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1. Tema nuceptartii «IligcuneHuit 3aK0H BETUKUX YUCEIT JIJIs PO3B’A3KIB
CTOXACTUYHUX JU(EepeHIIalIbHUX PIBHSAHBY, HAYKOBUI KepiBHUK auceprailii Kiiecos
Onmner IBanoBuyY, 1okTOp (Pi3.-MaT. HAyK, Mpodecop, 3aTBEPAKEHI HAKA30M I10
yHiBepcuTeTy Bia « 23 » Oepe3na 2018 p. Ne 1016-¢

2. Tepmin nomanHs ctyaeHToM auceptarilii 4 TpaBus 2018 poky.

3. O0’€eKT DJOCHIKEHHS: HEAaBTOHOMHI CTOXAaCTHYHI TU(epeHIliaabH1 PIBHSIHHIL.

4. ITpeaMeT TOCIIKEHHS: aCHMITOTHYHA MOBE/IIHKA PO3B’ 3Ky HEABTOHOMHOTI'O
CTOXAaCTHYHOTO JU(MEPEHIIATLHOrO PIBHIHHS.

5. Ilepenik 3aBaaHb, siki HOTPIOHO PO3POOUTH:

1). 03HAOMUTHCE 3 JIITEPATYPOIO, B KM JOCHIIKYETHCS ACHMITOTHYHA
MMOBEIHKA PO3B’SI3KY CTOXaCTUYHOro JU(epeHIIaJILHOTO PIBHIHHSL,

2). OTpUMATH YMOBH 301KHOCTI MaiykKe HAIleBHO PO3B’ 3Ky CTOXAaCTHIHOTO
nudepeHIiaIbHOr0 pIBHAHHSA 3 KoedI1I€HTaMU 3CYBY Ta aAudy3ii, 110 3aJIeKaTh
B1JT 4acOBOI1 Ta (pa30BOi 3MIHHHUX;

3). AOCHIAUTH ACUMIITOTHYHY MOBEIIHKY Ha HECKIHUEHHOCTI PO3B’ A3KY
CTOXAaCTUYHOI'0 nudePEHIIAILHOIO PIBHIHHS 3 Koe(dIilleHTaMHU 3CYBY Ta
nudy3ii, 1110 3a1eKaTh B1J 4acoBOi Ta (ha30BOi 3MIHHHX

4). OTpUMATH YMOBH €KBIBAJICHTHOCT1 PO3B’SA3KYy CTOXaCTUYHOIO
IudepeHnIaTbHOro piBHSIHHS KOE(IIIEHT 3CYBY SIKOT0 HAJICKHUTD JIO KJIACy




(GyHKIIN paBIIILHOI 3MIHH PO3B’ 3Ky BIAIIOBIIHOT'O 3BUYAHOIO

IudepeHniaTbHOro piBHSHHSL.

6. OpieHTOBHUH Tiepenik rpadiuHoro (LIFOCTPATUBHOTO) MaTepiany: 24 ciaiiau.

7. OpieHTOBHUH Niepenik myOmikaii - 4

8. Jlata Bumaudi 3aBgadas S moToro 2018 poky.

Kanengapuuii nian

Ne
3/

Hassa erarmiB BUKOHAHHS
MaricTepchKoi aucepraiii

TepMmiH BUKOHAHHS €TaliB
MaricTepchKoi aucepraiii

[MpumiTka

B3sTTs 3aBaHHA Ta BUBUCHHS TEOPETUYHHUX
BiJIOMOCTEH MPO TOCITIHKCHHS
ACHMIITOTUYHOT MOBEAIHKH CTOXaCTUYHUX
audepeHiagbHUX PiBHSHB

5.02.2018 — 16.02.2018

Bukonana

JlocnmiKeHHsT YMOB 301KHOCTI Maiixe
HaIeBHO PO3B’ 53Ky HEABTOHOMHOT'O
CTOXaCTHUYHOTO AH(epeHIIaTbHOTO PIBHIHHSI

16.02.2018 — 06.03.2018

Bukonana

3acTocyBaHHS OTPUMAHUX YMOB 301KHOCTI
Malike HaIllEBHO 10 BIAOMHUX MOJEIEH B
€KOHOMIII

06.03.2018 —28.03.2018

Bukonana

JlocmimKeHHS aCUMIITOTUYHOI ITOBEIIHKH Ha
HECKIHYEHHOCTI pO3B’ 13Ky HEABTOHOMHOTO
CTOXaCTHUYHOTO AH(epeHIIaIbHOTO PIBHIHHSI

28.03.2018 — 11.04.2018

Bukonana

JlocImiKeHHS €KBIBAJIEHTHOCTI pO3B’SI3KY
CTOXaCTHUYHOTO AH(EPEeHIIaTbHOTO PIBHAHHSI
KOE(QIIIEHT 3CYBY SIKOTO HAJICKUTH JI0 KJIACy
(byHKLIH TPaBUIBHOT 3MiHH PO3B’A3KY
BiJIMTOBIHOTO 3BHYAHHOTO TU(EPEHINIATEHOTO
pIBHSIHHSA

11.04.2018 —23.04.2018

Bukonana

[TigroroBka mMaricrepchbKoi nucepraiii

23.04.2018 — 03.05.2018

Bukonana

Crynent

HaykoBuii kepiBHUK AucepTalii

L.I. Cipenbka

O.1. Kitecos




Pegepar
Maricrepcbka quceptaitisi: 50 cTOpiHOK, 27 MOCHUIIaHb.

AKkmyanvHicmo memu.

VY Marictepcebkiit aucepraiiii copMyaIp0BaHO YMOBU TE€OPEMHU THUITY MOCUIIEHOTO
3aKOHY  BEJIMKMX 4YHCEI I  PO3B'SI3Ky HEABTOHOMHOTO  CTOXaCTHYHOIO
nudepeHIiaTbHOTO PIBHIHHA. 3a 0JIep>KaHUX Y POOOTI YMOB 3'SIBIISIETHCS MOKJIUBICTD
po3riiAaTy OuIbII 3araibHi (OPMU 3aJIEKHOCTI KOe(DIlIeHTIB 3CyBY Ta AHQY3ii Bl
4acoBO1 Ta MPOCTOPOBOI 3MIHHHUX.

Mema i1 3a60aHHA 00CIOIHCEHHA.

Merta MaricTepchkoi JucepTallii MoJisirae y JOBEAEHHI MOCHIIEHOTO 3aKOHY
BEJIMKUX 4YHCEN JJisi BUIMAJKOBOTO MPOIECY, IO € PO3B'SI3KOM HEABTOHOMHOTO
CTOXAaCTUYHOTO AU(EPEHIIATIBHOTO PIBHIHHS.

OCHOBHMM 3aBJaHHS JHUCEPTAIlli € AOCIIHKEHHS aCUMITOTHYHOI TOBEIIHKH
PO3B'SI3KY HEABTOHOMHOTO CTOXAaCTUYHOTO JAUGEpPEHLIAIbHOTO PIBHSHHS Ha
HECKIHYEHHOCTI Ta JOBEJCHHS TEOpeM, 110 JalTh 3MOry JOCHIKYBaTH
ACUMIITOTUYHY MOBEIIHKY PO3B'SA3KIB CTOXaCTUYHUX AU(PEPEHLIATbHUX PIBHSHbD.

00’ckmom Oocnidyicennsa € HEABTOHOMHE CTOXacTUYHE JudepeHIliaabHe
PIBHSHHS

dx(t) = a(t, X(®))dt + a(t, X())dw(t),t = 0; X(0) = X,
Ta BIAMOBIHE HOMY 3BUYaiiHe qudepeHiliaibHe PIBHIHHS
du(t) = a(t, u(®))dt, t = 0; u(0) = X,.

Ilpeomemom Oocnioycennsa € aCUMOTOTHYHA TIOBEAIHKA po3B 3Ky X (°)
HEaBTOHOMHOT'O CTOXACTUYHOTO AU(EPEHIIAIbHOTO PIBHSIHHSI.

Memoou oocniosrcenns.

3acTtocoBaHo 0a30BlI pe3yJabTaTh TeEOpli CTOXACTUUYHUX JU(epeHIlaTbHUX
pPIBHSIHb IIOJ0 OI[IHKM CTOXaCTMYHMX IHTETpaliB Ta BIACTUBOCTI (YHKIIIH
MPaBWIbHOI 3MIHH.

Haykxoea nosu3na ooepcanux pe3yibmamis.

VY Marictepchkiid quceprarii:



* OTpPUMAHO YMOBHM 30DKHOCTI Mai’ke HANEBHO PO3B 3Ky HEABTOHOMHOIO
CTOXACTUYHOTO AU(DEpPEHIIaTbHOTO PIBHSHHS Koe(illieHTH 3CyBy Ta audysii
SIKOTO 3aJIeXKaTh BiJl 4aCOBOI Ta ()a30BOi 3MIHHUX HA HECKIHYEHHOCTI,

* JIOCHI/DKEHO  ACUMIITOTUYHY  TOBEIIHKY  PO3B’S3KYy  HEAaBTOHOMHOIO
CTOXACTUYHOTO AU(DEpPEHIIaTbHOTO PIBHSHHS Koe(illieHTH 3CyBy Ta audysii
SIKOTO 3aJIeKaTh BiJl 4aCOBOI Ta ()a30BOi 3MIHHUX HA HECKIHYEHHOCTI,

* OTPUMAHO YMOBU €KBIBAJICHTHOCTI PO3B’SI3KY CTOXACTUYHOTO
nudepeHIialTbHOTO PIBHSHHS KOE(IIIEHTH SIKOTO HajleXaTh 0 Kiacy (pyHKIIiHi
MPaBUJIBHOI 3MIHU PO3B’S3KY BIAMOBIAHOTO 3BUYANHOTO PIBHSHHS.

Onepxani pe3yibTaTH y3arajibHIOIOTH BIAMOBIIHI PE3yJabTaTH OTPHUMAaHI

M.1. Tixmanom ta A.B. CKOpPOXOIOM.

Ilpakmuune 3nauenns 00eprHcanux pe3yiomamie.

Pe3ynprat marictepcbkoi aucepTallii MOKHa 3aCTOCOBYBATH Y JOCHIIKEHHI
pPI3HOMAHITHUX XIMIYHUX, (i3uuHux, Oiojmoriunux sBuml. JlaHi pe3ylnbTaTh
3HaXOJATh 3aCTOCYBaHHS Yy €KOHOMIli. AJke, 0arato €KOHOMIYHHUX MOJeNeH
OMUCYIOTHCS CaM€ CTOXaCTUYHUMHU TU(PEPEHIIaTbHUMU PIBHSIHHSIMH.

Anpooauyia pezynomamie oucepmauii.

Pe3ynbTaTu aucepTaliii 10moBi1adruch Ta OOrOBOPIOBANIUCH Ha!

