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YKPATHChKUMA BUYEHUI CBITOBOI CJIABH

Muxaiino Iuaunosuu Kpasuyk (1892-1942) — HatieusHauHiwull yKpaiHCbKull
Mmamemamuk XX cmopiuus, ecec8imHbo gidomull 8ueHull, 2pomadcobkull disiu, akademik
BceykpaiHcvkoi akademii Hayk.

«... Malixce xncodHe sieuwe y cCmMeOpeHHI Mamemamu4Hoi HaykKu 8 YKpaiHi He
cmasaocs 6e3 tio2o yvyacmi,... aHi 3aknadaaucsi nepuwi yKpaiHcobKi wkoau 8 micmi i no
cesax, nepuwi Kypcu, nepuli yKpaiHcbKi yHigepcumemu (HapodHull i depxcasHuli),...,
aHI ymeopreaaacs mamemamuyHa mepmiHo102is abo HAyKo8d M08d... — HIY020 Yb020
He pobusocsi 6e3 HallakmueHiwoi yyacmi Muxaiina Kpaeuyka» (mak nucasocs 8
xapakmepucmuyl Ha Hb020, HadicaaHoi do BceykpaiHcbkoi akademii Hayk 1929 p. y
38’A3Ky 3 8UCYHEHHAM U1l020 KaHdudamypu 8 OilicHI Y1eHU akademii).

Haykosi npayi M. Kpasuyka 3 pisHux 2asy3eli mamemamuku (8uwjoi asnzebpu ma
Mamemamu4Ho20 aHa.isy, meopii dugepeHyiarbHUX ma iHmez2paabHUXx pigHsIHb, meopii
imogipHocmell ma mamemamu4Hoi cmamucmuku moujo) ysitiwau 0o cKkapOHuyi
ceimoeoi Hayku. 3a tiozo idesimu U 8i0kpummsiMu 8upasHo npocmynaJia nepcnekmusa
no2aub1eHo20 po38UMKY U 8UKOPUCMAHHA iX.

Bxce dasHo icHyromb Ha cmopiHKax Haykogux 00caidxceHb [ MHO204/1eHU
Kpaeuyka, i momenmu Kpasuyka, i popmyau Kpaeuyka, i ocyusrsimopu Kpaeuyka,
a 3a80aku nowykam I. Kauanoscvkozo suasusocs, wo M. Kpasuyk cmoss 6ia1 sumokis
8uHaxody nepuio2o y ceimi e1eKMpOHHO20 Komn'lomepa!

Yeecw ceilli kopomkull 6ik M. Kpasyyk npayrwoeas He8nuHHo Ui meop4o Ha 6.1a20
Hayku, Ha 6.s1a20 Oceimu pidH020 HAPOQY.

«Mos1 110608 — YKpaina i mamemamuka» — makum 6y/10 1i020 iummese
Kpedo.

Bin cnpaedicHiii noem ¢popmysa, mamemamuka 01 Hb020 — Ye meopuicmyb, HAMXHEHHS
i padicmb. BiH nedazoe 3a NOKAUKAHHSIM. Hozo JAeKyii — ye i cuaa, U 6e3MipHa 21Ub0UiHb, |
Kpaca mamemamuy4Hoi dymku. Ha tio2o sekyii xoouau sik Ha cesimo.

M. Kpasuyk suknadae mamemamu4Hi npedmemu i 8 Kuiscbkomy yHisepcumemi, i y
Nno/AimexHiYHOMYy, —agiayiiiHoMy, dapxXimekmypHOMY, 8emepUHaPHO-300MexHIYHOMY,
cinbebkozocnodapcvkomy iHemumymax Kueea. BiH gidkpus masnanm i das nymieky y
ceim gidkpummie sudamHum KoHcmpykmopam Cepzito Kopoawvoagy i Apxuny Jllovyi.

Ilam’ssmbv npo M. Kpasuyka scuee y cepysix Kui8CbKuXx noJiimexHikie, de 8iH
guksadas suuly mamemamuky 3 1921 p. i 3asidyeas kagedporw suujoi mamemamuku
(1934-1938 pp). KIII 8id 1992 p. exce nposis 13 MixcHapoOHUX Hayko8ux KOH@pepeHyill
im. akad. M. Kpasuyka. BudaHo Tiozo «Haykogo-nonyasipHi npayi», «BubpaHi
Mmamemamu4Hi npayi», kHuzy «Po3sumok mamemamuuHux ideti Muxaiina Kpasuyka»,
gidkpumo nam’ssmHuk M. Kpasuyky (2003 p.), cmeopeHo inbm «l'os20¢pa akademika
Kpasuyka» (2004 p.), Ha3eaHo 11020 im’sam 00HY 3 Kuigcbkux 8y auys (2009 p.)

’Kummsa yvoeo sudamHozo 84e€HO20-MamMeMamuka CnaadxHy/a0 SK OAuUcKyvull
604110 i nicas apewmy Ui 3acydy 8 mepopHomy 1938 poyi npupeueHno 6y.10 32o0pimu yepe3
KI/ZIbKa Aim y cy8opux KOAUMCbKUX Mabopax.

Im’sas M. Kpaguyka nogepHy.10¢cb 8 yKpaiHCbKull HAYKOBUUl NAHMEOH I € 3pa3KOM 0151
Hacnidy8aHHs ma npodoexceHHs 1io20 0CAIONCeHb Y Npaysax CyYacHux i nputidewHix
Haykosyie 8 YKpaiHi il das1eko no3a YKpaiHoio.



OUTSTANDING UKRAINIAN MATHEMATICIAN ACADEMICIAN M. KRAVCHUK
(1892-1942)

Mykhailo Kravchuk made significant contributions to numerous branches of
mathematics and the development of mathematical education. In 1929 Kravchuk was
elected a full member of All-Ukrainian Academy of Sciences.

Kravchuk was the author of more than 180 scientific works, including 10
monographs, in a number of branches of mathematics (algebra and number theory,
theory of functions of real and complex variable, theory of differential and integral
equations, mathematical statistics and probability theory, history of mathematics,
Ukrainian mathematical terminology etc.)

Let us point some fundamental lines of his research:

— investigations in the theory of permutation matrices, quadratic and bilinear
forms, theory of algebraic and transcendental equations;

— the creation and mathematical proof of the general method of moments and its
application to the approximate solution of ordinary linear differential equations, integral
equations, equations of mathematical physics;

— introduction and use of polynomials associated with the binomial distribution,
now known in the world mathematical literature as Kravchuk’s polynomials;

— analysis of complex questions in philosophy, the history of mathematics and
techniques.

Mykhailo Kravchuk never learned about the role that his sci. works played in the
inventions of the first electronic computer. American scientist John Atanasoff (1903-
1995) took a great interest in Kravchuk’s sci. works when he investigated the problem of
making electronic computer.

His selfness efforts for the sake of the development of science in Ukraine,
extraordinary talent as teacher and reputation among students and scientific
community could not go unnoticed by authority.

In 1938 Kravchuk was arrested and accused of involvement in a host of typical
counterrevolutionary activities — changes that were common in those years in USSR. In
the same year he was sentenced to 20 years of confinement and 5 years of exile and
transported to concentration camps in Kolyma. There in consequence of cold,
undernourishment and illnesses he was died in March 9, 194 2.

He was rehabilitated be soviet regime only in 1956. But only in 1992, almost 100
years after his birth, M. Kravchuk was readmitted to membership in the National
Academy of Sciences of Ukraine. The same year his name was entered in the
International Calendar of Scientists by UNESCO. The First Kravchuk International
Conference was held at Kyiv Polytechnic Institute “KPI” in 1992. Since that time there
were 13 such conferences, three books of M. Kravhuk’s works were published in Kyiv:

“Popular scientific works” (2000).

“Selected mathematical works” (2002).

“Development of the Mathematical ideas of Mykhailo Kravchuk (Krawtchouk)”.

On the 20t of May 2003 the NTUU “KPI” unveiled a statue of M. Kravchuk.
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EXPONENTIAL SUMS WITH THE BINOMIAL IN THE EXPONENT
OVER THE RING OF GAUSSIAN INTEGERS
L. V. Balyas
L 1. Mechnikov Odessa National University, Odessa, Ukraine
balyas(@ukr.net

Let
G:=12li| ={a+bi|abe i’ cCi®=-1}

be the ring of Gaussian integers and let f(z) = az" + bx be a polynomial of a special

form with integer coefficients. For the designation of the Gaussian integers we shall
use lower Greek letters «,(3,,¢.

We call two Gaussian numbers o« and (3 associated, if o = ¢3, where
e €{1,-1,i,—i}.

*
Let Gpm (respectively, Gpm) denote the complete (respectively, reduced)
~ %
system of residues modulo p™ in G, and G | denote the multiplicative group of
p

* *
characters of the group G =~ with ‘G ol =p"—1.
p P

As usual ged(a,b) or (a,b) stands for the greatest common divisor of @ and b,

(a)+

1
a,b € Z.For a € Z, up(a) stands that pvp(a) | a, pvf’ does not divide a.

We also define a norm from Qi) into Q: N(z) = z-% ‘2 with z € G

E
and z asa complex conjugate of z.
The writing Z (respectively, Z ) means the summation over the complete
® O
(respectively, reduced) system of residues modulo / in G.
m’Sp%
Finally, we put e i=e 7 , where Spz = 2z + 7 is a trace from Q(7) into

Q with z € G.

The aim of the work is the construction of the estimates for the exponential sums
of the form

5, = Slas” + bax(2),p") = Y x(@)e,. (az” + ba), n

xEGpm

where x is a character modulo p™, p is a prime rational number, p = 3(mod4),
(a,p) = (byp) = (n,p) =1, n>2, m > 2;and

11



S, = S(az™ + bx, x (N( Z X(NV -~ (ax™ + bx), ()

ze@G
p"

where x is a character modulo p™, p is a prime number, p = 1(mod4),
(a,p) = (b;p) = (n,p) =1, n =22, m > 2.

We recall that in the ring of Gaussian integers a prime rational number
p,p = 3(mod4) is still prime. The prime number p = 1(mod 4) can be factorized

in the following way: p=p-p, where p=7p, p and p are distinct prime
Gaussian integers in G, p is a complex conjugate of p. The prime number 2 is
ramified in G : we mean that 2 = —i(1+i)* with (1 +4) as a prime «even»

gaussian number.
For p = 3(mod4) we put

m

U = {1 + pu:u € Gpm,l},Um S G:m.

. A
Then for every nontrivial character x € G |, we have
p

XL+ pu) = e, (M(u)), 3)
where X = X(X) € G, , and f(u) = u+ ayu® +...ay_p" ' ia a polynomial
p

with coefficients a, , which satisfy the condition
v (a)>k—v (k)—1,k=123..

It ia also known that the residue system [4] modulo p™,p = 1(mod4) can be
described in the form

l l
z=gp" + 92" 0 <L < (p—1)p" 1, 4)
where g 1s a primitive root modulo p™ such that
gt =1+ pH (H,p)=1HcZ.
Hence
Nix)=z-T =
(5)

_ g211pm + g212pm + gll_HQEQm + gl 1, p2m — 91 2 Sp( 2m>(modp )
Using the analogue (3) of Postnikov’s lemma about characters modulo p™ for
the case p = 3(mod4) [3], the representations (4) and (5), lemmas with the estimates

for exponential sums of special form over the ring of the Gaussian integers [4] and a
basic knowledge of the theory of congruences modulo prime number, we get the
following results for the sums (1) and (2):

12



0, it v (q)<a
‘ S1 E 1 (6)

m—2 m-—+o

22 (n—1,p—1)N(p) 2 , if v () > a,a < n—2

where o =v (n—1)> 0,0 =nauj +bu; with u; as a solution of the

congruence nau” + bu = 0(mod p); and
‘SQ‘S(H—l,p—1)2pm, (7)
where (n —1,p — 1) is the number of the solutions of the binomial congruence
A™ = B(mod p).

The solution of the problems, connected with the distribution of solutions of
congruences of special form on short multidimensional intervals, often leads to the use
of the estimates of exponential sums.

So, the estimates (6) and (7) can be applied to the problem of the distribution of

the solutions of the congruence

y* = az™ + Ba(mod~),
where «,3,~ are the gaussian integers [1].

The rational case of the sum (1) was investigated in [2].
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GENERALISED LANDAU PROBLEM
V. E. Breide
L 1. Mechnikov Odessa National University, Odessa, Ukraine
sygrlinn@yahoo.com

Introduction. E. Landau ([4], pp. 641—669) indicated the asymptotic formulae
for the number N (x) of positive numbers n < z of which prime divisor belongs by

one progression p = lz.<modq),z' —1,...,r with fixed positive number ¢ > 1:
co\7 )z
N (a) = o) +0[

x
' \logzx vlog z loglog x

For research of similar problem in the ring of Gaiussian integers we will
generalize the Landau’s result in present paper.

<L
2

Auxiliary results. Let 7 be a positive number. We define the contour

C(azo,r) by starting from the circle {sHs — :1:0‘ = r}, removing the point s — z,
and proceeding on the remaining portion of the circle in the anticlockwise direction.

1 ] |
b < 1S an
log x

exceptional zero for Z, (s,x) with an exceptional real character ¥ modulo ~ (if

Let C, =C(1,r) and C, = C(b,r) if z, = b, where b

such zero exists). Let also L™, L™ be defined as the intervals on real straightlines

I =

. 1 .
—IT —IT
(5’70 — r)e |z, e

1 . .
T e

(1

Let C; (or 01* ) be the contour going along L~ starting from (azo — r)e“‘, then

on C|1,

](orC

b,L]), and, finally, on L", with z, =1 or b.

log x log x

Consider the Hecke zeta-function Zm<s) defined for Res >1 by the

following series
Zm (S) _ Z e4miarng<w)_5
0=w@G

Zu(sx) = 2 e eN (w] Tx(w)

where x ( w) is a group character on Gw*'

This function we will call Z -function Hecke of first or second genus.

14



It well-known that Z (s) and Z (s,x) are the entire functions if m = 0 or
X is nonprincipal character modulo ~ . For m =0,%x =, the Hecke

Zeta-functions are holomorphic functions on whole complex plane except point s = 1
where Z0<s) and Z0<s, Xo) have a simple pole with residue =« (or

—1 .
T(th (1 — N ( p) ) respectively).
Lemma 1. 1 Let X be a character of the group GA{* and let 7, (s,x) be any

Hecke zeta-function. Then there is an absolute positive constant ¢ such that in the
region

Res > 1—0(10g(N(’\{)(t2 + m? —I-S)) )_52’>(loglog(]\f(w)(t2 + m? —1—3)))_1 >Z (2)

there is no zero of Z (s,X) in the case of complex X or m = 0 . For at most one

real X,,X; = X, > and m = 0 there may be in (7) a simple zero (1 — b1> of

Zm<s, X1>5 and moreover b > c(e)(N(w))_E,e > (0 be an arbitrary positive

number.
Next, for m = 0 we have

Zo(s) = 4Q(S)L(5,X4) = S—il—l—ﬁ

L’(l,X4)
L(l,X4)
al.,a; .t = 1,2,... are the computable constants.

E +

—|—a1(5—1)+a2(s—1)2—|—...,

Further, let x, be the principal character modulo ~ of the group G w*' Then at a

point s = 1 it is easy to obtain that
() = Zo[s) = KTT1=N0) " ) =

T T log N
]:[Ph) 1 Ty )Z aN(p) ()

_ (w)xs—l—i_N()mN(p) n <w>(wE+4L’(1,x4))+al(s—) 3)
+a§(“)2+...7;p<<3>>><811 +by. (X)) +al(s—1)+

where
bo,w(x())_%?))“L,(l’m o) 0

L<1’X4> R N(p)—l
L ( 5,X 4 ) is L-function of Dirichlet with the non-principal character mod 4; F

1s the Euler’s constant.
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1

Let C(a),a € R be the circle ‘s—a‘ :1
0g T

, and let L‘(al,aQ) and

Lt (al, a, ),
0 < a, < a,, be defined as the intervals on straightlines
L (al,aQ) = [(1 — al)e_“‘,<1 — a, )e‘“‘ }

L+<a1,a2) = [(1 —al)e“‘,<1 —aQ)e“‘ }
We denote
1

log x

D(b)=L |a(0),b— uC(b)u Lt

log x

a(0).b - — ]
where

2 1
1 <a, <b<La(t):=1 —%log(‘t‘ +30) 3 (loglog (|¢| + 30)) 3

with ¢ from Lemma 2.
Lemma 2.2 Let a € C, b € (0,1}. Then for x — o0

L. x<5_b><8—b)a ds =
27 J D(b) )
: 3 1
= F<a+1)s11nﬂa+0 exp[—c(log:c)5](10g10g:{:)5]
(10ga:)a+ T

with an absolute constant A > 0.
Main results. Consider the class M, , . of multiplicative function over G under

conditions:
f(p)z&,f(pQ): bN(p)+c,f(pk)<< N(p)k,k:?),él,...
Let us hold fix 1 the Gaussian integers 0;,...,0, such that
0, = 6j (modw),(fii,w) =1,4,7=1,....[;t = j.
We put
9<w) _ {1, iof for every p, p

w follows p =, (modw) with some 1,1 <1 < [;
0, else.
We will build an asymptotic formula for the sum
Z zv(w)f<w)6<w),z e C
N(w)ﬁx
Our goal is to prove the next theorem.

Theorem 1.3 In notation above, when x — oo, the following asymptotic
formulae takes place:
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(a—l—b)z az

ZN(w)<XZU<w>f<w)9<w) = A0<z)x<logx)_ e(v) + A1<z)x1_61 (10gx)_¢(w) +
RSE 2
b (log log x)_zl)) ]

-I—AQ(z)xT(logx)_ﬁ + O| zexp
where A0<z), A1<z), AZ(z) — calculated and bounded functions of variable

1
—c ( log x )_5

Z, z‘ < 2;(3; — is an exceptional zero of the Dirichlet’s L-function Z (s, X) with an

exceptional character x; mod ~ (if such zero exist); @(w) is the Euler function
over the ring of the Gaussian integers; ¢ > 0 — is an absolute constant.
In case if f ( w) = 1 we have the next generalization of the Landau’s theorem.

Theorem 2.4 Let x is a real number, ~ is an integer Gaussian number,
2

(1og)s . .
—1) Then, for any set of the integer Gaussian numbers

( log log x )3
0y,...,0;, the next asymptotic formulae is right:

N(w) < exp(c

1-B,
Nl<x;61,...,61;’\{>:z40<2> x1—d1 +A1<z>x—1_d2+
. (10g:c) (10g:c>
1 1 1
(2] 0| T g
og T

where N, (:c;61,...,61;w) denotes the number of Gaussian integers w, N(ﬂ{) <uz,of

which every prime divisor belongs by one progression p = 9, (mod N ) i =1,...,r

Conclution. The method of provements in the Theorem 1 and 2 may be applied in
case of the ring of the integer rational numbers, that’s why the results of Landau [4] and
Lewin and Falleib [5] hold for the growing difference q in progression.
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VARIANTS OF A COMMUTATIVE BAND
0. O. Desiateryk
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
narenai@yandex.ru

Let S be a semigroup and a € S. For z,y € S let Ty Y = w0y, then X, is an

associative binary operation on .S. Semigroup (S, *a) is called the variant of §'.

Commutative band S is a lower semilattice with respect to the partial order
a<bsab=a.

Variants of semilattices are already studied in [2].

As the interval S[o,a} of commutative band with zero we denote the set

S[Oa} :{xeS‘x-a :a-x:x}.
Commutative band is called locally finite, if all it’s intervals are finite.
Theorem 1. Two variants (S,*a) and (S,*b) of a locally finite commutative

band S with zero are isomorphic if and only if there exist an isomorphism from the
interval S[o a] to the interval S[o b]> which saves the weights of all elements.

Corollary 1. All variants of a set N with usual order are pairwise non-
isomorphic.

Let (N : \) — is a set of natural numbers with operation z x y = GCD(z,y). For
each n € N define multiset

pow(n) = {k‘p

Corollary 2. Variants ((N , \),*a) and ((N , \),*b> are isomorphic if and only

p — prime, k, >0, pk?’ | n, and pk?’le / n}

if sets pow(a) and pow(b) for this numbers are coincide.
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FUNCTIONS ON 2-TORUS WHOSE KRONROD — REEB
GRAPH IS A TREE
Bohdan Feshchenko
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
fb@imath.kiev.ua

Let M be a smooth compact surface, X C M be a closed (possible empty)
subset, and D(M,X) be the group of diffeomorphisms of M fixed on some

neighborhood of X. Then D(M, X) acts from the right onon C*°(M) by following
rule

N:CO¥(M)x DM, X) — C*(M)~N(f,h) = foh.
Given f e C*(M) let
S(f,X) = {h € DM, X)f oh = f},
O(f, X) = {f o Wk € D(M, X)}
be respectively the stabilizer and the orbit of f under the action ~. We will endow
the spaces D(M,X) and C*°(M). Letalso
S'(£,X) = S(f) N Dy(M. X),

where D, (M, X) is the identity component of D(M, X).

Let G,H and @ be groups, and let Map(G, H) be a set of all maps from G to
H, not necessary homomorphisms. The group

Gl H := Map(Q,G) x H
Q

is the Cartesian product Map(Q,G) x H with the multiplication

(o hy) - (g, hy) = (( 0 hy) - ey, Iyhy),

for
(o, Py), (g, hy) € Map(Q,G) x H.
The group G ! H is called wreath product of G and H over Q.
Q

Theorem. 1Let f : T? — R be a Morse function on 2-torus T? such that its
Kronrod — Reeb graph T'(f) is a tree. Then there exist numbers n,m € Z_, a

critical level V. of f such that the complement of V. in T? is a union of 2-disks
{D,}, and there is an isomorphism

1‘—10(f) = Hﬁosl(f ‘DiaaDi)Z ng A

n m
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ENUMERATION OF 2-COLOR CHORD DIAGRAMS
OF MAXIMAL GENUS UNDER ROTATION AND REFLECTION
0. A. Kadubovs’kyi, L. V. Voschana
Donbas State Teachers’ Training University, Slovyans’k, Ukraine,
kadubovs@ukr.net, voschanaya lina@mail.ru

In this paper we determine the number of nonequivalent 2 -color chord diagrams
(of order n ) with one black and one white cycle (2 -color chord diagrams of maximal
genus) under the action of dihedral group (of order 2n).

Definition 1. A configuration (graph) on a plane that consists of a circle and n
chords that connects 2n different points on it is called a chord diagram of order n,
or, briefly, an n -diagram. An 7 -diagram whose arcs of the circle are colored in two
colors (black and white) so that any two neighboring arcs have different colors is
called a 2-color chord diagram [e. g., 2].

All 2-color diagrams are constructed on a unit circle (in R?) with fixed clock-
wise enumeration of 2n points on it, which are the vertices of a regular 2n -polygon.

Definition 2. A 2-color chord diagram that does not contain chords that connect
points with numbers of the same parity is called an O -diagram.

A sequence of chords and black (white) arcs that form a homeomorphic image
of the oriented circle is called a b-cycle (w-cycle) of a 2-color chord diagram with
given direction on the circle (see, e.g., [2]).

Denote the set of all O-diagram with n chords that have one black and one

white cycles by %g;m.
Definition 3. A signed permutation is a permutation of [m] = {1, 2,...,m}

where each element has an additional «+4» or « —» sign.
Recall that symmetric group S, is the set of all permutations of [m], together

with the usual function composition o, applied from right to left. The hyperoctahe-
dral group SZ is the set of all signed permutations of m elements, together with the
usual function composition o, applied from right to left [e.g., 4].

Definition 4 [e.g., 1, 3]. Given a signed permutation T in Sfrf, transform it into
an unsigned permutation w’ in S,,, by mapping 7. onto the sequence (2w; — 1,27, )
if 7, >0,o0r (2|m;],2|x|—1)ifm; <0,forl1 <i<m.

The breakpoint graph of T is the undirected bicoloured graph BG(w) with or-
dered vertex set (1‘(6 = 0, ), .ees T, T = 2m + 1) and whose edge set is the
union of the following two perfect matchings of V ( BG(~)):

black edges d3(w) = {{WIQZ‘,WIQZ‘+1} |10 <i< m};

grey edges 65 = {{24,2i —1} |0 <i<m}.
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Definition 5. The Hultman number Sy (2m;1) counts the number of permuta-
tions in S5,, whose breakpoint graph decomposes into 1 (one) cycles. The signed
Hultman number S# (m;1) counts the number of permutations in S whose break-
point graph decomposes into 1 (one) cycles [3].

Lemma 1. For n = 2m + 1 the number of symmetric diagrams (relatively fixed
axis of symmetry) from the set %31 1 1s equal to the signed Hultman number
SE(m:1).

