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PE®EPAT

Marictepcbka aucepTaris CKIamaeTbCcsi 3: 42 cropiHok, 15 chaitmiB s
poeKTopa, 29 nmepIiopKepe.

B nuceprartiii BUB4arOTHCSl TpaHUYHI BIACTUBOCTI JIst PYHKIIIH, 1110 HAJIekKaTh
mo takux kiaacis, k. SV, RV, ORV, PRV, POV, ta ixmux. PosrismaroTbcs
BJIACTUBOCTI TakuX (YHKIIA Ta HABEACHO MPHUKIAAM JJI KOXXHOTO 3 KIACIB.
JloBe1eHO TBEPIKEHHSI PO HAJEKHICTh 00epHEeHO1 PyHKUII, BIA (QYHKLIL 3 KJIacy
POV, no kinacy POV.

Briepiue, IOHATTS TPaBUIBHO 3MiHHHX (YHKIiH 6y10 BBemeHo MoBaHoM
Kapamaroro me B 30-x poka XX cromitrsa. Ane ctBopeHa Kapamarorw Tteopist
3ayMInanach MajJoBiJOMOIO IOBrui yac. BoHa moyvasia akTHBHO PO3BUBATHCH JIMIIIE
B 70-X poKax MUHYJIOTO CTOpIYYS Ta MPOJOBXKYE AKTUBHO PO3BUBATUCH 1 HUHI. A
OTXKEe JaHa rajxy3b MaTeMaTHUKU € MOJIOJIOI0 Ta Mae 06araTo He Po3B’sA3aHUX 3a/ad.
Takum YMHOM, MOXKHA BIIEBHEHO CTBEPIDKYBATH, III0 0OpaHa TeMa € aKTyalbHOIO.

Meta po6oTu nosiirae B JOCIIPKEHH] TpaHUYHUX BiacTuBocTel aius ORV-,
PRV- ta POV-dyHkiiii.

3aBIaHHAM JJ1l AUIIJIOMHOIO MPOEKTY €: 03HAHOMJIEHHS 3 TAKUMU KJIaCaMH
bynkmii, sk: POV-, PRV- ta ORV-bynkismu; nomryk GyHKIIIH Ta BA3HAYEHHS iX
HAJIEXKHOCTI /10 OJHOTO 3 BHWINE 3raJlaHUX KJIaciB; MOBEACHHS TBEPKEHHS TPO
HaJIeKHICTh 00epHeHo1 GyHKIIi, B (yHKIi 3 kiacy POV, no kimacy POV a6o
HABEJICHHS KOHTP-mpukiaaiB. OO’€KTOM IOCTIKEHHS CTanu (QYHKIi, 1110
Hanexath kiacam ORV, PRV ta POV. IlpeameTom mociimkeHHs CTalau rpaHUYHI
BJIACTUBOCTI QyHKLIH, 0 HanexaTh kj1acam ORV, PRV ta POV.

[Tix yac po6oTu HaA AUCEpTali€ro O0yJI0 OTPUMAHO HOBI pe3yJIbTaTH, K1 Oyiu
He BigoMi1 padime. Ha ocHOBI oTpumaHux pe3yibrariB Oysiao chopMyinbOBaHO
TeopeMy, sika Oyja JOBEIE€Ha JBOMa pI3HMMHU cnocobamu. BukopucroByroun
TEOpEeMy Ta pe3yJIbTaTH, OTPUMaHI paHille IHITUMMHA BYCHUMH, OTPUMAHO HACIIIIOK

3 TEOpeMH i HEMOHOTOHHMX (yHKLIH. PesynapTaT aumcepranii MOXHa



BUKOPHCTOBYBATH B PI3HUX Taly3sX MAaTEeMATHKH, IPUKIIA]IA MOXKIIMBUX HATIPSIMKIB
JUIS BUKOPUCTAHHS OMMCaH1 HAIPUKIHIL AUCEpTaIlii.

KitrouoBi ciioBa: rpaHuyH1 BIaCTUBOCTI QYHKIIIH, TPABHIIBHO 3MiHHI (QYHKIIII,
NOBUILHO 3MiHHI QyHKIIT, GyHKIIT 3 kitacy ORV, dynkuii 3 kinacy PRV, @ynkmii 3
kiacy POV, o0epHeni ¢pyHKIii.



ABSTRACT

The master's thesis consists of: 42 pages, 15 slides for the projector, 29
original sources.

The boundary properties for functions belonging to such classes as: SV, RV,
ORV, PRV, POV, and others are studied in the dissertation. The properties of such
functions are discussed and examples are given for each class. The assertion that the
inverse function belongs, from a function of the POV class to the POV class, is
proved.

For the first time, the notion of regularly variable functions was introduced by
John Karamata in the 1930s. But the Karamata theory remained little known for a
long time. It began to develop actively only in the 70s of the last century and
continues to develop actively today. Therefore, this field of mathematics is young
and has many unsolved problems. Thus, it is safe to say that the topic chosen is
relevant.

The purpose of the study is to investigate the boundary properties for ORV-,
PRV-, and POV-functions.

The aim of the diploma project is: to get acquainted with such classes of
functions as: POV-, PRV- and ORV-functions; search for functions and determine
their belonging to one of the above classes; bringing an assertion that an inverse
function belongs, from a POV class function, to a POV class, or giving counter-
examples. Features of the ORV, PRV, and POV classes are the object of study. The
subject of study was the boundary properties of functions belonging to the classes
ORV, PRV and POV.

During the dissertation work, new results were obtained that were not
previously known. On the basis of the obtained results, a theorem was formulated,
which was proved in two different ways. Using the theorem and the results obtained
previously by other scientists, we obtained the consequence of the theorem for

nonmonotonic functions. The results of the dissertation can be used in various fields



of mathematics, examples of possible directions for use are described at the end of
the dissertation,

Keywords: boundary properties of functions, regularly variable functions,
slowly variable functions, functions of class ORV, functions of class PRV, functions

of class POV, inverted functions.
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INEPEJIIK YMOBHUX CKOPOYEHb

SV(slowly varying) function — moBiibHO 3MiHHa (YHKIIIS;

RV (regularly varying) function — npaBmisHO 3MiHHA QyHKIIIS;

WSV (weakly slowly varying) function — ca®o nmoBiibHO 3MiHHA (QYHKIIIS;

WRV (weakly regularly varying) function — cnabo mnpaBuwiIbHO 3MiHHA
byHKIIIS;

WOSV(weakly O- slowly varying) function — cmabo O-moBiabHO 3MiHHA
byHKITIS;

OSV(O- slowly varying) function — O-nioBiIbHO 3MiHHA (YHKITIS;

WORV (weakly O-regularly varying) function — cna6o O-nipaBriIbHO 3MiHHA
byHKIIIS;

ORV(O-regularly varying) function — O-nipaBuibHO 3MiHHA (YHKIIIS;

WPRV (weakly pseudo-regularly varying) function - cma6o miceBmo-
MPaBUIBHO 3MIHHA (QYHKIIIS;

PRV(pseudo-regularly varying) function - mnceBgo-npaBuiIbHO 3MiHHA
byHKITIS;

WPOV (weakly positively varying) function - cnabo mo3uTuBHO 3MiHHA
byHKIIIS;

POV (positively varying) function - mo3utuBHO 3MiHHA QYHKITIS;



BCTYII

Briepiue, TOHATTS TIPaBUIBLHO 3MiHHHX (YHKIiH 6yn0 BBemeHo MoBaHOM
Kapamaroto mie B 30-x poka XX cromitta[13]. Aje KUTbKICTh POOiT, 110 30eperiucs
3 THX 4aciB, € HEAOCTaTHBOI. MOXIIMBO, came ToMy cTBopeHa Kapamaroro teopist
3aJMIIagach MajloOB1AOMOIO TOBIHil Uac.