* [llocriit BceykpaiHChbKil HayKOB1M KOH(EPEHII1l MOJIOUX BUCHHUX 3 MaTEeMaTUKH
ta (izuku (M. Kuis, 21-22 kBitHs 2017p.);

* XVII Mixnaponniii HaykoBiii koH(epeHiii iM. akan. Muxaiina KpaBuyka,
npucBsiueHi 125-i piunumi Big g HapomkeHHss M. KpaBuyka (M JIyubk — M.
Kuis, 7-10 xoBTHsa 2017 poky);

* VkpaiHChKO - HOpBe3bkoMy  Bopkmom  "CydacHa ~ croxacthka" — MIX
yHiBepcuteToM M.Ocno ta KIII im. Irops Cikopcbkoro (M. Kui, 20 uepBHs
2017 poky);

* VII BceykaiHncbkili HayKoOBiM KOH(EpEeHIli CTyIeHTIB, acCMIpaHTIB Ta MOJOAUX

BueHuX 3 mateMatuku (M. Kuis, 19 — 20 kBiTHs 2018 poky);



6

II Typi BceykpaiHCBKOIO KOHKYpPCY CTYIEHTCBKMX HAyKOBHUX pOOIT 3 Taiys3l
3HaHb “‘MaremaTuka Ta CcTaTUCTUKA®  (cmemiaabHOCTI “MaremaTtuka”,
“Cratuctuka’” Ta “Ilpukianna matemaTtuka (cnemianizamnia “Mexanika”)”)

3a  pe3ylbTaTamMu  MIJCYMKOBOI  HAyKOBO — MPAKTUYHOI  KOH(epeHIi
HaropokeHa auroMom Il crynens.

Iyonixauii.

3a pesynbpTaTaMu AUCEPTaIiiHOI poOoTH omyOJikoBaHo cTarTio ([24]) Ta 3 Te3u

nonoBifel Ha kKoHpepeHuisx ([25] — [27]).

Knrouosi cnoea: miocmiaeHMM  3aKOH  BEIHMKHUX  YHCEN, CTOXAaCTHYHE

nudepeHiliaibHe PIBHSHHS; BIHEPIBCBKUU MpOlleC, AaCUMITOTUYHA TMOBEIHKA;

(GyHKLIi TpaBUIBHOI 3MI1HHU.



Pegepar
Marucrepckas qucceprauus: S0 ctpanuil, 27 CCbUIOK.

AKmyanoHoCmb membl.

B wmarucrtepckoii nuccepranuu cHOpMyIHpPOBaHBl YCIOBUSI TEOPEMbI THUIIA
YCUJIEHHOT'O 3aKOHA OOJIBIINUX YUCEN ISl PEIICHUSI HEABTOHOMHOTO CTOXAaCTUYECKOTO
muddepenHnmanbHoro ypaBHenus. [1o momydeHHBIX B pabOTe yCIOBUAX MOSIBISETCS
BO3MOXXHOCTh HcCClenoBaTh Oojee oOmue (opMbl 3aBUCUMOCTH KO3(DPUIIMEHTOB
casura u qudPy3un oT BpEMEHHOU U MPOCTPAHCTBEHHON NIEPEMEHHBIX.

Ilenu u 3a0auu uccneoosanus.

[enp Maructepckoil AuccepTalMy 3aKII0YAETCs B JOKA3aTEIbCTBE YCUIIEHHOTO
3aKOHA OOJBIIUX YHCEN JJIsI CIYy4allHOTO MpOIecca, KOTOPOE SIBIISIETCSl pelIeHUEM
HEaBTOHOMHOT'O CTOXAaCTHYECKOTo MU dhepeHInalIbHOTO YPaBHEHHUS.

OcHOBHOM 3a1a4yell AUCCEPTALMU SIBJISIETCS UCCIEIOBAHUE AaCUMIITOTHYECKOTO
MOBEACHUSI  PEIIeHHH HEaBTOHOMHBIX  CTOXaCTHYECKHX AauddepeHImantbHbIX
ypaBHEHUII Ha OECKOHEYHOCTH M JO0Ka3aTEIbCTBO TEOPEM, KOTOPBIE MO3BOJISIOT
HCCIIEeI0BATh ACHUMIITOTUYECKOE MOBEJACHHWE  pEIIeHHI CTOXACTUYECKUX
mudpepeHnanbHbIX YPaBHEHUH.

Ob6vekmom  ucciedosanus  SBISICTCSI  HEABTOHOMHOE  CTOXAaCTHUYECKOE
mudepeHuanbHOe ypaBHEHHE:

dx(t) = a(t, X(®))dt + a(t, X())dw(t),t = 0; X(0) = X,
U COOTBETCTBYIOIIIEE eMy OOBIKHOBEHHOE MU PepeHIInanbHOe YpaBHEHHE:
du(t) = a(t, u(®))dt, t = 0; u(0) = X,.

Ilpeomemom uccnedoseanusn SBASIETCA ACUMITOTHUYECKOE MOBEJCHUE PEIICHUS
X (*) HEaBTOHOMHOTO CTOXaCTHYECKOT0 Mu(PepPEeHIINATBLHOIO YPaBHEHHS.

Memoowt uccneooeanus.

[IpumeHeHsI 0a3oBbIC pe3ynbTaThl TEOpUH CTOXaCTUYECKHUX
mudpepeHuanbHbIX ~ YPABHEHUM  OTHOCHUTEJNBHO  OLIEHKM  CTOXaCTHYECKUX

MHTETPaJIoB U CBOMCTBA (YHKIIMI TPaBUIILHOU MEPEMEHBI.

Htly'lHa}l HOBU3HA NOJIYHUEHHbLX pe3)/ibmamaoe.



B marucrepckoii nuccepranuu:
® [OJYYEHbl YCJOBHUS CXOJUMOCTU MOYTH HABEPHOE pPEIIEHUS HEAaBTOHOMHOIO

CcTOXacTH4ecKoro auddepeHnnanbHOro ypaBHEeHUs KO3(PQUIMEHTHl CIBUTA U

mudPy3un KOTOpPOro 3aBHUCSAT OT BpEeMEHHOM u (a30BOM NEpEeMEHHBIX Ha

OECKOHEUHOCTH;

® UCCINENOBAHO AaCHUMIITOTUYECKOE TOBEJACHUE PEIICHUH  HEaBTOHOMHOIO

cToXacTu4eckoro auddepeHnnanbHOro ypaBHeHUs KO3(PQUIIMEHTHl CIBUTA U

mudPy3un KOTOPOro 3aBUCSAT OT BpEeMEHHOM U (a30BOM NEpeMEHHBIX Ha

OECKOHEUHOCTH;

®* MOJYYEHbl  YCIOBHS  DKBHUBAJEHTHOCTH  PEIICHUS  CTOXACTUYECKOIO

mudpepeHnanbHOr0 ypaBHEHUsT KO3(PQUIIMEHTH KOTOPOIro MPUHAMIEKAT K

Kiaccy (QYHKUUA TpaBWIBHOW TMEPEMEHBbl PEIICHUI0 COOTBETCTBYIOIIETO

OOBIYHOI'O YpPaBHEHHUS.

[Tonydennsie pe3yabTaThl 0000IAI0T COOTBETCTBYIONINE PE3YIHTAThI MOJTYUYEHBI
N.N. I'mxman u A.B. Ckopoxoziom.

Ilpakmuueckoe 3nauenue noYUeHHbIX Pe3yibmamoa.

Pe3ynbTaThl MarucTepckou auccepTalvi MOKHO MPUMEHSATh B UCCIEIOBAHUU
pPa3IMYHBIX XUMUYECKUX, (UBUYECKUX, OUONOTUYECKUX siBleHui. JlaHHBIE
pe3yNbTaThl HAXOASIT NMPUMEHEHHE B HKOHOMHKE. Beab MHOTHE 3KOHOMUYECKHE
MOJIEIM  OMHUCHIBAIOTCS  MMEHHO  CTOXAaCTHYECKMMHU  JauddepeHnanbHbIMU
YpaBHEHUSIMH.

Anpoodayusn pezyrvmamog ouccepmayuu.

Pe3ynbTaThl nuccepTaiiy AOKIaAbIBAINCH U 00CYKIATUCh Ha:

e lllecToil BceykpamHCKOW Hay4yHOU KOH(GEpPEHUHH MOJOJABIX YYEHBIX IO

MaremaTtuke u ¢pusuke (r. Kues, 21-22 anpens 2017);

e XVII MexnynapoaHoit HaydHoi KoH(pepeHiuu um. akaa. Muxauna KpaBuyka,

nocesieHHoi 125-netuto co qusa poxaeHuss M. KpaBuyka (r. JIyuk - r. Kues,

7-10 oxTs6ps 2017);



* VYKpamHCKO - HOpBEXCKOM Bopkmone "CoBpeMeHHas CTOXAacTUKA' MEXIy
yuuBepcuteTtoMm T. Ocino u KIIM um. Uropst Cuxopckoro (r. Kues, 20 utons
2017 roma);

* VII BceykanHckoi HaydHOU KOH()EPEHIIMU CTYJEHTOB, ACHUPAHTOB U MOJIOJIBIX
y4eHbIX 1o Marematuke (r. Kues, 19 - 20 anpens 2018);

* [l Type BceykpanHCKOro KOHKypca CTyA€HUYECKHMX HAay4dHBIX pabOT B o0iacTu
3HaHui "Marematuka u cratuctuka" (cmenuanbHocTH "Maremartuka',
"Cratuctuka" u "[Ipuknaanas maremaTtuka (cneruanuzanus’ Mexanuka ")")
[To pe3ynbTaTaM UTOTOBOW HAY4YHO - MPAKTUUECKON KOH(EPEHIIMU HarpaxkIeHa
nurioMoM III crenenu.

Ilyonuxayuu.

[To pe3synpTatam auccepTalmoOHHON paboOThl omyOnukoBaHa cTaths ([24]) u 3
TE3UCHI IOKJIaA0B Ha KoHDepeHusx ([25] - [27]).

Knwuesvie cnosa: yCWIeHHBIM 3aKOH OOJIBIIMX YHUCET; CTOXACTHYECKOE
muddepeHanbHOe  ypaBHEHUE, BHUHEPOBCKUM  MPOIECC; ACHUMITOTUYECKOE

noBejieHue; (YHKIU TPaBUIIbHON MEPEMEHBI.
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Abstract
Master's thesis: 50 pages, 27 references.

Relevance of the topic.

In the master's dissertation conditions are formulated for a theorem of the type
of strong law of large numbers for solutions of non-autonomous stochastic
differential equation. Under the conditions obtained in the work, it becomes possible
to investigate more general forms of the dependence of the shift and diffusion
coefficients on the time and space variables.

Goals and objectives of the study.

The aim of the master's dissertation is to prove the strong law of large numbers
for a random process that is a solution of a non-autonomous stochastic differential
equation.

The main task of the dissertation is to study the asymptotic behavior for
solutions of non-autonomous stochastic differential equations at infinity and to prove
theorems that allow us to investigate the asymptotic behavior of solutions of
stochastic differential equations.

The object of the investigation is the non-autonomous stochastic differential
equation:

dx(t) = a(t, X(®))dt + a(t, X())dw(t),t = 0; X(0) = X,
and the corresponding ordinary differential equation:
du(t) = a(t, u(®))dt, t = 0; u(0) = X,.

The subject of the investigation is the asymptotic behavior of the solution X (+)
of the non-autonomous stochastic differential equation.