Theorem 1. For n = 2m + 1 the number of the nonequivalent diagrams from
the set \Sn 1,1 under the action of the dihedral group can be calculated by the relation

Pn) = 5 (P + 5 (ms1)),

where P*(n) is the number of the nonequivalent diagrams from the set \Sn 1,1 under
the action of the cyclic group and may be calculated by the relation (it was estab-

lished in [2])
i1
Py =g P+ 55 o(3)o'(F)(5) -P0) |
iln,i=n
ERY [
where P(n) = 2(n=1)°_(2m)" _ 31’1\ is the Hultman number Sy (2m;1);

n+1 — m+1
d(q) =|{1 < h < q|ged(h,q) =1} is the Euler totient function;

0 () =H{1<h <qlged(hg)=1=ged(h+1g)}.
Remark 1. The explicit formula for S (m;1) (for SPMT(m + 1) in original

terms of the author’s) has been derived by Hanlon, Stanley and Stembridge [4] (se-
quence A001171 in [5]).
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MOBIUS INVARIANTS OF RATIONAL CP' MAPPINGS
N. Konovenko, V. Lychagin
Department of Mathematics, ONAFT, Odessa, Ukraine
Department of Mathematics, University of Tromso , Norway
konovenko@ukr.net, valentin.lychagin@uit.no

We consider equivalence of rational mappings f:CP' — CP! under
conjugations by Mobius transformations of PSL,(C) :

frsAofoAdl,
A € PSL,(C), and their invariants.

Jet J* be the spaces of k-jets of local conformal transformations of CP. The
above action of the Mobius groupe G = PSL,(C) can be prolonged to G -action on
spaces k-jets J*, k= 0,1,...

These spaces are algebraic manifolds, G — is an algebraic group and the above
actions are algebraic.

Rational G — invariants functions on J* will be called Mobius invariants on
order < k. If J is a Mobius invariant of order < £ and f is a (local) conformal
mapping then by value J at f we mean the restriction of J on the graph of £ -jet

() c It
Let F, be the field of Mobius invariants of order < k. Then projections

JM — J* induce embeddings F, — F*''. Let F = limF, be the field of all

Mobius invariant. The Rosenlich theorem (see, [1]) shows that fields F, separate

regular G — orbits is J*, and the Lie-Tresse theorem (see, [2]) shows that the field
F' is generated by a finite number of basic invariants and invariant derivations.
In our case the first non trivial Mdbius invariants are of order 2 and in the

canonical coordinates (z,w,w,,w,,...) in J* they are generated by a single invariant

1
J, = —3(zw2 — ww, + 2w, + 2w’ ).
Wy

In the order two there i1s also ¢ — invariant derivation

(2 — w) (2w, — wwy + 2w, + 2w12)i

V =
wf dz
and G — invariant coframe
2
w
w = 1 dz.

(2 — w) (2w, — ww, + 2w, + 2w?)
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Computing codimensions of regular orbits and using the Lie-Tresse theorem give
us the following result.
Theorem 1.1 The field F of Mobius invariants of local conformal mappings of

CP! is generated by invariant J, and invariant derivation V . This field separates

regular orbits.
Remark.

(1) Any (local) conformal map f : CP' — CP' defines the set of functions
J.(f), k>3, where J, = V*2(J,), and differential 1-form w(f) on Q'(CP")
invariantly connected with f.

(2) Invariant J, identically equals zero on (and only on) elements of PSL,(C).

(3) Differential form w(f) has poles in two types of points: (i) fixed points of
f., and (2) points, where mapping f could be approximated by elements of PSL,
up to 3 -rd order.

Applying theorem 1 to rational mappings f:CP' — CP! we get the
following construction.

Thus, let f: CP' — CP' be a rational mapping and let J,(f), J5(f) be
values of Mobius invariants of order 2 and order 3 at f.

Then J,(f) and J,(f) are rational functions of CP'.

P P
Let J,(f) == and J,(f)=-% were P, @, are relatively prime
1 @,
homojeneans polynomials. Then resultant of polynomials P, —u(), and P, — v,
gives us 3 -rd order differential equation
G = {R;(Jy,J3) = 0} C J3.
Remark that (, is algebraic subvariety of J 3

By the construction this equation has rational solution f and is also invariant
under the Mobius transformations.
Considering equation ( f locally we see that the solution space of ( f has

dimension < 3, and on the other hand mappings gfg ™', g € PSL,(C), are solutions
too. It is easy to check that centralizer of f in the Mdbius group PSL,(C) is discrete.
Therefore the orbit G(j5(f)) C (; is connected 4 -dimensional submanifold and

therefore the orbit coincide with component of C s which contains 7,(f). Denote this

component by (% and call it constutive equation for f.
p VY q
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1

1
Example 2 Let's consider the Joukowski mapping w = 5(24——). Then
2

R, (u,v) = —4u + 3v — 9 and the constutive equation for the Joukowski map has the

f
form:

(w — 2)*(Bwwy — 4w3) — 2(w — 2w, (w;, + 1) + wi(w, —2)(2w, — 1) = 0.
By the construction the constutive equation has only rational solutions, they are
images of the rational mapping f under action of the Mdbius group.

In other words polynomials R f(u, v), or more precisely, constituvie equation Q;Z
defines PSL,(C) — orbit of rational mapping f.
Theorem 2.3 Two rational mappings f,g: CP* — CP' are PSL,(C)

-equivalent if and only if their constative equations coincide.
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ON RIGID DERIVATIONS IN RINGS
M. P. Lukashenko, O. D. Artemovych
PreCarpathian National University of Vasyl Stefanyk, Ivano-Frankivsk, Ukraine
bilochka.90@mail.ru, artemovych@hotmail.com

Throughout, let R be an associative ring with 1 and DerR the set of all
derivations of R . A map &6: R — R is called a derivation of R if
O(z + y) = &8(x) + 8(y) and &(xy) = 8(z)y + zd(y) forany z,y € R.

Proposition 1.1 Let R be a ring. Then the following conditions hold:

1) if d is a nonzero derivation of a commutative ring R, then ad(a) = 0 for
some a € R,

2) there exists an element a € R and a nonzero derivation d € DerR such that
ad(a) = 0.

We say that R is a d-rigid ring (or a derivation d is rigid), where d € DerR,
if for any a € R it holds d(a) = 0 or ad(a) = 0. Clearly, the zero derivation 0,
of R isrigid. Every derivation of an integral domain is rigid.

Corollary.2 Let R be a semiprime ring with the derivation d and a € R. If
ad(R)" = 0, where n is a fixed integer, then d = 0.

Proposition 2.3 Let R be a 2-torsion-free semiprime ring. Then all derivations
of R are rigid if and only if R is reduced (that is without nonzero nilpotent
elements).

Recall [1] that a ring R is called differentially trivial if DerR = {0,} .
Commutative Artinian rings with derivations to be rigid are characterized in the
following

Theorem.4 Let R be a commutative Artinian ring. Then one of the following
holds:

1) R has a non-rigid derivation,

2) R=R ®--® R 1isaringdirect sumofrings R ,...,R every of which is
a field or a differentially trivial v -ring.
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LOGARITHMETICS OF QUANTUM PHYSICS
E. A. Machusky
NTUU «Kyiv Polytecnic Institute», Kyiv, Ukraine
sivera@ukr.ner

The basic equation of quantum physics is the black body irradiation equation:
(Wavelength unit) * (Temperature unit) = (Wien displacement number) =
= (Planck unit)/(Boltzmann unit)*(Speed of light unit)/(x-root number),
L*T=dW=(h*c)/(k*x),
where x is the root of transcendental equation
x*e"x/((e"x-1)-5=0, x=4.96511423174...

The equation may be true only if L, T, h, k, c are the constants or the medians of the
quasi-harmonic functions.

Standard physical model is based on the constant conception but Heisenberg
uncertainty principle and Schrodinger wave equation give us the arguments to the
priority of quasi-harmonic conception.

Let us try to find the quasi-harmonic link of natural set numbers and the
transcendental numbers pi and e. Harmonic number of inverse natural set is:

Alphal=A1=1/137=0.007299270072992700729927...=
=729927/10"8+729927/10"16+729927/10"24...

Number 1 is the quantum of the natural set:

1=(10"8-1)/10"8+(10"8-1)/10"16+(10"8-1)/10"24...,

1=((100-1)*(100+1)+100"2+1)/(2*100"2),
1=[(100"2-1)*(100"2+1)]/10"8+[(100"2-1)*(100"2+1)]/10" 1 6+...
1=99*101*73*137/10"8+99*101*73*137/10"16+99*101*73*137/10"24+...
1=[(99*101)+(73*137)]/(2*10"4)=[(99*101)*(73*137)+1]/(10"4*10"4).

Then the prime alphabet of the inverse natural harmonic calculation system is
{1,2,3,5,11, 101, 73, 137}.

The third power of the binary calculation system infinite number:
(L.ITT11111111...)"3=1.37174211248285322...=
=[137+0*(137-100)]/10"2+[137+1*(137-100)]/10"5+[137+2*(137-100)]/10"8+...

The prime alphabet is infinite {1, 2, 3,5, 7, 11, 17...).
(LITT11111111...)"3=(1000/729)"3=[10"3]/[9"3]=[(2"*3)*(5"3))/[3"(2*3)].
1/100/(1.11111111111...)*3=0.00729000000...= AlphaS = AS.

The prime alphabet is {1, 2, 3,5}. The key number is 729=3"6.

Let us now try to establish the algebraic link between the numbers pi, e, 137,
100 and the natural set. 12-digit median number of pi...e is:

[sqrt((p1*2+e”2)/2)+(pite)/2+sqrt(pi*e)+2*pi*e/(pite)]/4=

=2.9261098+1.618*10"-8, where 1.618 is "golden ratio".

1/100/(1.11111111111...)*3=0.00729000000...=AlphaS=AS.

(pi*e/100)"2=0.00729270605...=Alpha0=A0.

1/137=0.00729927007...=Alphal=Al.
1/[In(p1)+59*In(10)]=0.00729941657...=AlphalL=AL. .
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The geometric link between the numbers AS, A0, Al, AL and the natural set:

137=11"2+4"2, 137=n"0+2"3+2"7.

1/137=1/(11"2+4"2).

A(M/2)=1/[(11*(1+n/2*(sqrt(AL/A0)-1)))"2-+(4*(1+n/2*(sqrt(AL/AS)-1)))"2].

It 1s 137-ellipse n/2 alpha-equation.

A(*2)=1/[(11*(1+n*2*(sqrt(AL/A0)-1)))"2+(4*(1+n*2*(sqrt(AL/A0)-1)))"2].

It is 137-ellipse n*2 alpha-equation.

If n=0, A(n/2)=A(n*2)=1/137=A1. If n=infinity, A(n/2)=A(2*n)=0.

The algebraic link between pi, e, AS, A0, Al, AL and the natural set:
hS=2*pi*[1+2/100*(e+AS*(1+sqrt(2*pi*e/100)))]=6.62606935922...

It is circled Euler-spiral AS-equation.
h0=2*pi*[1+2/100*(e+A0*(1+sqrt(2*pi*e/100)))]=6.62606983982...

It s circled Euler-spiral AO-equation.

h1=2*p1*[1+2/100*(e+A1*(1+sqrt(2*pi*e/100)))]=6.62607100554...

It is circled Euler-spiral Al-equation.
hL=2*pi*[1+2/100*(e+AL*(1+sqrt(2*pi*e/100)))]=6.62607103155...

It is circled Euler-spiral AL-equation.

Using 12-digit display arithmetic calculator we can obtain incorrect values:

sqrt((hS”*2+hL."2)/2)=6.62607019537=(Square root mean).

(hS+hL)/2=6.62607019535=(Arithmetical mean).

sqrt(hS*hL)=6.62607019537=(Geometrical mean).

2*hS*hL/(hS+hL)=6.62607019540=(Harmonic mean).

Mean harmonic cannot be more than mean geometrical.

Mean geometrical cannot be more than mean arithmetical.

Root mean square cannot be less than any mean!

It is a result of "golden ratio" pi...e median bifurcation.

All the above calculated h-numbers lie inside the experimental uncertainty of

finest Planck constant measurement set:

h=6.6260745(19) by X-ray crystal density method,
h=6,6260724(57) by Magnetic resonance method.
h=6.62606957(29) CODATA-2010 recommended value.
h=6.62606889(23) by Watt balance method.
h=6.6260678(27) by Josephson method.
h=6.6260657(88) by Faraday method.
Then we can suppose zero-Planck number is
h(A0)=6.62606983982

and the rest Planck numbers are the result of dispersion of normal digital distribution
defined by Gauss information entropy argument sqrt(2*pi*e).

We can suppose that the rest constants of standard physical model are the

medians of quasi-harmonic functions caused by rotation of pulsing alpha-ellipse
inside the spherical space restricted by the Planck number information entropy and
write down the next equation:

h(A1)-h(AO)=[(4*pi*10"-7]*[2*e/(pi+e)]
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Magnetic permeability of vacuum in SI measurement system (4*pi*107-7) is the
part of h(A1)-h(AO) finite difference.

Speed of light unit is the root of transcendental equation:

c=[hN+4*pi*c*10"-18]°64*[10"7]=299792457.867...
where hN=Integer[h(AC)*10"8]/(2*p1)=1.05456978. CODATA conventional value
of ¢ 1s 299792458 with uncertainty about 3 per billion, AC=0.00722249247
corresponds to the coupling number of decimal and dozen calculation systems from
the 137-ellipse equation.

Impedance of free space is 4*pi*c=376.730313... as a part of speed of light
equation. CODATA current value is 376.730313461... with proposed uncertainty
depending upon the fine structure constant [1].

Fine structure constant is the pi-dependent number:

FSC=1/sqrt(pi*2+137/2)=0.00729735168.
CODATA h-dependent value is 0.0072973525698(24).
Elementary charge is the h-dependent unit:
q=sqrt[FSC*hM/(2*pi*c)]=1.60217657...,
where hM=is the median of h0 and h1. CODATA value of q is 1.602176565(35).
Avogadro number is the median of quasi-harmonic function:
NA=100*{sqrt[8*pi*e/(8*pi*e+137"2)]/[1+2*AM/1000]-[0...1/10"7]},
where AM=med[AO0...A1].
NA=6.02214128.

CODATA conventional value is 6.02214129(27).

Kelvin number:

K=e+AT+NA/1000=2.73159999405, (CODATA value is 2.7316),
where AT=0.00727602431 is the median of medians [(AO0...A1)...(A0...AL)].

Microwave background radiation temperature is the median of quasi-harmonic
function Tmbr=e+AT+-NA/1000=2.7255... Last experimental value is 2.7255... with
dispersion about 0.006.

Stefan-Boltzmann unit is:

kS=cos(12-AS/10)-sin(12-AS/10)=1.38065060066.

CODATA proposed value is 1.3806505, [1].

Boltzmann number corresponds to the speed of light alpha-unit AC:

k=cos(12-AC/10)-sin(12-AC/10)=1.3806484...

CODATA value is 1.3806488(13).

Newton gravitation unit is:

G=hM*med{(1+AM)...5/x},
where x=4.96511423174 is a parameter of black body irradiation equation.

G=6.67352... CODATA value is 6.67384(80).

The decimal orders of physical constants depend upon measuring system units
orders of distance, time, mass.
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Conclusion:

All the quantum physical units are the medians of quasi-harmonic wave
functions. The basic parameters of wave functions are the numbers pi, e and 137.

Electric charge is a surface density of gravitation field.

Mass is a volume density of gravitation field.

Reference
1. Proposed redefinition of SI base units // Wikipedia.

29



SEMIPARALLEL SPACE-LIKE SUBMANIFOLDS WITH MAXIMAL
PRINCIPAL NORMAL SUBSPACE IN PSEUDO-EUCLIDEAN SPACE
E. Safiulina
University of Applied Sciences, Tallinn, Estonia
mterekhova@yandex.ru

A submanifold M™ in NI'(c) is called semiparallel if R(X;Y)h = 0 (this is the
integrability condition of the system Vh =0 which characterizes a parallel
submanifold). Here R is the curvature operator of the van der Waerden-Bortolotti
connection V (V = V @ V7) and # is the second fundamental form. To formulate the
main result, we recall that the linear span of all h(X, X) in a given point x € M™ for
arbitrary X € T,M™ is called the principal (first) normal subspace N,M™ of the
submanifold M™ at x, and its dimension is denoted by n,. Semiparallel submanifolds
with maximal principal normal subspace in Euclidean is done by U. Lumiste [1]. We
are trying to describe a semiparallel space-like submanifolds in EZ with maximal
value of nq, bearing in mind that every semiparallel surface is a 2nd order envelope
of the parallel ones (according to the result [2]).

Let {x; ¢;}, (I = 1,2, ...,n) be the moving frame in EZ adapted to the space-like
submanifold M™ in ET, ie. let x € M™ and e; € T,M™, e, € T{M™, where
,j=1,..,m;a f = m+1,..,n The farme vectors belonging to the normal space
TeM™ = NyM™ @ Ny M™ can be taken so that e, € NyM™, ez € Ny M™, where
a=m+ 1., m+n;e=m+n +1,..,n Denoting scalar composition of the
frame vectors e; and e;, as usually, (e;, e;) = g, , one has g;, = 0 and it can be taken
gij = 6;j; moreover let denote (eq, e,) = &, and (eq, eg) = gqp, @ # f. In the
derivation formulae

dx = e;w!,de; = e]a),], do' = v/ 0], dw] = wirof

(where the point x is identified with its radius-vector) there hold w* = 0 and

W] = —w}, gap! + 0k =0, dges = gyl + guy w}. )

The equations w* =0 lead to wf = h?jwj , hij = hjj. Let h{j) denote the
covariant derivative of hf‘j defined by

Vhi (= dh — holf — hiwk + hlwf) = K", h = hi. (@)

The relationship

Vhf‘jk/\a)k =0o hij, 3)
where
00 hf = —h;;0f — h{0f + b 0F, 4)
can be obtained from the previous by exterior differentiation. In the last formulae
.(Zl-] =da)i]—a){-‘/\a),]{=—gaﬁa)l¢/\w.ﬁ, (5)
Q[‘;”:da)g—ngw)‘,‘:—Zigang/Awf (6)
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are the curvature 2-forms of the Levi-Civita connection V and the normal connection
V4, respectively. Together they represent the curvature 2-forms of the van der

Waerden-Bortolotti connection V. Remark here, that .Qij = —.(2} and that exterior
differentiation leads from (1) to the following relationships
Gy + gay 2 = 0.
Due to (2) and (3) the parallelity and semiparallelity conditions are, respectively

(see [3]),

dhf — hwf — hwf + R wf =0, (7)
hig f + hG0f — hi0f = 0. (8)

By means of the vector components (8) can be written as
(hipir Ry + Rk hagp Y hip — (hijy Ry = 0 %)

(summing by p = 1, ..., m). The assumption of the principal normal subcpase with
the maximal possible dimension %m(m + 1) at arbitrary point means that vectors h;;

are linearly independent at every poin x of M™.

Let a and b be two different values from {1,..,m}, m = 2. Taking in (9)
i=j=k=a, | =b, we obtain for coefficients of linearly independent vectors
haa» hab» hbb:

(haa, hap) = 0,{haq, haq) + 2(hgp, hap) — 3(haq, hpp) = 0.

Similarly i =k =a,j =1 = b give

2(hap, hap) — (haq, hpp) = 0,

2(haq, hpp) = (haar haa)) 4hap, hap) = (haq, haa)-
Denoting (h,p, hyp) = K we have
(haa) haa) = 4K, (hgq, hpp) = 2K.

If m = 3 and ¢ # a, the same procedure gives (hgp, hpe) = (hap, hge) = 0; if
m = 4 and a, b, ¢, d are four different values, then (h,,, h.4) = 0.

All this gives that if K > 0 then the metric of the principal normal subspace is
regular positively definite; if K < 0, then the metric of N, M™ is regular negatively
definite; at last, if K = 0, then the metric is completely vanishing.

It is known that if the metric of the principal normal subspace has the maximal
dimension and is regular (K > 0 and K < 0), then the corresponding semiparallel
M™ is either a Veronese submanifold V™ immersed into an (n — 1)-dimensional

thus

sphere S,,_;(2K(m + 1)m™1),n = %m(m + 3), i.e. an orbit of a ny-parametric

Lie subgroup of rotation of E;n M (s = 0 or s =ny) around the center of this

(n — 1)-sphere or a second order envelope of a family of congruent Veronese V™.
In case m = 2 it was shown in [4]. Existence of semiparallel submanifolds M™

as a 2nd order envelopes of a such parallel submanifolds in NJ'(c), n > %m(m +

3), is arriffmatively shown by Lumiste in [5] and in [6]. In case of V2 in E® is shown
(see [7]) that there are exist semiparallel, but not parallel 2nd order envelope of a
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family V2. The question on existence of 2nd order envelopes of two-dimensional
Veronese submanifolds in E2, (s is either 0, or 3, or 4) and in E7, (s is either 0, or 3,
or 4, or 5) with some arbitrariness is solved by Lumiste in [§].
It remains to consider the case with completely vanishing metric of the principal
normal subspace. Here we start with the corresponding parallel submanifolds M™.
Proposition 1. 4 parallel space-like M™ in pseudo-Euclidean space EI with
principal normal subspace of completely vanishing metric is either a submani-fold in

Egl n+1n1 with m families of parabola generators and can be represented by the
equation
X = % hii(ui)z + hijuiuj + hol-ui, (10)
(i;j = 1,...,m; i # J) all coefficients here are some constant vectors, or an open
part of such a submanifold.
Proof. Due to [3] for parallel M™ one has
m

Vhi; = — Z ex(hyj, i)'
and so Vh;; =0, if N,M™ has comll)(le}cely vanishing metric. Due to (5) one has
.(Zij = 0, i.e. M™ is locally Euclidean. Thus every point x € M™ has a neighborhood
U, on which there is a parallel field of tangent orthogonal frames. For this field
de; =0, so a)ij = 0 and Vh;; = 0 reduces to dh;; = 0, but dw' = 0’/ A a)]l: reduces to
dw® = 0. Hence on this U it can be made
Wt = dui,hij = const.
Now the derivation formulae are
dx = e;w', de; = hija)j,dhij =0
and for the principal and the second derivatives of x one has
Xui = ei,xuiui = hii,xuiuj = h”
whereas all third derivatives are zero. Thus the geodesic lines are parabolas and the
considered parallel space-like submanifold M™ [Ican be represented by the equation
10).
1o Using the result that every semiparallel submanifold is a second order envelope
of parallel submanifolds, can be formulated the next statement.
Proposition 2. 4 semiparallel space-like M™in EI with the principal normal

subcpase of the maximal possible dimension %’m(m + 1) is either

1) a Veronese submanifold V™ in Eg"

2) a submanifold in Egl n+1n1 with m families of parabola generators; it can be

™M (s=0o0rs =ny) or

represented by the equation
1 2 . .
X = E hii(u‘) + hiju‘u] + hol-u‘,

(i;j = 1,...,m; i # J) all coefficients here are some constant vectors, or
3) a 2nd order envelopes of submanifolds from above.
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DISTRIBUTION OF THE WEIGHTS OF THE KLOOSTERMAN CODE
T. V. Tran
L 1. Mechnikov Odessa National University, Odessa, Ukraine
ttvinhentt@yahoo.com.vn

Let Fq be the field with ¢ = p” elements and let 6 be a primitive element of

F, over I .Let m,(z) denotes the minimal polynomial of 0" over F,.
Definition 1.1 The simplex code S(0) is the dual of the cyclic code over F, of
length n = q — 1 generated by minimal polynomial m(z) € Fp[x] for the primitive

element 0.
Definition 2.2 The Melas M(0) code is the cyclic code [n,2m] over F,

generated by m (x)m_,(x).
The code M(6) has a parity matrix

1 0 02 ... 012
1 67t 92 ... o2

considered as a matrix over Fp )

Definition 3. 3Let C' be a code over F, of length n. Then
C \]Fq:: C’ﬂ F,
is called the subfield of C' (or restriction of C' to F).
C \]Fq is a code over F . Its minimal distance cannot be better than the minimal

distance of C'.

Consider the trace mapping Tr : Fq — IF; such that for o € F, we have
Tr(a) == (tr(a), tr(ad), ..., tr(ad" 1)),
where tI'(B) — B + BP + BpQ + .+ Bpm—l c Fp,
If C' is acode over F, then
Tr(C) := {tr(c) | c e C} C F}

is called the trace code of C'.
Delsarte proved that for a code C' over F, the following equation

(Chfzﬁ@ﬂ

holds.
This Delsarte statement is often used for study the dual codes.



From Definition 2 it follows that the Melas code may be defined as a restriction of
a cyclic code over F, on F = with two zeros 0 and 0. Thus by Delsarte theorem,

we conclude that the dual of Melas code M(0) is the direct sum (as vectorial
subspace) of two simplex code S(0) and S(671), i.e.

M0 = {tr(oc:cl + Bx;l),...,tr(oc:cn - Bx;l) | a,PB € Fq}
(here we fixed some sorting of non-zero element from [ ).

Obviously, that M(0)" contains ¢°> codewords. The code M(6)- we will call
the Kloosterman code over F .

The weights of dual code of M(0) and other codes gives for ¢ = 2 using
properties of the Kloosterman sums over a finite fields of characteristic 2. J. Wolfmann

determined the weight distribution of M(0)* for p = 3. G. van der Geer, R. Schoof
and M. van der Vlugt derived a formula for the frequencies of the weights in ternary
Melas codes.

Our aim is to investigate the distribution of weights for the p-ary dual Melas
codes, where p is a prime number, p = 3(mod4) , and m =2 , ie.
n=p"—1=p?—1.

We will be use the following notations:

Z,G the ring of rational integers and Gaussian integers, respectively;

Z,, Gp the classes of residues in Z (respectively, in G) modulo p;
Z’;, G; the classes of reduced residues in Z, (respectively, in Gp);

wt(a) the Hamming weight of vector a € F';

G~ the dual code of C;

z71  denotes a multiple inverse to x € G;‘ modulo p, 1. e.

z-27' =1 (modp);

“<”,“0” be the equivalent symbols.