Bona mouana naOyBatu BigomocTi juiie B cepeaurHi XX CTOMITTS MICHs
Buxony kuuru I'Higenko b.B., Konmoropo A.H. «IlpeaenbHble pacnpeseneHus
JUIS CYMM HE3aBUCHUMBIX CIyYaWHBIX BelW4MH»[l]. A TMOBHICTIO Ba)JIMBIiCThH
MPaBWJIBbHO 3MIHHUX (YHKIIIH BYeHHI B cepi Teopii HMOBIpHOCTEH yCBIJIOMUIIU B
1966 por, micis Buxoay Apyroro tomy kauru B. @ennepa «BBenenue B Teopuio
BEPOSTHOCTEHHN €€ PUIIOKECHUI»[2], B sIKiii MicTHIIMCS elleMeHTH Teopii KapamaTw.

[li3Hime 6arato BiIOMHUX BYEHUX BUKOPUCTOBYBAJIM MPABUIBHO 3MIHHI
¢bynkuii ta moxigai Bim HuX (PRV, POV, ORV Tta inmi) B pi3HUX ramy3sx
marematuku. Tak ORV ¢yHkiii 3actocoByBaiu B cBoiXx poborax Cenetal6, 7],
binrxam[16, 18], ABakymoBuu[5], Kapamara[13], ®emrep[2, 14, 15], Anbsaunu[4],
ApannenoBud[4] Ta iHII. ABTOPY BUKOPHUCTOBYBAIHN 0arato pi3HUX MO3HAYCHb IS
TaKOTO Kiacy (yHKIIA. ABaKyMOBHY BHUKOPHCTOBYBaB mo3HaueHHS «R-O» mms
TakuX (QYHKUIA, Take > TMO3HAa4eHHs BHKOpHUcTOBYBaB Kapamara, Cenera
BUKOpUCTOBYBaB no3HaueHHs1 RO, KpacHocenbcbkuii Ta PyTUIlbKuil BUKOpUCTAIN
Ha3By (QyHKIII 3 JOMIHYIOYOK Bapiaiiero a AJbSHUMY Ta ApaHJIeloBUY
Bukopuctaiu Ha3By O-RV Ta chopmymroBanm 3araibHi YMOBHU JIJISl TAKOTO KJIacy
byHKI1IH, K1 MU OyJ1IeMO BUKOPUCTOBYBATH HaJIaJi.

PRV (¢yskmii BHKOpHCTOBYBamM B CcBOiX pobOotax Kopenodmrom[20],
Marymescbka, ['mxman Ta Ckopoxoa[l9], Iraarmiommep u TpaytHep,
SxkumoB[28], Knecor[27], Bynnuria[8-10, 23-25]. ®yHkiii 3 0CTaHHBOTO Kiacy,
3aBJIIKM CBOIiM BJIACTHUBOCTSM, 3HAWUIIUIA 3aCTOCYBAHHS B TAKUX Taly3iX HAYKH, SK:

byHKIIi 3 peryiaspHUMH KOJWBAHHIMH, (PYHKIIi 3 CIIa0KMMH KOJIMBAHHSIMH,
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y3arajbHeHl TayOepoBI TeopeMu Jyisi TepeTBOpeHb Jlamaca, Teopiss MacoBOTO
00CITyroBYBaHHS Ta 1HIIII.
POV ¢ynkuii BBiB Ta BAKOPUCTOBYBAB y CBOiX podorax bymmurin[11, 12].
Cenera[7] B cBOiif po0OOTI IOBIB, 1110 HACTYIIHE TBEPHKCHHS € BIDHUM: HeXak
Ma€eMO MOHOTOHHY, HemepepBHY (yHKIi0 f, mo HamexuTh kiacy RV. Tomi
obepHeHna 10 Hei Qynkuis f~1 Takoxk Hanexuts kiaacy RV. Came Tomy, mepeni
MHOI0 OyJa TMOCTaBjieHa 3ajJada JOBEeCTH ab0 HaBECTU KOHTP-IPUKIAIN

aHAJIOTTYHOTO TBEPJUKEHHS s PyHKIiH 3 kiacy POV.

11



1. TPAHMII MOCJIIOBHOCTEM TA ®YHKIII

1.1. TlonsaTTs rpaHuui

['panuist — oJlHE 3 OCHOBHUX MOHATH (DYHKIIIOHAJBLHOTO aHaMI3y (a TakoX
MaTeMaTUYHOTO aHami3dy), fAKe O3Hayae, 10 JESIKUM 00'€eKT, 3MIHIOIYHCH,
HECKIHUEHHO HaOIMKA€ThCS 10 TIEBHOTO CTAJIOT0 3HaUeHHA. TOYHUM 3MICT OTpUMY€E
JUIIE TpPU HASIBHOCTI KOPEKTHOTO BHU3HAYEHHS TMOHSITTS OJU3BKOCTI MIXK
eJIeMEHTaMH (TOYKaMH) MHOKHMHHM, B sIKili BKa3aHa BelMYMHA HaOyBae 3HAYCHHS.
OCHOBHI MOHATTA MATEMaTUYHOT'O aHANII3y — HEMEPEPBHICTbh, OX1HA, IHTETrpasl —
BU3HAYAIOTh Yepe3 rpaHuiio[29].

['paHUICIO TOCTITOBHOCTI {X,} Ha3WBalOTh CTaje YHCIO &, SKIIO JIJIs
KOXHOTO JI0JIATHOTO YUCIA €, CKIJIbKK O MaJKM BOHO HE 0yJi0, ICHYy€ TaKuii HOMep
N, 110 BC1 3HaUYCHHSA X, B IKHX HOMEDP N > N, 3aJI0BOJIbHSIE HEPIBHICTh

lx, —al < e.

Toli ¢akrt, 110 & € rpaHuIIEto, T03HAYAI0Th TAK:

limx, =a
n—oo
ab0 MmpocTo
limx, =a
qH

Xp = Q,N — 0,
Homep N 3amexuts Bin BuOopy umcna €. [Ipu 3menmensi € yucino N Oyzae
301IBITYBaTHCh.

Posrasnemo nBa Bu3HaueHHs rpanuil QyHkuii — 3a Komri a 3a ['eline.

1.2. T'panuus ¢pynkuii 3a Koui

Hexait A C R, f: A — R, x, — rpaHn4YHa TOYKa MHOXHUHU A.

12



Yucno a HasuBaroTh rpanurieio Touku f y toumi x,, skmo Ve >0 3§ =
6(e) > Orake, mo Vx € A N B(xy, 6)\{xo}: |f(x) — a] < £.[29] BukopucToByroTh

HACTYIIHC IMMO3HAYCHH:

a= lim f(x)

x—>x0
a0o

f(x) = a,x = x.
1.3. TI'pannus ¢ynkuii 3a I'eiine.