Methods of research.

Basic results of the theory of stochastic differential equations with respect to the
estimation of stochastic integrals and the property of regular change functions are

applied.

Scientific novelty of the results.
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In master’s dissertation:

* conditions for the convergence of almost sure the solution of a non-autonomous
stochastic differential equation are obtained, the coefficients of shift and
diffusion of which depend on the time and phase variables at infinity;

* the asymptotic behavior of the solutions of a non-autonomous stochastic
differential equation was researched, the coefficients of shift and diffusion of
which depend on the time and phase variables at infinity;

* the equivalence conditions for the solution of a stochastic differential equation
are obtained whose coefficients belong to the class of functions of a regular
variable to the solution of the corresponding ordinary equation.

The obtained results generalize the corresponding results obtained by
L.I. Gikhman and A.V. Skorohod.

The practical significance of the results.

The results of the master's dissertation can be applied in the study of different
chemical, physical, and biological processes. These results are used in the economy.
Because, many economic models are described by stochastic differential equations.

Approbation of the results of the dissertation.

The results of the dissertation were reported and discussed at:

* The Sixth All-Ukrainian Scientific Conference of Young Scientists in
Mathematics and Physics (Kiev, April 21-22, 2017);

e XVII International Academic Conference named after Academician Mikhail
Kravchuk, dedicated to the 125th anniversary of the birth of M. Kravchuk
(Lutsk - Kiev, October 7-10, 2017);

* Ukrainian - Norwegian Workshop "Modern Stochastics" between the University
of Oslo and the Igor Sikorsky Kyiv Polytechnic Institute (Kiev, June 20, 2017);

* VII All-Ukrainian scientific conference of students, postgraduate and young

scientists in mathematics (Kiev, April 19 - 20, 2018);
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IT round of the All-Ukrainian competition of student's research in the field of

knowledge "Mathematics and Statistics" (specialty "Mathematics", "Statistics"

and "Applied Mathematics (specialization" Mechanics "))

According to the results of the final scientific - practical conference, it was

awarded a diploma of the 3rd degree.

Publications.

According to the dissertation work, an article ([24]) and three abstracts of
reports at conferences ([25] - [27]) have been published.

Keywords: strong law of large numbers; stochastic differential equation; Wiener

process; asymptotic behavior; regular variable functions.
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Beryn
Po3zain 1. Orasg jgiTtepaTypu 3a TeMOK MaricTepcbKol aucepramii

Po3zaisn 2. YMoBH 30i’KHOCTI Maiizke HAIIEBHO BUIIAJIKOBOI0 MpoLecy, 10
MOJEJIETHCA SIK PO3B’A30K CTOXACTUYHOTO AU epeHiaIbHOT0 PiBHAHHSA
2.1. CroxactuuHi nudepeHIianbHi piBHIHHSI
2.2. OcHoBHa Teopema
2.3. AcUMIITOTUYHA TOBE/IIHKA PO3B’A3KY CTOXAaCTUYHOTO PIBHSIHHSA, AKE
onucye Mozelb 0. Baciueka
2.4. IlincuneHuii 3aKOH BEITUKUX YUCEIT JIJI MOJIEIN 3pOCTaHHS B1ACOTKOBOT
CTaBKU
2.5. IligcuneHuit 3aK0H BEIUKUX uncel 11 moaeil P. Peugensmana -
b. baprrepa
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Beryn

B cyuacHiifi Teopii BHUIAIKOBUX MPOIECIB BAXJIUBE MICIIE IMOCITA€ Teopis
CTOXaCTUYHHUX AU(EPEHIIAIbHUX PIBHAHb, a4 CaMe€ JOCIIKEHHS aCHMITOTHYHOI
MOBEJIIHKU PO3B’SI3KIB CTOXAaCTUYHUX AU EpPEHIIATbHUX PIBHSHbD.

OckuIbKM CTOXACTUYHI1 JudepeHIiadbHl PIBHAHHS, K €(QEeKTHUBHA MOJIEb
BUIMAJKOBOIO MPOILIECY, € OCHOBOIO JJIsl AOCIIJIKEHHS y 0aratbox po3/iijiax CTPaxoBoi
Ta (PIHAHCOBOI MaTEMaTHKH, EKOHOMIKH, Teopli ympaBiiHHS, Tomo. ChoroaHi
HaOMMKEHl aHaJITUYHI 1 ACHUMITOTHYHI METOAM JOCHIKeHHS MaTeMaTHYHHX
Mojiesiel J03BOJISIOTh BUBYATH HAOIMXKEH1 PO3B‘SA3KHU JJOCTATHHO CKIAJHUX 30yPEeHUX
3a7a4, SKIIO BiIOMI pO3B’SI3KH BIAMOBIIHUIN JeTEepPMIHOBAaHUX 3a7ad.

MeToro MaricTepchKoi AUCEPTAIlii € JOCIIIKEHHS! TOCHICHOTO 3aKOHY BEJIUKHUX

yucen (I13BY) mns BumagkoBoro mpormecy X (1) Ta [OBEAEHHS TEOpeM, IO

J03BOJISIIOTh  JIOCTIKYBAaTH ACUMIITOTUYHY TMOBEAIHKY PO3B’SI3KIB CTOXaCTUYHUX
nudepeHiianbHUX PIBHSAHD.

VY nepuiomy pojiiai HaBOJIUTHCS OTJIAN JITEPATypH, IO CTOCYETHCS TEMAaTUKU
naHoi podotu. HaBeaeHo BijoM1 EKOHOMIYHI MOJIEJI Ta CTOXAaCTUYHI JU(EepeHIlIalbHI
PIBHSIHHS, 110 AOCIIXKYBaJIUCh PaHIIIIE.

Y npyromy po3aun JgaHoi JaMcepTaiii  JTOCHIKYIOTBCS yMOBH 32 SIKHX
CTOXAaCTHMYHA CKJIaJIoOBa HEABTOHOMHOTO  CTOXaCTUYHOTO  JU(epeHIiaTbHOro
PIBHSIHHS TpsIMy€ 10 HYJIsl Mailkeé HaleBHO HA HECKIHYEHHOCTI, IO J03BOJISE
BUBYATHU PO3B’S30K HEABTOHOMHOT'O CTOXAaCTUYHOIO JU(EpEeHIIaTbHOTO PIBHIHHSA 3a
JIOTIOMOTOI0 PO3B’SI3KY BIJMOBIIHOTO 3BUCYANHOTO AU(DEPEHIIIaIbHOTO PIBHIHHS.

TpeTiii po3Aia  TPUCBIYEHO BHUBUCHHIO AaCHMMTOTHYHOI TIOBEAIHKHA Ha
HECKIHYEHHOCTI PO3B’SI3Ky HEABTOHOMHOTO CTOXaCTUYHOTO JU(PEPEHIIaTbHOTO
pIBHSIHHSA Koe(DillieHTH 3CyBY Ta nudys3ii sSIKOro 3ajexkathb BiJl 4acoBoi Ta (a30BOi
3MIHHU.

Y derBepToMy  pO3ILII  PO3TISAJAETHCS  HEABTOHOMHE  CTOXAaCTHYHE
augpeHLiadbHe PIBHSAHHSA, KOE(ILIEHT 3CYBY SIKOTO HAJEXKUTh A0 Kiacy (QyHKIII
MpaBWIbHOI 3MiHU. [l Takoro cToxXxacTUYHOro AU(EPEHIIATBHOTO PIBHSHHS

BUBYAIOTHCS YMOBH 32 SIKMX PO3B’S30K CTOXACTUYHOTO AU(PEPEHIIATILHOTO PIBHSHHS
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€KBIBAJICHTHUH PO3B’SI3KY BIAMOBITHOTO 3BUYANHOTO AM(EPEHIIATBHOTO PIBHSIHHS
Maif’ke HalleBHO HAa HECKIHYEHHOCTI.

CroxactuuHi gudepeHIiiadbHl  PIBHSHHSA, W0 pPO3MNISAAIOTHCS Yy  JaHIH
MaricTepcbkii  nucepraiii € OUIbII  3arajJbHOro THUIY HIK CTOXAaCTHYHE
madepeHIianbHe  piBHAHHSA, MmO  gochimkyBazock M.I.  Tixmamom Ta
A.B. Cxopoxonom [4]. Takum YMHOM pO3IIISIAAETHCS Yy3arallbHEHHS 3ajadi, SKy
pupyam M. Tixman Ta A.B. CKOpoxXoj sl HEaBTOHOMHOTO CTOXAaCTUYHOTO

nudepeHIiaiTbHOTO PIBHSIHHS.
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Po3zain 1. Orasj jiTtepaTypu 3a TeMOK MaricTepcbKol Aucepramii

Ha renmepimHili Yac croxacTUYHUM JudepeHIliaJbHUM PIBHAHHSIM Ta
PI3HOMaHITHUM BJIACTUBOCTSIM iX PO3B’SI3KIB MPUCBSIYEHO BEIUKY KIIBKICTH POOIT.
Jlo wmonorpadiii, B SKUX HaAWOLIBII TMOBHO MOCHIIKYETHCA PO3TIATAETHCS
cToxacTuuHe AudepeHiliaibHe pPIBHSIHHA, SIK O0’€KT, CIiJl BigHEeCTH MoHorpadii
JI. Apronsaa [1], X. Mao [2], A. ®peiinmana [3], I.I. T'ixmana ta A.B. Ckopoxoza
[4], A.T. bapyua-puna [5], I'. Makkina [6], H. Ikequ Tta C. Barana6e [7], M. MeTiBbe
[8].

CroxactuuHi audepeHlialibHl PIBHSIHHSA MalOTh €KOHOMIUHY I1HTEpHIpETallio,
[0 pOOUTh BUBYEHHS WMOr0 PO3B’S3KIB OCOOJMBO I[IKABUM, B MEPILY YEpry, AJIs
eKOHOMICTIB. O HUM 3 HAWUMPOCTINIMX NpUKIaAiB Moxe Oyt monens O. Baciueka
[9], 0 onucye eBoOIII0 BiICOTKOBOI cTaBkH (Short Rate Interest Model)

dr(t)=a(B-r(t))dt + odw(t),

7e w - BiHEpIBChbKMIA mporec, 8 - cepeaHiil (IOBroCcTpOKOBHIA) PiBEHb BiJCOTKOBOI
CTaBKH, o - MapameTp, 10 XapaKTepu3ye IMIBUIKICTh MOBEPHEHHS 1O CEPEIHHOIO
3HA4Y€HHS, a O - apaMeTp BOJATUIHLHOCTI.