Let m(a,B) denotes a codeword of dual Melas code M~(0) associated with
pair (a,B) € G;, and let wt(m(a,3)) denotes a weight of m(«,(3). Clearly that
wt(m(a,B)) = n — 2(e,3) with

20,B) = #{z € G, | tr(aw + Bz~!) = 0}
For considered case we have tr(~) = ~ + 7, where 7 is a complex conjugate to

N, so tr(vy) = 2Ry .
Next we will express the Hamming weight wt(m(a,3)) by means of the
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Kloosterman sum over G;

ritr [OL:L‘—I—B:L‘_l]
k(o B;p) Ze p
reG*
P
It well-known that
p2 —1 Zf Q= B — 07
—1 if a=0,8=0
or a=0,3=0,

8(0‘76) w4 Zf 0‘6 = 07

k(o,B;p) =

here | g(a,B) [< 2.

Since k(a,B;p) = k(1,a8;p) if o = 0, we consider the h-th moment K" of
the Kloosterman sum £(1,~) that is given by

K0 .— Z (k(1,~;p))".

G
K p

In terms of K" we will study the distribution of weight of the M(0)* code.
Lemma 1.4 Let 0 is a generated element of the group G;. Then

(0 if a=03=0,
pt—1 if a=08=0,
wt(m(a,B)) = | or a=0,0=0,
(¥’ —De-D 1 Zk(l ofB2%;p) if off = 0.
p pzeZ* | |
p

The following lemma show that an estimate of wt(m(ca,3)) can be improved.
Lemma 2.5 Let o € G. Then

p—1
Zk:(l,uf;p) = 2p° cosp, + 1.
z=1
Corollary 1.6 For o3 = 0
wi(m(o,B)) = p* — p — 1+ 2pcosy,
where 0 < ¢ < 27.
Theorem 1. 7Let M, denote the number of code words of weight i for the

Melas code M(0) over Z,. T hen for every positive integer h, the moment K (k) of

the Kloosterman sum k(1,~;p ) is given by

-1 - 1K = f(Myo M)+ (K KK,
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where

h h
F(My, My,..., M) = p*> M, > 1S(h, j)p"
i=0  j=1

p?—1—1
2 .
pT—1—7
g(EY,.... KUY = ~(p* = 1)(p"(»* — 1)).
Theorem 1 establishes link between the number of codewords of weight ¢ in
—0) —0)
M(6) and values of K " Butitis easy to show that K " canbe expressed by values

of the ¢-th power moment K©) of Kloosterman sums k(1,c;p), where
K = 3" (k(1,05p)) 0 = 0,1,2,....

e
p
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SIMULATION OF CROP PRODUCTION
AND AGRITECHNOLOGICAL PROCESSES
I. M. Vergunova
Taras Shevchenko National University of Kyiv, Kyiv, Ukraine
vergunova@bigmir.net

Agronomic processes belong to complicated systems having a plurality of
heterogeneous elements. Therefore, getting of mathematical models describing the
agricultural systems is the subject of special research [1—3]. For today obtained a lot
of different models for describing the agronomic processes in plants and soil, using
different mathematical methods and approaches. The mathematical models of soil
fertility, productivity of sowings and formation of harvests are the basis of automatic
systems for control of agritechnological processes [4—7].

In the presented article examines approach to describe the accounting abiotic
stress in models of growing crops on the basis of algebraic functional networks [6—
7] with functional structures [8, 9] and fussy logic [10—12].

The approach for the describing of the accounting abiotic stress in the models of
grow crops technology and methods for the simulating of agricultural technologies
based on the functional networks and structures. Functional structures built on the
basis of a pre-existing generic algorithms and the main agrotechnological process
parameters.

For solving the task of the modeling and control of technological processes of
growing agricultural crops within a certain technological scheme [4] we proposed to
use the algebraic functional networks [5—S8]. When we are constructing logical
functional units (standard and constituent) and logical functional structures for the
algebraic functional network we must consider the logical conditions with well-
known for their characteristics of expenditures and quality of functioning. One of
these conditions are the conditions the account of presence of abiotic stress.

The total hierarchical FLS system has three types of partial FLS: PP, accounting
FF and AS. This common FLS system also has seven layers — for the preparatory
period and for each month from April to September.

The fuzzy logic system PP has in its base the fuzzy algorithm Sugeno. Its rule

base has the form: IF “Temperature”= ¢t AND “Rainfall”= b THEN w = €t + €,b.

For the group phenophases FF1, FF2, FF3 the values of € and &, for all inference
rules and all values for linguistic variables of temperature and rainfall are given in
tables 1, 2 and 3 respectively. In the consequent of fuzzy statements ¢ and b values
are precise values of the input variables for temperature and rainfall

(t . ‘tmonth B tavemge b — ‘bmonth ~ Yaverage
= , =

) which correspond to statements of

average average

antecedents. Therefore it is a precise value of the output variable as a weighting
coefficient of abiotic stress for a single month. If value of w > 2,3 for the group
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phenophases FF1 and ©w > 2,2 for the group phenophases FF2, FF3 then we have
values for input variable “Month abiotic stress” in the partial FLS system AS, which
corrects the values of abiotic stress coefficient after each month.

The fuzzy logic system FF has in its base the fuzzy algorithm Mamdani (makes
the division into three groups FF1, FF2, FF3). Its rules base have the form: IF
“Phenophases”= f THEN FF. The linguistic variable “Phenophases” is determined by
its terms, the names of which correspond to the names phenophases of maize and
linguistic variable “FF” is determined by its terms FF1, FF2, FF3 (Table 4).

The logic system AS collects all values of “Month abiotic stress” for
classification. Its base is fuzzy algorithm Mamdani too. The input variables for this
system we have output variables from logic systems FF and PP. The rules have the

form: IF “FF’=ff AND w > w ; THEN ASF (were defined for FF1 - w g =23

and for FF2, FF3 - w, = 2.2). The linguistic variable ASF gives the linguistic

values of the coefficient of stress that can be stored in the knowledge base for each
month and used to produce the total value of the coefficient of stress for the entire
period.

Table 1. The values of € and &, for inference rules in the group phenophases FF1
Temperature ainfall

lowest lowest

below average below average
near to the average near to the average
above average above average
highest highest

it | b | N[N OO
[y
>—I\JUJ-I>U1£0

Table 2. The values of € and &, for inference rules in the group phenophases FF2

Temperature= ¢ Rainfall= b
lowest lowest

below average lowest

near to the average | lowest

above average lowest
highest lowest

lowest below average

below average
near to the average
above average
highest

below average
below average
below average
below average

lowest

near to the average

below average

near to the average

near to the average

near to the average

above average

near to the average

t\)»—‘wm.l;»—_‘wmwl\)_‘wm_gp

>—t>—t>—ﬂ>—i[\)>—*l\Jl\)UJU1-l>-|>-h>—‘S’
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highest near to the average | 4 1
lowest above average 5 3
below average above average 3 3
near to the average | above average 1 3
above average above average 2 3
highest above average 4 3
lowest highest 5 5
below average highest 3 5
near to the average | highest 1 5
above average highest 3 5
highest highest 4 5
Table 3. The values of € and &, for inference rules in the group phenophases FF3
Temperature Rainfall
lowest lowest

below average

below average

near to the average

near to the average

above average

above average

—t [ = QI [N |
—
N || == — |
~

highest highest

Table 4. The values of linguistic variable “Phenophases” and its groups FF

“Phenophases” FF
Substantive preparations of soil FF1
The germination FF1
The development of leaves FF2
The stem elongation FF2
The formation of flowers, the ejection of brooms FF2t
The bloom FF2
The fetal development FF2
The ripening of grains FF3

The common hierarchical fuzzy logic system correspond to a hierarchical
knowledge base. This FLC may be considered as a knowledge-based alternative to
conventional control of technological processes therefore it can be applied for
modification of control strategy in general.

The proposed approach makes it possible to describe the accounting abiotic
stress in models of growing crops on the base of algebraic functional networks with
fussy logic. This approach uses the hierarchical fuzzy logic system.

The total hierarchical FLS system has three types of partial FLS systems and
seven layers — for the preparatory period and for each month from April to
September. Partial FLS systems based on the algorithms Mamdani and Sugeno.
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The given technique provides an opportunity to decide the problem of
constructing an optimal agritechnological process with taking into account the
presence and degree of abiotic stress.
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Algebraic type mathematical models are used in image processing tasks to im-
prove their quality because they correspond to the properties of the human visual sys-
tem. An example of this is the law of Weber — Fechner human perception of light.
This direction of research was initiated by Jourlin and Pinoli as a logarithmic image
processing (LIP) [1, 2]. Their mathematical model was based on the following opera-
tions for z,y,9 € (—o0,1]:

z=1-y,
rTDy=x+y—uay, (1)
_ T~y
20y = Ty
z ¥y = o (d(2) - d(y)),
o(z) = —In(l — z), (2)

where & is used as LIP addition, * — as LIP multiplication, and ¢ — is an isomor-
phism function. Note that for x,y,g € [0,1] described operation of addition (1) is
simultaneously an algebraic triangular s-norm [3, 4], it was payed attention on in the
papers [5—7]. Further development of the LIP theory was received through new al-
gebraic structures, which were published in the papers of Patrascu and Buzuloiu [8,
9] and Deng [10], where algebraic structures were proposed for vector space of gray
level pixels. In [8] was considered gray levels space, set £ = (—1,1) and for this set

E were defined operations of addition (+) and multiplication by real scalar o and
subtraction (—). These operations are defined by the next expressions:
for addition

T+
o(+)y = Y ,
14+ 2y
for subtraction
x J—
o~y =2,
1—ay

for multiplication by real scalar a € R
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isomorphism function

o(x) = L. ()
11—z

Note that for = € [0,1]) function ¢(z) is Hamacher triangular s-norm additive

generator. However, the disadvantage of this algebraic structure is impossibility of
setting on modeling a certain level of constant background illumination in the percep-
tion of the image. The purpose of this work is to build a tuning algebraic structure,
which would take into account the presence of a constant background lighting at im-
age processing for arithmetic operations on pixel gray levels. To realize this task we
use such isomorphism function

lb(x):a+d>(x):a+ln1+x. 4)

1—2z
On this basis we obtain for set £ € (—1, 1)of gray level pixels such expression

for arithmetic operations:
for addition operation

A (b-DA+zy) + (b+ 1)z + y)

x(+)y = , 5
el (b-D(z+y)+ 0+ DA+ xy) )
where b = In(a), a > 0,
for subtraction operation
b-1)1A—2y)+ (b+ 1)(z —
=)y = (b - DA — zy) + (b + 1)( y), (©6)
(b-D(@—y)+ (b + DA —ay)
for multiplication by real scalar o € R
a—1 o e\
SV U o) ik Gl ) (7

Tt a) (1)

This inverse isomorphism function \'(z) is defined as
exp(x —a)—1

~1
T) = :
V(@) exp(z —a)+1
If we will consider as interval z,y = G € (0,1), as the range of variation of

gray levels of pixels, then from formulas (5)—(7) we obtain the following expres-
sions for the arithmetic operations for new tuned algebraic structures:
for addition

(b - 1)(1 + x1y1) + (b =+ 1)(551 =+ y1)
(b-1)(z, +y)+ (0 +DA+ 2y,)
where z;, =2z -1, y, = 2y —1;

z{(+)y = 0,5+ 0,5 (8)



for subtraction
(b - 1)(1 - x1y1) + (b + 1)(551 - y1)
(b - 1)(551 - y1) =+ (b =+ 1)(1 - x1y1)
for multiplication by real scalar a € R
(1 + z)* —(1—mz)"
b (1 + z)* + (1 —2y)”

We note that the basis of isomorphism function (4) is a Hamacher’s triangular
s-norm generator function. From this function was built function {(x).

z(=)y = 0,5+ 0,5

a{x)r = 0,5+ 0,5 9)

The set £/ with operations <—T—> of addition (5) and the operation of multiplica-
tion (X ) by real scalar (7) form a real vector space, as the set G with operations (+)
of addition (8) and the operation (X ) of multiplication by real scalar (9).

Described algebraic structures make it possible to configure the properties of
arithmetic operations so that they reflect a continuous backlight intensity of the simu-
lated values b.

Due to this we get the correct processing of digital images, which simulates the
human perception of image provided that the light source.
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THE LAPLACE TRANSFORM
OF THE HURWITZ — LERCH ZETA-FUNCTION
Ya. Vorobyov
L 1. Mechnikov Odessa National University, Odessa, Ukraine
yashavo@mail.ru

Integral transforms (Laplace, Forier, Mellin) play an important role in the analytic
number theory. In the works of Titchmarsh, Atkinson, Ivic, Jutila, Lukkarinen it has

been pointed out the connection between moments [, (1) of | ¢

%-I— z't] ** on [0,T]

and Laplace transform I,

%] or modified Mellin transform Z, (o + it) ,

k =1,2,.... Balciunas and Laurincikas investigated the Laplace transform of the

Dirichlet L -function with principal character.
Our aim is to study the Laplace transform for product of the Hurwitz and Lerch
functions.

The classical Laplace transform L,(s), s = o +it, of the function f(z) is
defined by

L(s) = jf(:z:)e_”dx

provided that the integral exists for ¢ > o, with some o,,.

Let 0 < o,0 < 1. We define for s > 1:
=~ 1
(s;0,0) = ) ———
Loy

o 2ming

(550,8) = > °

=1 (n)’ ‘
The function ((s;,0) and ((s;0,3) call respectively the Hurwitz and Lerch
zeta-functions. It is well-known that ((s;«,0) has meromorphic continuation to the

whole complex plane with simple pole s =1 with residue 1, and ((s;0,3) is an
entire function if 3 = 1.
The Lerch zeta-function produces two functions

S(si8) = 5 Snmnd) %@:im@w7

S

which are the entire functions if 3 = 1.
These functions are connected by the Hurwitz relation
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2I'(1 — s) "
(2m)t*

2
X sin%s -Cla —1s;00) + cos?7T -S(1 = s;a) |,

((s;0,0) =
(1)

(Rs < 1).

Let us ¢, g be positive integers, ¢ < ¢, ({,q) =1, and let (¢,,¢,) runs
complete system of solutions of the congruence
0,0, = {(modq),0 < €, <q.
Define the function

q
14
F(z) = Z Q[l—i—z’x;ﬁ,O]Q[l—ix;O,—Q]. (2)
0, 0,=1 2 q 2 q

¢4, = {(modq)

Consider the Laplace transform for F'(z)

L.(s):= fF(sz:)e_”‘”dx. 3)
0

The main result of this paper is a proof the following statement.
Theorem 1.1 Let (, q be the positive numbers, ({,q) = 1. Then for the
Laplace transform of the function F(x) defined by (2), we have

L.(s) =mi e2 +e 2 ¢o(l,q) +

18 00

+e 2 Z K(m,—nt;q) exp(—QmmnE_is ) + X, (s),

m,n=1
where K(m,—nl;q) is the Kloosterman sum and X,(s) is analytic in the strip
| Rs|<m, and, for |Rs|[<m—e, >0 is arbitrary small, the estimate
X,(8) < (1+] s )" holds. Moreover,

2 1 7 1 7
N o et
T ¢(,0,={(mod q) q q
Denote,
’ i i
L, (s):= fZQ %-I—ix;—l,O C %—z’x;—Q e “dz,
1
L, (s):= C|=+iz;—L,0 S| = —iz;—2 |e*¥dx.
5 0%): 2 q 2 q
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The proof of theorem above is based on the following lemma

Lemma. 2There are exist the functions X(gl)(s), >\(£2)(5) that are analytic in the

strip | Rs |< © and X(gj)(s) < (14| s )Y, j =1,2, such that

=
Lys) =5 [

1 2

z;gl,O]C[l—z;%] NS
q )

[1]@) sin "
2 2
+2M(s),
b
L. (s) = 6—, Z a 17, dz +
2 21 0 TZ
[1] cos —
2 2
AP (s)

a7

(7)

®)



BAPUAIIMOHHBIN NPUHIUAII 1JI51 PACIIUPEHHOI'O
TONOJIOTNYECKOI'O JABJIEHUSI JUHAMMWYECKOMN CUCTEMBI
A. b. AnToneBuy, E. 1O. JleonHoBa
benopycckuii 2cocyoapcmeennviti ynusepcumem, Munck, benapyco
antonevich@bsu.by, genieleo@mail.ru.

C xaxapiM (pyHKIIMOHATIOM HAa 0AaHaXOBOM MPOCTPAHCTBE CBS3aH JIBOMCTBEHHBIM
no Jlexanapy (QyHKUMOHAN, OMNPEACICHHBI Ha CONPSKEHHOM MPOCTPAHCTRE.
JIBolicTBeHHBIE Maphl (DYHKIIMOHATIOB BO3HUKAIOT B TEOPUU JUHAMHUUYECKUX CHUCTEM,
TEPMOJIMHAMUKE M JPYTUX HAMPABICHUSIX. Y TBEPKICHUS O TOM, YTO JBE BEIUYHHBI
CBSI3aHBI MEXJy co0oil mnpeoOpazoBanneM @enxenss — Jlexxkanapa, Ha3bIBaIOT
sapuayuoHnvimu npunyunamu. OIHOM W3 JBOMCTBEHHBIX n0 Jlexanapy mnap
SABJSIFOTCA SHTPONMUS JUHAMUYECKOM CHCTEMbl M TOIOJIOTMYECKOE JaBlicHHE. B
paboTe BBOAMTCS PACIIMPEHHOE TOMOJIOTMYECKOE IABJIEHUE M Il HEro MOJIy4eH
BApUALMOHHBIN TPUHLIUII.

IIpeoOopa3zoBanue Jlexkanapa. Ilycte Bcrony panee X — KOMIAKTHOE
METPUYECKOe TPOCTPaHCTBO ¢ Metpukodl d, C(X) — 6GaHaxo0BO MPOCTPAHCTBO

BEIIIECTBEHHO3HAUYHBIX HEMpepbiBHbIX HA X ¢yHkuuil. CornacHo teopeme Pucca —
MapkoBa — Kakyranu [1] compspkennoe mpoctpanctBo C(X)* usomerpuyeckn

M30MOpP(HHO TPOCTPAHCTBY PETrYJSPHBIX OOPEIEBCKUX 3apsijoB Ha X : KaxIblil
JTUHEWHBIA OrpaHUYCHHBIN (QyHKIIMOHAT HA X MOXET OBITh MPEJICTABJICH B BU/JIE:

(o) = [ wl@)dn, w e CX), (1)

I |L — HEKOTOPBIM peryisipHbiii 6openeBckuit 3apsan Ha X . [lpu dpuxcupoBanHOM
¢ € C(X) dopmyna (1) 3agaer pyuxmmonan va C(X) *. Oynkunonans: Buaa (1) u
TOJIBKO OHU SIBJISTFOTCS JIMHCWHBIMU HEMIPEPHIBHBIMU B *-CJ1a00# TOMOJIOTHH.

Onpenenum, ciaeays [2], OCHOBHbIE MOHSTHUSA, CBSI3aHHBIE C MpeoOpazoBaHUEM
Jlexxanapa, MPUMEHHUTENBHO K conpspkeHHoMy TipocTtpancTBy C(X) *. Ilycts F' ecThb

¢ynxmuonan va C(X) *

co 3HaueHMAMU B R = (—00,+00]. MHOXECTBO
D(F) = {p € C(X)*: F(n) < o0}
Ha3bIBaeTCs 9¢hpexmusnoi obracmero GyHkuuMoHana F. Jleoucmeennvim no

Jlesgwcanopy x ¢dyukumonany F HaseiBaetcs Qynkumonan F*: (C(X) — R,
OIpeIeIeHHBIN BRIPAKEHUEM

F *(p) = sup f@du—F(u) € C(X)*t = sup fapdu—F(u) ‘€ D(F)
X X
®OyuknuoHan F HA3bIBACTCS NONYHENPepuleHbIM CHU3Y (C8epXy) B TOYKE

¢y € C(X), ecnim ama moboro e >0 cymectByer 0> (0 Takoe, dYTO eciu
€ = @oll ) < B:10 Fle) > Flog) = & (F(9) < F(pg) + 2.
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Hpennoxenne 1. Eciu ¢yuxyuonan F ne ecmv moowcoecmeenno oo, mo
osoticmeennvii  no Jleaxcanopy Qynkyuonan F ¥ sensemcs  evinykaviv  u
NOJIYHENPePbl8HbIM CHU3Y.

Tonosioruyeckoe aaBiaenue. I[omeomoppmm f: X — X  mopoxmaer
TnoceioBaTenbHOCTh oTobpaxkennit f'(x) = f(f*'(z)) u 3amaer Ha mpocTpaHCTBE
X &WHAMHYECKYI) CHCTEMY C ITUCKPETHBIM BpemeHeM. OJHUM U3 OCHOBHBIX
MOHSATHHA B TCOPUU AUHAMHUYCCKUX CUCTEM SIBIISICTCS DHTPOITHS MEPBI hu’ BBEJICHHAS

Konmoroposeim u Cunaem, ompezeneHHas Ha muoxectBe M(f), cocrosiem u3

WHBapUAHTHBIX HOpMmHUpoBaHHbIX Mep Ha X [3]. Ilo sHTponuu omnpenenum
(GyHKIMOHA, 33aHHbIi Ha BceM npocTpancTBe C(X) *:

H(UJ) — _hua M € M(f)
BBeqeM HECKONIBKO MOHATHM, YYaCTBYIOIIUX B ONPEAECIECHUH TOMOJIOTHYECKOTO
nasnenus [4]. [lycts Ha X 3a7aHa mociaea0BaTEIbHOCTh METPUK

d,(z,y) = max d(f'(z),f'(y)).
0<i<n-—1
Yepes B(x,e,m) 0003HAYUM MIAp C [CHTPOM B TOYKE I paguyca € B METPHUKE

d . MuoxectBo E C X HaseBaercs (n,e)-noxkpeimuem, ecma X C U B(x,e,n).
zel
MHO%eCTBO Bcex (7, €)-MOKPBITHI 0003HaunM O(n,€).

Jist 3amansoit pyukimu ¢ € C(X) BBemeM 0003HAYECHHS

n—1

S.0(x) = > @(f(x)), Sy(f,p,en) =inf{> ¥ EeOme)f. (2)
1=0 zel

Tononoeuueckum oaenenuem pyuximn @ € C(X) oTHOCHTENBHO [ Ha3bIBACTCS

BEJIMYMHA
o1
P(p) = lim lim —In S, (f,¢,&,n). 3)
e—=0n—oomn
DHTponus hlL U TOMNOJIOTMYECKOE [IABJICHUE CBSI3aHbl MEXIy CcoOoi
npeobpazoBanueM Jlexxanapa.

Ipenyoxkenne 2 (BapuaumoHHbI NPUHOMI [JIA TOMOJOTHYECKOT0
nasiaenust). I[lycmo f: X — X — 2omeomopdusm xomnaxmnoco mempuieckozo

npocmpancmea X u ¢ € C(X). Toeoa

P(g) = H * () = sup{ [ @du+h(f):n € M(f)}. (4)
X
Pacmnpeﬂﬂoe TOIMOJOI'HYECCKOC TaBJICHUC. HyCTB K ectp OTKprTBIP'I KOHYC

TIOJIOKUTENBHBIX (yHKIWMI B pocTpanctBe C(X), K — ero 3amMbIKaHue, T.e. KOHYC
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U3 HEOTpHUUATENbHBIX (yHKImi. O6o3Haunm a(z) = e?") u R(a) = e
bhopmyibl (2)—(3) MPUHUMAIOT BUJL:

Sap:r) _ Hafz Sd(f,gp,g,n) — inf Zl:[a(fz(l‘)) B e @(n,g) ,

zeF i=0

1
R(a) = lim hm [ d(f,&p,e,n)}ﬁ, a€ K.

e—=0n

B mpHIOKEHUSX HMMEHHO (pyHKuHﬂ a wumeer (usmueckuii cmbica. OnHa
ONUCBHIBAET BJIWSAHUE CPEAbl Ha MOpoucxoasumu mnpouecc [6]. Benuuuna
R(a) = e’™%) g page ciyuaes [5] coBmazaer CO CIEKTPANbHBIM PAZHyCOM
orepaTopa B3BEIIEHHOrO CABHUra ¢ KoddduimentoM a. [Ipu 3TOM yciaoBHE CTPOrou
MOJIOKUTENBHOCTH (YHKLMH G MOXKET HE BBIIONHATBCS U ECTECTBEHHO PACCMOTPETH
npojoDKeHre GyHKIMOHANa R(a) Ha KOHYC K. Jlnsa pyukuuii o € K omnpeaenum
MPOJIOKEHUE CIAETYIOIUM 00pa3oM:

n

R( ) = limlim lim | inf ZH( —|—6):E€@(n,€) La€K.

6—0e—0n—oo0 veF i—0

PacmupeHHblM MONONO2UYECKUM OAGIeHUeM 6yzxeM Ha3bIBaATh (bYHKHHOHaJ'I

P(a) = InR(a), OHpeI[eJ'IeHHBII/I Ha KoHyce K . CBoiicTBa pacIIMPEHHOTO

TOHOJ'IOFI/I‘IGCKOFO JaBJICHHA Ha K HpI/IHLII/IHI/IaJ'IBHO OTJIMYAIOTCS OT CBOMCTB Ha K .

