunasko-
BOT'O HOJISL € € OOMEKEHOIO 1 HemepepBHOIO byHKIeo Ha R?, 11 gKOI BUKOHAHO
(4.1). Opniei ymosu N(i) we Bucravae jijisi TOro, 1mobd roBOPUTH PO ICHYBAHHS
CHieKTpaJibHOT TibHOCTI f, jyist sikol cripaBejyiuse (4.1). ¥V 3B's3Ky 3 UM HaM
norpibHa JiogaTKOBa yMOBa (JiMB., HApUKIal, podborn [26,27]).

NS. Bunasjkose nose £(t), t € R%, mMae crnexTpanbHy HILHICTE

P Aa) = F(IM) = el () (4.

(2za
ae cla) = #{2(9))7 a € (0,1) i cuiBuagae 3 o 13 ymosu N (i), Ly — JoKasbHO
2
oOMerKeHa, TTOBLIBHO 3MIHHA Ha HECKIHIeHHOCTI (DYHKIS Taka, 1m0 f HenepepBHa
B koxkHift rouri miommun R*\ {0} i f(||A]]) 1 oo npu ||A]] — 0.

42



Oyukiii L 3 ymosu N (i) ta Lg 3 ymosu .S, B3araji KaxKydu, pi3hi, ajie BOHHU
eKBIBaJICHTHI Ha Hecimdennocti [27]:

lim L(r)

= 1.
r—00 LS(T)

B posuiii 5 poboru [28] posriisinyTo jieKijabKa BIJIHOCHO TIPOCTUX HPUKJIAJIB, Jie
BIa€ThCsT 1BHO 3anucaru ¢Gyukmil L ta Ly 3 ymos N(i) Ta NS.

Oznavends 3 Mipa v(d\, du;0) nasusaemocea cnexkmparvroto Miporo Gynkyii
pezpecii g(t1,ta;0) abo, wo me oic came, CNEKMPaILHON MIPOO BEKMOP-PHYHKYiT

Vg(tl, tQ; 9) /8]

Orxe, 3a ymoBu R6

/Rz vr(dA, dp; 0) = (le,T(‘g))j;z:l = Jr(0),

i komu T — oo, To Jp(0) — J(0) = v(R?0) - nojarHo BU3HAUEHA MATPHIISL.
Takum yunom, 3 ymosu R6 BuiinBae ymosa R4.

Oznavenns 4 [29] Cnexmpasvra wisvnicms [ 6unadko6o2o noat € Ha3U6aGE-
MbCA V-NPUNYCmumoro, AKUL0 6OHA THMEZPOSHA 34 MIPOIO UV, MOOO 6CL eAeMeH-
mu Mampuii ngf()\l,Ag)V(d)\l,d)\g;Q) HAOYBAIOMb CKIHYEHHUT 3HAYEHD, Ma
ona Pynkuit a = f euxonyemoca (4.1).

Teopema 4 Hexati sukonyromoca ymosu C, R3, R5, R6, N(ii) abo NS, npu-
womy 6 Opy2omy BUNAIKY CNEKMParvha wgAvhicms f e v-npunycmumoro. Todi
ouinka Uy = dp(0)(0r —0) acumnmomuuno HOPMaILHA 3 HYALOGUM CEPEONIM M
KOBAPIAULTIHOI0 MAMPUUEI0

-1

16) = P ([ vanamo)” [ roummanamo( [ viinauo)

(4.3)

HoBenenns. Bukopucroytouu Beejieni paniine Bekropu (2.7) ta cucremy (2.10),
4 TAKOXK MO3HAYCHHS
gty t2;0)

[
T le(Q)

OTPUMYEMO, 1110

T T q
Lgp(u) = /0 /0 (6(t1, tg) — Z blT'U/l)bdetldtQ = 0,
=1
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TOOTO

T T
/ / E(tl, tQ)bdetldtQ =
o Jo
q T T q -
= Z bz:r/ / birbirdt dtau; = Z Jur(@)w, i=1,q.
=1 0 Jo =1

TaxuMm 9MHOM, OTPUMYEMO CHCTEMY PiBHAHD BITHOCHO U:

T T
JT((9>U = d;l / / €(t1, t2)vg(t1, tg; Q)dtldtg.
0 0

3BIJIKK OTPUMYEMO

T T
ir = J ' (0) /O /O e(ty, ta)d  (0)Vg(ty, ta; 0)dtydty = J7(0)(r, (4.4)

icnypanns Jo.'(0) sursmsae 3 ymosn R4.
Bunajikosuit Bekrop tUr acunrorudno Hopmasbuuiit N(0;v(0)) upu T — oo,
1e v(0) 3amano dopmyiowo (4.3). Kosapiamniitna MaTpuiis BeKTopa iy Ma€ BUTJIST

Y = Jfl(ﬁ) - 03.(6) - JT_l(Q), (4.5)
e 04(0) — kosapianiitna marpuns sekropa Cr. Hpu T — 0o
Vr(0) =

-1

= np( [ n@nauo) [ sovwuinaso)( [ vranduo) -
(27r)2</IR{2u(d)\,du;9)>

-1

[ st / A dp6)) =)
(4.6)

Hacryuni mipkyBanHst 110BTOpIOIOTH MipKyBatHs pobir [10,11], 1 ix HaBejeHO
TIILKY JIJIsI IOBHOTY BUKJIAJCHHS JIOBEJICHHS TeopeMu 4.

Hogsejemo, 1o dyukiis po3uoiuny Fr(yi, yo; 0) BUIAIKOBOIO BEKTOPY U =
dT(Q)(éT — 0) s6iraerbest pu T — 00 710 raycciBebKOl (bYHKIHT pO3MOJILITY
Do (0) (Y1, Y2). dutst 11b0ro 1okaxkemo, 1o s J0BiabHoro 1 > 0

Ap(r) = P{|lar — ar|| > 1} — 0, T — oo (4.7)

Banumemo mogito Ap = {ur € V(R — )}, ne R rake, mo jais T > Ty,
3aBAKHM ACUMITOTHYHIH HOpMabHOCTI G, BuKonyerhes P{Ar} < s,aee>0-
dbikcoBane gK 3aBrOJHO MaJie YUCTO.

Takoxk BBeIEMO TIOIII0

Br={ sup |[|Jz(6) - (Pr(u) — Lr(u))l| <r}.
ueVe(R)
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3 Teopemu 2 (peaykuil) BurmBae, 1o st T > T

P(Bry={ s [7(0) - (Vr() — La(u))] > 7} <

< P{aelJ70)) - sup [0 (u) = Li(u) | )r} =
ueVe(R)
1

< P{ sw [¥r(w) - Lr(w)]| > Ar <

< £
ueVe(R) 3

Kpim nporo, posrisinemo nogio Cr, sika nojsirae B Tomy, 1mo OHK 47 e eau-
HIM PO3B’AI3KOM cucTeMn pisHanb (2.8), 10 Toro x, ana T > Ty P{Cr} < £ 3a
TEOPEMOIO 3.

Otrpumyemo, o jisa 1 > Tj

P{ATﬂ BTﬂ CT} Z 1—-e. (48)

Maemo jasi
T T
-1 -1 q
Jr(O)Lr(w) = J7 (0)( / / (b1, 1) - bir(O)ddts) —
0 0 =

q T T q
2O)(Dw /0 /0 blT-biT(Q)dtldtg)i:1 -
=1
q
= @T - JT_l(Q)(ZUl : Jil,T(9)>j:1 == ﬁT — Uu.
=1

Ak nopist Ax N By N Cr sigbynacs, To st u € VE(R)

lu+ T2 (0) Pz ()| = lu + J(0) (Y (u) — Lr(u)) + Jz ' (0) Lr(u)l| =
= llu+ar —u+ J3 ' (0)(Pr(u) — Lr(w))|| <
< llarll + 1771 (0)(Yr(u) — Lr(u)| < R—r+7r =R,

To610, Fr(u) = u + J5(0)¥r(u) — nenepepsue Binobpaxenna VC(R) B V¢(R),
Host osegiennst (4.7) BukopucraemMo Teopemy Bpayepa 11po HEpyXOMy TOUKY.

Teopema Bpayepa. Hexati F' nenepepsne sidobpascenns VE(R) 6 cebe. Todi
icnye xg € VE(R) mare, wo F(xg) = .