Cepen iHIIMX MOJIENIEN TAKOTO TUITY MOXHA BUAUIUTH Mojelb P. Pennensmana -
b. baprrepa [9], mo BiANOBiAAE y3araJbHEHOMY T'€OMETPUYHOMY OpPOYHIBCHKOMY
pyxy

dr(t)=0@)r(t)dt + o(t)r(t)dwt),

a Takox moxenb J[. Xamma- A. Yaiira [10]:

dr(1) = (6(t) + a(t)r(t))dt + o(t)dw(t),
Benuky KUIBKICTh 1HIIMX BaXXJIUBUX CTOXACTUYHUX NU(EPEHIIaTbHUX PIBHSHD
HaBeneHO y kHu31 b. Okcenpans [11].
[Ipy pmocmikeHHI AaCUMITOTHYHOI TIOBEIIHKH PO3B’S3KIB CTOXACTHUYHHUX
nudepeHiialbHUX PIBHSIHb BUHUKAIOTh 3a1a4l Tuny [13BY.
M.I Tixman ta A.B. Ckopoxox [4] oaHi 3 HeplmuX MOYand BHBYATH 3aza4y mIpo
ACUMIITOTUYHY MOBEJIIHKY PO3B'SI3KY aBTOHOMHOTO CTOXAaCTHYHOTO

nudepeHIiaTbHOTO PIBHIHHSA, 30ypEHOro 3a JOMOMOIr0I0 BIHEPIBCHKOIO MPOIECY
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dX(t) = g(X(0))dt + o(X(1))dw(t),
ne w(*) — cTaHaapTHHUH BiHEpiBChKMIA mporiec. [Ipu 1bOMy MpHITyCKalIoch, mo g(*)
ta O(') € J0JaTHUMHU HEMEePePBHUMH (QYHKIIIMA TaKUMH, IO ICHY€E €IUHUI
HETIEPEPBHHI PO3B’ 30K IIOTO PIBHSIHHS, 1 PO3IJISAAABCS JIUIIIE TOW BUMAA0K, KOJIH

P{lim X (¢) = 0} >0,
{—>c0

[HImIIMH miaxig 70 po3B’sa3aHHs 1i€l 3aaadl mpejacTaBiaeHo B po6oti I'. Kemnepa,
I'. Kepcrinra ta Y. Pocnepa [12]. Ili3nime Taka *x 3agada gociimkyBanacs I
Kepcrinrom nns 6aratoBumipaux CJIP.

VY pobGotax [13, 14] mocnimxyBajliach aCUMITOTHYHA MOBEIHKA MpU [ —> ©
po3B’sizky X =(X(¢), t=0) 3amaui Komri mms croxacTHYHOTO audepeHIlialbHOTO
PIBHSIHHS, TOOTO

dX(t)=g(X(@)y(t)dt+o(X(¢))0(t)dw(t), t=0, X(0)=b>0,
ne w() — CTaHOapTHUM BIHEPIBCBKUN TMpOIEC, O3HAYCHHH Ha ITOBHOMY
HMOBIpPHICHOMY MPOCTOPi {Q, F, P}, b - meBumazkoBa nomaTHa cTajia (IOYaTKOBa
ymoBa). KoedinienTn 3cyBy Ta audysii y piBHAHHI, O[O0 JOCIIIKYETHCS, 3aJIE€KAIH
Bin (a3oBoi Ta wyacoBoi 3MiHM. JlaHe pIBHSHHS Y3arajJibHIOE CTOXAaCTHYHE
nudepeHIianbHe PiBHAHHA, SKe JOCHiIKyBagoch y pobGorax M. Tixmana Ta
A.B. Cxopoxoza, i IepeTBOPIOETHCS B HBOTO, Ko Y(1)=0(¢)=1.

[Ipu uboMy BBaxkanoch, 1Mo AiMCHO3HAYHI (PYHKITIT

g= (g(u)a u € (_Ooa Oo))’ o= (O'(l/l), u € (_Ooa Oo))a
Y= (y(t), t=0), 6 =(6(t),t=0)
€ wuenepepBHuMH, a ¢yHkmii g(), o() Tta 6() - momatHmmu. Kpim Toro,

MPUITYCKAJIOCh, MO0 BCl 11 (PYHKIII € TakuMH, 110 Ha MOBHOMY WMOBIPHICHOMY
pOoCTOp1 {Q, F, P} ICHYBaB  HEMEpPEepBHUIl  pO3B’s30K X  CTOXaCTHMYHOIO
nudepeHIiaTbHOTO PIBHIHHSA, IO AOCIKYBaIOCh.

AHaNoriuHi 3aaadi, aje ajs, TaKk 3BaHOTO, CTOXAaCTMYHOTO AU(epeHIaabHOTr0

PIBHSIHHSA 3 BIJIOKPEMIIFOBAHUMU 3MIHHUMHU JOCIIXKYBaauch B podoTax [15, 16]:

dX () = g(X (t))dt + 6(t)dw(t).
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MoxHa 3ragaT 1 0arato iHIIIX I[IKaBUX POOIT, IO MICTATh PEe3yibTaTH 100
ACUMITOTUYHUX  BJIACTUBOCTEH  PO3B’SI3KIB  aBTOHOMHUX  CTOXAaCTHYHHX
nu(epeHIianbHIX PiBHSIHb, Hanmpukiaan, poboru Iltpayca i HMopke [17, 18] Ta
JI’ Anuna, Maiio 1 Myapo [19].

B ycix Buiesraganux po00oTax BIaCTUBOCTI CTOXAaCTUYHOTO JAU(PEPEHI1aIbHOTO
PIBHSIHHS BHU3HAYaJIUCS BJIACTUBOCTSIMU PO3B’SI3KY BIAMOBIIHOT JI€TE€PMIHOBAHO1

3amaui.
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Po3zain 2. YmMoBH 30ikHOCTI Malizke HAlIeBHO BUIIAIKOBOI0 Ipo1eCy, 0
MOEJIOETHCS SIK PO3B’A30K CTOXACTUYHOIO 1M (epeHialbHOro piBHAHHS
2.1. CroxactuuHi nudepeHIiagbHi piIBHIHHS.
PosrnsHemo HacTymHe cToOXacTU4HE AU(epeHIliaIbHEe PIBHSIHHSI
dx(t) = a(t, X(®))dt + a(t, X())dw(t),t = 0; X(0) = X, (1)
ne w(+) — CTaHAapTHUN BIHEPIBCHKUM MPOIIEC 3aJaHIil HA IMOBIPHICHOMY TIPOCTODI
{Q, F,P}, aaTa o - HenepepBHi GyHKII, X, — HEBUIIaIKOBa fA0aaTHa cTana, X (*) -
po3B’s130K piBHsAHHS (1) [AeTanbHie AuB. cTop. 33 [4]].

Biamitumo, 1110 BiHEpIBCHKUM ITPOILIECOM HA3UBAETHCS CTOXACTUYHUN MPOIEC 3
HEMEePEePBHUM YacoM, 1110 MaTeMaTUYHO1 BUpa)kae BUMaAKOB1 OnykanHs. ToOTo, e
MPOIIEC 3 OJHAKOBO PO3MOJIIIEHUMH HE3AJIE)KHUMU T'ayCIBCbKUMHU MPUPOCTAMHU, L0
Maif’ke HalleBHO MOYMHAETHCS B HYJII Ta B KOXKHUNA MOMEHT 4acy Ma€ Mailke HalleBHO
HETEePEePBHI TPAEKTOPII.

Teopema 1 (Teopema 1, ctop. 40 [4]). SKII0 BUKOHYIOTHCSI YMOBU:

e ¢ynuknii a(t,x) ta o(t,x) BusHaueni npu t € [0,T] i x € R Ta BUMipHi 10
CYKYITHOCTI 3MIHHHUX;
* icuye take yucno K, mo npu t € [0,T] Ta x,y € R maroTs micue
HEPIBHOCTI
la(t,x) —a(t,y)| +lo(t,x) —a(t,¥)| < Klx -y,
la(t, 0)|? + 1o (6, )| < K2(1 + |x]*);
* X(0) me 3anexwuts Big w(t) i EX(0)? < oo,
Toni icHye po3B’si30k X (+) piBHSHHS (1), IKHiA 310BOJIBHSAE HACTYITHAM YMOBaM:
1) poss’s30k X(t) € m.H. HenepepsuuM i X(t) = X(0) mpu t = 0;
2) suposesr EX(t)? < o0.
Sxmo X, (t) Ta X, (t) nBa po3B’si3ku piBHSHHSA (1), SKi 3aJ0BOJIBHSIIOTH YMOBaM

1) ta 2), To

P{ sup |X,(t) — X,(t)| = O} = 1.

0<t<T

Hexait (F,,t = 0) — me norik o — amrebp, T06T0 Fy € F, mns t; < t, .

[Toznaunmo wyepes H,[0,T] npoctip BumankoBux ¢GyHKIIN f(t), BU3HAYEHUX NpU
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t € [0, T] Ta Ipu KO’KHOMY t BUMIpHHUX BiTHOCHO Fy, JUIsl IKUX iHTErpan [ OT f2(t)dte
CKIHYCHHUM M.H.

Mae Miciie HacTyIHa Teopema.

Teopema 2 (Teopema 1, crop 20, [4]). Hexauri f(t) € H,[0,T] Ta
fOT Ef?(t)dt <o . Tomi cenapabensuii mpouec I(t) = fOT f(s)dw(s) e

HEMEepPEepPBHUM M.H. 1 Ipu @ > (0 BUKOHYIOTHCSI HEPIBHOCTI:

t T
1
P Osslg)T !f(s)dw(s) >a Sﬁ!IEfz(t)dt, (2)
t 2 T
E sup ff(s)dw(s) < 4f Ef2(t)dt. 3)
O0<t<T 5 o

Ouinku (2) Ta (3) HasuBawTh HepiBHOCTIMU A.H. KonmMoroposa Tta k. Jly0a

JUISl CTOXaCTUYHUX 1HTETPalliB.



21

2.2. OcHoBHa Teopema

PosrnsHemMo HeaBTOHOMHE CTOXacTUYHE AU epeHIliaibHe PIBHIHHS
dX (1) = g(X (0)(t)dt + o (X (1))O(t)dw(?), (4)
ne w(-)— cranmapTHui BiHepiB mpoiiec; 6(1) — HenepepBHa GyHKIA, g(¢), ¢(-) Ta
o(-) — HenepepBHi goaaTHI QyHKIIT Taki, 1m0 (4) Mae HenepepBHUH po3B 30K X ()
Hexaii Ha moBHOMY HMOBIpPHICHOMY MPOCTOPI {Q, F, P}S&I{&HO HENEPEPBHUIN
BUMNAAKOBUIM mporiec X (¢) = (X(a),t), wEQ, t= O) :

IHo3naunmo
t
D(7) =f¢(u)du , =0,
0

ne ¢(1) — HemepepBHa qoAaTHA QYHKIS Ta MPUITYCTUMO, IO

limd(7) = . (5)

(>0
Posrnsanemo paesiki ymoBU 301KHOCTI Maibke HameBHO (M.H.) tumy [I3BY nns
PO3B’SI3Ky piBHSHHS (4).
Teopema 3. Ilpunyctumo, mo w(-) —  BiHepiBCbKUU mpouec, o() —

HenepepBHa JojaTHa (yHKLIA Taka, 1o supo(x)<oo, g(*), ¢(-) 1 6() HenepepBHI
XER

nonatHi QyHkmii Taki, mo (4) Mae HemepepBHUN po3B’s30k X (*), s SIKOTO

lim X (¢) = o0 m.H. Kpim TorO0, HEXall BUKOHY€ETHCSI yMOBa (5) Ta

[—>00

2k+1

) 0% (s)ds
0 o
2 o2 (6)
Tom
tli_)rg%ia()((s))ﬁ(s)dw(s) =0 M.H. (7)

JoBenennsi. Jlna nporo npu ¢ikcoBanoMy k=0 Ta J0BUIBHOMY &£ >0

PO3TISTHEMO O]
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B, ={ w %L{o@f(s»@(s)dw(s)

®ynkuis P(-) MOHOTOHHO 3pocTae, Tomy B, CC,, k = 0.