B toukax u3 K \ K (pyHKHI/IOHaJI R MoxeT ObITh pa3pbIBHBIM.

Jlemma 1. @yuxyuonan R Ha K A6715emcsi NOJIYHENpPepblHbLIM C8epxy U
MOHOMOHHBIM (PYHKYUOHATIOM.

[IpaBas yacTh BapuallMOHHOTO MpUHIMNA (4) TakKe UMeeT cMbIcH s a € K,
T.€. onpeesieH G yHKIIMOHAI

Q|

(a) = T = expl sup flna dp+h,(f):we M)l ac K. (5)
Ecnu unTerpai B (5) pacXoauTcsi, TO €CTECTBEHHO CUUTATh, YTO

expflna dp = 0.

s o€ K\ K ¢yakmus  @(x) = Ina(z) orpanuueHa cBepxy, HO
HEeOrpaHUuYeHa CHU3Y. [109TOMY BbIpaKeHHUE

flna dp
X

3a/1aeT pa3pbIBHBIN (YHKIIMOHAT HA MPOCTpaHCTBE Mep U popmyna (5) He siBIseTCS
YaCTHBIM cilydaeM npeoOpa3zoBanus JlexaHnpa, a IBJISIETCS €ro pacliupEeHUEM.
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Jlemma 2. @ynuxyuonan G na K sensemcs noiymenpepuléHbiM ceepxy U
MOHOMOHHBIM.

Jlemma 3. Ecnu 0sa ¢ynkyuonana cosnadaiom na K, a 6 mouxkax uz K \ K

ABNAIOMCSL NOJIYHENPEPBIGHLIMU C8EPX) U MOHOMOHHBIMU, MO OHU coenadarom Ha K .
ChopmynupyemM OCHOBHOM pe3yybTarT.

Teopema 1. /{na pacuupennozo mononocuueckozo oasnenus na K cnpaseonus
8APUAYUOHH L NPUHYUN

R(a) = exp|sup flnadu—l—hu(f):uEM(f) . (6)
X

3amMeTuM, 4YTO COTJaCHO TMpPEJIOKEHUI0 2 JieBas M TmpaBas 4acTh B (6)
COBIAJAIOT HA KOHYyce K ¥ BOMPOC 3aKIIOYAETCS B COBIAICHUM JBYX MPOAOTIKEHUM

R u G Ha ero 3ambikannu K . Comep:KaTelIbHOCTh pacCMaTPUBAEMOI'0 BOIpOCa

CBsi3aHa C TeM, 4To B Toukax u3 K \ K 00a GyHKIMOHAA MOTYT OBITh Pa3phIBHBIMH,
a pa3pbIBHBIX MPOJIOJKEHUM MOXKET OBITh MHOTO.
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JAE®OPMALIA 3 3AJAHUM 3AKOHOM 3MIHKOBAHHSA
EJIEMEHTA ILTOIII MIHIMAJIbHOI IOBEPXHI
JI. JI. be3kopoBaiina, 0. C. Xomuu
Ooecwkuti HayioHanvHutl yHigepcumem im. 1. 1. Meunuxosa, Ooeca, Ykpaina
liliyabezk (@gmail.com, khomych.yulita@gmail.com

Y TpUBUMIPHOMY €BKIIZIOBOMY HpOCTOpi E; posrisHemo obmacte G, mIo

Hanexuth wiomuHi ¢!, 22, Hexail S — nesika oJJHO3B’SI3HA TOBEPXHS KJ1acy C3,mo

.- - - — —  Or
nomyckae mapamerpusaiio r = r(z',2?), 1o Toro x Xy =0, = —
- o1’

. Tyt 1

HaJaul BCl IHAEKCH Ha0yBarOTh 3HAYEHb 1, 2.
PosrnstHeMo HECKiHYEHHO Maly aedopMalliro Iepiuoro mopsIKy MmoBepxHi S 3
nedopmyrounm monem U(z!, 2?) kmacy C* i mapamerpom aedopmartii ¢ — 0 :

r(z!,z?) = r(x T )—l—tU(x 7%). (1)

O3HaueHHsl. Axwo npu HecKiHueHHO Manil Oepopmayii eremenm niOW

NOBEPXHI 3MIHIOEMbCA 3a 3A0AHUM 3AKOHOM, MO maky oegopmayito 06yo0emo

Hazueamu  KeasiapeaivbHOl0  HECKIHUYeHHO  Malolo  Oeopmayicto  NoBepxHi
(keaziapeanvHa H. M. 0.).

YactunHi ToOXimHi BekTopa 3mimenHs U(r',x?) kpasiapeanbHOi H. M. .

PO3KIageMo 3a 6a3uCOM 13,7, , M :

Ui<x1,x2):< TO‘B—pﬁB) +c TO‘ (2)
me n—opr Hopmami mosepxmi, T =T% e€(C? — jeskuit nBidi
KOHTpaBapianTHui  Temsop, 71°® € C? —  KOHTpaBapiaHTHHIi  BEKTOp,

b = p(z!,z%) € 0 — nesxa ¢yukuis. B [1] nosemeHo, mo (GyHKIiS |1 BU3HAYAE
3aKOH 3MIHIOBaHHS €JIEeMEHTa IOl MOBEPXHI NpH ii KBaziapeayibHId H. M. 1I.. B
bOMY MOJSTa€ ii TeOMETpUUHUM 3MICT. 3a3HauuMo, 110 npu | = 0 KBaziapeaiabHa
nedopmaiiis 3BOAUTHCS 0 apeaabHOI HECKIHUYEHHO MaJiol nedopMariii.
[2] mocnmimkyBallach apeajdbHa HECKIHUEHHO Mana jAedopmailisi MOBEpXHI
S(K = 0) 3 BiIXWICHHSM BiJ JOTHYHOI IUIONIMHM, CTAlliOHAPHUM Y OYIb-SIKOMY
HampsiMi. B gaHiii poOOTI BUBYAETHCS aHAIOTIYHA 3a7ada Uil  KBasiapealabHOI
nedopmartii. 3a ymoBu | = 0 115 3a/1a4a 3BOAUTHCA A0 PO3B’SI3yBaHHS CUCTEMHU PIBHSHb
T — T 4 poc™ =0,
OLB a
T b + cmTj ubij = 0, 3)
c T o3 =,
AKa y3arajbHIOE CHUCTeMY, OTpuMaHy B [2]. (3) MICTUTh I’sATh AudepeHIiaIbHuX
PIBHSIHb BIJTHOCHO IIECTH HEBIIOMHUX (QYHKIIH — CHUMETPUYHOTO TEH30pa T,

KOMIIOHEHTIB BekTopa 1 1 QyHKIIT L.
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3 (3) MOXKHA y SIBHOMY BHIVISAI BH3HA4HTH Tersopre mome T i pymkmiio |

yepes Tensop 1

Qf 1 a gk ka 1 a gk
T8 — _E(zjkd ST ) = STid Y

SIKWI TIOBUHEH 3aJ10BOJIBHATH TAKYy CUCTEMY JIBOX I[H(l)CpCHHiaJ]BHI/IX piBH)IHBZ
Q o 7kB3 _
fljm—l—fl”kdﬂbi—o. (4)

Hami B poOOTI 3HAWIEMO OKpeMHIl pPO3B’SI30K CHCTEMHU pIBHSIHb (4) A
MIHIMAQJIbHOI MOBEPXHI, SKWA MU TaKOX NPEJACTaBUMO y TEH30PHOMY BHIJISIIL.

IlepemyciM pUIyCTUMO, 110 iHBapianT T’ € CTaJI00 BENTMIUHOIO
a J—
T70L = ¢,c = const. (%)

[{ro yMOBY MOKHa PO3TISIATH SK J0JaTKOBE OOMEKEHHs Ha TeH30p 1, sKa,

OYEBHUJIHO, €KBiBaneHTHa piBHOCTAM 1’0, = 0. 3 iX ypaxyBaHusam 3 (4) xicTaHeMO

k
T}d by = 0. (6)
Jliist MiHIMalIbHOT HOBEPXHI (6) MOXKHA MOAATH TAKOXK Y BUTIISII1
k
Tpo"b,, ; = 0. (7)

Jlema 1. Cucmema 060x ougpepenyianvuux pieuans (7) 011 06y0b-aKoi
MiHimanvbHoil nosepxmi S (K = O) PIBHOCUNbHA HACMYNHIU
[C
Tl T:OLT_Q % 0 (8)
2 1T
Jlogeodenns. SIx BimomMo, MiHIMaJIbHI MIOBEPXHI HAJIEXKATh J0 KJIACY 130TEPMIYHUX
noBepxoHb [3]. OkpiM TOro, Ha 130TEpMIUHIN MOBEPXHI JiHII KPUBUHU YTBOPIOIOTH
130TepMiuny ciTKy. [lpuiiMemo 110 CITKy 3a KOOpAMHATHY, TOAI MeTpuuyHa (Gopma
MIHIMaJILHOT TOBEPXHI
2 _ 1,2 12 22
ds® = gy (z",2%)(dz" + dz*).
IIpu Takiii mapamerpusalii MaeMo: ¢;; = §y9, 95 = b, = 0. Okpim TOTO, 3
piBHsiHB [letepcona — Kopari

0b 0l
121 :%<b11+b22) ngn7
x
8522 1 dlng,,

Oz! :§<b11+b22> ozt

OJIepKUMO, M0 KoedimieHTH Apyroi KBaapaTUdHOi (GOpMH MiHIMAJIBHOI MOBEPXHI €
cranmumu: b, = —b, = c.
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[lincraBuBImIM 3a3HaueHl BUpa3d Il KOE(DIIIEHTIB TMepIIoi Ta Apyroi
KBaJpaTUYHUX (GOPM B CUCTEMY PIBHSHB (7), OTPUMAEMO OJHOPIAHY CHUCTEMY JBOX

anreOpaidHuX PiBHAHB BITHOCHO 1' 1 Tf — T;

rgbug + T12 - Té b12,1 =0,

’ 9
T3b121_ T12_T% b111:O' )
Ii Bu3HauHKMK
8., ) (9g, )
A= _b121,1 - b122,1 =K 9111] T 9121] '
ox ox

OueBuagno, A = 0 Tomi i nmumme Tomi, ko K = (,a el BUOAZOK MH
BUKJTIOUMJIM 3 PO3TJsAy. 3BIICH BUILIMBAE, MO cucTema (9) Mae eIMHUN pO3B’SI30K
Tg =0, T12 - T; = 0. Jlema noBeeHa.

OTtxe, NUTaHHS TIPO ICHYBAaHHS KBa3iapeajbHOI HECKIHYEHHO MaJIoi aedopmairii

MIHIMAJIBHOI MOBEPXHI 3 BIAXWUJEHHSIM BiJ JAOTUYHOI IUIONIMHU, CTalllOHAPHUM Y
OyJIb-IKOMY HampsiMi, 32 yMOBH (5) 3BOAUTHCA J10 JOCIIJIKEHHSI CACTEMHU PIBHSHB (8).

Jlema 2. /[na 6yov-axoi pezynspuoi nogepxui S € C? pose’azox pieHsHHA

Tg = 0 Mmooicna nodamu wepes dosinony gyuxyio | = P(zt,2%) € C? y suenaoi

o
T = ", b, = :
Al Al 837,\{
Jlogeoenns. IlpencrtaBumo KoBapiaHTHY NMOX1AHY B (8.1) uepe3 3Buyalini MoxigaH1
or +1°T, = 0.
oz

Ile piBHSIHHSA MOKHA pO3MJISJATH K OJHE NU(epeHIliaibHe PIBHIHHS BIAHOCHO
T' i T?. Buxopucroyroun hopmyrny docca — Beiins [4]
e _ 9lnyg
sa s )
T

0

OCTaHHE piBHHHHH MOJKHaA 3aIlIuCaTHu TakK:

o(r

— = 0. (10)
ox®
[Toxnanemo temnep
T = ¢, (1)
)i (S ﬂ%{ — IOBUTLHUN KOBEKTOP KJIacy 01, i migcraBumo T y (10), Toxi micTaHEMO:
oy _ v,
oz’ Ox!



Ils piBHICTH O3HAYa€ TPaAqIEHTHICTH KOBEKTOpA ﬂ’«{- Otxe, icHye (yHKIIA
V= P(x!,2?) knacy C?, uepes moxinui sxoi Bupaxkeno sextop 1. Ham Baanocs
3HAWTH pO3B 30K piBHsAHHA 1’0 = 0 y Tensopnomy Burisai (11). Jlema mosenena.

B (11) dyukuis \(z',z?) € nosinsnoro. Komu mu migctaBumo tensop 7 3 (11)
y Ipyre CHiBBigHOMEHHS 3 (§), TO JiCTAHEMO YMOBY Ha (DYHKITIO )

0? 0?
Ozt 1>

3 (12) BumuBae, mo ¢yuknis (z', 2?) y Bunmagky MiHiManabHOT MOBEPXHI A

= 0. (12)

MOCTaBJIEHOI TE€OMETPUYHOI 3a]1adul 3a/J0BOJIbHsIE piBHsAHHA Jlammaca (12), ToO6TO €
rapMOHIYHOIO (DYHKITIETO.

TakuM 4MHOM, CIPaBEJINBA

Teopema 1. byov-sika MiHIMANbHA NOBEPXHS HEHYIbOBOI 2ayco80i Kpusunu S
00nycKae KeasiapeanbH)y HeCKiHueHHO Mmany deghopmayito, npu AKil 8I10XUNeHHs 80
0omuuHoi niowuHu 3bepicacmvcs y 0yOb-axomy Hanpami. Ilpu yvomy meH30pHi

noin TP € C1, T € C? ma ¢yuxyin p = w(zt,2?) € C* saeno supancaomvcs

yepes 008LIbHY 2APMOHIUHY PyHKYiI0 ) = lb(xl,xQ) :

1 ~ : 1
of _ & anyp, i3 B“(]OL) a o _ o
T QKMJ(C b P T = e = o b
3106yt Temsopui moms T°°, T Ta (QyHKUiS | € HEHYILOBHM PO3B’SI3KOM
CUCTEMH PIiBHSHB (3) NI OJHO3B’A3HOI MIHIMaIbHOI MOBEpXHI. OCKUIBKA YMOBH
IHTErPOBAHOCTI CUCTEMHU PIBHSIHB (2) JUisi MIHIMAJIBHOI MOBEPXHI BUKOHYIOTHCS, TO 3

(2) moxHa 3HaiiTH Aedopmyroue mosie

E(M) = f —%wi,ubo‘% - l\)z; dz' + U_07
MM
e U_O — CTaJIui BEKTOP.
OueBuaHO, BipHA
Teopema 2. byov-sxa miHiManvHa 00HO38'13Ha nosepxHs S (K = O) oonyckae
KeaziapeanvH)y HECKIHYeHHO Many Oegopmayito 3 GIOXUNEHHAM 610 OOMUYHOL
NIOWUHU, CIAYIOHAPHUM ) 0Y0b-aKoMy Hanpami. Ilpu yvomy degopmyioue none E

uepes 2apmoniuny @ynxyito = (z', 1) moxcna supazsumu max:
_ - o, i
v = [ b b0y = by e + U,
MM
O0e KPUBOJIHIUHUL iHmezpan bepemubcs no 0Y0b-AKIill CNPAMHIU NIHII, WO HALeHCUMb
noeepxui ma 3'ednye 006inbHo Qikcosany mouxky M, 3i sminnoro mouxoio M.
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OB YCJIOBUAX COXPAHEHUSA TEH30PA PUMAHA
OTHOCHUTEJBHO MNOYTHU T'EOJE3UNYECKUX OTOBPAKEHUI
IMPOCTPAHCTB A®®UHHOM CBA3HOCTHU
B. E. Bepe3oBcknii, 1. Muxem
Ymanckuii nayuonanvuolil ynusepcumem cadogoocmea, ¥Ymaus, Ykpauna,
berez.volod@rambler.ru
Ynueepcumem Ilanayxozo, Onomoyy, Yewickas Pecnybnuxa
josef.mikes@upol.cz

B paboTe ycTaHOBJIEHBI YCIOBUSI COXpaHEHUs TeH30pa PumaHa OTHOCHUTENIBHO
MOYTH TEOAE3UYECKUX  OTOOpaKEHWM TMPOCTpaHCTB apUHHON  CBSA3ZHOCTH.
[IpumeuarenbHO, 4YTO OSTU YCIOBUS HMMEIOT MECTO M sl JAPYrMX BHUIOB
mudpeomoppr3mMoB.

HamomMHuM HEKOTOpHIE MOHATHS TEOPUHU TMOYTH T'€OAC3MUYECKHX OTOOpaKEHHIA,
KOTOPBbIC U3JI0KEHBI B [ 1—3].

Kpusy1o, onpenenennyio B mpocTpaHCTBe apGUHHON CBASHOCTH A = HA3BIBAIOT

noumu 2eoode3uyeckoli, €ClIW BIOJIb HEE CYIIECTBYET ABYMEpHas NapajuielbHast
IJIOIAJIKa, COJIeprKalllas €€ KacaTelbHbIA BEKTOP.

Hudpdeomoppusm  f : A — A HaspIBAIOT noumu  2e00e3udecKuM
omoopadicenuem, €ClIM TIPU OSTOM OTOOpPaKEHUU BCE TEOJE3UUYECKUE JIMHUU
IpOCTpaHCTBA A~ TNEpPEeXOolaT B IOYTH e0Je3MIECKHE JIMHUU IIPOCTpaHCcTBa A .

Jls Toro 4To6b1 0TOOpaXkenue nmpocTpancTsa A, Ha mpoctpanctso A ObLIO
TOYTH T'€0IE3UUYECCKUM, HEOOXOUMO 1 JOCTATOYHO, YTOOBI B OOIIEH 110 OTOOPAKESHHIO

cucTeMe KOOpAuHaT z',z7,...,2" TeH3op AedopMalyy CBI3HOCTEH

h(.\ _ Th h
bj(z) = I'j(z) — T (2)
YIOBIIETBOPSLI YCIIOBHSIM:

AR NNNT = @ PINON® 4+ b N,

rae AZk = sz p Tt P;‘P(f'k, FZ (FZ.)—OGLGKT adPUHHOI CBA3HOCTU MPOCTPAHCTBA
A (A), N' — npowsBONBHBIA BeKTOp, @ M b — HEKOTOphle (YHKIUH

nepeMeHHbIX = u N'.
Hamu nokazana

Teopema 1. /[na mozco umobwvr mensop Pumana RZ'k ABNANCA UHBAPUAHMHBIM

2eoMempuieckum 00beKmom OMHOCUMENbHO NOYMU 2e00e3UutecKux OmoOopadiceHull
npocmpancme  a@@uHHOU  C8A3ZHOCMU, HE0OXO00UMO U O0OCMAMOYHO, UMOObL
BBLINOJIHAIUCD YCAOBUSL:

Al = Al

ik iky*
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Ilycte mpu oToOpaxkenun mpocTpancTB adpuuHON cBasHocTH A Ha A

BBIITOJIHAROTCS YCJIOBUA:

+ Ph

h
F; ik,j ij ok ik~ o

ij,k = —poph — peph 4 §hq (1)

(i k)"
Takue oTOOpaXkeHUs SBISIOTCS YACTHBIM CIIy9aeM IIOYTH T€0J[e3MUYCCKUX
oTOOpakeHUM NepBOro TUIA.

VYpaBuenus (1) cBeieHbI K ypaBHEHUAM BUJIA

b paph h~
By = —Fi P + 0Ga,,, ()

rae %' HEKOTOPBI TEH30P.
OuyeBUJIHO, IS TOYTH TEOAE3UUYECKUX OTOOPAKEHUH, XapaKTepU3yIOIUXCS

h _ shx
yCIOBUSIMH (2), TEH30D Az.jk = 6(2.%.). Torga Ha ocHoBaHMM Teopemsbl | nMeeT MecTo

Teopema 2. Tenzop Pumana RZ.k A6715emcsi UHBAPUAHMHBIM 2e0MeMpPUYeCcKUM

00beKmomM  npocmpancme  a)PuHHOU  CBAZHOCMU  OMHOCUMENbHO  NOYMU
2eo0e3uyecKux omoopasiceHut, onpeoensemvix ypasneHuimu (1).

[Nockonbky TeH30p PumMana B adhpuHHOM MpocTpaHCTBE 0OpaIaeTcsi B HYJb, TO
UMEEeT MECTO

Teopema 3. Ecwu agpguunoe npocmpancmeo A, odonyckaem noumu

2eodesudeckoe omobdpaxcenue, onpedensiemoe ypasuwenusmu (1), na A , mo A,

A615emces AP DUHHBIM NPOCMPAHCTNGOM.

Takum  o0pa3zoMm, adduHHBIE MNpPOCTpaHCTBa  OOpPa3ylOT  3aMKHYTHIH
KJIACCOTHOCUTENIbHO  TMOYTH  TIEOJE3UYECKUX  OTOOpaK€HUM,  ompenenseMbixX
ypaBHeHusiMu (1). YpaBuenust (1) cBegeHbl K 3aMKkHYTOM cucteme Tumna Komu B
KOBApUAHTHBIX MPOU3BOIHBIX.

Cnucok ureparypsl
1. Berezovski V. E., Mike§ J., Vanzurova A. Fundamental PDE’s of the canonical almost
geodesic mappings of type T, // Bull. Malays. Math. Sci. Soc. (2). — 2014. — 37, No. 3. — P.

647—659.

2. Mikes J., Vanzurova A., Hinterleitner I. Geodesic mappings and some generalizations. —
Olomouc: Palacky University, 2009. — 304 p.

3. CunroxoB H. C. I'eone3nueckue oToOpakeHUsI pUMaHOBBIX MpocTpaHCTB. — M.: Hayka,
1979.
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PO NPEACTABJIEHHSA JEAKUX IHTEI'PAJIIB
3A MIPOIO JIEBEI'A — IT'YACCOHA
B. A. boayx
Incmumym mamemamuxu HAH Ykpainu, Kuis, Yxpaina
vira_shevchuk@ukr.net

VY [omoBiJi HABEIEHO JOBEICHHS TEOPEMH, siKa BiIOOpakae BIACTUBOCTI MipH
Jlebera — IlyaccoHa, 1 sika 3HaYHO CHPOLIYE JIOBEJICHHS JCSKUX BAKIUBUX (POPMYI
CTAaTHUCTHUYHOI MEXaHIKH, a caMe MPEJCTABJICHHS y BUTIAAI €KCIIOHCHTH BEIUKOi

CTATUCTHYHOL cymu 7, . Lleii po3knan HeOOX1IHUIA 171 00y 10BU TEPMOAUHAMIYHUX
MOTEHI1aJ1B (30KpeMa TUCKY) IPU NEePeXO/i 10 HECKIHUEHHOTO 00’ €My .

Hexait R? — ne d -Bumipnuit esxmigosuii npocrip. B(R?) — cim’s Bcix
GOpeNmiBCHKNX MHOKHH B RY. BC(Rd ) — cucteMa yciXx OOMEXEHHX MHOXHH 3
B,(R"). Mpoctip konirypariii:

I = FRd = {ﬂ{ C Rd“ NN A< oo, A € BC(Rd)},
ne ~:={z,...,x,,...} — KOHOIrypamii, IO XapaKTepH3y€ TONOKEHH]

HECKIHUCHHOI CHCTEMH TOYKOBHX 4acTHHOK y mpoctopi R?. ITpocTip ckiHueHHHX
KOH]Irypariii B oOMexeHOMY 00’ eMi:

I, ={yel | yC AA € B(RY}.

Mipa Jlebera — Ilyaccoma X\, , ne z >0, a o — mipa Jlebera B R?
BU3HAYAETHCA (POPMYIIOIO:

S, PP =35 [ [ Pl Do),
n=0""N A

mna B(I', ) -Bumiproi oomexeHoi Gpynkmii F'.
Bbynemo posrispaty QyHkuii Ha KOoH(Irypauiinomy mpocropi Iy, mo maroTh
BUTJISIT

() =>. D>, Fl)F(vy)-F(,), (1)

7€ * B MEXI CyMH O3HA4Ya€, MO cyMa OEpeThCs MO BCiX CKIAIOBUX MHOXKHUHH ~ B k
-HEMOPOKHIX HEMEPETUHHUX MIIMHOKUHAX, TOOTO:

k
ij =, wiﬂ'\(j = @ 18 BCIX 1 = 7,
j=1

N, =D, 1Al ) € {1,...,k}.
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Teopema 1. Hexaii ¢yukuia ¢ mae Buraaag sk B (1) 1 dymkmii F)
3aJI0BOJIBHSIOTH HACTYIHI OLIIHKU:

f fF (zy,..., 2, )de, ---dx, < c"Cynl,

ne crajia ¢ He 3auexurth Bin A. Tomi
I FoX, (dv)
I
f P()N, (d) = et ,

st 0 <z <1/ 2.

JUis cucTeMM TOYKOBHUX YAaCTHHOK, IO B3a€EMOJIOTH ISl JBOYACTHHKOBUX
noteHuianiB ¢ BEIMKY CTATUCTUYHY CYMY MOKHA 3allCaTH y BUTJISIAL

— fe—B U(w)xm (dﬁ{)7
Tp

> oz =yl
{zy}cy
3 MeTor MmoOyI0BU PO3KIIANIB JJISI TEPMOJUHAMIYHUX IMOTEHINIANIB T1OCCOBY
UIUTBHICTh MOKHA MEPETBOPUTH 10 BUTIsLY (1) 1 3acTocyBaTu Teopemy 1.
JlonoBias moOy0BaHa 3a pe3yiabTaTaMu poootu [1].