Yucno A HazuBaroTh rpanuiieio f(x) GyHKII B TOYI X AKIIO IS JOBIIBHOI
HOCITIIOBHOCTI {X;, } 1110 36ira€Thest 0 Yucia X BiAMOBIIHA TOCTIJOBHICTh 3HAYEHb

byukmii {f (x,,)} 306ixkHa i Mae rpanuiero oqHe 1 TeK came gncio A.[29]
1.4, OnpHOCTOPOHHI rpaHuui

OOHOCTOPOHHS TpaHUIl — 1€ TpaHuld (YHKLII OAHIET 3MIHHOI B JAESKIN
TOYII, KOJM apTyMEHT MPSAMY€E 10 3HAYEHHS apTyMEHTy Yy I TOYIll OKpeMo 3i
CTOPOHM OUTBIINX apTYMEHTIB (MPaBOCTOPOHHS IPaHMIIs), a00 31 CTOPOHU MEHIINX
apryMeHTIB (JIIBOCTOPOHHS TpaHuils). ToOTO, € CEHC TOBOPUTH MPO OJTHOCTOPOHHI
rpaHuIll QyHKIIT y ACAKIH TOYIl TUIBKH TOJI, KOJM Yy I[i TOYIll JIIBOCTOPOHHS
rpanuis QyHKIIT He JOPIBHIOE TPABOCTOPOHHI. [29]

[IpaBOCTOPOHHIO TPAHUIIIO MPUHHATO MO3HAYATH HACTYITHUM YHHOM:

lim f(x), lim f(x), limf(x).
x—-a+ x—a+0 xla

J1J1st 1IBOCTOPOHHBOI I'PaHULIl IPUHHATI TaKl MO3HAYCHHS:

lim f(x), lim f(x), limf(x).
x—a— x—a—0 xTa

BUKOpPUCTOBYIOTHCS TAKOK HACTYIIHI CKOPOUYECHHSL:

f(a+)if(a+ 0) mis npaBoi rpanHul;

f(a—=)1if(a—0) mgas niBOT rpaHuIli.
13



1.5. BepxHs Ta HMKHSI I'PAHUIL

B maremarnuHOMYy aHaii3i BEpXHS 1 HIDKHS TPAHMIN BU3HAYAIOTBCS IS
YHUCJIOBUX IMOCIIIOBHOCTEN UM (DYHKIIIM 1 BUKOPUCTOBYIOThCA MpHU iX BUBYeHHI. Ha
BIJIMIHY BiJ] 3BUYAHHOT TPaHUIll, BEPXHS 1 HIDKHS TPAHMII 3aBXKIM iICHYIOTH (X0Y 1
MOXYTh OyTH PIBHUMH HECKIHUCHHOCT1). JIJIsI HMDKHBOI TpaHUINl IOCIJOBHOCTI

{xn}n=1 BHKOPHCTOBYIOTHCS TO3HA4YEeHHS lim x, (MOIIUpeHe B YKPAIHCHKIN 1
n—->oo

pOCIiiCBKii JiTepaTypi) i lir{r_{io{)lfxn (mommupeHime B 3axigHiil mitepatypi). s

BEPXHBOT IPaHMIIl BiAMOBIIHI MO3HAYEHHS MarOTh BUIJIAA lim x,, 1 limsup x,,.[29]
n—o n—oo

BractuBOCTI BEpXHBOI Ta HUKHBOI T'PAHULIL:
1. V Oyap-sK0i MOCHIIIOBHOCTI ICHYIOTh BEPXHS 1 HWDKHS T'PaHUIl, IO
HayexaTh MHOXHHI RU{—o0; +00}.
2. Yucnoa mocuigoBHICTE {X,,} 30iraeTbes 10 a TOAI i TIABKU TOM1, KOJIH

liminf x,, = limsup x,, = a.

n—oo n—oo

3. Jlns Oyab-SKOTO Hamepea y3STOro JI0JaTHOIO YHUCia € BCl CIEMEHTH
00MEKEHOT YMCIIOBOI TTOCIIIOBHOCTI {X;, }neq, MOYMHAOYH 3 JEIKOTO
HOMeEpA, 3aJIEKHOTO BiJ €, JI€KATh YCEPEAUHI IHTEPBATY

limx, —¢& limx, +¢
n—oo

n—oo
4. SIkmo 3a mexxamu iHTepBany (a, b) JeKUTH JHIIE CKIHUCHHA KITbKICTh

CJIEMEHTIB 0OMEKEHOI YMCI0BOT TOCIIIOBHOCTI {X;, }n=1, TO IHTEPBAT

lim x, ; lim x, | mictutscs B inTepBani (a, b).

n—oo n—-oo

5. BukoHyroThCs HacTyIH1 HEPIBHOCTI:

inf x, < liminf x, < limsupx, < supx,
n n—oo n—->oo n

lim(a, + b,) < lim a, + lim b,
n—-oo n—-oo n—-oo
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lim a, + lim b, < lim(a, + by)

n—-0oo n—-0oo n—->oo

2. OBEPHEHA ®YHKIIIA TA ii BIACTUBOCTI

Hexaii f: X — YTtag: Y — X nesxi ¢pyHkiii.

Oyukuia g ¥ — X HazuBaeThcs 00epHEHO A0 QyHKuUii f7 X — Y, saKxuio
BUKOHAHI HACTYIIHI PIBHOCTI:

flg) =y vyey;
9(f(x)) = x,vx € X.

Jlns Toro, mo0 3HalTH 00epHEeHyY (PYHKIIIIO JI0 3aaH01, HEOOX1JHO PO3B'I3aTH
piBasHHS Yy = f(x) moao x. SIKiio po3B’si3kiB Oiiblie HiXK OAWH, TO (GYHKIII,
obepuenoi 10 f(x) He icuye. Takum ynHOM, QyHKIIs f(x) 0oOepHEHA HA IPOMIXKKY
(a, b) Toxi i TiTBEKK TOI, KOJIM Ha I[bOMY IIPOMIKKY BOHA B3a€MHO-01HO3HauHa[29].

Jlnst menepepBHOi ¢yukitii F(y) Bupasutu y i3 piBHsHHA X — F(y) =0
MOXJTUBO TUTBKU B TOMY BUMAKY, Koiu (yHKiis F(y) ctporo MoHOTOHHA. TUM He
MEHIII, HEMEPEePBHY (PYHKIIIO 3aBXKIM MOXHa OOCpHYTH Ha MPOMDKKAX ii CTPOTOi
MoHOTOHHOCTI. Hanpuknaz, vx € o6epHeHoto hyHKieo 10 x2 Ha [0, +00), xoua Ha

npoMixky (—oo, 0] obepHena dynkmis inma: —/x.

3. TEOPETHUYHI BIJJOMOCTI ITPO JESIKI KJIACU ® YHKIIN

3.1. HeoOxigHi mo3HAYEHHSA

[Tepen TuM, ik MU TIepeiAEMO A0 PO3TIISAY KOXKHOTO KIacy (GyHKII OKpeMo,

IPOMOHYI0 BBECTH INEBHI OOMEXEHHS Ta MPUTraJaTH 3arajbHOBIIOMI (akTH, sKi

15



OymyTh BUKOpHCTaHI mi3Hime. Tox, Hagam OymaemMo BBaXKaTH, Io: R — MHOXHHA
MiACHUX umceNl; R, — MHOXWHA JOJAaTHUX AIMCHUX uucen; Ry, — MHOXHHA
HEB1’€MHUX AIMCHUX yuceln; ) — MHOXXMHA pallOHATIbHUX YUCel, Z — MHOXHHA
miux gucen, N — MHOXXWHA HaTypajdbHUX 4Hcen; N, — MHOKHHA HaTypajJbHUX
yrcesn 00’ eaHana 3 MHOKUHOK {0} (MHOKUHA HEBIJ’ €MHUX IIAX YKCEN).

BBeneMo HacTyIHI MO3HAYCHHS

F — muoxwuHa gificaux Gyakuii f = f(t),t = 0;

Fo(A) = {f €F: f(£) 2 0,t € [4,)};

F, = U F, (A).