Ta

, - {sup — L(a(X(s»e(s)dw(s)

Ockinbku 0(+) € oOMexkeHow GyHKII€0, a O(*) - HeNepPepBHOIO, TO
t t
f02 (X (5))0*(s)ds < o i fE[aZ(X(s))HZ(S)]ds < 0,
0 0

3 ypaxyBaHHSM TeopeMu 2, uist Oyab-sikux k=0 ta £ >( Mae MicIie omiHka

2k+1

) M2 2k+1 )
5 f E‘O‘(X(S))‘ 0 (S)ds< f@ (s)ds |,

2k <40kl

P{ sup %Kfa()( (5))8(s)dw(s)

1 t
P{ i E:izk” o2 k) L{O(X (5))8(s)dw(s)

1

®2(25)e? D (25)e

ne M =supo(x)<o.
XER

OTxe,

®*(2")e

2k <p<0k+l

Pl su Lta(X(s))a(s)dw(s) > € <L- 2k+102(s)ds (8)
e B - 1 |

Tenep nnsa noBinbHUX £ >0 Ta m =1 pO3TIISTHEMO MOIII0
~ 1
B sup— > €
t=2" (I)(t

0]
Ta TMOAAMO ii y BUTJISAI U

f o (X (5))0(s)dw(s)

OCKIJIBKH
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P( U Bk)= EP(Bk)’
k=m k=m
TO 32 YMOBOIO (8) MaeMo
1 t
P{ sup—pa()( (s))E(s)dw(s)| > g} <
t=2" 0
< 1 2
> { ‘fa(X(S))H(s)dw(s) > g} <z, -
k=m <t<2k+ 1 (1t e
ze
2k+1
. [ (s)ds
= - 0 m=
; /Zm D*(2%)
3ayBaxxumo, o B cuiy (6), E — 0 npu m —> .
Otxe,
Iy _EM
sup —— O(X (5))0(s)dw(s)| > € —. 9)
r=2" (I)( e
ITo3Hauumo
1 t
X,, = sup —Z)‘fa(X ($))0(s)dw(s)|.
0

t=2"
m—=

Tomi 3 cniBBigHOmEeHHa (9) Ta ymoBu (6) BummBae, o lim X =0 3a

TO lim X,, =0 M.H.
m—=>0

nmosipuicTio. Ockinekn X, < X, ,

3Biacu BuruinBae (7). Teopemy n0BeIeHO
3ayBaxMMO, IO yMOBH, 3a AKX lim X () =% m.uH., 1e X () - po3B’s130K

[—>00

piBHsiHHS (4), HaBelleHO B [15]
Jlocninumo, yMOBH 3a SIKUX pajl (6) € 301KHUM.
1

Hacuainoxk 1. ITpu 6(-) =1, ¢ =0, psix (6) 36iraerbes, Ko A1 IeSIKOro & > —
s
(10)

limsup—— < .
O(7)

—>00



JoBeaenns. [{ns Toro, mo0 nqoBectu criBBigHomeHHs (10), po3risHemMo

3arajgbHUM diieH psagy (6):

2k+1

0% (s)ds .
[ -

®*(25) = (2%

3rigHo 3 ymoBoro (10) maemo, mo icaye M >( Take, 1m0

5
g < M nndg noBuibHOTO ¢ > ().
D(¢)
Tomy
2k _ 9(1-20)k , %%k 25(1-20)k
@2 (25 @2 (25
OTxe,
2k+1
. 6% (s)ds }
0 < M2\ D200k
/;) @*(2") ,;)

Psi B mpaBiii yacTHHI 30ira€ThCs IS IEIKOrO O > 5

1

3ayBaxenns 1. YmoBa (10) BUKOHYETBCS, SIKIIO IS IESKOTO 3 < 5

liminf g(u)u” >0
u—0o0
JiicHO, AKIO0 BUKOHYETLCA (11), To icHyroTh Taki £ >0 Ta u, = 0, Wo
dw)>eu u> U,
He BTpauaroun 3arajgbHOCTI, BBAXKATUMEMO, WO u, = 0. Tomy mpu ¢ =1

t t
- £ 1-8
pWduz=¢e( uldu=—"—t
d Jeiy

Ta 171 qoBinbHOro O >0

24

(11)
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t° _ t° - 0 - (1-5) fo-1+B
D) ! R B '
{¢(u)du 71_/), t

1

OTxe, AKmo f < 5, TO O > % 1 ymoBa (10) BUKOHY€EThCHI.

Po3risitHeMo 0uH 3 MPUKIAAIB 3aCTOCYBAaHHS TEOPEMH 3, SIKUW MOKA3YeE ii
TOYHICTb.

Hacuainok 2. Hexait w(-) — BiHepiBChKUH MpOIIEC, TO1 A H0BiLILHOTO O >0
MaeMO

1imLt) —0

1

Ji(nt)2”

JoBenenns. Y piBHsHHI (4) noknagemo o(-)=116()=1Ta

—c0

) (In £)°*"° +2(In £)°7%°

o(t) = ,0>0.
21
Toni
d(t) = Vi (Int)***, 5> 0.
Pozrasinemo ymoBy (6) 3 Teopemu 3. Maemo
2n+1 2n+l
. f 6*(s)ds f ds
o (I) (2n - 2 (1 2n 1+26
1 o0 2l’l+1
- (ln2)1+25 E 4 0 420 -
(ln 2)1+25 E 1+25
Ockinbku 0 > 0, TO psfg E € 301KHUM, OTXe YMOBa (6) BUKOHY€ETbHCS.

Tenep y crity Teopemu 3 MaeMo

1t 1
0= 152% {G(X(S))G(s) dw(s) = }gg% { dw(s) =



26

lim_"®
t—>00 \/;(lnt)6+0,5

Pe3ynbTaT HacnigKy 2 TakoX BUILUIMBAE 3 3aKOHY MOBTOPHOTO Jorapudmy ajs
BiHEPIBCHKOTO mportiecy. OCKUIbKY TOBEACHHS HACHIAKY 2 BUIUIMBAE 3 TEOPEMH 3, TO
MOXEMO CTBEpJUKYBaTH, IO TeopeMa 3 € Y3roJKEHOK 3 3aKOHOM MOBTOPHOIO
norapudmy aJisg BIHEPIBCHKOTO MPOLIECY.

3ayBaxkenHsi 2. Slkmo B piBHsHHI (4) moknactu ¢(-) = 1taf(-) =1, 10 (4)
MEPETBOPIOETHCS. Yy  PIBHSHHS, SIK€  JOCIHIIKYBaJIOCh M1 Tixmadom Ta
A.B. Cxkopoxo0M JjIsi aBTOHOMHOI'O CTOXaCTUYHOTO AM(EPEHIIaIbHOTO PIBHIHHS.
Jlo Toro 3, Jerko OayuTH, IO YMOBH TE€OPEMHU 3 BUKOHYIOTHCS JUISl PIBHSHHS
M.I lixmana ta A.B. Ckopoxoma. ToOGTO MOXHAa CTBEpIKYBATH, IO PE3yJIbTAT
TEOPEMU 3 y3arajibHIOE PE3YyJbTaT OTPUMAHUN I.I. TixmasoMm Ta A.B. CkopoxomoM

JUTsl aBTOHOMHOTI'O CTOXaCTUYHOTO JU(EepeHIIaTbHOTO PIBHSHHSL.
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2.3. AcUMIITOTUYHA TTOBE/IIHKA PO3B’A3KY CTOXAaCTUYHOTO PIBHSIHHSA, AK€ OITUCYE

mozeinb O. Baciueka

Opniero 13 3amad (IHAHCOBOI MaTEeMaTUKH € ToOyA0Ba TaKUX MOJAENen
BIJICOTKOBUX CTaBOK, $IKi O JO3BOJISUIA BIATBOPIOBATH BEJIMYMHU HA PHUHKY, IIO
crioctepiratotbesi. Yacto jyist mpoiiecy #() BUKOPUCTOBYIOTHCA Ti 3K MOJIENI, 1O 1 AJIs
MPOIIECY CTOXACTUYHOI BOJATUIILHOCTI.

Posrnsnemo monens O. Bacidyeka, 110 onucye €BOMIOLII0 BiJICOTKOBOI CTaBKH.
Jlana Mojenb € OAHO(PAKTOPHOI MaTeMaTUYHO Mojaeio. OAHOPAKTOPHICTH
MOB’s3aHa 3 TUM, IO B MOJENI MNPHUCYTHE JIMIIE OJHE JHKEPEI0 HEBU3HAUYEHOCTI
JTMHAMIKA BIiJICOTKOBOi CTaBKH. JlaHa MozeNib MPUITYCKa€e, MO0 BIJICOTKOBA CTaBKa
KOJIMBAETHCS HABKOJIO JESKOTO cepeaHboro piBHA. lle € meprioro Moaemiwo, o
BpaxoBY€ OCOOJUBICTh BIJICOTKOBUX CTaBOK, IO BIJIPI3HS€ iX BiJl JUHAMIKH IIiH.
Henonikom mogmeni O. Baciueka € Te, 110 TEOPETUYHO CTaBKa MOK€ HalOyBaTu
B1JI’€MHUX 3HAYEHD.

B nmaniii mojeni MNpUITYCKA€eThCS, IO €BOJIOLIS BIJCOTKOBOI  CTaBKH
3a7J0BOJILHSIE PIBHIHHIO:

dr(t)=a(B - r(t))dt + oaw(t), (12)
7€ W - BIHEPIBCbKUI mpolec, - cepeliHiil (I0BrOCTPOKOBUI) PIBEHb BiJICOTKOBOT
CTaBKH, (¢ - TapaMeTp, II0 XapaKTEPU3y€ MIBUIAKICTh MOBEPHEHHS 0 CEPEIHHOTrO
3HAYEHHS, a O - IapaMeTp BOJATHJIBHOCTI. Y daHId MOJAEHl BOJATWIBHICTh HE
3QJIEKUTH B1J] TOTOYHOT'O 3HAYEHHSI CTaBKHU.

[Moknanemo 8(-)=110()=0 1a ¢(t)=r.