Bacrocyemo j1o Frp(u) HaBezLeHy reopemy. OTpuMaemMo, 1o 1CHye TOUKA U €
V¢(R) raka, mo Fr(u}) = u}, abo, saBjsaku HeBI/IpO,D;}KeHOCTl JH(0), Ur(ul) =
0. 3aBsKu BukoHanuwo noii Cr, €juuum poss’sa3KoM cuctemu pistustib Wr(ud)
0 B kyui V5(R) e nopmoBana OHK 4p.
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OT}Ke, {AT N BrN CT} C {ﬁT € VC(R)} 1 P{’LALT € VC(R)} >1—c. SayBa—

KIMo, 110 3 (4.8) BUIIMBaE

1 — ¢ < P{{ar € VS(R)} N Br} =

—P{{aTew(R)}m{ sup |JT1<0>-<@T<u>LT<u>><r}}<

ueVe(R)
< P{|l7"(0) - (Pr(ir) — Lr(ar))l| < v} = P{|Jz"(0) - Lr(ar)|| < v} =
= P{|ar — ar| < r}. (4.9)

Orpumyemo, 1o (4.7) sutuiusae 3 (4.9). [oznaanmo
H(—oo;y:l:g) = (—oo;y1 £€) X -+ X (—o0;y, £¢€), € > 0.

Bpaxosytouu (4.7), orpumyemo st dyuknii posmnopiny Fr(y,0) = P{ur €
[T(—o0;y)} aust Oyip-sikux y € RY ta josisbHoro € > 0

Fr(y,0) > P{ur € H(—oo;y — &)} — Or(e), (4.10)
Fr(y,0) < P{uar € H(—oo; y+8)}+ Ar(e). (4.11)
Ak Oyno joBejieHo paniiie, s jgoBlbHuX Yy € RY ¢ > 0
[Plir € [[(—00iy £8)} — @oqpip(y £ €| =0, T — oo (4.12)
Hexait ¢(y,0) — raycciBebka IMIBHICTD, MO BiamoBigae (DyHKIHT pO3MOILTY

(I)O,V(O)- Ockinbku >\mzn(7(9)) =A> 0, Amam(v(e)) = X < 00, TO

p(y,0) < (2mA) 792 - exp {%} = o(llyll)-

Hust A € BT (B? — g-anrebpa Gopeseux miaMuokua R?) ta € > 0 nexaii
A, = RY?: inf ||z —
e € RY: inf flo —y] <e},
A, =R7\ (R?\ A,).

dkmo A = [[(—inf;y), o A_. = [[(—inf;y — &), i (J[(oco;y + &))_c =
[[(—o0;y] = A.

Haui wHaM 3ua00MThCst HacTyHA TeopeMma [30).

Teopema. Hexaii 0 — nesid’emna dupepenuitiosna gynxuia na [0,00) maka,
U0

W= [ O < oo
2) lim o(\) = 0.

A—00
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Todi dan dosinvroi onykaoi muoostcunu C' € BL ma dasa dosiavnux €,0 > 0 mae
MICUE HEPIBHICTND

q/2

2w
/06\05 (I < brs(e +0).

BacrocoBytoun HasejieHny reopemy 110 o(||yl]), mist Oyib-sikoro ¥ # 0 orpumy-
€MO

9 7ra/2

@00 (y) — Poqey(y + )| = /HSD(?J, 0)dy <b- (F(q/Q)) -], (4.13)

A\ Ay, skio P < 0.
st Oyjb-sikux y € RY ra s jjosiiabaoro € > 0

e Tl - {H(—oo,y—l— $)\ A¢,  axmo ¢ > 0,

Fr(y,0) — ®oq0)(y) < Ar(e) + Plir € [ [(—o0iy + )} — o) (y) <
< Ap(e) + | Plar € [ [(—o0sy + )} — oq0)(W)] <
< Ar(e) + | Plaur € H(—Oo;y + &)} — Do) (y + )|+
+|Po0) (Y +E) — o) (W) (4.14)

Do) (y) — Fr(y,0) < Ar(e) — Plur € H 00;y — &)} + P (y) <
< Ar(e) + ‘(I)O,’y(ﬁ)(y) — Plur € H —oojy — &)} <
< Ar(e) + |Poqe)(y — &) — Plar € [ [(—o0sy — &)} +
+Po0) (1) = Poqe)(y — &); (4.15)

3i crniBBigHomens (4.7)-(4.15), orpumyemo, 1o

Fr(y,0) = @040 (y), T — oo. O]