A>0

Taxum gunoM, f(t) € F, toxi i Tineku Tomi, komu f(t) > 0 g Beix t > T,

ne T mocuTh BEJIUKE.
3.2. BepxHsi Ta HH:KHA rpanu4Hi pynkuii. Ix BJacTuBocTi
Jnst koxHO1 (yHKHii f € F, BBeaeMO MOHSATTS BEPXHBOI Ta HUKHBOI

rpaHnvHUX QyHKIIH, mo3HauuBmm ix f*(c) Ta f,(c) BiamoBigHo. Tak, mns Oynab-

skoroc > 0

f*(c) =lim Supf(Ct)

nSU D (1)

t

OueBuIHO, 1110 3HAYEHHsT 000X (DYHKIIH Hale:KaTh MPOMIKKY [0, 0o].
PosrisitHeMo fesiki BIACTUBOCTI TPaHUYHUX (PYHKIIM, K1 BUILIMBAIOTH 3
O3HAYCHHSI.
Jlema 1.[3] Hexaii f € F,. Toni:
(1)  mns Oyap-sxoro ¢ > 0,
0<f.(c) < f (o).

(i)  BBaxkaroum, mo 1/c0 = 01i1/0 = oo, Ta st Oyab-sixoro ¢ > 0,

16



fi(c) =

1
r(2)
(ill)  mns Oyap-sxux ¢; > 0 tac, > 0,
filer) - fi(ez) < filerer) < minffi(cy) - f7(c2), f7(cr) - filez)}

< max{f.(cy) - f7(c2), f*(c1) " fi(c2)} < fr(cqc2)

< fH(c) - ().
OcTaHH1i BUpa3 Ma€ MICLIE JIMILIE 32 YMOBH, SIKIIO BiH HE MICTUTh BUPa3iB, TAKUX SIK
0-ocoTaoco-0.
vy (D=1 =1
(v)  sxmio f He ciagaroda (He 3pocraroda) GyHKINS Ha HECKIHYCHHOCTI, TO f, i f €
HE CHaJaroynuMu (He 3pOCTalournMu) GYHKIISIMU Y MHOXUHI R, .
(vi) s Oyab-sikoi ¢ikcoBaHoOi KOHCTaHTH a > 0 Ta 1y Oyab-skoro ¢ > 0,

(af).(c) = filc) i (af)*(c) = f"(c);
(vii) sxmo f; €EF,, f, EF, 1

16O
t—wo f1(t)

0,

ToAl AJist Oyab-sikoro ¢ > 0,

(fi + f2):(c) = (f).(c) i (fi +[f2) (c) = (f1)*(c);

(viil) sxmo f, € Fy,a, >0,k =1,2,...,n,i

n
f= Z frQx
k=1
Toxl 1 Oyae-skoro ¢ > 0,

Jin {(fi) (0} < f7(e) = max {(fi)"(c)}

kgfﬁn{(fk)*(d} < fi(c) < kr:nqun{(fk)*(C)};

(ix) sxmo f; EF,,f, €EF,,Ta
f=hH"f

ToAl At Oyae-sikoro ¢ > 0,
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(f1).(c) - (f2)(c) < fi(e) < min{(f1).(c) - (f2)"(c), (f1)"(c) - (f2).(c)}
< max{(f1).(c) - (2)"(c), (f1)"(c) - (f2).(c)} < f(c)
< (f)*(e) - (f2)* (o).
OcTaHH1i BUpa3 Ma€ MiCII€ JIUIIE 32 YMOBH, SIKIIIO BiH HE MICTUTh BUPa3iB, TAKUX SIK
0-ocoTaoco-0.
(x) s Oyab-sikoro ¢ > 0,

(;lf) ©=r() 1 (%) (©) = (N-().

3.3. RV ta SV ¢yukuii

Osnauenns 3.1. Hexait maemo nesky BumipHy ¢Qyskimito f € F,. Taky

GyHKIIII0 HA3UBAEMO MPaBUIIBLHO 3MIHHOIO 200 RV-dyHKIIi€10, KO
fu(0) = f7(c) = ke(c), ke(c) € (0,00) )
115 Oy ib-sikoro ¢ > 0.
[ammmu cioBamu, GyHkis f € RV-dynkuieto, sikmio f nogatHa Ta BUMipHa,

a TpaHuIA

L)) @
=T

€ JIOJATHOKO Ta CKIHYEHHOKO s BCix ¢ > 0.

Osnauenns 3.2. Hexail maemo nesky BumipHy ¢yHkmito f € F,. Taky

GyHKIII0 HA3WBAa€EMO TMOBLILHO 3MiHHOIO abo SV-dyHkmiew, skmo f € RV-
byHKILI€O Ta
kf (o)=1 (5)
15t Oy ib-sikoro ¢ > 0.
Sxmo QyHkuis f HanexuTh A0 kiacy RV-dynkiiii, To
ke(c) =cP, ¢>0, (6)
JUTSI IESIKOTO JIIMCHOTO YKclia p — iHAeKca QyHKIii f. 3po3yMinio, mio Juist PyHKIi f

3 knacy SV-dyukuii p = 0.
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RV-byHK11ii MOXHA IPEICTABUTH B HACTYITHOMY BUTJISIIL:
f@)=tP-1(t), t>0, (7)
ne l(t) (t > 0) — ue neska SV-yHKIis.
Jlami po3ristHeMo Ime ojHe mpeacTaBieHHs masi RV-¢yukiii.[3] dyHkiis

f(t) nanexurts kiacy RV-QyHKiiit Toai i TIIBKH TO1, KOJIH

@ds
S

to

f(&) = expja(t) + (8)

st iesikoro to > 0 ta BCix t = ty, ae a(t) ta B(t) ue BuMipHi, oOMexeHi QyHKIiT
JUISL SIKUX TPaHUII

lim a(t)

t—oo

Ta
lim B(t)
t—oo
icaytoTbh. J{o Toro xk f(t) Hanexuth Kiacy SV-QyHKIH TOMI i TIABKH TOIi, KOJIH

BUKOHAHO MOMEPE/IHI YMOBH 1

L{im B(t) = 0.
3.4. WRYV ta WSV ¢yukuii

Osnauennsn 3.3. Hexait maemo paesky ¢yskuito f € F,. Taky ¢yHKIIiO

Ha3MBAEMO cJ1abo mpaBwibHO 3MiHHOIO a0o WRV-¢yHKii€0, SKIIO BUKOHAHO
yMoBY (3) st Oyab-sikoro ¢ > 0. AHanorigHo, Ko s Aesikoi GyHkmii f € F,
BUKOHAHO YMOBY (4), Taky (PyHKI[I}0 Ha3uBaeMO cjIab0 MOBUILHO 3MIHHOIO a0o
WSV-dyHkier.

B ocranHbOMY 03HaUYeHH1 HE BUMaraeThcs, o0 QyHkis f Oysa BUMIPHOIO.
[To3nauennss “W” TyT 1 Hajxall BKazye Ha Te, IO BHUMIPHICTh (YHKIN He

BHUMAara€TbC.
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3.5. ORV ta WORYV ¢yukuii

Osnauenns 3.4. Hexait maemo naesky ¢yskmito f € F,. Taky ¢yHKIIio

HazuBaeMo WORV-¢dyHKII€10, SKIITO
fr(e) <o

115t Oyap-sxoro ¢ > 0.

Bianosinno, koxxHa BumipHa WORV-dyukiis HazuBaeTbest ORV-dyHKILI€TO.