Chnucok aiteparypu
1. Boluh V. A. An Exponential Representation for Some Integrals with Respect to Lebesgue —
Poisson Measure / V. A. Boluh, A. L. Rebenko // Methods of Functional Analysis and Topology. —
2014. — Vol. 20. — No. 2. — P. 186—192
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K YCJOBUIO R-PEI'YJIAPHOCTH B 3AJAYAX OIITUMU3BALINU
O. ®. bopucenko, A. /I. bysiosa, JI. U. MuHYeHKO
benopycckuti 2cocyoapcmeennuiii yHugepcumem uHgopmamuxu
u paouosnekmponuxu, Murnck, berapyco
leschov@bsuir.by

Ilycts f u h,i =1,...,p — HenpepriBHO AU PepeHIupyeMble QYHKIUH U3

R™ B R.
BBegem HemycToe MHOXKECTBO JOMYCTHMBIX TOYEK

C ={yeR"|h(y) <0,i€Ih(y)=0,cl},
rne [ ={1, ...,s},I, = {s+1,...,p}, n paccMoTpum 3amady NLP MUHUMH3AINH
byukumu f(y) Ha maoxectse C.
Honoxum I(y) ={i€I|h(y) =0} wu ompegenum B Touke Yy € C

MHO>KECTBO MHOXHUTENEH Jlarpanxka

P
Aly) = {N e R” | Vf(y) + > N\, Vh(y) =0,
i=1
N, >09€Iy),N\ =0iel\I(y}
OCHOBHBIM HEOOXOAMMBIM YCJIOBHEM ONTHUMAIbHOCTH Juisi 3amaun  NLP
aBisiercs: ycnoBue Kyna — Takkepa, yTBEp)KIArollee, YTO B ONTUMAJIbHOM TOYKE
y € C cymectByroT MHOUTEH Jlarpamka, 1o ectb A(y) = &. KimroueBoe 3HaucHume

ycroBust Kyna — Takkepa 3aKiIro4aeTcss TakKe B TOM, YTO Ha €r0 OCHOBE CTPOSTCS
MHOT'OUHCIICHHBIC BBIYMCIIMTEIIBHBIC AJITOPUTMBI JUIS HAXOXKJICHHS ONTHMAJIbHBIX
touek. Ognako ycnoBue Kyna — Takkepa cripaBeIMBO TOJBKO TIPH BBITIOJIHCHUH
HEKOTOPBIX YCIOBHHA PEeryJsipHOCTH. Hanbosee W3BECTHBIM YCIIOBHEM PETyISpHOCTH
B Touke y € C sBmsgercs ycnoBue Manracapsaa — @pomosunia (MFCQ), koTopoe

cBoauTCA K TpeboBannio A (y) = {0}, rue

p
Ao(y> ={\eR"| inv}%(m =0,
i=1

OnHako HWMEKTCA Kacchl 3axad, s KOTopeix yciaoBue MFCQ He
BBITIOJTHSIETCS, OJHAKO BBIMOJHAIOTCA OoJiee ciabble (MeHee >KECTKHE) YCIOBHUS
PEryJIspHOCTH.

[Ipu wuccrnenoBaHuM 3a7ay ONTUMM3ALNM BAXXHYKO POJIb WIPAET CIEAYIOIIEe
yCJIOBUE, MPEACTABISAIONICe MPAKTUUECKUNH HMHTEPEC U OJHOBPEMEHHO SIBIISIOIICECS
JIOCTaTOYHO OOIIMM M CTabBIM ycloBHEM perymspHocTd. OGo3HaumM yepes d,(y)

CBKIINAOBO PACCTOAHHUC OT TOUYKH Y JO MHOXKCCTBaA C.
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Onpenenenune 1. MuoxectBo C' Oyaem HasbBaTh R-pecyispHbiM B TOUYKE

4" € C' (umm roBOpPUTH, 4TO B JaHHOI TOUKe BBIMOMHEHO the error bound property),
ecii CyImecTBYIOT uncio o > 0 u okpectocts V(3°) Touku 3° Takue, 4to
dC(?J) S OLmaX{O, hz(y),z S I7 hz(y>

[lonsiTue R-peryisipHOCTH U ero MoAU(GUKALIUYA B CBOE€ BPEMSI pacCMaTPUBAIIUCH
B [1, 2] 1 u3yyanucey ApyrumMu aBTOpamHu.

[IpencraBum MHOKECTBO UHICKCOB  [(y) B Touke y € C' B BUIE pa3OUECHUs Ha

i € I,} nnaseex y € V(y°).

JIBA MHOYKECTBA

Ily) = I"(y) U I (y),
re I°(y) N 1(y) = @ ul*(y) = {i € I(y)|3 X € Ay(y) maxoit,umo X, > 0}.

Onpenenenne 2 ([3]). Bynem rosoputs, uto B Touke y° € C' BBHINOIHEHO
ocnabJIeHHOe ycloBue peryisipHoctn Manracapsina — ®@pomosuria RMFEC(Q) , ecnu

cucrema Bektopos {V 1, (y),i € I, U I°(y°)} uMeeT nOCTOSHHBI paHT B HEKOTOPOH
OKPECTHOCTH 3TOU TOYKH.

Ycnosue RMFEC() cnabee ycnoBus MFCQ w nienoro psaa APYTHX YCIOBHMA
peryisipaoctu (cM. [4, 5]).

W3BectHO [5, 6], uto BBRIMONHEHUE ycioBuss RMF(C() B AOMyCTUMOM TOYKE

BIIEUYET R-perynsipHOCcTh MHOKecTBa C' B 3T0H Touke. C HEOOXOIUMBIM yCIIOBUEM R-
PEryJsipHOCTH MOXHO CBSI3aTh Takke Oojee ciiaboe TpeOoBaHHWE MO CPABHEHUIO C
RMFCQ. B [7] mnoxazano, d4Yto wu3 R-perymspHocTH MHOXectBa ('  1ipu
JOTIOJTHUTENILHOM YCJIoBUU [ = & cieayer, 4yTo

rank{Vh,(y),i € I,} = rank{Vh,(y"),i € I}
U BceX JONMYCTHMBIX TOYEK i M3 HEKOTOPOH OKpecTHOCTH Touku 7°. JlaHHOe
YTBEPKIEHUE JIOMyCKaeT 0000IIeHHE.
Teopema 1. ITycts MHOXKecTBo C' R-peryispHo B Touke ¢ € Cu I°(y°) = & .

Torma ams Bcex 0onycmumbix TOUeK 4 M3 HEKOTOpoil okpecTHOcTH ¢ MMeeT MecTo
PaBEHCTBO

rank{Vh,(y),i € I, U I*(y")} = rank{Vh(y"),i € I, U I*(y")}.
[IpuMepsl MOKA3BIBAIOT, YTO OOPATHOE YTBEPKICHUE JUI TEOPEMbI | He mMmeeT
MECTO.
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V3ATAJIBHEHI Fup-®YHKII TA IX BJACTHBOCTI

I. B. bpucina, B. O. Maxkapiuesn
Hayionanvnuu aepoxocmiunuu ynisepcumem imeni M. €. 2Kykoecvkozo
«Xapxkiscokuu asiayiunuu incmumymy, Xapxis, Ykpaina
iryna.brysina@gmail.com, victor.makarichev@gmail.com

AtoMapHi (QyHKIIT — 1€ PO3B’SI3KM 3 KOMIIAKTHUM HOCIEM JIHIAHUX
(GyHKI[IOHATBHO-TU(PEPEHIIAIbBHUX PIBHSHL 3 MOCTIMHUMU Koe(ilieHTaMu Ta
JTHIMHUMHU TEPETBOPEHHAMU apryMeHTy. OJHUM 13 HampsMiB PO3BUTKY Teopii
aToMapHUX (QPYHKIIN € JOCHKEHHS iX anpoKcUMaliiHUX BiacTUBOCTEH. OCHOBHI
pe3yibTaTh, 10 OTpPUMaHl y IbOMY HampsMKy, Hanexatb B. O. PBauoBy Ta
MpeACTaBHUKAM HOTO HayKoBOi mikoad. Lli AOCHiIKEHHS MOKHAa PO3TIAAATH SK
cnpoOy 3HaMTH amapat HaOMWXKEHHS, 10 MO€JHYBaB OW Takl BJIACTUBOCTI:
HECKIHYEHHA TJIaJKICTh, KOMIIAKTHICTh HOCIS, @ TaKOX ONTUMAJBHICTH (3 Ti€l UM
THIIOT TOYKH 30PY) HAOJIUKEHHS PI3HOMAHITHUX KJIaciB (PyHKIIIH.

Posrasinemo QyHKIIi10

00 50 Sin2[ st ]
mup,(z) = 2 feitxn¢dt, s € N.

2w 2t ¢ ]
1 8 ———SIn -
—oo k=17 o [<2s>"'

Ipu s = 1 bynkuis mup, () € Bizomoro up-pyHxuiero B.O. PBauosa [1]. 3a

YMOBH § > 2 110 (pyHKII0 OyJI0 OTpUMaHo y [2].
Jns  xoxHoro s € N aromapHa QyHKUIiE mup,(r) € HECKIHYEHHO
nudepeHiiiioBano, Mae Hociit [—1,1] Ta 3a10BONBHSE PIBHSIHHIO

y'(x) = 2i<y(23w + 25 — 2k + 1) — y(2sx — 2k + 1))
k=1

PosrnsiHemo mnpoctopu JiHIMHKUX KOMOiHaIid 3cyBiB 1iei ¢yHkiii. Hexaii
MUP, , — npocrip GbyHKIIH BUIY

T —L), z € [-1,1].
(25)"

Teopema 1 ([3] nns Bunagky s = 1, [4] qns Bunagky s > 2). Jna 6y0v-s1K020

o(z) = ch s mup,
k

n = 0,1,2,... icuyroms Koeghiyienmu {Uj}'GZ maki, wo
j
J )
g v, -mup_ | x — = z".
2 s <2s>")
JEZL

HacnigkoMm 1i€i Teopemu € TOH (hakT, 1110 KOKEH IMOJIHOM CTEIEHs HE BUIIE 3a
n HalexuTh npoctopy MU Kpim Toro, Oysio oBeleHO, 10 B IIUX IMPOCTOpax

s,n '’

icHye 0a3uc, M0 CKIANAEThCA 31 3CYBIB OAHIET (DIHITHOT (QYHKIIIT 3 JIOKAIIBHUM HOCIEM.



Teopema 2 ([3],[4]). Cucmema ¢hyuxuiu

i o 2(25)" +n+1
F _ nt2
{ mups,n X (28)" 1 2(28)n)}j:1
ymeopioe bazuc npocmopy MUP, , de

o . t n

_ 1 itx SID[Z(Z;‘)”’] F t d
Fmup, () = 5= f e t 5((25)") t,
—00 2(2s)"

F (t) — nepemeopenna ®@yp’e ¢ynxyii mup (x).

n+2 n+2

2(2s)" " 2(2s)" |
Jani Oyno JOCHIIKEHO MPOCTOPU MEPIOAUYHUX JIHIMHUX 3CYBIB aTOMapHUX

dynxuiit mup, ().

Teopema 3 ([3],[4]). Hociem pynxyii Fmup, , (x) € 6iopizok

—

[Noznaunmo uepe3s MUP;, npoctip GyHKITINH

V(1) = ch s mup,
k

z —L), T € [, 7]
T (2

—~7r

takux, mo YU (—m) = V) (7) mnseeix j = 0,1,2,..., a uepes Wa — kiac QyHKuiit
fe C’{__ﬂlﬂ raknx, mo f&(—x) = f®(n) gz xoxmoro k= 0,1,..,r—1,

< 1. Kpim Toro, Hexait

f07Y(x) abcomoTHO HerepepBHa Ta H £ L]

D) = ol A = g AT

— N -nonepeunuk 3a Koamoroposum.

—

Teopema 4 ([3],[4]). Posmipnicms npocmopy MUP, dopisnioe 2(2s)" .
Teopema 5 ([5]). IIpu n > n(r) suxonyemocs pieHicmo

ELQ[_WJ][WQ,MUPl,n] = dyun [WQ,LQ[—’[\',’[T]],

Teopema 6 ([4]). s 6yob-sikoeco s > 2 icuyioms C(r) > 0 ma n(r) > 0
maxi, Wo BUKOHYEMbCS HEPIEHICNb

E VNVZ,MUPS,n] < dyyyy [I;[V/;,LQ[—’K, ﬁ]],h + %

Ly[—m,m]
Otxe, mnpoctopu MUP;, ekcTpemanbHl npu s =1 1 aCHUMOTOTHYHO
EKCTPEMAJIbHI NIpU § > 2 AJIsl HAOIMKEHHS KJIACiB MEePIOJUYHUX TU(epeHIIHOBAaHX

—~7r

dynxuiit W 3a Hopmoto npoctopy L, |—, 7).

Takum YMHOM, TPOCTOPHU NEPIOIUYHUX JIIHIHHUX KOMOIHAIII 3CYyBIB aTOMAapHO1
dyHKwii mup, (x) MOETHYIOTH TaKi epeBar:
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1) HECKIHYEHHA IIaJIKICTh €JIEMEHTIB;

2) ICHYBaHHs 0a3ucy, IO CKIAJA€ThCs 31 3CYBIB OJHIE€T (DYHKIIT 3 MaluM
HOCIEM;
3) «TapH1» ampoOKCUMaIIiiH1 BJaCTUBOCTI.

VY Toif %e 4ac, BUHUKAE LUIKOM MPUPOJHE MUTAHHS PO OOUYUCICHHSI Oa3UCHUX
¢byHkIii ux npoctopiB. KpiMm Toro, ix CyTTEBUM HEIONIKOM € BHUCOKA HIBUJIKICTD
3pOCTaHHS PO3MIPHOCTI IIMX MIPOCTOpiB. Bim3Haummo, 1m0 Uil YCYHEHHS LbOTO
HEJIONIKY MiAXiAg A0 MOOYAOBH 3alPONOHOBAHUX MPOCTOPIB MOTPIOyE MEPEriisLy.
DakTUYHO, MOTPIOHO 3MIHUTH IX CTPYKTYpPY. 3 LbOIO BUIUIMBAIOTH MUTAHHS: SKUMHU
MOBUHHI OYyTH Il TPOCTOpPU, SKUMU TMpU IOMY OYIyTh iX amnpoKCHUMaIiiiH1
BJIACTUBOCTI, YM 30€peKeThCS HASBHICTh 0Aa3UCY 3 MaJIMM HOCIEM?

Posrisnemo ysaranshenns Gyuxuii Fmup,  (z).

Busnauenns 1. Vzacanonenoro Fup-gynxyiero 6yoemo nazusamu gyuxyito 6uoy

oo

fN,m(x) _ i f oite [Slrflli, ]m+1 F(%)dt

N

oe N — napune namypanone uucno, m € N, npuvomy m < N —2, F(t) —
nepemesopenns @yp’c pynuxyii f(x) € L,(R) maxoi, wo

1) supp f(z) =[-L1]

2) f(x) — napna pynxyis;

3) f(z) > 0 na siopizky [—1,1];

o0
4) f_oo fx)dx = 1.
Hexaii L,  — npocTip GyHKIIA

p(z) = ch Sym (i — %?"7), T € [, 7]
k

Takux, mo @(—m) = ().
Teopema 7. Axwo m + 1 > r, mo icnye maxa koncmauma M > 0, wo

ELQ[—W,W}[I;[V/;’LN,WL] < (%>_r Vl + %

supp fy (1) = [ -2, 2],

Teopema 9. Posmipnicme npocmopy Ly =~ Oopienioe N .

Teopema 8.

Y [6] 6yno noseneno, mo d,

-~
WQ,LQ[—W,’IT]] = (N/2)™".
OTxe, TpoCTOpH NMEPIOAUYHUX JITHIMHUX KOMO1HAIIM 3CYyBIB y3araibHeHoi Fup -

—~7r

GyHKIT € «Maiike» ONTUMAIBHUMHU JJIsi HaOnwmxeHHs kiaciB ¢GyHkmin Wa 3a
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HOPMOIO HpocTopy L,[—m,w|. KpiM TOro, 3amponoHoBaHi OpoCTOPU MalOTh Oaswc,
o0 CKJIQJa€eThCcsl 31 3CYBIB (PyHKIII 3 MamuM HocieM. TakoXX y HHMX MPOCTOPIB

BiJICYTHIM Henomik npoctopiB MUPsy, .
[HIIIMM 11iKaBUM PE3yJIbTaTOM € TeopeMa MPO aCUMIITOTHKY y3aralbHEHUX Fup -
GyHKITIH.
_ 3 2 -
Teopema 10. Icnye mnocounen P(x) = ayr” + a7 + ayT + a; maxkuu, wo ons
0yov-axozco r € R suxonyemwvcs pisHicmo

32°N?
~fym(®) = P@)-e 2 + R(z),
. . . c(/f)
oe ¢ynkyin R(x) 3a0o6orvusc nepienocmi ‘R(a:)‘ < —
mQ

Cnig BIA3HAUWTH, 1[0 MEPUIMHA YJIEH aCUMITOTUYHUX PO3BUHEHb (YHKIIIH

% fN’m(:z:) Oymo orpumano y poooti [7]. Teopema 10 € y3araapbHEHHSAM pe3yJIbTaTiB
€1 cTaTTl.

Jlo Hepo3B’s3aHMX MUTaHb BIIHOCHO Y3arajJlbHEHUX Fup-QpyHKUIA MOXKHA
BIJIHECTH:

1) Y1 MOKHA MOKPAIIUTHU OIIHKY BEJIMYMHHM HAMKpanoro HaOJMKEHHS KJaciB
NepioAnyHNX  AudepeHiiiioBanux (QyHKIIA MOpocTOpaMu MNEPIOJUYHUX  JHHIMHHUX
KOMOIHaIII! 3CYBIB y3aradbHeHUX Fup -QyHKIIN (HAanpUKIIaI, 3a sIKUX TOJIaTKOBUX YMOB

Ha dyHkuio f(z), mo nopomwkye f, . (z), Oyne BUKOHYBAaTHCS PiBHICTH
ELQ[—TY,TY] [W27 LN,m ] = dN [W27 L2 [_ﬁ7 W] ] )?

2) BIZIOMO, III0 HOpMa OMNEpPaTOpy IHTEPIIOJIALIl E€JIEeMEHTaMU MPOCTOPY

—_—

MUP1,, nepioguunux (QyHKIII Ha pIBHOMIpHIM ciTii 3pocTae sk Inln N, ne N —

—_—

po3mipHicTb nipoctopy M UP1, [3]; M MOXKHA MOMIMPUTU LIeH Pe3yabTaT HA BUIAIOK
MIPOCTOPIB MEPIOANYHUX JTIHIMHIUX KOMOIHAIIIH 3CYBIB y3araJlbHeHUuX Fup -pyHKIin?

3) K ONTHUMAJIBHO 3 Ti€l YM 1HILIOI TOYKHU 30py OOUMCIIOBATH y3arajbHEH1
Fup -pynkuii?

Hocmimxkennss B. O. MakapiueBa Oyl0 BHUKOHAHO 3a YacTKOBOI MIATPUMKH
®onpay imeni H. 1. Axieszepa.
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®PAKTAJIbBHA AITPOKCUMAIIS CINIAMHAMU
T. A. bpsizkaJio
Kuiscokuu nayionanonuu ynisepcumem imeni Tapaca Lllesuenka, Kuis, Yxkpaina
tianan@yandex.ru

VY nomoBiAl 3ampomoOHOBAaHO METOJ (PpaKTaIbHOI IHTEPHOJALII 3a JIOMOMOIOIO
CIUIaliHIB MIHIMAJIBHOTO JedeKTa A anpoKcUMallii BUXIAHMX (QYyHKIIH. OTpuMaHO
MOXWOKY HAOMMKEHHS, MPU TMEBHUX OOMEKEHHSIX IOJI0 BHXIIHHUX IU(EPEHITIHOBHUX
GyHKITIN 3 pI3HUX KJIACIB.

PesynbpTaTi rapaHTyioTh 30DKHICTH IHTEPHOJIAHTA 10 OyIb-AKOi TIagKoi QyHKIIII,
KOJIM KPOK IHTEpHmONAIli mpsMye [0 Hyas. SK HACHIOK, CTa€ MOKIUBUM
amPOKCUMYBAaTH OyIb-AKy (YHKIII0O 3a JOMOMOTOI (paKTAIBbHUX I1HTEPHOJISIT
CIUTaiiHaMHM MIHIMAJIBHOTO Je(eKTa 3 JOBUIbHOIO TOYHICTIO. MOXIMBa BTpaTa TOYHOCTI
BPIBHOBAXYETHCS 3 y3araJIbHEHHSIM METOJld, OCKLIbKH, IHTEPHOJALINHI (PpaKTalbHi
GyHKIT cHiBNAgar0Th 31 CIJIaifHaM MiHIMAJIBHOTO e(eKTa, y OKpeMOMY BHUIMAJIKY, KOJIU
koedimieHT o gopiBHIOE Hymo. lle y3arampHeHHST 30epiraeTbCs TIpU 30epeKeHHI
TTIAKOCTI QYHKITII.

Hexai t, <t <..<t, — nilicul uncna, [ = [to,tN] C R — Biapi3ok, 1m0
BKJIIOYAE 111 TOYKH, QYHKI[II ¢ HAJEKUTH KJIACy HEMEepPEepBHUX Ha BIAPI3KY [ (PyHKIIA
C(I). Tlo3maummo  uepes Aty <t <..<ty po30UTTS  Bigpi3ka
I =[tyty|CR. Hexat I, =t .t | L :I—1,ne{l,2. N} —

n—1,"n
romMmeoMop(}i3M Takuii, 110

Ln(tO) =1, 1 Ln(tN) - tn,
‘Ln(cl) — Ln(CQ)‘ < l‘c1 — 02‘, V{Cl,CQ} C I,
mist 0 <[ <1. Posrmsmemo mna Bcix n = 0,1,....N 1 FF =1XR, ‘un‘ <1, N
HENepepBHUX BinoOpaxens [ : F' — R, Kl 3a10BOIBHAIOTE YMOBH
E,(ty: ) = @, 1, F,(ty,zy) = z,n = 0,1,..., N,
‘Fn(t,x) — Fn(t,y)‘ < ‘OLHHLI? — y‘,t € I,{:{:,y} C R
Busznaunmo Qynkmii
w, (t,z) = (Ln(t),Fn(t,x)>,Vn =0,1,...,N,
Tomi Mae micIie HaCTyITHA TEOpeMa.
Hexait § — wmHOXuHA HemepepBHuMX Gymkmii f:[f,,ty] — R Takmx, mo
f(ty) =z, i f(ty) = . Posrmsanemo metpuky Ha
1/p

N b
dtf9)=1f = al, = |2 [17(t) =g(t)f at| 1<p<ocreltiy]¥{fg}cs

n=1 t

n—1
3azanaunmo, 10 mpoctip (S,d) € MeTpuYHMM 1 MOBHHM. Bu3HaunMo

BimoOpaxkeHHs1 7' : § — & HACTYMHUM YUHOM:

(TF)(t) = F,(L, (), fo L' (1) Vt € [t,_1.t,],n =1,2,...,N.
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(Tf)(t) € nemepepBHOW ¢yHKIier0 Ha Biapi3ky[t .,t ] mia Vn = 1,2,...,N.

n—1°"n
Binobpaxenns T' e cruckywounm (3, d), 60

|75 = 7], <[] -5,
ne ‘oc‘ = max{‘ 0%‘ :n = 0,1,...,N}. Ockinbku ‘OL‘ < 1, BimoOpaxenHs 7T Bu3Haudae
equHy (ikcoBaHy Touky Ha &, ToOTO icHye f € S Taka, mo(Tf)(t) = f(t) ms
t € [ty,ty]. Ua dyrkuis € ppakransHOO iHTEpIONAiHHOI0 QYHKIIE0 AT W, .
PosrasiHemo cucreMy iTepaniitHux QyHKIIH:
L(t)=at+b,
F (t,z) = o,z + g, (1),

_ (tn _ 2fn—l) (tNtn—l _ tOtn) )

o (tN - 750) ’ B (tN o to)
Y Bumaaky, koo o, =0,n =12... N, Maemo Fn(t,:t:> = qn(t) 1
f(t)=aq,0L'(t),tel,.
[osnaunmo uepes C*[t,t, | MEOXMHY p pa3iB HemepepBHO-IM(EPEHIIHOBHIX HA
[ty ty | DyHKIII.
Jlis Bu3HAYeHHS yMOB TNOOYAOBH (hpakTadbHOI IHTEPHOJALINHOT (PYHKIN, sKa

Oyzne nudepeHiiioBHOI0, BUKOPUCTAEMO HACTYITHY TEOPEMY.