Buaiisemo komnonenty vig(d\, du; 0°) cnexrpanbuoi mipn v(dA, du; 6°) Tpu-
roHoMeTpuaHol Mogesi perpecii (1.1)-(1.3) 3i cmiBBigHOMEHD [§]

lim d - ldkT/ / gj tl + hy,ty + hg)gk(tl, tg)dtldtQ =

T—00

= Gji(hi, he) = / e!Mntuha)y, (AN, dp), j,k = 1,4N. (4.16)
R2
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st mnarmoi ¢yukiii perpecit (1.2), (1.3)

T—o00

T T
lim d,;” 3T/ /0 Gai—3(t1 + hi,to + ho)gap—s3(t1, to)dt dty =

fO fO COS()\k(tl + h1) + ,uk(tz + hQ))COS()\ktl + ,uktg)dtldtg

= lim 7z =
T—o0 5 T 0(1)
sT?cos(Arhy + pihe) + O(1)
= lim 2 5 = coS(Aph1 + prho) = ag;

T T
lim dj, 3Td2k 2T/ /0 Gai—3(t1 + hi, ta + ho)gur—o(t1, to)dtidty =

T—o00

fo fo cos(A(ty + hl) + pi(ta + hg))sin()\ktl + pits)dt dts

Tee Z L 0o(1)y/Z - o)
—Tsin(\h he) — O(1
= 71irn 2 Sln( Kt all 2) ( ) = —Sin()\khl + ,ukhg) = —bk;
e T +00),/% -0(1)

T T
lim d;" 3Td4k1 1T/ / Gar—3(t1 4 ha,to 4 ho)gar—1(t1, to)dtidty =

T—o0

— lim fo fo cos(Ar(ty + h1) + pr(te + ha)) y

P e o0 T | o

X (—tlAksm()\ktl + ,uktg) + tlBkCOS()\ktl + Mktg))dtldtg =
AZTB Sin()\k;hl + ,Mk;hg) + BkT3COS()\kh1 + ,U/khQ) + O(T)

— _
L 1 O(1)y/ Y2 4 o(T12)
3 .
— M(Aksm()\km + prhs) + Brcos(Aghy + MkhQ)) = O}

T T
zlgn dy 3Td4k1T/ /0 Gak—3(t1 + hi,ta + ho)gar(t1, t2)dt 1dty =

— lim fo foT cos(Ap(t1 + hi) + pr(t2 + ha)) "

P e ot BT | oy

X (—tgAkSZn(Aktl + ,uktz) + tszCOS()\ktl + Mktg))dtldtg =

~ lim A’“4T3 Sin()\kfn + ,uk;hg) + ()\khl + /Lkhg) + O(T) B

T—oo %2 —|—O(1)\/ (A2 +B —I—O(T2)
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3 .
M(AkSZn(Akhl + piha) + Breos(Agha + pirhe)) = Ch;

Th_I)Tl Ay szZk 3T/ / Gai—2(t1 + 1, ta + ho)gar—s(t1, to)dtdty =
0

— m Jo Jy sin(w(ty + hl) + e (t2 + h2))003()‘kt1 + pto)dtidty

T Z 1 001),/Z -0()
= lim _Szn()\khl + Mkh2) _ O(l) = Sin()\khl + /Lkhg) — bk;
e B 0()y /5 - o)

Tlgn i 2T/ / Gak—2(t1 + R, to + ho)gap—a(t1, to)dt dty =
0

~ lim fO fO Siﬂ()\k(tl + h1) + ,uk(tg + hg))sin(kkﬁ + ,uk;tg)dtldtg

oo T 1 0(1) B
tT?%cos(A\ghy + pphe) — O(1)
= lim 2 > = cos(Aph1 + prhe) = ag;
Am = o) (Acht + prhs) = ay,

111_{{)10 dy_ 2Tde 1 T/ / Gak—2(t1 + hi,ta + ho)gap—1(t1, t2)dt1dty =

. fo fo sin(Ar(t1 + ) ‘|—Mk:(t2 + hs))

T s oy oy

X (—tlAkSZTL(Aktl + ,uktz) + tlBkCOS()\ktl + Mktg))dtldtg =
b —A’le?’cos()\khl + piho) + BkTSsin(Akhl + prhe) + O(T)

T—o0 %2 —I—O(l)\/ (A2 +B —I—O(T2)

J— 3 .