3po3ymino, mo koxHa RV- (WRV-) dyskuis Hanexats no kiacy ORV-
(WORV-) dyHkiiii. Are He KOXXHA BUMIpPHA IIBHIKO 3MiHHA (DYHKIIS HAJICKHUThH
knacy ORV-¢yskuiii. [lpukimagom  Takoi  QyHKIii  MOXe  CIyryBaTH
ekcroHeHiansHa Gynkuis f(t) = et.[3]

Posristremo ¢yukmito f(t) = t(cost + 2), Ta mepeBipuMO, YN HaJICKUThH

BOoHa kiacy ORV-¢pyHkiil.
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100
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T,
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-100

200 80 80 20 50 D 20 40 a0 20 100
Puc. 1. I'padik ¢pyukuii f(t) = t(cost + 2)

Jlist 1iboro o0uncuMo 3HaueHHs f*(C) s BHIle onucaHoi GyHKIIIL.

f(ct) ct(cosct + 2) (cosct+ 2)

() = li = Ui = ¢ limsup-r————%
f(© P r) - P cost+2) P (cost + 2)

Jns koxHoOro ¢ > 0 rpaHuus

’ (cosct+2)<3
ntn_)ioup (cost+2) — 1

A oTxe,

f*(c) =3¢ < oo.
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3Bigcu Maemo, mo ¢yHKIiS HanexuTh kinacy ORV-dyskmii. Tenep

NepeBIpUMO, YU HaJexuTh PyHKUis kinacy RV-¢pynkuii. Jng nporo o64yucinmo

3HAYEHHS
o fen)
ke(c) = lgorg m
Maemo,
. _ f(ct) ~ ct(cosct+2)
rle) = Ty f() — G t(cost+2) °

baunmo, 1o Taka rpaHuIlsd He iCHYE, a 0T>Ke QYHKITIS HE HAJISKHUTh Kiacy RV-
¢byHkii. OCHOBYIOYHCH Ha JAHUN MTPUKJIA]] MOYXHA OJTHO3HAYHO CTBEP/DKYBATH, 10
kiac ORV-pyskuiii mupmmuii 3a kinac RV-gyHkuii.

Jlema 2.[3] 3 Jlemn 1 mns dynkuiid f € F, BUIUTMBaE, MO HACTYIHI YMOBH
CKBIBaJICHTHI:
(1)  f manexuts 1o kracy WORV-dyHkiiii;
(i)  f.(c) > 0 msa 6yap-sxoro ¢ > 0;
(iii) icmye imtepBan [a,b], 0 <a<1<b < oo Ttakuif, mo f*(c) < oo abo
piBHO3Ha4HO, o f,(c) > 0, mus Beix ¢ € [a, b].

(iv) nmnsBcix ¢ > 0,
0<f,(O<f(0)<w (9)

(v)  BigHOmIeHHs (7) BUKOHYETHCS JUIs BCiX ¢ = 1. 3ayBaKMMO TaKOX, 1110 JUIS HE
cnanatouux pynkuiit f € F,, f Hanexuts 10 knacy ORV-¢yHKIINA TOAI 1 TUIBKU
tomi, komu f,(cy) < oo mias meskux ¢y > 1. AHamoriuno, Uis HE 3POCTAOYUX
bynkuiit f € F,, f wanexuts A0 kiacy ORV-dyHKiN ToAl 1 TIMBKK TOJI, KOJH

f.(co) > 0 mns gesixux ¢y € (0,1).

Osnauenns 3.5. Hexait maemo nesxky ¢yskmito f € F,. Taky QyHKII0O

HazuBaemo WOSV-(dyHKIIi€TO, SKITO

sup f*(c) < oo.

c>0

Bignosigno, koxxaa Bumipaa WORV-dynkiis HazuaeTbess ORV-dyHKIi€RO.
3po3yminio, mo koxkHa SV- (WSV-) dynkmis Hamexarts q0 kiacy OSV-

(WOSV-) dyukriit. Posrmsaemo ¢dyskmiro  f(t) =Int- (cost + 10). Taka
22



dbynkuis € OSV-dynkuiero ane He € SV-dynkuiero. OCHOBYIOYHCH Ha JaHUI
PUKJIaJ MOKHA OAHO3HAYHO CTBEPIXKYBATH, 10 Kinac OSV-QyHKUINA mupmui 3a
kiac SV-pyHKii.

Oyukis f(t) wagexurs kmacy ORV-QyHKIi#H Tomi i TITBKK TOMI, KOJIH
BHUKOHAHO YMOBH (8) 111 mesikoro t, > 0 TaBCix t = ty, ae a(t) Ta B (t) ue BUMIpHi,
oomexeni ¢yskiii. Jlo Toro x f(t) Hanexurs kaacy OSV-(yHKIiH TOII 1 TIIBKH
TOJ11, KOJIU BUKOHAHO MOMEpPEeHI YMOBH 1

L{im B(t) = 0.
3.6. PRV ta WPRYV ¢yukuii

Osnauenns 3.6. Hexait maemo nesky ¢yskmito f € F,. Taky ¢yHKII0O

HazuBaemMo WPRV-(dyHkIi€r0, sKI1I0
limsup f*(c) =1 (10)

c—1

Bianosinno, koxxHa BumipHa WPRV-¢dynkiis HazuBaetbest PRV-dyHkiieto.
Oyukiis f(t) vanexuth kiacy PRV-yHKIi# Tomi 1 TINBKH TOMI, KOJIH
BUKOHAHO yMOBY (8) must iesikoro t, > 0 TaBCix t = t, ne a(t) ta B(t) ue BumipHi,

oOMexeH1 (PyHKIIT 15 AKX TPaHMII

e
Ta
fm A )
ICHYIOTb, 10 TOI'O XK
lczq li?is;tp(oc(ct) —a(t)) =0. (11)

OcranHill BUpa3 € €KBIBaJCHTHUM J10

limsup limsup(a(ct) — a(t)) = 0.

c—1 t—oo

Posrasaemo nesxki nmpuknaan PRV-dynkiii.

Ilpuxnao 1. Hexaii 3a1aHo (hyHKITiO
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O, npu t=0
-exp{cosInt}, npu t >0,

O =10

II€ o — 3aJ1aHe I1HCHE YUCIIO.
[lepeBipuTH, un HaNeXUTh Taka GyHKLIS ki1acy PRV-dyHkuii, ane He

HaJEeXUTh Kinacy RV-QyHKuii.

AT

1.k
1.4

10
0E
0.6
0.4
n(X)

0 >

0 2 4 § B 10 12 14 16 18 0 2 24 6 18 30

Puc. 2. I'padik dyuxkiii t* - exp{cosIn t} B norapupmiunomy macmrabi, mpu t >

Otaa=0
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20

in

n(x)
o >

o 2 4 ] ] 10 12 14 15 18 0 2 4 26 1B 30 31 34

Puc. 3. I'padik ¢yuxiii t* - exp{cosIn t} B norapupmiunomy macrabi, mpu t >

O0rtaa=0,35

CnpobyeMo noBecTu ab0 CIpPOCTYBAaTH OCTaHHE TBepiKeHHsS. s 1boro

00uncIUMO 3HaYeHH BUpa3y (9) 3apanoi GpyHKIIii.

imsup 10 = tmsyo e 75
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(ct)* - exp{cos In ct}

li =i
”trisog P () lﬁsg t® - exp{cos Int}

= limsup c%* - exp{cos Inct — cos In t}

t—>oo

l .
ltfgp 5 Sin 5

Inct?  Inc
exp i limsup | —2 sin - sin =

t—ooo 2 2

Inc In ct?
—2sin— llmsup sin > =
t—o0

. lnc
= c%exp {(—2 sin T>}

. Inc
limsup f*(c) = limsup (c“exp {(—2 sinT)D =1-¢7%0=1

c—1 c—1

( S Inct+Int lnct—lnt)}
—2sin——— —_—

Sk 6aunmo, limsup f*(c) = 1, a omke gaHa QyHKIISI HAIEXKHUTh Kiacy PRV.
c—-1

Tenep nmepeBipuMO HaJICKHICTH AaHOI GyHKHIT kiacy RV. Jlng mporo oboumncimmo

3Ha4YE€HHs BUpa3y (4).

ke(c) = llm M

toeo f(t)

Onpaszy MokeMOo cKa3aTu, 110 TaKa I'PaHUllsl HE ICHY€E, TOMY 3a/laHa PYHKIis

He HaJexuTh Ki1acy RV. OTxe Halle npuiynieHHs BIpHE.