Toni
t
O(t)= [adu=at, t=0
0

Pozrasinemo ymoBy (3) 3 Teopemu 1. Maemo

2n+1 2n+1

. [ & (s)ds [ ds
0 0 =

S 92 Sat2
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[ee]

1 :
Pan E — € 301KHUM, OTKe YMOBa (6) BUKOHY€eThCS. B cuity Teopemu 3 Mmaemo
n=0 2

1 L
%{O(r(s))e(.?) dw(s) = a{adW(S) —0, t—>ox M.H.  (13)

Teopema 4. Hexaii r(-) - po3B’si30k piBHsHHA (12), ske omucye MOJEib

O. Baciueka. Toai BukoHaHo ymoBy (13).
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2.4. IlincuneHuit 3aKOH BEITUKUX YUCEIT JIJIs MOJIEJ 3pOCTaHHS B1ACOTKOBOT
CTaBKU
Posrnsnemo croxactuune qudepeHIiiaabHe pIBHIHHS
dX(t)=r(t)X(t)dt+ BX(t)dw(t), t =0; X(0) =1, (14)
[0 OMHUCY€E MOJAENb 3pocTaHHs BincoTkiB [11], ne X — po3Mmip kamiTaay B MOMEHT
yacy f; ¥ — BIJIHOCHUM MPUPICT KamiTay, 10 3aJIeKUTh BiJ 4acy; w — BIHEPIBCHKUIM
npouec; PLE(0;+o) . Ilokmagemo 6(f)=pf T1a o(X(t))=X(t) . Hexait r €

t
HenepepBHOIO QyHKIiew. [TosHauumo R(¢) = (7(s)ds Ta mpumycTumo, 1o
y y

R(#)>0,t>0,
t
limR(¢) = limfr(s)ds = 00,
{—>00 {—>00 0

t
Iim——=0. 15
lim- (15)

P03B’s13K0M piBHSIHHS, 1110 ONHCYE €BOJIIOLIIO B1ICOTKOBOI CTABKH €
1
X(t)= exp{(R(t) - E/J’Zt) + /J’w(t)}

Takum uuHOM, 3 (15) BummMBae, mo X NpsMye 10 HECKIHYEHHOCTI M.H. MpHU

t — oo, Jli¥icHO,

lim X (z) = hmexp{(R(t) - %/o’zt) + /J’W(I)} =

t—>0

=limexp{( ) 1/3 /J’W(t))} ©,  M.H.

[—>00

3posymino, mo PD(z)=R(z). 3ayBaxmumo, mo 3a (15), ¢ynkmis D(¢)
3a/I0BOJIbHSIE YMOBaM TEOpeMHU 3.
3okpema, gk ymoBa (15) BHUKOHYETBCS, TO CIPABIXKYETHCS TaKOX

CriBBigHOIIEHHS (6):



Hapemri, 3a Teopemoro 1, maemo

liij(X(t))H(t) dw(t) =1im] BX(H)dw(t)=0  wm.n.
{—© 0 {—© 0

30

(16)

Teopema 5. Hexait X(*) - po3B’si30k piBHsAHHS (14), ke omucye MOJEb

3pOCTaHHs BIJICOTKOBOI cTaBKU. To/11 BUKOHAHO yMOBY (16).
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2.5. Ilincuinenuii 3aKkoH BeaIUKuX uncel 11 moaeil P. Pennensmana -

b. baptrepa

CiM’s Mojener BIICOTKOBUX CTaBOK € PI3HOMaHITHOIO, B Hel BXOISTh
ogHodakTopHl Mojenl 1 OaratodakTOpHl MOAETI, a TaKoX Mojaem QopBapaHOl
kpuBoi. Ha ocHOBiI 0HO(AKTOPHUX MOJENIEH €BOJIOIi OTPUMYIOTh MOJENII KPUBOI
NpUOYTKY Ta 1i €BOJIOLII.

Mopens P. Penpenbmana — b. baprrepa y ¢inaHcoBiii maremartuil €
KOPOTKOCTPOKOBOIO MOJIEJUIIO, 1[0 OINHCY€E EBOJIOLII0 BIJCOTKOBUX cTaBok. lle
onHodakTopHa Mojienb. OCKIJIbKY BOHA OMKCYE PyX B1ICOTKOBUX CTABOK, KEPOBAHUX
JUIIE OJTHUM JHKEPEJIOM PUHKOBOTO PU3HKY.

CroxacTuuHe piBHSHHS, 110 OMKUCYE JJaHy MOJIEIb, MA€ HACTYITHUN BUTIISI:

dr(t)=0(t)r(t)dt+o(t)r(t)dw(t) (17)
ne 6(') - mBUIKICTh 3MIHU BIJICOTKOBOI CTaBKU, O(*) - MapaMeTp BOJATUIBHOCTI,
w(*) - BIHEpIBCbKHII mpoliec

Bapto Big3HauuTH, 110 AaHE PIBHAHHS BUKIIOYAE BiJI’ €MHI 3HAUYCHHS

B1JICOTKOBOT CTaBKH.

IHokmagemo
t
d(1) = f@(u)du
0

Ta po3MIsTHEMO YMOBY (6) 3 Teopemu 3. OTpuMaeMO HACTYTIHUH Psif

211+l 2n+1
) f 0% (s)ds f o’ (s)ds
E -y <o
n=0 n=0

®*(2")
OT1xe, SKIIO YMOBa 3015KHOCTI PsIy BUKOHYETHCS, TO 3 TEOPEMOIO 3

*(2")

OTPUMYEMO, 110
lim}a(r(t))@(t)dw(t) =1imja(r)r(t) dw(t)=0 M. (18)
{—>00 0 {—>0 0

Teopema 6. Hexaii r(-) - po3B’si30k piBHsHHS (17), sike omucye MOJEib

P. Pennenpmana — b. baprrepa. Toai BukoHano ymoBy (18).



32

Po3ain 3. ACMMIITOTHYHA NMOBEAIHKA PO3B’A3KY CTOXaCTHYHOI'O
audepeHUiaIbHOTO PiIBHAHHS
HaragaeMo moHSATTS cTOXaCTUYHOTO JudepeHIiany.
Hexaii mpouec X(t) npu Bcix 0 < t; <t, < T ta Pynkuisx a(-) i b(*) Takux,
mo +/|a(t)| € H,[0,T], b(t) € H,[0, T] 3a10BONIbHSE CIIBBIIHOMIEHHIO
ts ty

X(t,) — X(t,) = f a(t)dt + f b(O)dw(©),

t1
Toni mporec Mae croxacTuunuii qudepenmian ua [0, T]:
dX(t) = a(t)dt + b(t)dw(t).
Mae Miciie HacTyIHa Teopema.
Teopema 7 (Teopema 4, crop. 25, [4]). Hexait nportec X (t) mae croxacTHUHUN
mudepentian dX (t) = a(t)dt + b(t)dw(t), a byukuis f(t, x) HemepepBHa Ta Mae
HenepepsHi noximdi f; (t, x), fi (t, x), fix(t, x). Tonmi npouec f(t, X(t)) Takox Mmae

CTOXAaCTHUYHUH AudepeHian i
df (6, X(©)) = (f,;(t,X(t)) + F1(6,X(@®)alt) + %f,;,;(t,X(t))bZ(t)) dt +

+£(t, X(©)b()dw(t). (19)
®opmyna (19) mae Ha3By popmynu Ito.

Posrnsnemo croxactuune nudepeniiaabae piBHIHHA (1)

dx(t) = a(t, X(@))dt + o(t, X(£))dw(t)

BukopucroByroun ¢dopmyny Ito, posrsiiHemMo nepeTBOpeHHs piBHAHHS (1).
[muB. netanpHime [4] crop. 34]

Hexaii X (t) € po3s'szkoMm piBusiHHSA (1), a f(t, X) - MOHOTOHHA TIO X HETIEpepBHA
¢yukis, Busnauena it € [0,T], x € (—o0; 00), mwis AKOi ICHYIOTh i HemepepBHi
noximai fi (¢, x), fi (t, x), fiix(t,x). Hdust xoxwuoro t € [0,T] icuye byukuis g(t, x)
obepuena mo x go ¢yskmii f(t,x). Iokamemo &(t) = f(t,X(t)). Tomi X(t) =
g, )1

dé(t) = [ft’(t,X(t)) + (6, X(@®))a(t, X)) + % f,;,;(t,X(t))(;Z(t,X(t))] dt +
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+ (6, X))o (t, X (2))dw (2).
TakuMm yuHOM, mporec &(t) Oyae pPO3B'SI3KOM HACTYIIHOIO CTOXACTHYHOTO

nudepeHIiadbHOTO PIBHSHHS
dé(t) = a(t, &(0))de + a(t, £(6))dw(d),

Jc

alt,x) = f{(tgt,0)) + £ (t, gt 0))a(t, g(t, 0)) + %fxlalc(tig(t' x))o?(t, g(t,x))

a(t,x) = f(t, g(t,x))o(t, g(t, x)).

Hexait Ha moBHOMY #iMoBipHicHOMY mpoctopi {Q, F, P} 3amano HemepepBHUi
sunaakosuii mpouec X(t) = (X(w,t),w € Q,t = 0).

Posrnsnemo HeaBTOHOMHE CTOXacTU4YHE JudepeHItiaabae piBHIHHSA (4)

dx(t) = g(X(©))p®)dt + a(X(£))0()dw(t)

Ta 3BUYaliHe AudepeHlialibHe PiBHIHHSA, sike oTpumaeMo 3 C/IP (4) nuisixom

BiJIKMTAHHS CTOXaCTUYHOI YACTHHH.
du(t) = g(u@®)¢@®)dt, p(0) =a>0

JlocniaumMo acUMITOTUYHY MHOBEAiHKY st po3B’s3ky CJIIP (4), koedilieHTH
3CYBY Ta nudy3ii crieriaTbHUM YHHOM 3aJ1€KaTh BiJl 4acOBOi Ta (pa30BOi 3MIHH.

Teopema 8. Hexait CIAP (4) mae HemepeBHUN po3B’s30K X (+) Takui, IO
limX(£)=o m.u. Ipunyerumo, mo g(x)=Cx",a€(-1;0),C>0, o(-) € obmexeHOO
bynkmie; ¢ () — HemepepBHa aojaTHA (QYHKINS Taka, IO ltlg} <I)(t)=1ti9rgj’¢(s)ds=oo.

0

Kpim Toro Hexait HacTynmHuUi ps € 301KHUM

o k1
[ 6%(s)ds

0 20
P22 < o (20)
k=0
Toni
X(t 1
lim Q Ci-a
t=oo pu(t)

JoBenennsi. PosriasineMo 3pocrarody (QyHKIIO



34

1-«x

fGx) =

l—«a
I TIOCTaTHBO BeNMWKHX X. IIpomoBxkumo 1i Tak, MO0 BOHA 3pocTajia Ha BCIH
4ucoBi mpsiMii, icayBamu f' Ta f''. 3actocyemo mo mporecy 1(t) = f(X(t))
dopmyny Ito, orpumaemo HactynHe CJIP:
dn(t) = a(n(®), )dt + a(n(t), )dw(d),
ne
G, 1) = L gIP(0) + 3 FA (X0 0 ()
a(x,t) = fy(x)a(x)0(t)

J1o Toro x

1
fi=gxs,  fh=—gx@,

Toni mpoutec 1(t) y inTerpanbpHiin Gopmi MaTUME BUTIIS

n(e) =n(0) + f (1)) g (F (1)) 9(s)ds
f (1)) o2 (£ (1)) 02()ds

[ £ 0) 0 (£ (009)) 05)ws)
Jlerko Gauntw, mo f~1(x) — Qpynkuis o6epenena o f(x) i Mae BUTIIAL:

F10) = (- )7
ta lim, o f(x) = o, Toxi lim,_,, f~1(x) = o.