Tlgn Ay szZkT/ / Gai—2(t1 + R, ta + ho)gar(t1, to)dtdty =
0

— lim fo foT sin(Ax(t1 + h1) + Mk(t2 + hs))

T—00 \/W\/ (A2 +B + O TZ)

X (—tgAkSZn()\ktl + ﬂktg) + thkCOS()\ktl + ,uktg))dtldtg =
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AT COS(/\khl + ,ukhg) ) ()\khl + ,ukhg) + O(T)

= Tlim 4 = _
— 00 B
S 0(1)\/+— +0(T?)
3 .
— m( — Apcos(Aphy + prhs) + Brsin(Aghy + Mk;hQ)) — Dy

T T
lim d4k1 1Td2k 3T/ / Gaie—1(t1 + ha,to + ho)gap—3(t1, to)dt dty =

T—o00
— lim fo fo cos )‘kt1+ﬂkt2)

P oy o)

X( (tl + hl)Aksm()\k(tl + hl) + /Lk(tg + hg))
—I—(ﬁl + hl)BkCOS(Ak(tl + hl) + ,LLk(tQ + hg)))dﬁldtg =

=gt (T; + T2h1) (sin(Aghy + pkhe) + cos(Aehi + pihs)) + O(T)

= lim =

e L 0(1)y/UET L o(72)

3

0 (— Asi B _ O
(A7 + B,f)( ksin(Aehy + pkhse) + Breos(Awhy 4 pihs)) = Cf;

T T
lim d; 1Td2k 2T/ /0 Gai—1(t1 + 1, ta + ho)gap—o(t1, to)dt dty =

T— o0
~ tm fOT fOT sin(Arty + prts)
T E o)y S 1 o)
X (= (t1 4+ h) Apsin(Ap(t + ha) + pe(ta + ho))+
+(t1 + h) Breos(Np(t1 4 ha) + (b2 + he)))dtrdty, =
AL (Mm+ﬂmg—&ﬁ'(Mm+ﬂmg+0@)

TE)IolO T2 (A2 +B 2
5+ O(1)y/ g g O(T?)
3 .
= m( — AkCOS()\khl + ,ukhg) — BkSZn()\khl + Mkhg)) = D;m

T T
lim d,? T/ / Gak—1(t1 + h1, to + ho)gap—1(t1, to)dt 1 dty =

T—o00

foT fo (— t1Ak$Zn()\kt1 + uktg) + t1Bcos( Mgty + puta)) y

o0



X <(—t1 + hy) Agsin(Ag(t1 + hy) 4+ pr(ta + he))+
+(t1 + h1) Brcos(Ar(t1 + hy) + p(te + hz)))dtldtz =
— im (5 +5=) (A2 + BQ)COS(Akhl + puchs) + O(T%)
T—00 (Ai+B f 4 O(T?)
= cos()\khl + prho) = ag;

T—o00

lim dj,_ 1TdIkT/ / Gai—1(t1 + ha,to + ho)gar(ty, to)dt dty =

fOT 0 ( tQAkSZn()\ktl + ,Lthg) + tQBkCOS(/\ktl -+ /thg)) "
T— o0 (A7 +(133 )T +O(T?)

X ((—tl + hl)AkSin(Ak(tl + hl) + ,uk(tQ + h2>)+

+(t1 + h1) Brcos(Ai(t1 + hi) + pr(t2 + hz))>dt1dt2 =
%(T4 +T7) (A7 + B2)003(Akh1 + prhe) + O(T?)

p— 1. —
T (Ai+B + O(T?2)

3 3
= Zcos()\khl + ppho) = Zak;

T AT
jlgn d4k1Td4k1 3T/ / Gar(t1 + hy,to + ho)gap—3(tq, to)dt1dty =
0

— lim fOT fOT cos(\kt1 + ,uktg)
T [T o) U L o(72)

X (—(tz + hg)AkS’Ln()\k(tl + h1) + ,uk;(tg + hQ))+
+(ta + he) Brcos(Ak(t1 + hy) + i (te + ha)))dt dts =

% (T; + T2h2) (sin(Arht + prha) 4 cos(Aghy + pxhs)) + O(T)

1o T 0(1)y/ BT L o(72)