TIpuknao 2. TlepeBiputu HanexHicth ¢yukmii f(t) kmacam PRV- ta RV-

GbyHKITIHA, K0

1, npu t € [0,1),
2k, mpu t € [2%F,2%2*1) k=0,1,2,..

t
k1 TIpH t € [2%kF1 22k+2) | =0,1,2,...

f@t) =
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0.0

2.0

B0

6.0

5.0

4.0

1.0

(=]
¥ =

-3.0

-4.0

-3.0

1, opu t€[0,1),

Puc. 4. T'padix ¢pyuxuii f(t) = 2k, t € [2%F,22041), k =10,1,2, ..
t € [22FF1 22k+2) | =0,1,2, ...

2k+1”’

[TepeBipuMo, un HaJIeKUTH 3aaHa GyHKIiS kiacy PRV-dynkmii. [{ns mporo

00YHMCIMMO 3HauYeHHs BUpa3y (9) 3aganoi QyHKIIi.

limsup f*(c) = limsup <limsup f(Ct)>.

c-1 c—1 t—oo f(t)
JI71st Io"aTKy po3rasHeMO BUMAOK, Komu t € [22K, 22k+1) |k =0,1, 2, ...
. (ct) . 2"
limsup = limsup 1.

t—oo f(t) t—oo ﬁ B
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3BijacH,

limsup f*(c) = limsup(1) = 1.

c—-1 c—1

Tenep po3rasHEMO BUNAMOK t € [22F+1, 22k+2) | =0,1,2, ...

imsup s = lmsup e = limsups

3BijacH,

= C.

limsup f*(c) = limsup(c) = 1.

c—-1 c—1

SIk 6aummo, limsup f*(c) =1 mua Oyap-sKoro t, a omKe gaHa (GYHKI[is
c—1

Hanexuth kinacy PRV. Tenep nepeBipuMo HanexHicTh JaHoi (yHKII kiaacy RV.

JIns 1bOoro 00YMCIMMO 3HaUYCHHS BUpasy (4).

f(Ct)
kq(c) = ll
! e f(8)
PosrisiHeMo Bumanok t € [22k+1)22k+2) | =0,1,2, ...
/ k+1 _2k+1
ke(c) = llm— = llm— = C.

Jlnst BumazKy, komu t € [22%, 2281 k =0,1,2, ...
Yy

Zk
ke(c llm —=1.
f (c) = 5500 2K
OTxe, MOXKEMO CKa3aTH, 10 TaKa PaHMIls HE ICHY€E, TOMY 3a7aHa (QyHKIIIS He

HAJIEKUTH Kitacy RV.
3.7. POV ta WPOV ¢yukuii

Osnauennsn 3.7. Hexalt maemo paesky ¢yskuito f € F,. Taky ¢yHKIIiO

HazuBaemo WPOV-dyHKIi€r0, SKITO

limsup f*(c) =1 (12)
c—-1
Ta 11 Oy Ib-sikoro ¢ > 1
filo)>1 (13)
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BiamoBinno, xoxna BumipHa WPOV-dyskuis HasuBaethes POV-
dbyHkiiero.[3]

Oyukiis f(t) Hanexuts kiacy POV-GyHKIiH TOAl 1 TIABKH TOMAI, KOJIH
BukoHaHO ymMoBH (8) Ta (11) ms geskoro t, > 0 Ta Beix t = t,, ne a(t) ta B(t) ue

BUMIpHI, 00MEeKeH1 PYHKIIT AJ1 AKUX TPaHULll

o e®
Ta
fmh
ICHYIOTb, JIO TOTO K
B(S)
li:r_z)igf deS >0 (14)

g Bcix ¢ > 1.

Jlist 611bIl (PyHIAMEHTAILHOTO PO3YMIHHS 3B’SI3KY MK KilacaMu (yHKIIN

300pa3uMo iX y BUTJIAIL JlarpaMyd BUKOPUCTOBYI0UM KpyTu Elinepa.

PRV
ORV

Puc. 5. Cxematnune 300pakeHHs KJIaciB QYHKITINA
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baunmo, mo kmacu RV ta POV marote cniinbHU# migkiac QyHKIIN, a came
¢bynkuii 3 nogatHiM iHAekcoM p. O0’eananus kiaciB RV ta POV e nigMHOXHHOO

kiacy PRV. B cBoro uepry, kiac PRV e ninkinacom kimacy ORV.

4. PE3YJBTATH, OTPUMAHI B JIJUCEPTAIIII

Teopema. Hexaii maemo nesxy ¢ynkuito f € F,. Uepes f~! mozmauumo
dbynkuiro obepreny ao ¢yukmii f. Toxi, skmo f — MOHOTOHHA, HETIEpEpPBHA Ta

HanexuTh k1acy POV-dynkuiii, To i f 1 takoxk Hanexuts kinacy POV-(yHKmiii.
Josenenns. I cnocio

Jlosenemo Bin cymporuBHOro. Hexaii f(t) — MmonoronHa, HenepepsHa POV-
(ynxuis, a o6eprena no nei f~1(t) ne e POV-dpynkuiero. Toxi icaye ¢, > 1 Take,
110

- . 1 (cot) _
(f 1)*(C0) - llﬁglfm = 1.

A oTxe, iCHY€ JesKa IOCIIOBHICTh MiHCHUX uuceln {t;} — oo, mpu k — o,

Taka, 1o

~(cotk)
liminff_l—Ok =1
koo f 1 (ER)
Tobto, icHy€ AesiKa IOCTi IOBHICTD TiCHUX Yrucen {&} — 0, mpu k — oo, s
SIKO1

f~*(coty)
W <1+ ¢.

Toni MOkeMO 3amucaTH psjl anredpaiyHUX MePETBOPEHD:
" eoti) < (1 + &) fHtw);
F(f 7 eoti) < F(A+ e f (),
cotr < fF(A+ ) f (&)
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. < £+ ek)f‘l(tk));
(9%
FIA+e)f ()
Co < .
f(f_l(tk))
BBeieMo JI0NOMiKHY nocifoBHIicTb {si}, s, = f~1(ty). Toxi
Co < fla+ Sk)sk)_
f(si)

Ha ganomy kpoiii MmoxxeMo nepedopmyiroBaTH BUXIAHY TEOpPEMY HACTYITHUM

anioM: AKiIo ¢ynkuis f(t) - POV-dyukuis, To o6eprena xo nei ynkmis f~1(t)

oyne takoxx POV-dyHkItiero Toai 1 TUIBKY TO1, KOJIU

A +eds)
i AT S

IUIs IeAKMX TOCHiqoBHOCTEM {&; } Ta {5} } onmmcanux Buie.