. 1 . .
Beaxxarumemo pam, wo a, = Bukopucrosyroun Tteopemy bapHcar 1

XappiHITOHa, MOAAMO ¢, y TAKOMY BHIJISAL:
q,(t) = s 0 L, () — o, b(t),
o€ S — HemepepBHA q)yHKuiﬂ,s(tn) =z,n=01..,N, a b(t) — miiicHa
HenepepBHa QyHKIIA, b = ¢,Taka, 1Mo b(t0> = I, b(tN) = Ty.
Hexali o = (ocl,ocz,...,cxn ) [To3Haunmo uvepe3 s (pakTadbHy THTEPIOIAIHHY

GyHKIIO, SKY 1HO/A1 Ha3UBAIOTh (-(QpaKTaIbHOIO QYHKIIEIO JUIsl S BITHOCHO pO3OUTTS
A Tta ¢pyHKIil b.

3’sicyeMO TOaTKOBI OOMEKEHHS Ha (DYHKITIFO b(t) JUTSI TOTO, 100 BUKOHYBAJIUCH

yMoBH Teopemu baphcni — XappiHrtoHna i 3a0e3neuyBanoch ICHyBaHHS (ypakTaibHOT
1HTepnoAiiHO1 GyHKIi. PosrinsHemo

1 .
p > 0, ‘ocn‘ < ﬁ 1g, € C’p{to,tN], n=12..N.
Oo6oBsizkoBa ymoBa st n = 2,3,...,.N, k= 1,2,....p

E ik (thfUN,k> = Fy (tov%,k>'
OCKI1IbKH
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t 1
F,(tz)= " ’Ln(t>:ﬁ+bn’%/(t>:ﬁ:an’
TO
®(t) = —s"(L, (t)) — ad®(t), Vk = 0,1,2,.

CHIBBlI[HO]J_IeHHﬂ nNepenruImcMO HACTYITHUM YHHOM:

g* (ty ) — Moyl (1)

N* o NRE () =
Qp—1 1~ Na, | Qp—1 ( N)
k
= Nfa, , (to >1_ N]\l;?lb (t()) - O‘nNkb<k) (t0>
— NFa,

Sxmio B3aTH o, = o, n = 1,..., N, TO OICPKUMO
s<k) (tN> — s<k) (tN> = s<k> (t0> — s<k) (t()).
3BiaKH,

() = sM(t,),

8(ty) = sW(ty),
ne k=0,1,2,....p

Otxe, B pomi QyHKITIT b(t) BI3bMEMO THTEPIOJISAIIIHHUN TOJIIHOM cTeneHs 2p + 1,

a QyHkIiero g Moxe OyTu Oyab-ska GyHkiis 3 kmacy C'?.

Cucrema iTtepauiiHux QyHKIIH 3 kpasiB audepeHIiHoOBHUMU (PpaKTaIbHUMH
THTEPNOAIINHUMU QYHKLISIMU BUPAKAETHCA HACTYITHUM YHHOM:

1
L({t)=—t+b,
o (0) N
F, (t,7) = Nfaz + N¥qW(t), k = 0,1,2,..., p,
1
¢ (t) = = s"(L, (1)) — abP(t), k = 0,1,2,..., p,
Tomi:

F . (t,z) = Nfaz + s* o L (t) — N*ab*(t), k = 0,1,2,..., p,
T06TO, ¢, (1) = 8" o L (t) — N*ab*(t), k = 0,1,2,...,p, i

Q Fo
(55 = (s k= 0,1,

3rigHo 3 TeOpeMoro 3, BeIN4InHA H (50 ) — sk) H OIIIHIOETHCS] TAKMM YHHOM:

R A Al N‘,?“L‘H R
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Hexait A = {0 =1, <t <.<ty= 1} — JIOBUIbHE PO3OUTTS BijapizKa [0,1],

h, =t —t ;i ‘A‘ = maxh,-
1<n<N
3adikcyBaBmm  To4kM (Bysmu iHTepmomami) 0 <71 < T, <. <71, <1,
3MIBCTABUMO KOXKHIM  TOYIT T, YHCIO A, (0 <N; Sr— 15 = 1,2,...,L>, 1o
XapakTEepU3y€e€ KpaTHICTh IHTEPHONIOBAaHHSA. BumimumMo 3 HabOpy IUIMX YHCET
Q. = {0, 1.,r— 1} miAMHOXKUHU [, Ta I, (BOHM MOXYTh OyTH NMOPOXKHIMH), IO
3a/1al0Th THTEPIOJAIINAHI KpailoBl yMOBH BIANOBIAHO B Toukax ( Ta 1; 3arajibHe 4HCIIO

KpailoBUX yMOB TMO3Ha4yuMoO d4epe3 u. Hexai, mami, X, (q =0,1,....m — 1) — YHCIO
IHTepHONAIHHNX yMOB 1S s! (t) Ha [0,1], 0g.;»0; ; — YMCIIO IHTEPNOJIALIHHUX YMOB

TUTst s(t),s’(t),...,sr_l (t) Ha TIBIHTEpBaIax [0, 7%) 1 (tz.,l]. [TomiTrMoO, 1110
L

r—1
qu - Z(’\fj - 1) U
q=0

J=1
SIKI10 BUKOHAHI CITIBBIIHOIIEHHS
L

So(v;+1)+u=N+r,

j=1
Xot+t Xy t+-t+tx, 2k+1LE=01..m-1,
0 =060 ,; 2 N—d4,1=12..,N—-1

TO 3a pe3yJbTaTaMu OACPXKHUMO, MO st GyHKIii f (t) € C"! icHye eqmHnii crutaitH

s€S, (A), 10 33JI0BOJIBHSE IHTEPIIOJIAINHI YMOBH
s<v) (f,'rj> = f<y) (Tj>, v=01..~;J7=1L..,L,
s (£,0) = f1(0),w e 1, 80 (£1) = (1), p € 1y,

BpaxoByroun yMOBH , IOKJIaIEMO

e(t)=b(t)—s(t),0<t <,

ne QyHKIis 1b(t> € L;rl , Y SIKO1 HﬂJ(rH) H < 1, Ta 3a/1a€ThCA HACTYITHUM YUHOM:

w<r+1)(t) =(-1)",t,_, <t<t,n=12.,N.
OyHKITIS Lp(i) € C", y axoi ana seix t',t" na [0,1] BUKOHYETHCSI HEPIBHICTh
ol (1) =™ (1)
MaroTh Miclie HaCTyMH1 piBHOCTI
) =00 =01y, j = L L
Lp<“)(0> = Lp<p)(1> =0,pely,pel.

Omxe, QyHKITISA Lp(i) 3 TOYHICTIO JI0 3HaKa OJIHO3HAYHO BU3HAYAETHCS PO3OUTTIM

< \t’— t”\.
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A, CHCTEMOI TOYOK T, 1 XapakTepe3ylounMH KpaTHICTh YHCIaMU N, @ TaKoxX

KpaiioBumu ymosamu [, I, .

Hexait f € C" ta ana Beix t',t" na [0,1] BHKOHYETHCS CITIBB1IHOIICHHSI
P e) = 1)

Jlnst  Toro, 100 OIIHUTH BEIHYUHY H f—s H , 1 < p < 00, CKOPUCTAEMOCH
P

< \t’ — t”\.

METOJI0OM TIPOMDKHOTO HaOJIMKEHHSI, a came,
Q Q
=, <15l + o], 1 < <o

JInst OLIHKK TEpIIOro J0JaHKa IMPaBOi YaCTHHH CKOPUCTAEMOCH Pe3ybTaTaMU
pobotu [1].
[pu BuxonanHi ymoB a1 pyukuii f € C”, nns seix t/,t” na [0,1],

£ ()= ) <o = o

Ta CIUlaiiHa MiHIManekHOrO s € S, (A), 0 BU3HAYAETHCS CHiBBiAHOmMEHHIMHU (13),

CIpaBeAuBa OI[IHKA, IKY HE MOKHA MMOKPAIIUTH:
—s| < 1< p <o
[£=s], <lel, 1< p<
3 iH1I0TO OOKY, BUKOPUCTOBYIOUH TEOpEMY 3,
NI
Js =i, <
r 14+ ‘oc‘
OTxe, MaEMO HACTYIIHY TEOPEMY.
Teopema. [Ipu suxonauui ymos onsa gpyuxyii f € C", ona ecix t',t" na [0,1],

5 ()= ) )] < e - o

ma cnianHa MIHIMAnbHO20 S € S, ( A), wo eusnavacmocs cniggionouwtenuamu (11),

Hs—b”p,lﬁpﬁoo.

6UKOHYEMbCA HACMYNHe.!

[r=sil, <l + ol ol < <o
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XBUWJIBOBI OIIEPATOPU CUHTYJIAPHOI'O 3BYPEHHS
PAHI'Y OAUH HECUMETPUYHUM NOTEHIIAJIOM
T. 1. BioBeHnko
HTYY «Kuigcokuii nonrimexniunuu incmumympy, Kuis, Ykpaina
tanyavdovenko@meta.ua

PosrnsimaioTecss  HECAaMOCHPSKEH1  CUHTYJSApHI  30ypeHHST paHry  OJMH
CaMOCIIPSKEHOT0 OllepaTopa HECUMETPUUHHUM MOTEHI[1a]10M, TOOTO BUpPa3H BUY

A=A+ a(,b)b,
e A — caMocHpsDKeHWE HamiBOOMEXEHHWH omepaTop B cemapadeIbHOMY
rinsbeproBomy npocropi H 1 6, = 0,, Bekropu 06,,0, € H_,. Takuii oneparop
BU3HAYAETHLCS 3a JIOMIOMOTOI0 HE OJIHIEI, a TBOX IMIIMHOKHWH

D = {f € DA NDA)| Af = Af},
D, = {f € DA N DA | Af = A°f}

minpHuX B H .
B po6oTi po3misiHyTO BUMANOK «Ci1ab0-c1a00» CUHTYISIPHOTO 30ypEeHHS! paHry
«OJIUH-OMHY:
dim(H © ©) = 0,
dim(H,, © D) =1,
dim(H © ®,) = 0,
dim(H,, © D) = 1.
BUKOpHUCTOBYIOYHM KOHCTPYKTHBHHUM OMUC A, TOBOAMTHCS iHYBaHHS XBUIBOBUX
orepaTopiB mpu | a |< oo BianoBimHux A . XBHIBOBI OMEpaTOpH BH3HAYAOTHCS

PIBHICTIO
+00
~ (6 ~ %
(W, u,v) = (u,v) F P f<in7:0“7 w1>(w2,RMEi0v>d>\, u,v € H,
—00

nme R i R — pe3onbBeHTH 30ypeHOro i He30ypeHOro onepaTopis.

Chnucok aiteparypu
1. Baosenxko T. 1., Ayakin M. €. XBuIb0Bi OniepaTOpH CHHTYJISIPHOTO 30ypEHHS PaHTy OJMH
HecuMeTpuyHuM notenitiaioM // [logano no apyky Haykosi Bicti HTYY «KIIl». — 2015.
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YUCEJIBHE MOJAEJJIIOBAHHS CITIPAJIBHUX XBUJIb
MOBEPXHEBOI PEAKIIII OKUCHEHHS YAJTHOI'O TA3Y
O. B. BoBk, I'. A. IllunkapeHKo
Jlvgiscokuu nayionanvhuu ynieepcumem im. 1. @panxa, Jlveis, Yrpaina
Tlonimexuixa Ononvcoka, Onone, [lonvwa
olexandrvovk@gmail.com, h.shynkarenko@po.opole.pl

Peakuito okucHeHHst yaguoro razy (CO) Ha noBepxHi matunu onucas ['. EpTib
y 1982 p. 3romom aJist JOCHIIKEHHS CIIPAJIbHUX XBUJIb, SIKI BAHUKAIOTh Ha TOBEPXHI
KaTayizaTopa, y npaiii [ 1] Oyna 3anponoHoBaHa MOJIeNIb TAKOTO TaTyHKY:

3adano a, b, w, T > 0, Q, u’(z) = 0.02z,, w’(z) = 0.02z,(a — 2b);
snatumu: v = u(x,t) — cmynine nokpumms moaexyramu CO ma

w = w(x,t) — cmynine peKOHCMPYKYII NOGEPXHI NIAMUHU, MAKI, U0

{ du—V.(Vu) = flu,w] = w ulu —1)[u — (w + b)a™] M
dw = glu,w] & Qx(0,T], Q=(0,50),
—(Vu)mn =0 na 00 x][0,T], u‘_ozuo, w‘tzozwo 8 5,
ne glu,w] = 1— 6.75u(u — 1)* — w, axmo u € (5,1 1 glu,w] = —w,axkmo u ¢ (3,1).

Jlns po3B’sizyBaHHs 3a1a4i (1) 3acTocyeMO MPOEKIIIHO-CITKOBY cxemy [7] 1o i
BapiauiﬁHo'l' MMOCTaHOBKH:

suatimu v € L°(0,T;I2(Q)) N I*(0,T; H(Y)) ma
w € L°(0,T;I2()) maxi, wo
(W'(1),0) +b(u(t),v) = (flu(t),w(t)],v), )
(w'(t),0) = (g[u(t),w(®)],v) ¥Vt e (0,T],
0, (w0)—wv)=0 VYveV:=H(Q),

A

(u(0) — u', ) =
ne (u,v) = fquda:, b(u,v) = fQ(qu).vadx.

IIpocTtopoBa HamiBauckpeTusaiis metogoMm ckiHueHHuX eneMmeHTiB (MCE) nHa
tpianrymsanii , = {K}, 3a geramsimu nuB. [5], IPUBOAMTH 1O BiJOKpEMJICHHS

HE3aJIeKHUX 3MIHHUX 3 aHpOKCI/IMaHiﬂMI/I BUTIISILY

u, (t) =, (z,1) Zk 1uk Yo, (), w, (1) =w, (,1) Zk 1wk Yo, (z

ne ¢.(zx) ©OasmcHi QyHKIII CKiHYEHHO-CIEMEHTHOTO IPOCTOPY Vh cV.

Buxopucrtanus crannaptHoi mpouenypu ['anbopkiHa no 3amgayi (2) 3BOIUTH il 10
3amaui Kol s cucteMu HeNnHIMHUX TU@epeHliaIbHUX PIBHSHD MEPUIOTO MOPSIAKY

S 0@ (1) By @t (D)= (flaty (1), 0, (D] 03,

N 3)
> (e, () = (9w, (t),w, (D], 9,) Yt € (0,T]

77/



3 MOYAaTKOBUMHU YMOBaMHU
S (e, 0)=(u0), S (0, w, (0)=(w’,0,), k= 1,...N. (4)
Po3p’si3yBanns 3amaui Komri (3)-(4) 3a1liCHEHO OJHOKPOKOBOKO PEKYPEHTHOIO
cxemoto (OPC) 3 nineapu3aniero HproToHa Ha KOKHOMY KpOIIl IHTErpyBaHHS B yaci
[5, 6]. B3aeM03B’ 5130k MOXHOOK IIMX METOJIB BiJICIIIKOBYETHCS B OCTAHHIN KOJOHIII
tabu. 2. J{ns po3s’s3yBannsa CJIAP 3acrocoByeTbesa metoq GMRES [2].
3anpornoHOBaHy CXEMYy 3aCTOCYeEMO N0 po3B’sizyBaHHs 3amault (1) 3
nmapamerpamu Mmozeni a = 0.84, b= 0.19, w=0.025, T =14 Ta cxemu
0 =1/2 i Tounictio HaGmmkens Hetotoma Ta GMRES & = 107, Puc. 1 Haouno
neMoHCTpye 30DkHICTh anmpokcumanii MCE nHa piBHOMIpHHX ciTkax 13 30 x 30,
60 x 60 1 120 x120 xkBagpaTUYHUX CEPECHAMINOBUX CKIHYEHHHX EJIEMEHTIB.
BizyanbHO crnocTepiratoThCs OCHUIISALIT TMOCTITOBHOCTI HAONMKEHb Ha PIIIINX
CITKaX, 1[0 CBIMYUTH MPO CKIAAHICTh JUHAMIYHOI CTPYKTYPH IIYKAHOTO PO3B’SI3KY

MOJIe1 peakilii OKUCHEHHS.
0 02 04 06 08 1.0 0 02 04 06 08 0 02 04 06 08

50[p _ 50r

40 40

Puc. 1. Anpokcumartis nokputts CO nmoepxui matuau, At = 0.01, T =14
Tounime  30ikHicTs  ampokcumauii U, ., = {u, A,(2,1),w, \,(2,1)},

nmoOyJI0BaHOI YHCIIOBOI CXEMU OXapakTepu3oBaHa B Tabia. 1 Ta 2 Takumu
MMOKa3HUKaMU

h A
e, =|| Upat — Uh/Q,At s> € F = Upar = h,At /2 s>

HUh,Atng Huh,AtHg + Hwh,AtH?
et =el || U, o ;1 <100 %,

p? =log, e? —log, e?’?, p =h abo At,
S 2 7s 2 7s
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3 BUKOPHUCTAHHAM HOPM || - ||

m

)y ™

=01, i

T
lolp= 311 o@) I + [ 1l Vo) f de.

ne NodS,, CardS, — KIUIBKICTh By3JIiB Ta €JIEMEHTIB TplaHrymami <,

BIAMOBIAHO, N — MakcuUMaJIbHA KUIBKICTE ITepaiii HeroToHa.
s m

Tabmurs 1. 30DKHICTE aPOKCUMAITI CXeMH 32 TIPOCTOPOBOIO 3MiHHOIO h, T = 3.

Jliniitai anpoxcumanii MCE, At = 0.005
k| Nod S, | Card Sy, 887% gil,% g}%, % pg pf pg ||Uh7m||o ||Uh,m||1 ||Uh,At||T N,
1761 1 444 - - - - - - 14.908 15.793 14.356 3
212 965 5776 ;11.19 24.43 80.671 |- - - 16.184 17.452 16.737 3
3111705 123104 30.39 35.32 58.066 | 1.1 0.7 0.5 |15.508 16.936 16.796 3
4146513 192416 9.439 (1)9.61 33.514 | 1.1 |0.9]0.8 | 15.203 16.652 16.640 3
51185441 369664 |2.809 |7.249 [12.794 |1.8 14|14 ]15.118 16.569 16.583 3
bininiitai anpoxcumarnii MCE, At = 0.005
1729 676 - - - - - - 15.770 16.864 15.786 3
212809 2704 21.23 25.51 94.093 | - - - 16.029 17.338 16.769 3
3111025 110816 §2.18 24.69 54.839 | 1.3 1.0|0.8 | 15.397 16.832 16.737 3
443681 |43264 9.136 ;6.52 27318 {13 1.1 |1.0|15.171 16.620 16.616 3
51173889 | 173056 |3.055 |6.292 |10.719 |16 |14 (1.4 |15.110 16.561 16.576 3
KBaaparnuni cepenaunosi anpokcumarii MCE, At = 0.005
1736 225 - - - - - - 15.039 16.131 15.234 3
) 2821 900 63.96 |82.73 |119.22 |- - - 15.507 16.823 16.401 3
2 0 7
3 11041 | 3600 30.02 |48.42 |77.310 | 1.1 0.8 0.6 | 15.206 16.640 16.592 3
1 6
4 43 681 14 400 8293 |16.73 28382 (1.9 15|14 |15.099 16.550 16.567 3
3
51173761 | 57600 2.494 15307 [9.096 |1.7]1.7]1.6]15.090 16.542 16.562 3
Tabmuis 2. 30DKHICTE apOKCUMALI CXeMH 33 4acoBoto 3MiHHOWO At, T = 3.
Jliniini anpokxcumanii MCE, Nod 3, = 46 513, Card S, = 92 416
klat | e8% | e24,% |24 % | pat| 2t | p8 | 1Upadly | U adli | 104 adly | N,
1 10.1500 | - - - - - - 10.618 12.791 15.058 25
2 10.0769 | 43.143 | 43.23 43.447 - - - 15.717 17.162 16915 6
3 10.0390 | 6.868 7.717 9.507 27 |25 |22 |15.264 16.717 16.651 5
4 10.0196 | 1.069 1.408 2.019 27 |25 |22 |15.216 16.666 16.632 4
5 10.0098 | 0.252 0.342 0.501 21 |20 |2.0 |15.205 16.655 16.635 4
6 10.0049 | 0.062 0.085 0.124 20 120 2.0 |15.203 16.652 16.640 3
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bininiiini anpokcumanii MCE, Nod S, = 43 681, Card S, = 43 264

1 ]0.1500 | - - - - - - 10.589 12.760 15.029 25
2 10.0769 | 43.184 |43.189 |43.204 - - - 15.687 17.131 16.891 6
3 10.0390 | 6.868 7.685 9.415 277 |25 |22 |15.232 16.685 16.628 5
4 10.0196 | 1.067 1.399 1.998 277 |25 |22 |15.183 16.634 16.609 4
5 10.0098 | 0.251 0.339 0.495 2.1 |20 |2.0 |15.173 16.622 16.612 4
6 | 0.0049 | 0.062 0.084 0.123 20 |20 |2.0 |[15.171 16.620 16.616 3
KBanparuani cepenunosi anpokcumanii MCE, Nod S, = 43 681, Card 3, = 14 400

1 0.1500 | - - - - - - 10.528 12.695 14.968 25
2 10.0769 | 43.265 |43.079 |42.606 - - - 15.620 17.064 16.839 6
3 10.0390 | 6.862 7.601 9.180 277 |25 |22 |15.162 16.615 16.578 5
4 10.0196 | 1.061 1.374 1.943 277 |25 |22 |15.112 16.563 16.559 4
5 10.0098 | 0.249 0.333 0.482 21 (2.0 |2.0 |15.101 16.552 16.562 4
6 | 0.0049 | 0.062 0.083 0.120 20 |20 |2.0 |15.099 16.550 16.567 3

Sx BumHO 3 Tabn. 1 mopsimku 301BKHOCTI CXEMHM HAOJIMKAIOTHCA 10 TEOPETHUYHO
OYIKYBaHMX 31 3HAUYHUM 3IYLIEHHAM CITOK CKIHYEHHHUX €JIEMEHTIB, IO 3HOBY
MOSICHIOETHCSI CKJIAJTHICTIO 3MIH MIPOCTOPOBOI CTPYKTYpHU PO3B’s3Ky. B Tabin. 2 mopsaku
30DKHOCTI 32 4acOBOIO 3MIHHOIO BimmoBinaroTh cxeMi Kpanka — Hikoncon, npudomy
OOYMCIICHHS 3 BEJIUKUM KpokoM At BHMarae OUIBIIOI KUTBKOCTI iTepariiii HproToHa.

AHani3 30KHOCT1 Ta TOYHOCT1 y Ta0i. 1 1 2 mokasye, 10 po3B’sA3yBaHHs 3a7aul
(1) BuUMarae TycTUx CITOK, IO JyK€ YHOBUIBHIOE II€H Mpolec. 3rYHIEHHS CITKU
BJIBI41 MPUBOAUTEH MPUOIHU3HO A0 4-0X KpaTHOTO 30UIbIIEHHS Yacy oOuuciiens. [Ipu
uboMy st po3B’sisyBaHHS CJIAP BukopuctoByerbcsi GMRES (mpsmi metomun
BUMAarajiy 0 He3piBHSIHHO OUTBIINX YaCOBHX 3aTPar). A 3MEHIIICHHS BIBiUi Kpoky At
30UIbIIIY€E Yac PO3B’sI3yBaHHS JUIIEC Y JIBa pa3u 1 HABITh MEHIIE, 3aBASIKU KPaloMy
[IOYaTKOBOMY HaOimkeHHIO 11 Mmerony Herootona ta GMRES, mo 3Menmye
KUIBKICTh 1T€palliid i1 OCTaHHIX. 3BIJCM MOXHa 3pOOUTH BHUCHOBOK, IO MEPIIHI
KpOK 110 TOOYI0BH €(EKTHBHIIIMX METOJIB PO3B’SI3yBaHHS IMOYaTKOBO-KpailoBO1
3amaui (1) monsrae 'y 1oOymoBl  aAanTUBHUX CX€M 3 JIOKaJbHUM
3TYIICHHSM/PO3PIIKEHHSIM CITOK 3 €()EeKTUBHUMHU Ta HAAIMHUMH anoCTePIOPHUMU
OI[IHIOBaYaMu MOXUOOK amnpokcumaii. OcTaHHI 3anpornoHOBaHI B poboTax [2—4]
JUTSL KPAaMOBUX 3a/1a4.
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YPABHEHMUS C HEU3BECTHBIMU TPEYI'OJIbBHBIMUA MATPUIIAMMU,
CBA3AHHBIE C OJHOITPOEKTOPHBIMUA BTOPOI'O INOPSAIKA
T.I'. Boiituk, I'. C. IlosieTaeB
Ooecckutl HAYUOHAILHBIU MOPCKOU YHUBepcumen,

Ooecckas 20cyoapcmeenHas akaoemust CmpoumenbCmea u apXxumeKknypbl,
Ooecca, Ykpauna
beautyS@i.ua, poletayev gs@ukr.net

N3yyarorcss ypaBHEHMsI C HEWM3BECTHBIMU HWIKHEM U BEPXHEU TPEYrOJbHBIMU

matpunamu X 7Y | COOTBETCTBEHHO, BUJIA:

AXt +Y = B. (1)

Poncteennsie (1) U CBA3aHHBIE C HUMH YpPaBHEHUSI BO3HUKAIOT, B YAaCTHOCTH,

MIPU U3YYEHUU CIEUUAIbHBIX HOBBIX 3a/1a4 MEXaHHUKH JJIsl COBOKYIHOCTEHN OJIMHAKO-
BBIX [0 T€OMETPUUYECKUM U (PU3UYECKUM XapaKTepucTukam Tesl. OHU BO3HHKAIOT
TaKXe MpPHU UCCIEAOBAHUU OOIIMX BUIOB W MPUIOKEHUH, OOHAPYXKEHHBIX CPABHU-
TEJIbHO HEJaBHO, OJJHOWICHHBIX OJIHOMPOECKTOPHBIX BTOPOrO MOpPsAJIKA YPAaBHEHUUN B
KOJIblle C (PaKTOpU3AIMOHHOM Mmapod. AOCTpakTHbIE ypaBHEHHUS U3 palboThl [2, 3]
CBSI3bIBAIOT ypaBHEHUs (1) ¢ MHTErpaibHBIMU ypaBHeHUsIMU THNa Bunepa — Xonda.