3

———————(— Apsin(Arh1 + prho) + Breos(Axhy + pphs)) = Cp;
4(A2 + Bg)( ) =i

T T
lim d4k1Tde 2T/ /0 Gai(t1 + ha,to + ho)gap—o(t1, to)dt 1 dty =

T—o0
T T .
_ Tlim fo fo sin( Mgty + pxts)
—00 2 A B
L 0(1)y/ BT L o(72)
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X ( — (tQ + hQ)AkSZ’I’L(Ak(tl -+ hl) + /Lk(tg + h2))+
—|—(t2 + hg)BkCOS()\k(tl + h1> + ,uk(tg + hg)))dtldtg =
—AkTT?)COS()\khl + ,Mkhg) — BkT3 ' ()\k;hl + ,Mkhg) + O(T)

= lim _

T %2+O(1)\/AL+O(T2)

3
———————( — Apcos(A\gh1 + prhe) — Brsin(Arhy + prhe)) = Dy;
4(A? + B}) ( ) =Di

T
lim d4k1Tde 1 T/ / Gai(t1 + ha,to + ho)gap—1(t1, t2)dt dty =

T—o00

fOT fo (—t1 Agsin( Aty + prte) + t1Breos( Mgty + pxta)) y
= U, oo
% ((—ta + ha) Apsin(An(ts + hn) + gtz + ha))+
+(ts + ha) Bycos((t + ) + (s + ho)) ) dbrdts =
~ tm %(T4 + T3) (Az + B2)cos(>\kh1 + prhs) + O(T?)
T-00 (Ai+B 4 O(T2)

3 3
= Zcos()\khl + prho) = Z%?

T
lim d4k;2T/ / g4k(t1 + hl, tQ + hz)g4k(t1, tg)dtldtg =

T—o0
lim foT fo (—toArsin( Aty + pite) + toBreos( Aty + pits)) y
T—o00 (A3 +éB )T +O(T?)

X ((—tg + hg)AkSin(Ak(tl + hl) + ,uk(tz + hg))+
+(t2 + ha) Brcos( A (t1 + hi1) + pr(t2 + hz)))dhdtz =
_ i (51 T2) (AR £ Bi)cos(huh + puha) + O(T?)

T—00 (Ak+B L 4 O(T?)
= COS()\khl + ,ukhg) = ag.

_ AN ~
Takum unnom orpumyemo, o mMarpunst G = (Gjx)j5—; € 6a0UHO-liaronaibLHO
MaTpHUIEo 3 OJIOKAMU

Qg —bk Ck Ck

| b ar Dy Dy B
Ge=or 1 oy | F=LN (4.17)

/ r3
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3i crisigromiens (4.16) BummBag, 1Mo TyKaHa CleKTpaJjbHa Mipa TPUTOHO-

meTpudHOi dyHKIil perpecii (1.2), (1.3) € 6109HO-[iaroHAIBHOK MATPHUIIEIO 3 6.J10-
KaMy '
or  1pr er ek

—ipr O fr [fr
AN dp: %) = | PR Ok 418
Vk( y QLS ) er E 6/4: %5k ) ( )
e fr 20 Ok
Jie

3 1/2 . 3 1/2 ,
e = (m) (Bk(Sk — ZAkpk), fk = <m) (—Ak5k - ZBkPk)a

_ 3 1/2 , — 3 1/2 ,
= (M> (Bkék + ZAkpk>, fk = <M) (_Akfsk + ZBkPk):
o (O u)}) = £3, G ((£OL Y = 2 k=T N, (419)

Jlema 3 3a ymos R1, R2, NS cnexmparvna wisvnicmsv [ noaa € € v-
npunycmumoro, de v — cnekmpasvna mipa (4.18), (4.19) mpuzonomempuurol
dpynxuii peepecii (1.2), (1.3).
JloBenenns. Hexaii
FAIMD = FAXDX LA € RZ 2 (M) < e} +cX{A e R*: f([IA]]) > ¢}
— 3piska ¢yHKIil f Ha piBHI ¢ > 0. anuiemo
[ U ax e = [ siaeaxe)| <
<| [ @) — [ rnneiane)+
| [ £aanane) = [ raanean e+
—%\j@QJT(HAH)VM(dA;GO)—-/£2f(HAH)V“(dA;9°ﬂ -
= IPYT,c) + I}(T,c) + I¥(T,¢), k,1=1,4N. (4.20)