Ockinbku 3agana ¢pyukmis f(t) - POV-dyHKIis, HenepepBHa Ta 3pocTarya

MO>KEMO BUKOPHUCTATH 1HTErpajibHe nepersopeHHs st POV-pynxkuiid. Orpumaemo:

f((l + Ek)sk) ~ exp {a’((l + gk)Sk) n ft(ol+sk)3k@dp}

£(sp) - exp {a(sk) + ftsok % dp}

)

ne a(t) ta B(t) - ue BuMipHi, oOMekeHi QYHKINT IS IKAX ICHYIOTh TPaHUIl Ha
HECKIHYECHHOCTI.
3a [I0MOMOror airebpaidHux NEpEeTBOPEHh MOKEMO CIPOCTHTH BHIIE

3raJlaHlii BUpa3 i OTPUMAEMO, IT10:

exp {a((l + &)sk) + ft(()lﬂk)sk@dp}

exp {a(sk) + f:o"" % dp}

(1+€k)Sk

=exp{a((l+¢g)si) —alsy) + f %dp — f %dp :
to to

BukoHnaemo HacTynHy 3aMiHy:
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I{ A=a((1+¢g)s;) — alsy),
S YOS
B = ——dp— | —dp;
A
Tomi
(1+e)sk

exp 0(((1 + ek)sk) —a(s,) + @dp B(p)

— | —=dp; =exp{A + B}
to to P
< exp {limsup(A) + B}.
k—> oo

Taxkum unHOM

1+
liminff(( £)sk) = liminf exp{A + B} < liminf exp {limsup(A) + B}.
k—o f(Sk) k—oo k—oo k—oo

BuxopuctoByrourn BIAaCTUBOCTI I1HTErpajgbHOro mneperBopeHHs mia POV-
(GyHKLIH MaeMo, IO

limsup(A) = 0,

k—o0
a OTXKe
( ) (1+e&p)sy Sk
f(+ & )sk L(p) £ ()
limin < liminf ex —dp— | —dp .
k—>oof f(sk) k—>oof P p P p P
(1+8k)5k Sk (1+€k)Sk
liminf exp j @dp o f @dp = liminf exp j @dp
k—coo p p k—oo p
to to Sk
(1+Sk)Sk
= exp liminf @dp
k—o0 : p
k

Posrnsaemo ocranHii Bupa3 6iybi aeranbHo. MaeMo:
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(1+&g)sg (1+&g)sg
d
liminf @ dp | < sup B(p) - liminf J i
k— oo E p sp<p<(1+e&g)sk k—oo h p
k k

= sup B () - liminf (In(1 + &)s;, — Insy)

Sksps(1+eg)sg k—oo
= sup B () - liminf (In(1 + &,)).
Sksps(1+eg)sg k—oo

Posrasuaemo OKpPEMO MHOXHUKH OCTaHHBOI'O BUpPA3y.

sup  B(p) < oo,

sp<p<(1+e&g)sk
ockibk QyHKIIS B(p) € 0OMEKEHOI Ha BCiil YMCIIOBIM OCi 3a OIHIED 3 YMOB

1HTEerpajgbHOro neperBopeHHs st POV-gyHkiiii.

liminf (In(1 + &,)) = 0.

k—oo
Takum unHOM,
(1+&g)sg
- B(p) .
liminf —dp | = sup B () - liminf (In(1 + &,)) = 0.
k—o p Sksps(1+e&g)sk k—o

Sk

OT1xe MaeMo, 110

(1+eg)sg
exp | liminf @dp = exp{0} = 1.
k—o0 o P
1+ ¢)s
Co < liminff(( ) k) =1

k— o0 f (sg)
OtpumManu npoTupiuds, a omke, AKmo ¢yukiis f(t) - POV-byukiis, To
obepHena no Hei Qpynkuis f~1(t) Oyne takox POV-QyHkuicro, mo i Tpeda OyI1o

JOBCCTH.

Hosenenns. I crmoci6

JloBenemo Bin cynporuBHoro. Hexaii f(t) — MoHOTOHHA, HeniepepBHa POV-
(ynkis, a o6epuena no Hei f~1(t) ne € POV-dynxuiero. Toxi icnye ¢, > 1 Taxe,
110
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f~1(cot)

(fD.(co) = liminf ———= 1.
tooo [ TH(E)
A oTXe, iCHy€ JIesika MOCHIIOBHICTh MIMCHUX 4mcen {t;} — oo, npu k — o,
TakKa, 110
~(cotk)
liminff—_1 0kl _ 1.
koo f 1 (Ek)

Ockinbku koxkHa POV-¢dynkuis Hanexuts kiiacy PRV (POV e minknacom
knacy PRV), 10 BuKOpucToByrounm Taky BiactuBicTb PRV-¢QyHkmii, sx

ACUMIITOTUYHY €KBIBAJICHTHICTbh, HACTYITHA PIBHICTH € BIPHOIO.

ST eot) f(feoty))
= ey Y T )
3BifcH BUILIUBAE, 110
f(f*eot)) . . cotk _
f(f 1(tk)) llglng =cy # 1.

A omxe, oTpUMaIH POTUPivYs. 3BifcH, ko GyHkis f (t) - POV-bynkiris,

minf

To 0OepHeHa 110 Hel Qpynkuisa f~1(t) 6yne takox POV-¢dynkiiero, mo i Tpe6a 6ymo

JIOBECTH.
Hacninok 3 Teopemu
Posrnsaemo teopemy 3.78 3 kuuru ... . Hexait maemo QyHkiito f € F,, sxa

€ HemepepBHOIO Ta HanexuTh kiacy POV. Tomni icHye HenmepepBHa, MOHOTOHHA

¢bynkuis g € F, 3 knacy POV Taka, 1o

Hacnigok 3 Teopemu 1. Hexait Maemo HenepepBHy (yHkIito f € F, 3 kiacy

POV Tta HenepepBHy, MOHOTOHHY (PyHKIIIO g € F, 3 kiacy POV Taky, 1110

Toni,
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fHO = g7t @,
ne g~ 1(t) — obepuena Qpyukuis 1o pyHkuii g. To6TO

im L2 1
toe g~H(t)
BayBaxkenHs. Tyt mig f~1(t) mMaeTbca Ha yBasi QyHKIiA, 10 HAOIMKEHO

nopiBHIOBaJNIA O 0OEpHEHIH 0 f, sKOM Taka iCHyBaJIa.
MO>KITMB1 HAPSIMKY JJIS1 BAKOPUCTAHHSI OTPUMAHUX PE3yJIbTaTiB

OmHMM 3 MOXJIMBHX HamNpsSMiB BUKOPUCTAaHHS, OTPUMAHUX B JHMCEPTAIil
pE3yIbTaTIB, € 3aKOH BEJIMKUX Yuces. Po3risiHeMo Horo OuIbIn AETalbHO.

3aK0H BEJTMKHUX YHUCENT B TEOpii IMOBIPHOCTEHW CTBEP/KYE, IO €MITIpUYHE
cepenHe (apupMeTUYHe cepe/lHe) CKIHUEHHOI BUOIPKH 13 (PIKCOBAHOTO PO3MOALTY
ONMu3bKe /0 TEOPETHUYHOTO CEepeaHhOro (MaTeMaTHYHOTO CIOJIBaHHS) IBOTO
posmoiny. B 3amexHocTi Bl BUAY 301)KHOCTI pO3PI3HAIOTH CJIA0KUH 3aKOH BEJTUKHUX
YHUCeN, KOJIM Ma€ Micle 301KHICTh 32 MMOBIPHICTIO, 1 MOCUJIEHUN 3aKOH BEITUKHX
gHuCces, KOJIU Ma€ Micie 301KHICTh MalKe CKpPi3b.

3aBXaM 3HAUAETHhCS Taka KUIBKICTb BUIPOOYBaHb, MpU SIKIA 3 OyIb-sSKOIO
3a/IaHOI0 Harepe/1 IMOBIPHICTIO YaCTOTAa MOSIBU JESAKO1 MO/I1i Oy/1e sIK 3aBrOJTHO MaJIO
BIJIPI3HATHCS BiJ i IMOBIPHOCTI.