Tenep aJist 1OBEIEHHS TEOPEMU MOKAXKEMO 301’KHOCTI HACTYITHUX 1HTETPANiB:

t—oo

1) lim 5 f £ 0) 9 (F () p)ds = 1w

2) 11m e )ffx’,’c 1(17(5))) ( ‘1(77(5))) 0%(s)ds =0 M.H.
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t—>oo

3) lim oo [ (7 (0169) o (1 (1)) 6w =0 s

Hosememo 1). Ockimpku lim; o, X(t) =0 mu. lim;,, f(t) =00 , TO0
lim;_ . n(t) = o0 Mm.H.

BigMiTuMo, 110

F(0gG) = x-oCxt =1

OTxe,

lim f £ 06) g (1)) p)ds =1 mon

HoBenemo 2). OcCKiIBKH SUP,er 0(Xx) = C < 0 € oOMexeHoro, To Tipu t = 0 mae

MICLI€ HACTyIHA OLIIHKA

lim f i (£ (09) o (£ (n(2)) 625D

< lim mf fix 1(7](5))) 6%(s)ds =

t—>oo

i) «( @) oo

Ockinpku a € (—1; 0) Ta B cuiry ymoBu (19) orpumaemo

t

lim sup——| 6?%(s)ds < »

t—>o0 CD( )

TOI1

lim % f (1)) o (£ (1(s))) 0*(s)ds =0 mw.m

Hosenemo 3). [{ns 6ynb-sikux k=0 Ta £ >( Mae Micle OIiHKa
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P sup >er <
2k<t<pk+1
<P >er <
2k<t<2k+1
k+1

ngcpzl(zk) f E[(fx’ (f‘l(n(s))))za2 (f_l(n(s)))IHZ(s)ds

q)(t)ffx 1(77(5))) ( _1(77(5)))9(S)dw(s)

q)(zk) f fe \f 1(n(s))) ( —1(n(s)))9(s)dw(s)

(7 (F1(0))) o (F2r6) = 02 (£ () (£ ()

IMosnauumo f~1(n(x)) =t, oTpuMaeMo HACTYHHY YMOBY: % Mae OyTH

00OMEKEHOI0, a 116 BUKOHYETHCS B CUIIYy YMOB TEOPEMHU.

OTtxe,
tm 525 f £ () 0 (£ (1)) 85 dw(s) = 0
Toni
. n(®)
tl—>oocl)(t) 1 M. H.

Tenep posrisiHemMo 3BUYaiiHE AuQepeHlliaibHe pPIBHSIHHA, SKE BIAMOBIIAE

CTOXAaCTUYHOMY JU(epeHIiaTbHOMY PIBHIHHIO (4):

du(t) = (u®) p®dt, ) =a

3B1AKHA

[du(t) | ()

d(t) = a —
) (u®) 1-a

Jani orpumaemMo

Lz 1Oy GO GO 1 (KO

o d(t)  tow C(L— a)P(t)  too 01 — o PO ~C o (D)
l1—-«a

3Biacu



37

o 1 moTpi6HO OyI0 TOBECTH.
Hagenemo mpuknang C/IP nis koeQili€eHTIB SKOrO BUKOHYIOTHCS BCl YMOBH

TeopemMu 7.

Hpuknan. B pisasnni (4) mokmagemo ¢p(t) =t, (t) =vVtragx) = o(x) =

1
(1 4+ x2)7=. Orpumaemo HacTynae CJIP

dx() = (1 + XZ(t))‘%tdt +(1+ Xz(t))_%\/fdw(t) 21)
Bigmitumo, 1o lim;,. X(t) = o wm.H. IlepeBipuMO BHKOHAHHS YMOB
TeopeMu 8 a1t KoedilieHTiB piBHAHHS (21).
JiiicHO

1 1
gx)=(1+x?)"2~Cx"2

1
: 1 1 :
®ynkuig o(x) = (1 4+ x2)72 = : — 0 3BiJgcu BoHa € OOMEKEHOIO.

(1+x2)z X>®

Jlerko 6auuTH, 10 inTerpanbHa GyHkuia P (t) maTuMe BUTIIAL:

t
2

d(t) =fsds=%

0

[Tokaxkemo 301xkHICTh psay (20)

o .pk+1 o .ok+1
J, 0%(s)ds Zfo sds

d2(25)

OTpuMaeMO CyMy HECKIHYEHHO CTaJHOI TE€OMETPUYHOI Mporecii mnepuun

. . o 1 .
CJIICMCHT KO1 p1BHUH 8, d 3HAMCHHUK - E 3B1I[KI/I OTpUMYEMO, 11O

o k1
[ 6%(s)ds 8

0

2(0k = 1
k=0 ®%(2) -5

=16 <

OTtxe, ymoBa 301:kHOCTI psiny (20) BUKOHYETHCH.



3riAHO 3 TEOPEMOIO 8§ OTPUMAEMO, 1110

lim X _
o u(e)

C3

2

38
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Po3aia 4. 'panuyna Teopema il pO3B’A3KY HEABTOHOMHOTI'O CTOXACTUYHOTO
audepeHUiaIbHOTO PiIBHAHHS

4.1. OyHKIIIT TpaBUIbHOI 3MIHH.

V 1930 p. 1. Kapamara y Binowmiit cratti [21] yBiB HOHATTS IIPAaBHIBHO 3MiHHOI
¢yukii (RV — dyskuii) 1 10BiB 1 HUX HU3KY (yHIaMEHTAIbHUX TBEpIXeHb. Lli
pe3yibTaTh Ta iX y3arajdbHEHHsS MEPETBOPWIKNCS B PO3BHHEHY TEOPIIO, IO Mae
IIUPOKE KOJO 3aCTOCYBaHb B 0araTbOX pPO3JUIAX Cy4acHOI MaTeMaTUKHU (TakuX, SIK
Teopiss uuceln, TOpis AudepeHIialbHUX PIBHSIHL, MareMmMaTu4yHa (i3uka, Teopis
“MoBipHOCTEH 1 T.4.). Oco0auBO Teopis PyHKIIIN NpaBUIBLHOI 3MIHU BIIITpa€e B TEOPil
HMOBIpHOCTEH.

Hexaii R! - MHokwuHa gificaux uncen, Rl - MHoxunHa HeBin’emHux ymcen, Z -
MHOXHWHA IUIHX yucen, N - MHOXKMHA HATypaJIbHUX YHCEIL.

Hexait F = F(RY) - muoxwuna giicanx ¢ynxmiit f = (f(t),t = 0), saxi e
JOIATHUMU ISl JOCTATHHO BEJIUKUX apTyMEHTIB:

Fo=| Jrerifo > 0.ce (a0));

4>0
Hns xoxuoi ¢yHkuii f € F, OyaemMo po3riasaatd ii BEpXHIO Ta HIDKHIO

rpaHuy4Hi QYHKIII:

f*(c) = lmtl_)iup ];((Ct)) > 0,
Ta
f.(c) = 11m 1nf];(( )) > 0.

Osnauvenns 1 ([21]). IIpo BumipHy ¢yHKImito f € F, KaXyTh, II0 BOHA €

npaBWIbHO 3MIHHOK (RV-dyHKIi€r0), sKio

fi(c)=1f"(c) =ks(c) € RY s Beix ¢ > 0, (22)
TOOTO SKIIO TPAHUIIS
. f(et)
“O=nTo

ICHY€ Ta € J0JaTHHOIO Ta CKIHYEHHOIO JUIsl BCiX ¢ > 0.
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Osnauvenns 2 ([21]). Ilpo BumipHy ¢yHKIiPO f € F, KaxyTh, IO BOHA
MOBUIBHO 3MiHIOETBhCS (200 € (yHKII€ 3 MOBUIBHOK 3MiHOW) (SV-QyHKIi€),
SKIIO [ € IPaBUIILHO 3MIHHOIO Ta

k¢(c) = 1 ana cix ¢ > 0, (23)

[li o3HaueHHs1 Oynu BBelleHI B poOoTi [21], a B poOoTI [22] AOCIIIKYBAIUCH
BJIACTUBOCTI TPaBUIILHO 3MIHHUX (DYHKITIM.

Jns xoxuoi RV-QyHkuii f icaye uucno o € R (imgeke ¢yHkuii f) Take, mo
f.(c)=f*"(c) =c*c>0.

s RV-¢dynkuii f Mae micie 300pakeHHs

f@) =tPl(t), t>0 (24)
ne (I(t),t > 0) — SV-dpyHKIis.

OnHuM 3 HAMOPOCTINIUX HETPUBIAIBHUX MPHUKIIAAIB (PYHKIT MOBUILHOT 3MIHU €
dbyukuis f(t) = Int, npudomy B3ATTs Joraprdmy OyIb-IK01 KPaTHOCTI (HAPUKIA
f(t) =Inint) takox NpUBOAUTH O MOHATTSA (GYHKIHI MPaBUILHOI Ta MOBLIBHOI
3MIHHU.

3po3yminio, 1m0 [Jis BUBYEHHS (PYHKIIN MNpaBWIbHOI 3MiHM B OUIBIIOCTI
BUMAJKIB JOCUTH HOCIIXKYBAaTHU BIACTUBOCTI (DYHKIIIH MOBUIHHOT 3MiHHU.

[Ipyu  oxepkaHHI yMOB  ACUMIITOTHYHOI  €KBIBaJEHTHOCTI  PO3B’SI3KY
CTOXAaCTUYHOTO JU(DEpPEHIabHOTO PIBHSHHS, JEsIKI KOe(DIIIEHTH SIKOro €
(GYHKIISIMM  TIPaBUJIBHOI 3MIHHM, JO PO3B’SI3KYy 3BUYANHHOTO JU(eEpeHIaTIbHOro
pIBHSHHS, y MaricTepchKiii Jmceprallii BHUKOPHCTOBYBANHCH pe3yibTaTH M.
Kapamatu npo acuMnTOTHYHY MOBEAIHKY iHTerpamiB Bix RV-¢dyukmiit (aus.,
Hanpuknan [21, 22]).

Haramaemo, 1o BumipHy milicHy ¢yHKIo0 f(t),t = A, Ha3UBAIOTH JIOKATBHO
1HTETPOBHOIO, SKIIIO BOHA 1HTErpoBHA (3a Jleberom) Ha Oyb-IKOMY BiApPI3KY
[a, b] c [A, ).

Teopema 9 (tTeopema Kapamaru) ([21]). Hexaii f - nmokansHO iHTerpoBHa RV-
¢bynkuis 3 iHgexkcom p # 1. Toni:

1) sixmo p > —1, 10



i )
x> [Ff(t)dt

2) skmo p < —1, 10
xf()
INAGLE

3) saxmo p = —11l¢(o0) = o0, T0

lim
X— 00

xf (x)

S5 T rdr

ne Ip(0) = [ f(D)dt
4) sxmo p = —111¢(o0) < o, TO

xf (x)

lim — = 0;
= [Xf (et

lp +

1[;

41



42

4.2. AcUMOTOTMYHA  TOBEIIHKA  CTOXAaCTUYHOTO  JU(EepeHIIaTbHOro

PIBHSIHHSL.