1. Cnenysa [2, 4—6] (cp.[7]), oO03Hauum R = KOIbLO BEIIECTBEHHBIX YHUCIIO-

n

BBIX KBaJpaTHBIX MATpHI] pazMepa n X n, n > 2, n € N; R;:X”, R’ ., — HNOAKOIb-

— R’ =R' NR;

Ia HIKHHX, BEPXHUX TPEYrojbHeIXx u3 R - o x>

R¥ :<R nxn 2

0
T n L ®R COOTBETCTBEHHO. Pe3ynbTar mpuUMEHEHUs1 COOTBETCTBY-

nxn )

IOIKUX IIPOCKTOPOB K MaTpHLaM, a TaKKC IMPHUHAICKHOCTE MAaTPpUIIbI U3 Rnx mona-

n

MHO)ecTBy RTY ( R

s 2—7] OyneMm ormeuaTh 3Hakamu +, —, (0, COOTBET-

nxXn >:|: [
CTBCHHO. YCTaHaBJII/IBaCTCH, qyToO R nxn KOJIbIIO C (baKTOpHSaHHOHHOﬁ H&pOﬁ

_|_ —
(R nxn’R

2. Baxuywo ponb Opu mnocTpoeHUn QOpMyn JUisi MaTpUll — PpElICHUM
paccMaTpUBAEMbIX YPaBHEHUM UTPAIOT HOPMUPOBAHHbBIC MIPABUJIbHBIE (PaKTOpU3AIIUU

nxn)‘

“ - — -1
no ¢axropusanuonnoi nape (R, R ). Mimenno, pasnoxenus matpunsl A~ Ha

+ 0 -
oOpaTuMbie B COOTBETCTBYIOIIMX MOAKOIbIAX R T R i R xn TPEYTOJIBHBIE U

JTAaroHaJbHBIM MHOXUTENH [ 1—8]:
AL =178, (2)
SOeRY T eR_;n>2,

rae Marpunbl — coMmHOkHTenm 1T € R > -

nxn

n € N. HopmupoBaHue OCYIIECTBISIETCS YCIOBHEM: M =1r"=E, tne £ —
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CAVMHHU4YHasA MaTpulla KOJbIa ]Rnxn' SkﬂaHaBHHBaCTCH, 4TO HOpPpMHPOBAHHAaA

npaBuWiibHas (hakTopu3zanus Mo GakTOPU3AIMOHHON Mape MOoAKOoJIel] €IMHCTBEHHA.
3. PaccmarpuBaetcs cienyromas 3anada. «Jlis 3agaHHeix MaTpul, — ko3hdu-

IIIECHTOB A B € R, .. n> 2, n € N HalTH napy MaTpHII
Xt eR Y €(R,, ) ,yIOBISTBOPSIOILYIO yPaBHCHHUIO:
AXT +Y = B.» (1)
4. Ilpu npaBUIBLHON HOPMUPOBAHHOM (haKTOpPU3aLMK OOPATHOM MATPUILIBIL:
A1 =178, 3)

rie '™ € RT,8Y € RV, T~ € R™, 060CHOBBIBAIOTCS CIIeAyOIMe (pOPMYIIBI pele-
Hui ypaBHenuii Buza (1) B xompue marpun R

(RT R~

¢ (akTopU3aIMOHHON TMapou

n

nxn’ nxn)‘

X%-::F+S%T—B+Pl
Y =B +T'[T"B"]_, 4
rne T~ = (T7)L.
5. WimocTpaTuBHblii mpumep. [lycTs TpeOyercss HAlTH Mapbl TPEYroJibHBIX

matpun X € R‘?fxg,Y_ € Ry, 4 u3 R, 5, yIoBIeTBOpsIOMME ypaBHeHuo (1), eciu

3 0 -2 a 0 1
A=l0 1 0|,B=|0 o O
10 1 B3 0 «

Q,3 —pou3BoNBbHBIC (PUKCUPOBAHHBIC NEHCTBUTEILHBIC YUCIIA.

Peanmusys ¢opmynsl (4) pemwenus B R, o ypaBHenus (1), mocienoBaTenbHO

Hanném:
1 0 2 1 00 1 0 0
A7t=l01 0|, T"=|0 1 0o, S°=|0 1 0O},
1 0 3 1 0 1 00 1
1 0 2 1 0 —2
T-=|0 1 o, (T )*=]|0 1 0
0 0 1 00 1
Crajo ObITh,
a+23 0 0 0 0 1+ 2
Xt=| o0 a 0OLLY =|0 0 0
a+36 0 « 0 0 0
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PO HENNIEPEPBHICTbH TA BJIACTHUBICTbDb JAPBY
BATATO3HAYHUX BIIOBPAXKEHbD TOITOJIOT'TYHUX ITPOCTOPIB
C. B. I'opJienko
HTYY «Kuigcokuii nonrimexniunuu incmumympy, Kuis, Ykpaina

Hexaii ®: X — Y Oararo3Hayde BiOOpaXCHHS TOIOJOTIYHUX MPOCTOPIB,
npruyoMy MHOXKHHU P(z) 3aMKHEHi B Y.

Oznauennst 1. BigoOpaxenus ¢(r) Ha3UBA€TbCS HEMEPEPBHUM Yy TOUI
T, € X, AKIO I KOXKHOTo okoiny MHOXMH O(®(z,)) 3HalimeTscs Takuil oKin
U(x,) Toukn z,, mo ®(U(z,)) C O(P(x,)).

3ayBaxenns. Y npocropi 2' 3aMKHEHHX MiIMHOXHH Y MOXHA 3aIpOBAIUTH
TpH TomoJjorii, Tak 38aHi P, \ ta W -romosorii [1]. BiamoBigHo MOXHA pO3riIsaaTH
TPH THIIM HENEPEPBHOCTI BimoOpaxkeHHsT P : ¢ -HENpepBHICTH (HAITiBHEIIEPEPBHICTH
3BEPXY), A-HEMEPEePBHICTH (HAMIBHETIEPEPBHICTh 3HNU3Y) Ta ) -HEMEPEPBHICTD. Y i
poOOTI HEMEpPEepBHICTh PO3TISHYTO, SK BUIUIMBAE 3 O3HA4YeHHsA 1, came B CEHCl
HaIiBHENIEPEPBHOCTI 3BEPXY ( ¢ ~-HEMPEPBHICTH ).

O3nauenns 2. Kazatumemo, mo Bigoopaxkenus ® : X — Y wmae BractuBicTh
HapOy (D), sikio odpa3zamu 3B’ I3HUX MHOKHUH € 3B’SI3HI MHOXKHHHU.

Oznavennss 3. Hexait X ta Y — wmerpuuni mpoctopu. Kazarmmemo, 1o
BinoOpaxxennss © mae BnactuBicth (K'), sAKIIO JUIsi KOKHOI ToBepxHi piBHsi K C Y
(yHKuii BincTaHi MHOXUMHA TOUOK = € X TakuX, mo ®(z) N K = & €3aMkHyTOIO B X.

Osnavennss 4. Hexaii @ : X — R! = Oy. Kaszatumemo, mo & mae
BIAacTUBICTh (K ), AKkmo Ha oci Oy 3HaHIeThCA CKpi3b IIiTbHA MHOXKHHA Y TOUOK

y, mpoobpasu axkux ®'(y) = {z € X : y € ®(z)} 3amkHewi.

Teopema 1. Hexaii @ : X — Y — Oararo3naune BiJoOpaKCHHS METPUUHUX
MPOCTOPIB 13 3B’SI3HUMU, 3aMKHECHUMH 00Opa3aMu TOYOK, MPUIOMYy X — JIOKAJIbHO
3B’sI3HUE TmpocTip, a Y — xommakT. Toxai s toro, mo6 P Oyio HenepepBHUM,
HEeoOXiTHO i OCTAaTHBRO, 11100 BOHO MaJo BiacTuBocTi (D) ta (K).

Teopema 2. Hexait ® : X — R! mpuuomy X — noxansHo-38’sI3HUI METpHUHUIA
npoctip, P(zr) — 3B’s13Hi, 3aMkHeHi MHOxuHHA. Tomi mis toro, mobd P(z) Oymo
HeTIepepPBHIM, HEOOXIITHO 1 I0CTaTHBO, 11100 BOHA Mao BiactuBocTi (D) Ta (K).

3ayBa:kenHsi. OJHMM 3  €KBIBaJEHTHMX  O3HAUY€Hb  HEMEPEPBHOCTI
0araTo3HayHOTO BimOOpakeHHs € Take: Oarato3HayHe BimoOpaxkenHs ¢ : X — Y
HA3WBAIOTh HEMIEPEPBHUM, SKIO I KOXKHOT 3aMKHEHOT MHOXUHU F' C Y MHOXWHa
EFE={ze X :9z)NF = o}
€ TaKOX 3aMKHEeHO. Teopemu 1 Ta 2 MOKa3yOTh, [0 YMOBY AOBUTBHOCTI ' B bomy
O3HAauYCHHI MOYKHA TMOCTA0UTH JOJaBIIH HEOOX1IHY 3B’ A3HICTh BimoOpakeHHs P.

Chnucok aiteparypu
1. Kyparosebkuii K. Tononorus. T. 1. — M: Mup, 1966. — 594 c.
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ITPO OBMEKEHICTHh KOMYTATOPIB OCHUISLIMHUX
CUHI'YJIAPHUX IHTET'PAJIIB
I'. M. I'y6ausn
Jlyyvkuu Hayionanvuuu mexuivnuu ynigepcumem, Jlyyvk, Ykpaina
niik-g@yandex.ru

Hexait )(x) — omHopinua ¢yukuis HynpoBoro Bumipy vHa R" \ {0}, T06TO
Qpz) = QAz) Yp >0,z € R"\ {0},

ne R" —n-BumipHmii eBkmigiB mpocrtip. DyHkmis )(x) Mae cepeaHe HyIbOBE
3Ha4YeHHS Ha cepi
s = fo e R [o =1},
OcuunsamiiHui CUHTYJISIpHUM 1HTerpajdbHUN omnepatop 1 BU3HAYAEThCA 3a
Takoto popmynoro [1—4]:

Ta(z) = p-V-f eiQ(:v,y)Ma(y) dy,

. |z —y "

VY poborti [1] oagep:kani mokpamieHi JesKi BiAoMi pe3yJbTaTi poOoTH [4].
Jns nomatHoro wimoro k i ¢yukuii f(z) 3 BMO(R") 3amumemo koMyTatop

k -ro mopsaky Tf’k CHHTYJISIPHOTO iHTErpajgbHOro oneparopa 1’ i dyukmii f(x):

T; pa(z) = T((f(z) = f())'a)(z), a € CF(R").
Hoseneno obmesxenicts komyratopa 1), 'y mpocropi I?(R") mHa ocHOBi

MIPEICTABIEHOTO METOY.
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PO JAEAKI TUIIU T'JIAAKUX BA3UCIB
Y IIIIITPOCTOPAX 0[7}1} TA C[%O_l}

B. I1. lenucwk, JI. B. Pu6auyk, A. 1. badbko
Hayionanonuu asiayiunuu ynieepcumem, Kuis, Ykpaina
r_lv@mail.ru

Posrmsimaeteest Tpuronomerpuunmii  6asuc Illaymepa B migmpocTopi O[Tn}’

(n =1, 2, ... ), 10 IPyHTY€EThCS HA JBIMKOBIM cucTteMi uncieHHs [1].

Busnaunmo GyHKIi0 () PIBHICTIO
n+1

S0l o el

COS—T
2

d)(n,il?) =
0 , ‘x‘>1.

s gyHkIist Mae HenepepBHI MOXIHI HA BCIM BIC1 JO MOPSAIKY 7 BKIIOYHO.
PosrasinemMo cuctemy eeMeHTIB

{e,(@)}, (i =1,2,--),
ne ey)(z) = o(x); e(r) =¢(1 —x). Axmo x ¢>2 i HomaeThCAd y BHITAI
i =21 111 =12..2" 10[l]

20 —1
N PYEST B
e.(r) = &2 [sc o ] ,:(:E[O,l}.
I'eomerpuuno e,(x), ¢ > 2, TOMAIOTBCA JOJATHOI KOCHHYCOITAaNbHOO
I—11+1

MIBXBWJICIO, 3aJ1aHOI0 Ha BIJIPI3KY , 10 SIKO1 MPUJIATAIOTh BIAPI3KHU BICI

2k+1 ’ 2k+1
abcuuc, po3TalioBaHi 330BHI I[I€1 OCHOBU Ha BIAPI3KY [O, 1 ]

Takox po3risaeTbcsi MOKA3HUKOBUN (DiHITHUM Oa3uc, 10 CKIAJAEThCA 3
HECKIHYEHHO Au(epeHIiioBHUX (QYHKIIIN, 3a1aHUX HA BIAPI3KY [O, 1].

Hexaii a — niiicHe uncio, 1 < a < oo. Busnaunmo QyHKIito ¢(x) piBHICTIO

exp #*Ina , ‘x‘ < 1
o(z) = 22 —1
0 : 2| > L,(a > 1).

PosrisiHemo Ha Binpisky [0, 1] cucremy eneMeHTiB

{ei(:c)},(z' =0,1, --),

nie, AK i panime, e)(z) = &(z); ¢ (z) = o(1 — ).
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Sxmo x ¢ > 2 inomaerbesa y Burmsmi ¢ = 287 + 11 =1,2,...,2% 1o [1]

e;(z) = o 2k+1[x— 2l_1]

2k+1

,x €[0,1].

Chnucoxk aiteparypu
1. JImzopkus I1. Y. Kypc nuddepennmansupix ypaBuenuit. — M.: Hayka, 1981. — 384 c.
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PO AEAKI KJIACH NIOJIHOMIAJIbBHUX BA3UCIB
B. I1. lenucwk, JI. B. Pudauyk
Hayionanonuu asiayiunuu ynieepcumem, Kuis, Ykpaina
r_lv@mail.ru

Busnaunmo GyHKII0 O(n, ) piBHICTIO

n+1
o(n,z) = (1—x2) ’ ‘x‘gl;
0o ‘ZL">1.

Jlerko Gauutu, mo GyHKIS &(n,z) € GIHITHO i Mae HemepepBHI MOXiAHI Ha
BCiif BiCi 10 MOPSIIKY 7 BKITFOUHO, TOOTO O(n, ) € 0[78 ik

PO3IIIIHEMO CHCTEMY €IIEMEHTIB {ei(n, :1:)}, (1 = 0,1,--), me, 3a aHaANOTIE€O 3
ynopsiakoBaHuM Gasucom Ilaynepa, e,(n,z) = o(n,z); e/(n,z) = d(n,1 — ).

Sxmo x ¢ > 2 inomaerbes y Burmsmi ¢ = 287 + 11 =1,2,...,2%, 1o

20 -1
_ 1| .
e;(n,x) = d[n, 2 [:U py ]

, z€|01].

3po3ymino, 1o cucreMa {ei(n, x)} yTBOpIOE Gasuc y migmpocropi Cﬁn}'

Yacrunni cymu Ly (n, ) pany

o
ch ez‘(nv SU),
i=0

wo noxae Qynkuiro f(z) € C[Tn}’ SBIIIIOTH COOOK0 KPHUBI IMIIMPOCTOPY 0[7)1}’

BCPIIUHM SIKOi po3TamoBaHo Ha rpadiky o¢yukmii f(z). Sk 1 panime, i3
Tr€OMETPUYHUX MIPKYyBaHb BUIUIMBAE CEHC KOEPII€HTIB. 301KHICTh YACTUHHUX CYM
1o ¢yHKIii f € oueBHIHOIO. JIETKO BCTAaHOBIIOETHCS 1 €AMHICTH pO3KiIaTy. Takum

YUHOM, CHCTEMa CUMETPUYHUX (PYHKIIIH {ei(n, a:)} Ma€ BC1 OCHOBHI BJIaCTHBOCTI
6azucy lllaynepa.

BucnoBku. 3anpononoBano 6asuc tuny lllaynepa B mimmpocTopax C[T(L)-q'
@OyHKLIT HbOro 0a3ucy MOXHa PO3MISIAATH K (pyHIAMEHTalIbHI €pPMITOBI CIUIAMHMU.
Takox 3anponoHoBaHUM 0a3uC MOXKHA PO3TIISANIATH 1 SIK aHAJIOT 0a3Ucy B MPOCTOPax

MPOCTUX MOJIIHOMIAIBHUX CIUIAWHIB, 10 CKIaAaeThesl 3 B -cruaitHiB. Ha BiaMiHy Bif
B -cnmaitniB, Hocii ¢yHKIIT 3amponoHOBAHOrO 0a3ucy HE TOB’S3aHUM 13

MOKAa3HUKOM 7. TIiAMPOCTOPY C[T(Ln}' Enementn 3ampomoHoBaHOTO  0asucy

peani3yroThCs 3HAYHO MPOCTillie, HXK B -crutaiiHu.
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OnHuM 3 HampsIMKIB MOAANBIIMX JOCIIKEHb € 3’SICYBaHHS YMOB MOJAaHHS
MPOCTUX MOJIHOMIAJIILHUX Ta €PMITOBUX CIUIAHIB yepe3 (PyHKIIT 3ampOorOHOBAHOTO
0aszucy.

Cnucok aiteparypu
1. JImzopkus I1. Y. Kypc nuddepennmansupix ypaBHenuit. — M.: Hayka, 1981. — 384c.
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OJHOYACHI HABJIML’KEHHSI CYMAMMU ®YP’€ ®YHKIIN
TA IX 3CYBIB 3A APTYMEHTOM 3 KJIACIB CTEIIAHIIS
B. B. /Ipo3x
Hayionanonut mexuiunuu ynisepcumem Ykpainu

«Kuiscokuti nonimexuiunuil incmumym
slava572(@ukr.net

VY nomoBini mpeacTaBlieHl aCUMITOTHYHI PIBHOCTI, SIK1 OJep KaH1 i1 TOYHUX
BEPXHIX MEX BiaxuieHb cyM Dyp’e Ha kiacax CrenaHus, BU3HAYECHUX (YyHKLIAMH,
110 MPaBWIBbHO 3MIHIOIOThCS. ToOTO, po3B’si3aHO Tak 3BaHy 3anauy KomMoroposa —
HikonbChkoro Ha MEBHOMY KJ1aci HEMEPEPBHUX NEPIOANUHUX (PYHKIIIMH.

VY 1936 poui A. H. Konmoroposum [1] Oyna onepkaHa aCHMIOTOTHYHA PIBHICTh

E. (WT) = 4n " ln(n) + O(l)n‘r,
re E,(W') = sup|f(z) - 5,(f,2)

byukmisx f 3 kmacy Beinms W', T00TO KiIacy HeENepepBHUX 2T -NIEPIOTUIHUX

, TOYHA BEpXHS Mexa OepeTbcsi MO0 BCIX

GyHKIH, 7-T1 TOXiAHI AKUX, 7 € N, M0 MOJyNII0 Mailke CKpi3b HE MepeOUIbIIYIOTh
omuunni, S (f,z) — cymn ®@yp’e dynkuii f. Ha npotrssi meBHOro yacy 3aBIsKH

sycuminsim  C. M. Hikonscbkoro, C. A. TemaxoBcbkoro, A. B. €dimona,
O.I. CrenaHus Ta IHIIMX MaTeMaTuWKiB NOAIOHY 3aaady Oyno poO3B’S3aHO s
3arajibHIMNX KJIAciB (PYHKIIN Ta ISl pI3HUX arperaTiB HaOJMKEHHS.

Ha nouarky 1980-x pokiB B podotax O. I. Crenanusg [2, 3] Oys0 poO3riasiHyTO
KJIacH 2T -epioguYHuX (DYHKIIIN, SIKI € MPUPOJHUM y3araJibHEHHSM KJaciB Beitns Ta
kiaciB Beitnst — Hans.

Hexaii f € L(0,2rw) i S(f) e panom Dyp’e miei bynkuii, a,(f) Ta b.(f) —
fioro koedimientn. Hexait, mami, UP(k) e moBimbHA (QYHKINS HATYPaIbHOTO
aprymenTty, 3 — Oynp ke ¢dikcoBaHe milicHe uncio. Hexait psn

S (0(k)) ™ (g (f) cosha + B / 2) + b(f)sin(ke + B / 2)
€ psnom Dyp’e neskoi PyHkiii 3 Kiacy L(O, 2’[T>. Toni gyHKIitO, MpeACTaBICHY
HaBEJICHUM PSJIOM, Ha3UBAIOTh <1L), B)—HOXiI[HOIO byskuii f, a MHOKUAY QYHKIINA f,

110 3aJI0BOJIBHSIIOTH 11 YMOBI, Ha3UBalOTh kiacamu CTemnaHisl 1 MO3HAYalTh Yepes
Ly (). TlinmMHOKMHY HenepepBHUX (YHKLIH 3 LMX KIaciB 103Ha4aroTh epe3 Oy (V).

Honosinadem posrusuyro knacu Cy(V), Ae (t) € QyHKIs, MO NPaBUIBHO

3miHoeThesi. 3a E. Ceneroro [4], me € pomatHs (QyHKIig, sfKa BUMIpHA Ha
[a, 00),a > 0, i icHye Take AiliCHE YUCIO 7, WO I JOBiUIRHOTO ¢ > 0 Mae micie

PIBHICTh
i (v(ta) / 9(a) = ¢,

[Ipu 1IbOMY YHCIIO T HAa3WBAIOTh MOPSAKOM (QyHKITT ().

91



JlonoBinauem oz{epmaHo ACUMIITOTHYHY PI1BHICTh
sup zu (24 1) = S, (F.2 +1,))| =

= 4m" 2¢(n) (v, ) In(h(n) = n) + O(1)b(n),
e TOUHa BEpXHs Mexa Geperbes mo BCix Qymkuiax f 3 xmacy Cy(v),{(n) —

(GyHKIIIS, [0 TPABUIBLHO 3MIHIOETHCS,

H(o,p) = (A2 + B? )1/2,

A = Zoci cos(B /2 —npy,),
i=1

B = Zocz. sin(3 / 2 — np,),
h(n) = v~ (b(n) / 2).

Cnucoxk aiteparypu
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I'PYIIIbI CHUMMETPUI NOJOBUS KBABUKPUCTAJLIIOB KAK
rPYIIbI ABUKEHU T'MIEPBOJIMYECKOM MJIOCKOCTHU
A. A. Ipimuiuc, H. B. Bapex, O. U. I'epacumoBa, M. B. [Ip10anéB
Jlnenponemposckuu nayuonanvuviu ynusepcumem um. Oneca I onuapa,
J{uenponempoesck, Ykpauna

Kak otmeuaercs B [1], nuarpamma KBa3HKpuUCTauia 00iafacT NpUOIUKEHHOM
MaciITabHOW MHBAPUAHTHOCTBIO, T.€. OHA MOXKET OBITh MOJy4eHa OJHOKPATHBIM WU
MHOTOKPATHBIM yBEJIMUYCHUEM CBOEH ILEHTPAIBHOM 4YacTU. IJTO O3HAYAET, YTO
WJIeaJIbHBIN KBa3UKPHUCTAJLI 00JI1aaeT CUMMETPHUEH TTOA00US.

Nnes ucnonb3oBaHusl CUMMETPHUI MOA00US B KpUCTaIOrpaduu NpUHAIJICKUT
A. B. lllyonukoBy [2]. IlpuBemem omnpeneneHue TpyInbl CUMMETPUM TMOJ00US
3BKJIMI0BOIrO MPOCTPAHCTBA, JaHHOE A. M. 3amop3aeBbiM [3].

Omnpenenenue 1. N -MepHOU Ipynnod CUMMETPUU MTOA00USI HA3bIBACTCS TpyIINa

npeoOpa3oBaHuid MOJO0MS 1 -MEPHOTO IBKJIMIOBOrO IIpocTpancTBa F™, ecinu

a) B HEW COAEPKHUTCS XOTh OJHO IMpeoOpa3oBaHue MOA00Us ¢ KOADPUIIMEHTOM
k=1;

0) XOTh OJIHA TOYKA MpocTpaHcTBa F" u301MpoBaHa B OECKOHEYHOM KiIacce ee¢
00pa3oB.
B pab6orax [2], [3] mpuBeneHa kiaccu@uKaiusi TPy CUMMETpUNA MOA0OHS B

npoctpanctBax F2, E3. TIpuMeHeHne peoOpa3oBaHus ON00HS JUIS ONMCAHUS CBOICTB
KBa3UKPHUCTAIJIOB PACCMaTPHUBAETCS B HEJABHO OITyOJIMKOBAHHOM padoTe [4].
B nameit pabote rpymnmna cuMMeTpuid Mojao0us paccMaTpUBaeTCA Kak TpyIina

IBUKeHHi reomerpun Jlobadesckoro H>.
Teopema. @ynoamenmanvhoii 06aaCMbIO  KPUCMALLOSPAPUUECKOL 2PYNNbl

Osudicenuti ceomempuu Jlobavesckoeo H?, onucvisaroweti cummempuu 08yMepHO20
K6A3UKPUCANLA, SAEIACMCA  YACMUYHO 6bIPONCOCHHBIL MPEY20IbHUK C  Y2lamu
o,B3,7, 20e oo = 3 = 0, a N moaxcem npunumamo 3uavenus 30°, 36°, 45°, 72°,

Ota TeopeMa MO3BOSET OOBSICHUTH 3P(HEKT MaciITaOHOM WHBAPUAHTHOCTU U
HEKOTOpPBIE APYTHe CBONCTBA KBA3UKPUCTAIIOB.