Hwxye ommcano asi Bepcii 3BU: CnaOkuil 3aK0H BEJIMKUX YHCENT Ta
[Tocunenuii 3akoH Benukux yucen. OOuABa 3aKOHU CTBEPIKYIOTh, IO 3 TEBHOIO

JIOCTOBIPHICTIO CepeTHE BUOIPKHU

— 1

X == (X o Xp)

n
IPSIMYE 0 MATEMAaTHYIHOTO CITOTIBaHHS

X, > U n-oo
ne X;,X,,.. — CKIHYEHHA IIOCIIIOBHICTh H.O.p. BHIIQJKOBI BEJIWYUHU 31
CKIHYEHHUM MaTeMaTHYHuM crofiBanusm E(X;) = E(X,) = - = u < oo,

Ci1a0KHi 3aK0H BEJIUKUX YUCEJ
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Hexali € HeckiHYeHHa TMOCTIOBHICTh OJIHAKOBO PO3MOJAUIEHUX 1
HEKOPEJTbOBaHUX BHIAJKOBHX BeMMYMH {X;};2,;, BH3HAUYCHHX HA OJHOMY
iimoipaicHoMy npoctopi (Q, F, IP). Ix xopapiais cov(Xl-,Xj) = 0,Vi # j. Hexaii

E(X;) = u, Vi € N. Ilo3nHaunmo S,, cyMy HEpIIHX N YICHIB:

n
Sn =ZXi,Tl € N.
i=1

Toni

Ile o3nauvae, mo a1 Oyab-IKOT0 J0IaTHOTO YHCIIA €,

1111—>nolo Pr(|X_n— ,u| > e) = 0.

[TocuneHui 3aKOH BEJIUKUX YHCET
Hexaii € HecKiHUEHHA TOCIIIIOBHICTS HE3AIEKHUX OJHAKOBO PO3IOAIIEHUX
BHUIAJIKOBUX BEIWYMH {X;};2,, BU3HAUCHUX HA OJHOMY WMOBIPHICHOMY IPOCTOPI

(Q, F,P). Hexaii E(X;) = u, Vi € N. ITo3naunmo S,, cyMy MepLIMX N YICHIB:

n
Sn =ZXi,Tl € N.
i=1

. Sp .
Tom - — U MaW>Xe€ HAIEBHO.

PosrisiHeMo Takok 3aKOH BEIMKUX YHUCEN IS MPOIIECiB BITHOBICHHS.

Teopist BITHOBJIEHHS — II€ Taidy3b Teopii WUMOBIPHOCTEH, IO y3arajlbHIOE
npouecu [lyaccona mius qoBiTbHUX MpoMikKiB dacy. Cepen 3aCTOCYyBaHb TEOPii €
HANPUKIIAJ PO3PaXyHOK CEPEeIHBOTO Yacy MOTPadyeHOr0 MABIIO), SIKA BHITAIKOBO
HATHUCKa€ Ha KIaBiaTypy, /10 BBEIECHHS HeEw ciioBa "MakOer" 1 MOpIBHSHHSA
JIOBIOCTPOKOBUX IE€PEBAr Pi3HUX CTPAXOBUX IMOJTICIB.

[Ipotiec BigHOBIIEHHS € y3arajibHeHHM Mpoliecy [lyaccona. [1o cyTi, mpoiec

[TyaccoHa, 11e HenepepBHUI B yacl MapKiBCbKUI MPOLEC HA MHOKHH] HATYPaJIbHUX
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qricell (3BUYaifHO TTIOUYMHAIOYH 3 HYJIS), SIKUW Ma€e He3aJeKH1 OJTHAKOBO PO3MOILIEHI
TepMiHM mnepeOyBaHHS B KOXXHOMY LUIOMY [ (TepMiHM mnepeOyBaHHS MalOTh
EKCIOHEHIIaJIbHUN PO3MOALI), 10 mepexony (3 WMOBIpHICTIO 1) 10 HACTYMHOrO
uioro uncna i + 1. Takum >xe HeopMaTbHUM YMHOM MH MOXKEMO BHU3HAYUTH
IIPOIIEC BiTHOBJICHHSI, KWK Oy/le BU3HAYATHUCS 1ICHTHYHO, 32 BUHATKOM TOTO, IO
MIPOMIXKKH Yacy OepyThCsl Ha OUIBII 3arajdbHUX PO3IMOJIIIAX.

B 3aranbHOMY BUTIJKy TIPOIIEC BIIHOBJICHHS 33/1a€THCA K

N(t) = sup{n: S,, < t}
JIJist Takoro mpolecy 3aKOH BEIUKHUX YHCENl 3alHCYEThCA B HACTYITHOMY

BUTJISAL:

J1y1st iporiecy BiTHOBIIEHHS MOKEMO 3alTMCcaTH HACTYIIHY HEPIBHICTb:
Sne) <t =Sye)+1-
3a nomomororo anredpaidHuX MePEeTBOPEHb OTPUMAEMO:

SN(t)< t _ Svom N@®)+1
N(t) N(@&) N(@t)+1 N(t)

Po3rnsitHeMo KoeH eeMeHT OKkpeMo. Maemo:

SN
N(t) N()—»oo

SN()+1 .
N(t) + 1 N@t)»w
N({)+1

N(t) N()-oo

u;

OTxe,
t

— —) H.
N(t) N(t)-co

Sn) = Snp+1 =t

S(INO)~t o f(f @) =t
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SIk Gaummo, S, Ta N(t) MoxHa po3ymiTH siKk oOepHeHi (yHKIi. Tak
MOCWJICHUI 3aKOH BEJIMKUX YKCET MOKHA BUBECTH Y€PE3 3aKOH BEJIMKUX YUCEN JIIS
MPOIIECIB BIJHOBJICHHS 1 HABMAKHU.

Takok, B MOCUJICHOMY 3aKOH1 BEJIMKUX YHMCEN Ta 3aKOH1 BEJIMKUX YHCEI JIJIst
MIPOLIECIB BIJHOBJIICHHS BUKOPUCTOBYIOTh HOPMYBaHHS N Ta 00€pHEHY (PYHKIIO ¢
(RV-dynxkiii). Anamoriuao MokHa Bukopructatd POV-¢yHKIito, i Tofi iHmIa oye

takox POV-¢dyukiito (nuB. Teopemy).
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BUCHOBKMU

[lin yac BUKOHAaHHS MAariCT€pChbKOi JAMCEpTalli S O3HAHOMHUBCSA 3 TaKUMH
kiacamu GyHkii, sk RV-dynkiii Ta nexkinpkoma noxigaumu Big Hux (POV, PRV,
ORV Ta inmumu). byno 3HaiineHo npukiiaan Gyukuii[3], mooyaoBaHo ix rpadiku
Ta BU3HAYECHO HAJEXKHICTh (PYHKLINA O BUILIE 3TaJJaHUX KJIACIB.

JloBeleHO TBEpIKEHHA IIPO HalexkHIicTh obepHeHoi ¢ymkuii f~1, Big
MOHOTOHHOI, HenepepBHOi QyHKIT f 3 kimacy POV, no kmacy POV. Bussuiocs,
SKIO f — MOHOTOHHA, HemepepBHa (yHKIiA 3 F,, mo Hamexuth kiaacy POV-
¢ynxuiii, To i £~ Takoxk Hanexurs knacy POV-Qyrkuiii. Ha ocHOBI 0OCTaHHBEOTO
TBEpDKEHHS OyJia OTpUMaHa TeopeMa, Ta JOBEAEeHa JBOMA PI3HUMH CIIOCOOAMHU.
BuxopucroBytoun 3100yTy TeopeMy Ta JACSKy paHilie BigoMmy iH(OpMAIlio
copMybOBaHO HacioK. HaBeaeHo npukiaa BUKOPUCTAHHS OTPUMAaHOI TEOPEMHU.

I'panununi BnactusocTi 1t ORV-, PRV- ta POV-dynkuiit gocnimkeno. Bei

MOCTABJICHI 3aBJIaHHS PO3B’s3aH1, METH JIOCATHYTO.
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