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ON STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
WITH RANDOM INITTIAL CONDITIONS

A. OLENKO

This talk addresses two problems about solutions of stochastic partial dif-
ferential equations with random initial conditions.

The first part focuses on the Cauchy problem for random fields generated by
partial differential equations on the unit sphere. The exact solution as a series
expansion in terms of spherical harmonics is given. An approximation to the
solution is provided and analysed by finitely truncating the series expansion.
We establish upper bounds for the convergence rates of approximation errors
and investigate the smoothness of both the exact and truncated solutions.
In particular, we show how the sample Holder continuity of the resulting
spherical fields is determined by the decay of the angular power spectrum.

The second part examines multiscaling limit theorems for renormalised so-
lutions of higher-order heat equations with initial conditions given by random
processes exhibiting cyclic long-range dependence. We derive the spectral and
covariance representations of the corresponding limit fields and explain why
analogous limit results are not valid in subordinated settings with Hermite
rank greater than one. Numeric examples will be presented to illustrate the
theoretical findings.

The talk is based on joint results in [1, 2, 3|.
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[Inenapni gomosimi

TEOPIA KEPYBAHHA:
KJIACUYHI 3AJTAYI TA HOBI PO3B’4A3KHN

O.JI. 3YEB

Y JIOTIOBi T BUCBITJIEHO TTOCTAHOBKU OCHOBHUX 33189 TEOPil KePpyBaHHS AK
MaTEMATUYIHOl JUCIAILIIHY, IO MOEJTHY€E Pe3yabTaTH BaplalliitHOrO YuCIeHHS
3 aJareOpaldyHUMHU Ta NeOMETPUYHUMHU METOJIaMU OIMCY MHOXKWH TPAEKTOPiil
cucteM JaudepeHIliaJbHIX PIBHAHb 3 ypaxyBaHHsSIM 30BHIIIHIX BILIUBIB, sKi
3aJaI0ThCA (DYHKIIISIMA KepyBaHHsI. 3 iICTOPUYHOI IIEPCIEKTUBUA 3a/adi IPO-
IPAMHOTO KEPYBaHHs MOXKHA 3BECTHU JIO IIpaIlb BiJIOMOr0o reoMeTpa Ta iH¥Ke-
Hepa aHTuaHOCTI — [epona Asekcanmpiiicbkoro (I ct. H. e.); 3amadi onTu-
MaJILHOTO KepYBaHHs — 10 3aJ1a4i nmpo opaxicroxpony 1. Beprysi (1696 p.);
a 3amady crabimizanii — mo npami /. Makcsenia npo peryiasropu (1868
p.) [1]. Hopsizx i3 nuMu icTOpuIHUME HAPUCAME [TOJIAHO OTJISIJT OCHOBHUX Ma-
TEMATUIHUX METO/IB TeOopil ONTHUMAJHHOTO KEPYBaHHS — MPUHITATY MaKCH-
myMmy lloHTpsiriHa Ta TPUHIMITY JUHAMIYHOIO IporpamyBaHHs Bennvana. 3
PO3MAITTH CydacHUX MPOOJIeM BHJIIJIEHO BaroMuil HAIPAM — SIKICHY TeOPiIo,
IIIO MOB’SI3Y€ CTPYKTYPHI BJIACTHBOCTI KEPOBAHOCTI Ta CTaO1JIi30BHOCTI.

g knacuaHol 3aj1adi crabismizarii B cenci P. Kaamana ta M.M. Kpacos-
CbKOI'O BHUIIJIEHO OCOOJIMBI PO3B’A3KH 3 OCIUIJIIOIYNMU KEePyBaHHSIMHU 31 3BO-
porHuUM 3B’sa3K0M. Ili pOo3B’d3KM € MpUTaMaHHUMHU CYTTEBO HEJIHIHUM TU-
depeHIiaJTbHIM PIBHAHHAM, IO ONUCYIOTH PYX HETOJIOHOMHHUX MEeXaHITHIX
cucreM [2]. HaBemeno nmpukiaim 3acTOCyBaHHSI TAKUX PO3B’SI3KIB Y CYIaCHUX
imKeHepHUX 1pobemax [1, 3].

JIITEPATYPA

[1] 3yes O.JI. Mamemamuura meopis KEPYSAHHA: HEATHITHA OUHAMIKG A THHCEHEPHT 3a-
cmocysannsa // Bica. HAH Vkpainu. — 2020. — Ne 1. — C. 29-37.

[2] Zuyev A. Ezponential stabilization of nonholonomic systems by means of oscillating
controls // SIAM J. Control Optim. —2016. — Vol. 54, No. 3. — P. 1678-1696.