[Toytasibini MipKyBaHHSI aHaAJIOIYHI JIOBEJICHHIO TeopeMu 2 Ta POo3IJisijly IPU-
Kyia1y 5 poborn [31], 1 Tomy Mu He OyeMO X TPOBOJUTH JETAJIBHO.
[Tepmr 3a Bce, Bci iHTErpasun fRQ (IADPF(dN; 0%), k,l = 1,4N icuyiors

3aBJAKHW TOMY, IO V — aTOMHa Mlpa 1 Bcl 11 aToMu S3HaXOAAThCA B TOYKaX

+(A), 1)), k = 1, N, ski Bigokpemseni BiJ| NOYaTKy KOODJMHAT. 3ayBasKMMO
JTaJIl, 110
lim I5'(¢) = 0, k,1 =1,4N, (4.21)
cC— 00
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3a Teopemoio Jlebera mpo MOHOTOHHY 301KHICTE. 3 IHITIOT0 OOKY, PN PIKCOBAHOMY
c

lim I§(T,¢) =0, k,1 =1,4N, (4.22)

T—o0

38 O3HAUYEHHAM CJIaOKOI 3013KHOCTI.
Banmiemo it k, = 1,4N

1 k )\.90 l )\.90
g0 or ()],

Kl . :
W) < (2)? /{A€R2:f()\)>c} A =) dr(0°)  dir(0°)

gKio piBeHb ¢ — JOCTATHBO BeJHKe YHCJI0, TOo 3a yMoBH NS X € R? Taki, mo
fUIA) > ¢, norpanssitors B HacTiibKM Masuii okin Hysast V(c), mo dacroru
(A, 1Y), i =1, N morpamisiors 3a MexKi 1bOro okoiy, i romy g A € V(c) nps-
MUMU MIpaxXyHKaMu MOXKHA OTPUMATH OIMIHKW HACTYITHOTO BUTJIAy: it 1T > T

di(6°) mex g5 (X 00| < hi(c)T7, k=1,4N, (4.23)
S

10 ITPU3BOJAUTH 0 OLUIHKHU

v ! —c c)hy(c)T 2 =
I (T,c)§<(2ﬂ2/v(c) (FUIAD )dA)hk( V() T2, k1 =1,4N. (4.24)

Takum yunom, Jijisi Oyjib-sikoro € > 0 1a 1" > T moxkHa B3siTu Take ¢; > 0, 1110
ns ¢ > ey ITYT, ¢) < e/3, 1 Taxe ¢y > 0, mo g ¢ > ¢ 15(c) < /3. Pixcyioun
nadi ¢ > Ve isnaxopumo Ty = T (g) > Ty raxe, mo s T > Ty IFY(T, ¢) < /3.
Bauwnmo, mo i3 crisBinnomens (4.21), (4.22), (4.24) Bipaux maa k,l = 1,4N
BUILINBAE TBEPZKCHHS JICMN. O

Bacrocyemo Teopemy 4 jio Tpuronomerpudnoi GyHKIii perpecii (1.2), (1.3).
Toui mu moxemo creeppkysaru, 1o HopmoBana OHK 4(0) = dp(0)(6r — 0)
mapamerpis Tpuronomerpudnol dyHKIii perpecii (1.2), (1.3) acuMOToTHIHO HOP-
MaJibHa 3 HYJIbOBUM CEPEJIHIM Ta OJI09THO- 11ar0OHAJILHOI0 KOBaPIaI[iiHOI MaTPHUIIEIO

3 6okamu v (0) = (2m)2fF (A0, uQ)J L, me

~ | 0 BY B -
\/4((142)2;0(32)2)/3 \/4((142)2/-1#0(32)2)/3
0 1 = ="
J, = o 0 VAAD2HBY/3 /(A2 +(BY)?)/3
k — Sk 3 !
VAAD?H(BY)?)/3 /4((A]))2+(BY)?)/3 ! 1
By — A} 3 1
| VAARP (B3 \/A(A)*+(B))?)/3 4 i
k=T1,N. (4.25)
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[Tepeitemo i Hopmosarol OHK 4(6) = dp(0) (67 — 0) no wopmosanoi OHK
(T(Air — AY), T(Bir — BY), T*(Mr = X)), T*(par — 1), -+

T(Axr — AY), T(Byr — By), T* (vt — Ay), T (unr — i) (4.26)
1 BBejieMO OJIOUHO-/IlaroHaJIbHy MaTpuIio () 3 6JoKamu
2712 0 0 0 |
0 2712 0 0
M U RV TEE 0  k=LN.
0 0 0 VA + (BY?)
(4.27)