JlocHiI>KeHHST aCUMITOTUYHOI MOBEAIHKUA PI3HUX MPOLECIB BIAITPAE BaKIUBY
poJib B CydacHIM Maremaruii. Pe3ynbratu JOCHIIKEHb J03BOJISAIOTH CHPOILYBAaTH
JOCIIDKEHHST CKJIAJIHMX MEXaHIYHUX, EKOHOMIYHUX Ta MPUPOJHIX MPOIECIB.
Oco0nuBy posib TOAIOHI JIOCHIXKEHHSI BIAITPAOTh Yy BHUBYEHHI ACHUMIOTOTHYHOL
MOBEJIIHKMA CTOXACTHYHUX AU(EpPEHIIaNbHUX PIBHSAHb. AJKe OUTbIIICTh (DI3UUHUX Ta
€KOHOMIYHHMX TIPOIIECIB OMHUCYIOTHCS CaMe€ CTOXaCTUYHUMH JudepeHIiaTbHUMU
PIBHSIHHSAMU.

Hexait Ha moBHOMY MMOBIipHiCHOMY mpocTopi {(, F, P}3agano HemepepBHUi
sunaakosuii mpouec X (t) = (X(w,t),w € Q,t = 0).

PosrnsHemMo HeaBTOHOMHE CTOXacTUYHE AU epeHiliaibHe PIBHIHHS

dx(t) = g(X(©)p@®)dt + a(X())dw(t), X(0)=a>0, (25)

JlocniaumMo aCUMITOTUYHY MOBEAIHKY JIJIsl PO3B’A3KY PIBHSIHHSA (25).

Teopema 10. Hexaii croxactuune naudepeHiianbHe piBHSIHHA (25) Mae

HenepepBHUi po3B 30K X (+) Takuii, mwo lim X ()=« m.u. [Ipunycrumo, mo g(*) €
(yHKLI€I0 NPaBWIBHOI 3MIHHM, TOOTO g(x)=x“l(x), a€(-1;0), ne lim/(t)=K, K=0

o(-) € obmexeHoro QyHkuieo; ¢(-) — HemepepBHa nOHaTHA (YHKIS Taka, IO
lim ®(7) = lim [ ¢(s)ds = . Toxi
0

lim @ =
o u()

ne u(t) - po3B’s30K BIAMOBITHOTO AUGPEHITIATHPHOTO PIBHSHHSA, SIKE€ BiAMOBimae

1 M. H.

CTOXacTUIHOMY AudepeHIiantpHoMy piBHSHHI (25) ipu g (X) = 0.
JoBenennsi. PosriasineMo 3pocrarody (hyHKIIO

xl—a

fGx) =

1—«a
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JUI TIOCTaTHRO BeNMWKHX X. [IpomoBxkumo 1i Tak, 100 BOHa 3pocTajla Ha BCIH

4uCIoBii mpsMmil, icuyBanmm ' ta f'', Tomi mpomec n(t) = f(X(t)) 3amoBoaBHSE

PIBHSIHHIO
an(e) = an(e), Ode + 5n(e), dw(e),
Aac
3G, ) = g +5 Fix)0* ()
50, 1) = fL()0()
J1o Toro x

fi=x%  fl=—axm @),

Toni mpomiec 1(t) y inTerpanbHii Gopmi MaTUME BUTIIS

n() =n(0) + ffx, (f_l(TI(S))) g (f_l(n(s))) o(s)ds +

f £ (£ () o2 (71 (n(s)) ) ds + f £ () o (£ () dw(s)
Jlerkxo 6auntn, mo f~1(x) — gpynkuis obepenena no f(x) i mae BurIsA:

F10) = (- )7
ta lim,_, f(x) = o, Toxi lim,_, f~1(x) = o.

Tenep AJist 1OBEICHHS TEOPEMU MOKAKEMO 301’KHOCTI HACTYITHUX 1HTETPANiB:

t—oo

1) lim 5 f £ 0) g (F () o)ds = K
2) 11m e )ff 1(17(5))) a? (f‘l(n(s))) ds=0 M.H.

3) 1im$ffx' (F (1)) o (1 (n())) dw(s) =0 m.m.

t—>oo

Hosememo 1).  Ockimpku lim, o X(t) =0 M.H. limi,, f(t) =0 , TO

lim;_, o n(t) = o0 Mm.H.
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BigmiTuMoO, 110

(09 () = x~xU(x) = I(x)

OTxe,

lim

I 5 | (f-l(n<s>))g (1)) (51

= im CD(t)

1(77(5)) @(s)ds

3a ymogoto lim /(x) =K , Tozi Vo € {lim,_,,, n(s) = oo} Ta

Ve > 03s, = s.(w) > 0: |l(n(s)) — K| <e

[Ipu s = s, Mae Miciie HacTymHa OIiHKa Vit = s,

fsi (l (f_l(TI(S))) — K) ¢(s)ds| 3 ef;;(p(s)ds

= <é€
() D (t)
Tomi
th_>_n30 |fo (l (f‘l(n(;)()t))— K) ¢(s)d5| < th_>_n30 fse (l (f—l(n(;)()t)) — K) qb(s)ds| _.
Orxe,

lim

lim 5 f (P 0) g (F06)) es)ds = K

Hosenemo 2). OCKiTbKH SUP,eg 0(X) = C < 0 € oOMexeHow, 1o mput = 0

Ma€ MICLIe HACTyIHa OLlIHKa

pyoyes

f i (£ r09)) o2 (£ (r(s0)) s < fim s [ £ (574 r(s2)) s

t

+1)
lim

—(a
tm gy |~ (7 0en) s

0

Ockinsku a € (—1;0), T0
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lim ﬁof fix (f‘l(n(s))) o? (f‘l(n(s))) ds=0 M.H.

t—>oo
> e} <
> s} <
2k+1

< 5 f E [(f (f‘l(n(s))))z o (f‘l(n(s)))] ds

(7 (1)) o (77 (0) = 02 (2 (1) (2 ()

Mosnauumo f~1(n(x)) =t, oTpuMaeMo HACTYNHY YMOBY: % Mae OyTH

Hosenemo 3). [{ns 6ynb-sikux k=0 Ta £ >( Mae Micle OIliHKa

o] s o [ 07 0l 0 v

q)(zk)ffx 1(77(5))) ( _1(77(5))) dw(s)

<P sup
2k<t<pk+1

00OMEKEHOI0, a 11€ BUKOHYETHCS B CUIIYy YMOB TEOPEMHU.

OTtxe,
: 1 t 1 £-1 -1
lim = f £ (F ) o (1 (1)) dwes) = 0
Toni
()
t1—>oocI)(t) K M. H.

Tenep posrasiHemMo 3BuYailiHe AudepeHiliaibHE pPIBHSHHS, SKE BIJMOBIIAE

CTOXAaCTUYHOMY JU(]epeHIliaTbHoOMy piBHSIHHIO (21):

d(u®) = (u®) 1(u®)p@®)dt,  u0) =a

3BIAKH

d(u(t))
) (u®) 1(u(®)

= O(t).

Jlani orpumaemMo
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TR () K@)
tooo CI)(t) t—oo (1 — a)CI)(t) t—oo _ t d,ll(S)
=D e e n )

Jlo ocTaHHBOTO I1HTErpajia 3acTocyemo Teopemy Kapamaru, po3riasgaTUMEMO
BUNAJOK, KO p = —a > —1.
3rinHo 3 TeopeMoro Kapamatu mae miciie HACTyMHa PiBHICTb
L @
’H“’f f®dt
ToOto

*f (x1)~ f F(t)dt

B Hamomy BUNaJKy OTPUMAEMO HACTYIIHY €KBIBAJICHTHICTb:

du(s) u(t)
ACONIICIO) (u@®) ) 1 - a)

Tomy
K = lim XN i & O~ 1(u(®) _

M1 - a) 210 Ce (u)e
()" 1u®) (1 - )

X\ X))
= lin () 0@ = lim (55)
3Biacu
X
imo T

o 1 moTpi6HO OyI0 TOBECTH.
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BucHoBku

AcCUMITOTHYHI 3a7a4l 3aBXU 3aliMalid BaXJIUBE MICIIE Y PI3HUX UMOBIPHICHUX
JOCIIPKEHHSIX. 3HAUHY YacTUHY Teopii WMOBIPHOCTEM CKIAJal0Th TEOPEMH THUITY
3aKOHIB BEJIUKUX YHCEIL.

[lin yac AoOcCHiKEHb MPOBEICHUX B paMKax MariCTepchbKoi auceprailii Oyso
OTPUMAHO yMOBH 301KHOCTI Mail)ke HAleBHO PO3B’A3KY HEABTOHOMHOIO
CTOXaCTUYHOr0 U(EepeHUIATbHOTO PIBHAHHA KOe(]IIEHTH 3CYBY Ta AUQY3li SKOro
3ajexaTh Big YacoBoi Ta (ha30BOi 3MIHHMX Ha HECKIHYEHHOCTI, JOCIIIKEHO
ACUMIITOTUYHY MOBE/IIHKY PO3B’SI3KYy HEABTOHOMHOTO CTOXAaCTUYHOTO
IuepeHialbHOro pIBHSIHHSA KOE(QILIEHTH 3CYBY Ta Iu(y3il SIKOTO 3ajexarb Bij
4acoBoi Ta ()a30BOi 3MIHHUX HAa HECKIHUEHHOCTI.

PesynbTaTn  mochmigkeHb ~ PO3B’A3KIB  HEABTOHOMHOTO  CXaCTHUYHOIO
nu(depeHIiaTbHOTO PIBHSHHS Y3arajibHIOIOTh PE3YyJbTaTH OTPUMAaHI1 M.1. TixmanoM
ta A.B. CkopoxoioM sl aBTOHOMHOTO CTOXaCTUYHOTO Au(epeHIialbHOTO
PIBHSIHHS.

Takox, Oyau OTpUMaHI YMOBHM €KBIBaJEHTHOCTI PO3B’SI3Ky CTOXACTUYHOIO
Tu(depeHIialbHOTO PIBHAHHS KOEQIIIEHTH SIKOTO HajekaTh A0 Kiacy (QyHKIIIM
MPaBUJIBHOI 3MIHU PO3B’A3KY BIJIMOBIAHOTO 3BUYAHOTO PiBHSAHHS. OTpUMaH1 YMOBH
€KBIBAJICHTHOCT1 J1al0Th 3MOTY PO3IIMPUTH KOJIO 3aCTOCYBaHb CTOXAaCTHUYHHX
mudepeHIiaibHUX PIBHSHL KOE(PIIIEHTH SKOrO0 HaleXaTh A0 Kiacy (QyHKIii
MPaBUJIbHOI 3MIHH.

[lin yac mpoBefeHHA MOCHIIKEHb B paMKaxX MariCTepchKoi auceprarii Oyio
TaKoXX TPOAHANII30BAHO JDKEpeia Ta BHU3HAYEHO HANPAMKUA JJi1 MOKIIUBOTO

IIoJaJIbIIOIrO I[OCJIiI[)KeHHSI I[aHO'l' TCMHU.
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