Cnucok ureparypsl
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2. llyonukoB A. B. Cummerpust mono6us // Kpucramnorpadus. — 1960. — 5, Ne 4. — C.
489—496.

3. 3amop3aeB A. M. O npocTpaHCTBeHHBIX rpymmnax cumMmerpun nogodus // JAH CCCP. —
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INPUMEHEHUWE NPUHIIUITIA JBOMCTBEHHOCTHU MEXY
TEOMETPHUSMM S* U H? JIJIs1 COBMECTHOI'O OITUCAHUS
®YJIVIEPEHOB U KBABUKPUCTAJIJIOB
A. A. Ipiminc, C. M. Ilokach
J[nenponemposckuii Hayuonanvuslil yHusepcumem, /[{nenponemposck,
Ooecckutl HayuonanwbHwll yHueepcumem, Odecca, Ykpauna
pokas@onu.edu.ua

B03MOXXHOCTh COBMECTHOrOo omnucaHus (QyJJIepeHOB U KBAa3UKPHUCTAJUIOB
OCHOBaHAa HAa TOM, YTO H3BECTHOE OIPEACIEHNUE KPUCTAUIMYECKOTO MHOMXKECTBA
€BKJIMJIOBA TPOCTPAHCTBA MOXHO 0€3 U3MEHEHUs] TEePEeHEeCTH Ha Ciydai
METPUYECKOT0 MPOCTPAHCTBA M TOM (pakTe, 4yTo MeTpuku reomerpuii E, S" u H"
SABJISIFOTCS PUMAHOBBIMU METPUKAMU.

[Ipy n=2 CymecTByOT TOIBKO TPU T€OMETPHUH: E’, S’ u H, MPUYEM TEOMETPUHU
S* i H” 1BOHCTBEHHBL.

Kak nmoka3zan TEpcTeH, MOXKHO 1aTh TAaKOE OMPEAECIECHHE T'€OMETPUU, YTO MPHU
n=3 HUMEETCS BOCEMb CYIIECTBEHHO pAa3JUYHBIX TE€OMETPUM, CpPEIN KOTOPBIX
reoMeTpuu S*xR 1 H*XR 1BOJCTBEHHBL.

Cnenys Tépcreny, mon reomerpueit monumaror mapy I'=(X, G), roie X —
rJ1ajIkoe MHOTOoOpa3ue, a G — TpyIIa, TPaH3UTUBHO JEUCTBYIOMAs Ha X, IPUUEM
CTAOMIN3AaTOPhI TOUEK KOMIAKTHBI.

Beenem Ha X pUMaHOBY WM IICEBAOPUMAHOBY METPUKY, TaKk 4yTO X CTaHET
METPUYECKUM MTPOCTPAHCTBOM.

Omnpenenenue 1. Uneanbusim kpuctaimom reomerpun ['=(X, G) Ha3biBaeTcs
KPUCTAJITNYECKOEe MHOKecTBO K aTOMOB, pacmoio:KEHHbIX Ha MHOrooopasuu X, B
YAaCTHOCTH, KBA3UKPUCMANIbI MOXHO PAacCMaTpUBATh KaK KPHUCTAIIMYECKHUE
MHOXecTBa TeomeTpur JlobadueBCKOro H® win H3, a TaKX€ TEeOMETPUU H2><R,
MHOKECTBO aTOMOB KPUCTAJLIA SIBJISIETCA KPUCTATUIMYECKUM MHOXECTBOM I'€OMETPUI
E*uE’=E’x E[1, 2].

HakoHen, OUCKpeTHbIE MHOXECTBA ATOMOB BEIIECTBA, PACHOJIOKEHHBIX Ha
MOBEPXHOCTH c(epbl WK HAHOTPYOKH MOKHO pacCMaTpPUBATh KaK KPUCTAIMYECKUE
MHOKECTBA T€OMETPHUIi COOTBETCTBEHHO S° 1 S™XR.

3ameuanmue. [IpennonoxeHne, 4TO KBAa3UKPUCTAIUIBI MOXHO PACCMATPUBATH
KaK KPUCTAJUIbl TEOMETPUU H® Gbu10 crenano A. Hpimcom u A.TymeBsim elie B
1994 rony [3—75].

I'pynnel cuMmeTpuid UACANBHBIX KPUCTAILUIOB T€OMETPUI E’ u E’ sBmsorcs
kpuctamorpadpuueckumu. OmnpegeneHue dSTOro MOHATHS, jgaHHoe B [1, 2]
00o011aeTcs cleIyomuM 00pa3oM.

Omnpenenenue 2. Kpucramiorpadpudeckoit rpynmoit reometpun ' Ha3biBaeTcs
nuckpetHas rpynmna G asuxenuit I, 1uis koTopoit 00beM PpyHIaMeHTaaIbHON 00J1acTH
®(G) koHeueH.

3ameuanue 1. [Ins reomerpuii E, S" u H" 510 onpenenenune nmpuseneHo B [6].
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3ameuanue 2. OObIYHOE ONpEAETICHUE KPUCTAIUIOrpaduiecKOil rpyIbl FeOMeTpuit
E" u S" uckimouaeT U3 pacCMOTPEHHs BEChMA I10JI€3HEIE TUCKPETHBIE MPYIIILI TEOMETPUH
H" ¢ GecKOHEYHBIMU (HO KOHEYHBIMU 110 00beMY) (DYHIaMEHTAIBHBIMH OOJIACTAMH,
KOTOpPBIE UTPAIOT CYILIECTBEHHYIO POJIb U B HAIlIeH padoTe.

Chopmynupyem NPUHIHUIEI JBOUCTBEHHOCTH MEXAY T€OMETPUIMU S* u H. On
ObLT BbICKa3aH JlamOGepToM, KOTOPBIH, MBITAsICh JOKa3aTh MATHIN noctynat EBkinaa,
MOJIYYUJ Psii PE3yJIbTaTOB TUNEPOOTMUECKON TEOMETPUM U BBICKA3aJl TUIOTE3Y, UTO
OHM UMMEIT MECTO Ha cdepe MHHUMOTO paauyca. BblpaxeHue «IOCKOCTb
JloGaueBckoro — 3710 chepa MHUMOIO pajuyca 1» clelyeT MOHUMAaTh B CIIEIYIOIIEM
CMBICJIE:

N3 Beskoit TeopeMbl uian (popMysnbl chepuueckol Te€OMETpPUH, B KOTOPBIX
(GuUrypupyroT JTUHEUHBIC pa3MEpPbI, MIyTEM JEJICHUS UX HAa YUCIIO 1, MOKHO MOJTYYUTh
TeopeMbl WM QopMynsl runepoonuueckoil reomerpuu. Ilpu sTOM dyHKIIUU
JUHEWHBIX pa3MEpOB CIEAYET NPOJOIKUTH JI0 AHAIUTUYECKUX (QYHKIUNA B
KoMIUIeKCHOM o6Oaactu. OtmernMm, uto 190 mer Hazanm JloOadeBCcKmMil moKazall
BO3MOKHOCTh BBIBOJIa MOJYYEHHBIX UM (POPMYJ THUIIEPOOIMUECKON TPUTOHOMETPUU
u3 popmyn chepuueckoil TPUrOHOMETPUH, UCTIONB3YS MPUHITUI ABONCTBEHHOCTH.

B Hameit paGore Mbl BHEpBbIE MNPUMEHSEM MPUHIMIBLI JIBOMCTBEHHOCTH
JlamGepra — JloOaueBckoro miisi HaxoxJaeHus (yHIAMEHTAJbHBIX oOJacTeit
KpUcTaJmorpauyeckux rpyri reoMeTpuit S* u H?, H°xR u S*xR, a Tarxke rPYyIIL
CUMMeETpUil opOudOII0B, UMEIOIIUX TEOMETPUUECKYIO CTPYKTYPY MO 00pasily 3TUX
reoMeTpuil (MmocieIHee BhICKa3blBaHUE MPUHAIEKUT TEPCTEHY).

N3 teopembl ['aycca — bOHHE WM, NMPUMEHSSE NPUHLMUI JIBOMCTBEHHOCTH,
noJiyyaeM, 4TO IUIOLaJb TpeyroibHuka A Ha cdepe paauyca | ¢ TOUYHOCTHIO 0
3HaKa paBHa ero JedexTy, T.e. MOIYJII0 pPa3sHOCTH | ot+p+y-n |, a numenno B
reoMmerpun S” oHa paBHa o-+P+y-, a B reomerpun H” oHa pasHa -( o+B+y), Tae o, B,
Y — YIJIBI TPEYTOIBHUKA A.

o T T T
Jlanee, HAMOMHKUM, YTO TPYIIION TPEYTOJIbHUKA C YIIaMH 0'g M-, Taep, g, r—

HaTypalibHble uucia, Aensuue 180°, HaspiBaercs rpymnmna A*( p, q, r) u30MeTpuit
reoMeTpun X°, MOPOXKICHHAS OTPAKCHUSMH OT CTOPOH TpeyroyibHuKa A [2]. 3a€ech
). G OJHA U3 T€OMETPUI EZ, S%u H>.

J7ist TOTo, 9TO6BI OMUCHIBATH KBA3HKPUCTAILIB B reoMeTpu E° Ha0 JOMYCTHTB
CYILIECTBOBAHME TPEYTOJbHBIX TPYHN [JiS TPEYTOJIbHUKOB C palMOHAIBHBIMU
gactssmu ot 180°. Hampumep, npu paspeszanun Tymnoro yria y pomOoB llenpoysa,
MoJIy4yuM TpeyroiibHuku Pobuncona ¢ yriamu (72°, 54°, 54°) u (72°, 72°, 36°). Hamu
MoKa3aHo B reoMmeTpuu JIo6aueBCKOro UM COOTBETCTBYIOT TPEYTOJbHHUKU C yIJIaMU
(0, 0, 108°) u (0, 0, 144°) m muomAAIMH COOTBETCTBEHHO 72 W 36 KBaJIpaTHBIX
eauHull (HamoMHUM, 4yTOo B reomeTrpuu JloOaueBckoro ectb aOCONIOTHAs Mepa
mnHel). Kak wW3BecTHO, MUIOMIA/lb TMOJHOCTBIO BBIPOKIACHHOTO TPEYrOJbHUKA
reomerpun JI, T. €. TpEyroJibHUKa, BCE YIiibl KOTporo pasHbl 0, paBHa 180 KB. €.

Omnpepesienue 3. TpeyroibHON TPYIIIONW TE€OMETPUN H* 1 H>xK Ha3siBaeTCs
IpyIna HW30METPUM ATUX TEOMETPUN, MOPOXKIEHHAS OTPAKEHUSMH OT CTOPOH
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YaCTUYHO BBIPOKJIEHHOT'O TPEYrOJIbHUKA WM HEBBIPOKIEHHOTO TPEYTOJIbHUKA, YTIIbI
KOTOPOTO SIBJIAIOTCS UEIBIMUA WM PAllMOHAIBHBIMU YacTsMu 180°.

Chopmynupyem oMH U3 PE3yJIbTATOB, MOTYYCHHBIX HAMH.

Teopema 1. Ilycmv G , — O08ymepHas Keazukpucmaiiudeckas 2pynna (8
cmvicie Hosukosa) 2eomempuu E°, nepeceuenue komopoii ¢ R’ siensiemes c60600Ho1I
abenegoti epynnou pamea 4 (keadpamuumou «xeasupewemkou). Ipynna G,
U30MOpHA OOHOU U3 MPEY2OJbHbIX CPYNN 2eoMempuu H  pynoamenmanvhoi
0b1acmvio Komopotl A615emcst 00ur uz mpeyzoavHuxog ¢ yenamu (0, 0, 144°9), (0, 0,
1089, (0, 0, 1359, (0, 0, 1509, niowaou komopwvix pasusi 36, 72, 45, 30 ke. eo.
coomeemcmeenHo. B cuny npunHyuna O080UCMEEHHOCMU UM COOMEENCMEYIOm Hd
chepe mpeyeonvruku ¢ yeaamu (72 72 729, (36 108 1089, (90 90° 459 u
(90 909 309. CoomeemcmgeHHO 3mu 2pynnbvl ONUCHIBAIOM KEAUKPUCMALIbL U
@ynnepensvi ¢ cummempusamu nopsiokos 10, 5, 8, 12.

3ameuanne. B [7] ormeuaercs, uto A (2, 2, n) u3oMOpHBI AUIAPATBHBIM
rpymnmaM nopsiaka 2n, ooiamaronme noBopoTaMu nopsjaka n. B ycnosusix teopemsi 1
A2, 2, 8) u A(2, 2, 12) noarpynnsl rpynmnsl A*(2, 2, 8) u A*(2, 2,12) cocrosiue u3
JIBWKEHUM He MeHsomux opueHtauuu chepol S°. Kpome 3toro pesynbrata HaMu
MOJIYYEHbI TPYNIBI CUMMETPUM KBA3UKPUCTAILUIOB F€OMETPUHU H**R u HaHOTPYOOK
S*xR, a TaKKe TPYIIIBI CHMMETpUH OpOoudOII0B, pACCMOTPEHHBIX B [8].
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YEPENIUYHI IOPAAKU B M (D) TA YMOBA ATETAOHKAPA

B. M. /KypaBibos, O. A. llleBueHko
Kuiscokuu nayionanonuu ynisepcumem imeni Tapaca Lllesuenka, Kuis, Yxpaina
vshur@univ.kiev.ua

VYci HeoOXiAH1 BIIOMOCTI PO YEPENUYH1 MOPSIAKKA MOXKHA 3HalTH [1].

Hexait A ={0,&E(A) = (o, ;)} — 3BencHMH 4YepenMyHMH MOPSIOK Haj
JMCKPETHO HOpMOBaHMM KuiblleM (D 3 MakcuMaiabHuM igeasom w0, e ©™ —
npoctuii enement, £ € M (Z),i M — He3BinHa A — rparka. Y po6ori [2] (1ema
1.7) B.A. SIteraokap HaBiB HEoOXiAHI i IOCTaTHI yMOBH i Toro, mod A / wA
-monyiab M / mM po3kiaamaBcst y mpsMy cymy MoaydiB. IIpu 1bOMy MpOSKTHBHA
PO3MIpHICTB TpaTku M TOPIBHIOE HECKIHYEHHICTb.

SIKI0 Takoi rpaTkM He iICHYeE, TO OyJIeMO TOBOPHUTH, 110 YEPETUINiA TOPSIoK A
3a/10BOJIbHSE YMOBI SITeraoHkapa.

Hespinna A — rparka M taka, mo A /wA -momyne M /™M
PO3KJIAAAETHCS Y MPSIMY CYMY MOJYJIB, ICHY€E TOA1 1 TUIBKH TOJ1, KOJIH

A~A={0A = (am)},
4, Ay ! !

neA:[A A],AZO,AﬂzQU,U:

1 . 1

Posrassuemo mpoctuit rpap G = G(A) , mo Oyayerbcs 3a YepenHIHUM

21 2

nopsakoM A C M (D)  HacTymHMM  YMHOM:  MHOXUHOIO  BEPIIMH €
VG ={1,2,....,n}. Touku i Ta j 3’€mani peOPOM TOAI 1 TINBKK TOMi, KOJIU
Q + « i = 1.
Skmo rpad G = G(A) 3B’s3uumi, TO A 3a10BOMBHSE YMOBI SITeraoHkapa.
Teopema 1. Hexaii A — 3Benennmii uepenuunuii nopsamox B M (D), ne

n € {4,5}, A :[ﬁu A

12

] — JIBOCTOPOHHIH MPCOBCHKUI PO3KIIA] MOPSAKY A
21 4122

i
G(A) = G(A)) U G(Ay).
Hexait ()(A) — caraiinak depenmunoro mopsiaky A . Tomi A 3amoBonbHsie
YMOBI SITeraonkapa Toi i TUIbKM TOA1, KONM iCHY€ UKL 4 — J; — Iy —> Jo —> 1 Y
caranziaky

QA) 3 o j +«
1¥1
Ac Zi,Zé € VG(AH)ajij S VG(A22>

jle 2]2+0C~ y <47

JoJy
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Teopema 2. Hexait A — 3BeneHuii yepennunuii nopanok B M (D), ne n < 5,
KU 3a710BOJIbHsIE YMOBI1 fTeraokapa. Toxi

Zn < (n—1n(n +1)

i, j:10‘ij - 6

Cnucok aiteparypu
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PO ABOCTOPOHHICTb
KBAJIPATYPHUX ®OPMYJI HIABUIIEHOI TOYHOCTI
O. ®. Kaaaiina
Kuiscokuu nayionanonuu ynisepcumem imeni Tapaca Lllesuenka, Kuis, Yxpaina
aleksei kalaida@comcast.net

KBagpaTtypHi popMynu MiABUIIEHOT TOYHOCTI IHTETpyBaHHA QPyHKIIIH (hopmynn
tuny ["aycca) Tex noTpeOyroTh NPOCTUX 3aC001B KOHTPOIIIO TOYHOCTI (moxuOku). Ha
BIIMIHY B1Jl PI3HMX HAOIMKEHUX METOJIIB TAKOTO KOHTPOJIIO (mpuHLmn PyHre To1110)
HaJIIMHAM 3acO000M IIbOTO € ABOCTOPOHHI MeToau (ado iX cepeaHe apudmeTHdHe Ta
miBpi3HULS [ KoHTposto mnoxuOku) [1]. Tyr posriasHyro cxemy mnoOyaoBu
JBOCTOPOHHIX METOIB MIJBUIINEHOI TOYHOCTI 3 OAHUM (TIOYATKOBUM, KIHIICBHM)
3aKpiIJICHUM, Harepes 3a1anuM (Gopmynu Tuny MapkoBa) MpoOCTUM KBaJapaTypHUM
BY3JIOM Ta PEIITOI0 JBOKPATHUMU BUIBHUMU BY3JIaMHU.

[ToGynyemo ansa pyHkuii f MeToa0M BHUEpPITyBaHHS 32 1 + 1 yIMOpPSIKOBaHUMHU

BY3IAMH (asie, 3aMiCTh METONY HEBU3HAUYEHUX KOE(QIILIEHTIB, 3 BUKOPUCTAHHSIM
MHOTO4JIeH1B TUIy Jlarpan»a) ABa MHorowienu Tuny MapkoBa — Epwmita
H,,(z; f) = L,(z; f) + w(@)L,_ (2:9), Hy, (z; f) = L,(%; f) + w(z)L,_ (z;0), (1)

3 IMIPOCTUM BY3JIOM SUO, SUn ) BiI[HOBiI[HO, Ta PCIITOIO BIIBHUMU ABOKPAaTHUMHU BY3JIaMHU

(By3namu, BiINOBIAHO, T,..., T, Ta Ty, .., T, ;), 1€ W — TaKk 3BaHa OydepHa

(byHKIIS — QYHKIIIS 3 TPOCTUMHU HYJISIMU T, ) = 0, n, L (z;f) — MHOTOUIICH THITY

Jlarpamxa  Qynkuii f 3a Bysmamm =z, j =0, m, f)n_l(x;d)),in_l(x;d>) —

mHOorowtenn tumy Jlarpamka ¢ynkuii ¢ = (f'— L)/ w' 3a Bysnamm T,

BianoBigHo, pu j = 1, n 1a j = 0,n — L

3inTerpyBaBiu MHOroujieHu (1) Ta BU3BHAUUBIIY BUIbHI BY31U T ;3 YMOB

b . - . -
[ o)l (@)dz = 0, j=1Lm, j=0,n—1 @)
ne [a,b] — Bimpi3ok iHTerpyBaHHs, p — BaroBa (YHKIIIs, w; — 0a3ucHi QyHKIIII

MHorouseHa tumy Jlarpanxka), naicTaHeMO KBajpaTypHi (QOpMyJu MiJIBUIIECHOT
TOYHOCTI. 3a MOOYIO0BOIO, TIPH 3HAKOCTAIOCTI MOXiMHOI (QyHKIIT f B 3aJIHIIKOBUX

wnenax 7(z) = f(z) — ﬁn_l(a:; f) i bopmysu sBASIOTECS 1BOCTOPOHHIMH [1].
V¥ nux noOynoBax, a TakoX y moOyA0oBax 3 yciMa JABOKPaTHUMH By3JaMu x; 1
k < n B ymoBax (2) matumemo ¢GopMyiH (HE JTBOCTOPOHHI) 3 OUIBIIOI KITBKICTIO

(ikcoBaHUX BY3IIB, a 1ipu (n + 1) ymoBax (2) — dopmynu tuny ["aycca.

Chnucok aiteparypu
1. Kanaiiga O. @. YucensHi metoau. — K.: BIIL] «KuiBchkwmii yHiBepcuTeT», 2000. — 250 c.
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JIBOCTOPOHHI CUMETPHUYHI HABJIM)KEHHS IPYI'OI HOXIJTHOI
3A JIOIMMOMOTI'OIO IBOCTOPOHHIX KOJIOKAHT ®YHKIIII
3 MIPOCTUMMU TA ABOKPATHUMMU BY3JIAMHU
O. ®. Kaaaiina
Kuiscokuu nayionanonuu ynisepcumem imeni Tapaca Lllesuenka, Kuis, Yxpaina
aleksei kalaida@comcast.net

3arajibHy TEOPil0 JBOCTOPOHHIX HAOJIMKEHb (KOJIOKAHT) (PYHKIIM 1 HA OCHOBI
JBOCTOPOHHIX KOJIOKAHT 3 MPOCTUMH BY3JIaMH JABOCTOPOHHI HAOJIMKEHHS MOXIAHOT y
BHYTPIIIHIX By3/1aX po3poOneHo B [1], a cumMeTpuyHi JBOCTOPOHHI HAOJIMKEHHS
pO3B’sI3KIB pi3HUX 3ama4 — B [2]. TyT 3a 10momMorow ABOCTOPOHHIX KOJOKAHT 3
MPOCTUMHU By3JaMHU MOOYJOBAaHO JABOCTOPOHHI CHUMETPUYHI HAOMMKEHHS ApPyroi
MOXITHOT Yy CepelHIX TOYKaxX MDK BHYTPIIIHIMU By3J1aMH, a 3a JOINOMOIOIO
CUMETPUYHUX JIBOCTOPOHHIX KOJIOKAHT 3 OJHUM MHPOCTUM (IIOYATKOBUM, KIHIIEBHM)
Ta PEUITOI0 IBOKPATHUMHU By3JaMU — CUMETPHUYHI IBOCTOPOHHI HAOIMKEHHS IPYyTroi
MOX1JTHOT y BHYTPIIIHIX BYy3JIaX, @ TAKOX B CEPEIHIX TOYKAX MK [IUMH By3JaMHU.

3a J0MOMOTOI0 JIBOCTOPOHHIX KOJIOKAHT dbyHKII1 3a
MPOCTUMU  YIOPSIIKOBAHUMU BY3J1aMu BIIMOBIAHO, TPH o npu
y CcepeaHiX Toukax JICTAEMO

CUMETPUYHI JBOCTOPOHHI HAOJIMKEHHS - Ipyroi
MOX1HO1 a TakOoX OuIpIl TOYHE HAOMMKEHHS (cepeaHe apudMeTHYHE

JTBOCTOPOHHIX HAOMMXEHB) Ta, BIATIOBIHO, BHJIKH

b

JUISL KOHTPOJIO TOYHOCTI pe3yibTaTy. Tak, 3a J0MOMOror Bigomoi (opMyinu

YUCENIbHOTO TU(epeHIIIFOBaHHS JICTAaEMO JBOCTOPOHHI
HaOIKEHHS y TOUlll

)
a ix cepemgHe apudmeTHyHe - Ma€e TOM K€ MOPSII0K

TOYHOCTI, IO W YTBOpIOIOUYl iX (popMynH, TOOTO MOXKHa 3TYCTUTH CITKY 3HAY€Hb

Ipyroi MOXiAHOI BABIUl O€3 3alydeHHS AO0JAaTKOBUX 3HaueHb (QYHKII (TOOTO HE

3TYIIYIOYH CITKY BY3JI1B), @ KOHTPOJIb TOYHOCTI 3/11MCHIOBATH 3a JIOTIOMOI'OI0 BUJIKH.
[ToOynyemo, nami, ;uist pyHKLil 32 J10NOMOroK MHOrowleHiB Tuny Jlarpanxa

JBOCTOPOHHI MHOrowieHu Tuny MapkoBa — Epwmita napHoro mnopsiaky 3a
YHOOPSIAKOBAHUMH  BY3JIaMU BIJIMOBIZIHO, 3 JBOKpPaTHUMHU BY3JIaMU
(mepiinii By30J1 MPOCTHUIA), (ocTaHHi# By30J1 IPOCTHI)
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