Toni Bexrop (4.26) acumnrornuno nopmasbhuit N(0,T(0%)), ne T'(6°) — Gaouno-
JiaroHasbHa MaTpPUIls 3 OJOKAMK

2m)2 F O, 1) [Qr Tk Q] ' =

10 5B 5B
—oepogup |0 ~44
3B —3A (A + (BY)?) 1((AD +(BY)?)
3B =34 (407 + (BY)?) 3((AD* + (BY)?)|
k=1,N (4.28)

Obepratoun 11 MaTpuIll, cHOPMYIIOEMO OCTATOYHUN PE3YJILTAT IIPO ACKMIITO-
trnany HopMmaJbHicTh OHK mapamerpiB TpuronomenTpudHoi (hyHKINT perpecii

(1.2), (1.3).

Teopema 5 fxwo dasa mpuzonomempuunol dynwuyii peepecii (1.2), (1.3) euro-
nano ymosu R1, R2, N(ii) abo N(i) ma NS, mo nopmosana OHK (T(Ayr —
A%), T2(BlT — B?), T2(>\1T — /\(1)), TQ(#IT — ;L(l)), ce ,T(ANT — A%),T(BNT —
BY), T*(Ant — X)), T?*(unt — 1Y) acumnmomuuno mopmaivia 3 nyabosum
cepeduim ma xosapiauitinoro mampuuyero W(0°), de U(0°) - baouno-diazonarvna
MAMPUUA 3 OAOKAMU

87 (A, 1)
(AD)?2 + (B))?

Uy =

(A)* + 7(By)
—6AYBY
6B

—6B!

_6AYBY

T(AY)° + (B’

6.4
6.4
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BucuoBknu

Y MmaricrepcebKift jucepraliil OrpuMaHO CUJIbHY KOHCUCTEHTHICTH Ta aCUMIITO-
truany HopMmaJbHicTh OHK B cenci Yosikepa napameTpiB CHHYCOTTHOT MOJIEJI TEKC-
TYPOBAHOI TIOBEPXHI 32 YMOBH, IO MapaMeTPUiHa MHOXKUHA, 1110 MICTUTH ICTUHHE
3HAUEHHS BEKTOPHOIO napamerpa 1 B skiii mykaerbes OHK, posminise jpeskum
YUHOM KYTOBI 9aCTOTH, & BUMAJKOBUU IMIyM € OJHOPIHUM Ta 130TPOMHUM TayC-
CIBCLKHUM II0JIEM Ha ILJIOIIUHI, KoBapialliiiHa (pyHKIIS Ta OJHOPIAHA CIEKTPaJbHA
MIJILHICTH IKOTO 3a/I0BOJIHHSIE JTEIKUM YMOBAM PETYJIsIPHOCTI, K1 OXOIJIIOIOTH 1
BUIIAJI0K CUJIbHOI 3aJIE2KHOCTI 1BOI'O 110JIS.

[IpupoauM HApsAMKOM IPOJIOBXKEHH JIOC/IKEHDb € MOIMIAPEHHS JTIOBEICHIX
TeOpeM Ha HEerayCClBCbKI KJIACH BUIA/IKOBUX ITYMIB TaKUX, K, HAIPUKJIAJL, JIHIA-
HI BUIAJKOBI MOJI Ha IJIONMUHL. Jly»Ke BaxKJIMBOIO 3a/1a4ei0 TAaKOXK € OTPUMAHHSI
ACUMIITOTUYHUX BJIACTUBOCTEN TEPIOJOIPAMHUX OIIHOK MapaMeTpiB TeKCTypOBa-
HOI ITOBEPXHI.

Baxk/impe TeopeTuvHe 3HAUCHHS Ma€ TaKOXK y3arajbHEHHS OTPUMAHUX PE3YJib-
TaTiB Ha OAraTOBUMIPHI TPUTOHOMETPUYHI MOJel perpecii, B sIKMX IIiJ] 3HAKAMU
CUHYCIB Ta KOCHHYCIB CTOATH JIiHIAHI popMu BiJ, cKaxKimo, d > 2 3MIHHHUX, &
BUIIAIKOBUI TIIYM € 110JIEM, 1110 3aJI€2KUTh BiJ| d—BUMIPHOI'O 1apameTpa.
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