[3] Grushkovskaya V., Zuyev A. Design of stabilizing feedback controllers for high-order
nonholonomic systems // IEEE Control Systems Letters. —2024. — Vol. 8. —P. 988—
993.
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MIHIKVPC 1
AmnpokcnMmariiiHi Ta riaaJKicHI XapaKTepPUCTUKNI
P YHKITIOHAJIBHIUX MHOXKIH
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HANKPAIIII HABJIN>KEHHS I HABJIMXKEHHA CYMAMMU
OYP’€ HA KJIACAX 3IrOPTOK

A.C. CEPIIOK

B meprmiit yacTtuHi gomosiji Oyae J1aHO KOPOTKUN ICTOPUIHUIN OTJIsI]T, TKUi
CTOCYETHCsI PO3BUTKY TeOPil PiBHOMIPHOTO HAOJIMXKEHHsI MEPIOIUIHUX (PYH-
KITiif JacTuHHEME cyMamMu Pyp’e, a TaKOXK JOBIJIBHUMH TPUTOHOMETPUIHUMEI
mosiiHoMaMu (DIKCOBAHOTO TOPSIAKY. AKIEHT Oy/e 3po0JieHO Ha TIMOMHHOMY
3B’I3Ky MiXK TJIQJIKICHUMU (CTPYKTYPHUMM) Ta alpPOKCHUMAIHHIMEI BJIACTHU-
BOCTSIMH (PYHKITIH. 3 Ii€[0 METOI0 HABOJATHCS KJIACUYHI IMPsSMi Ta OOEpHEHi
TeopeMu KOHCTPYKTUBHOI Teopil MyHKIIi#, 30KkpeMa: Kpurepiit Heburona, Te-
opemu Beitepmrpacca, bopensi, Bepramreitna, /I>kekcona, Jlebera Ta iH. Be-
JIUKY yBary Oyle HpHJILJIEHO pe3yJabTaTaM IIPO TOYHI 3HAYEHHS HANKPAIIUX
piBHOMIpHUX HabJIMKEeHb KJaciB judepentiiioanx byHkiiii (Teopemn Da-
Bapa, Axiezepa, Kpeitna, /I3snuka, Kopreituyka). Takox OymayTh HaBeeHi
JOCJIIKEHHsT JIOTIOBiTada, siKi CTOCYIOThCsS HafKpallux HaOJJIMKeHb Ha, KJla-
cax IepioanyHux (PYHKIIIH, 10 3a1al0ThCs y3araJbHEHUMHU ITOXITHUMUA B CEHC1
Crenanrisg. Y JIONOBiII TaKOXK Oy/IyTh HaBeJIeHI HOBI pe3yJIbTaTH PO TOYHI
3HaYEeHHA HAHKpaImuxX HabJIMKeHb KJIaciB (DYHKIII, 110 38/1aI0ThCs 3rOPTKAMHI
3 TBIpHUMH sIIpaMU, 9Ki 300parkyIOThCs JEIKUMU JIHIMHIMH KOMOIHAITisIMI
anep Ilyaccona un sanep bepmymni.

Jpyra 4YacTuHa JIOIOBiJI BHUCBITJIIOE AIPOKCUMATHUBHI BJIACTUBOCTI CyM
Qyp’e Ha Kjaacax nepiogmunux QyHKIA. Byne mpujijieno ysary HepiBHO-
craMm Tuny Jlebera, siKi OIIHIOIOTHL PiBHOMipHI HOpMHW BinxuieHb cyMm Pyp’e
JIOoCIiKyBaHOl (pyHKINT yepe3 1T HaliKpallll HaOJIMKeHHsT a00 depe3 HalKparrri
HaOJIMKeHHs 11 y3arajbHeHnX MMoxiaHux. OOroBopoBaTUMEThCS TUTAHHS PO
ACUMIITOTUYIHY TOUYHICTh TAKUX HEPIBHOCTEH SIK JIJISI iHIUBIIya IbHIX PYHKITIH,
TaK 1 Ha BaXKJIUBUX (PYHKIIOHAJIBHUX KOMIAKTaX. Dy yTh HaBeIeH1 KJIACH-
9HI pe3yabTaTu 3 po3B’a3aHHg 3aj1a4i Koamoroposa—HikosbecbKOro mjisg cym
Dyp’e, 30kpema, Teopemu Kosmmoroposa, Hikonbcbkoro, Creukina, TessikoB-
cbkoro, Cremanrg Ta in. Takoxk Oy/e HaBedeHO 1 pe3y/IbTaTH JOMOBiIada Ta
fOr0o y4YHIB CTOCOBHO HaOJIMKeHHsT cymamMu Pyp’e KaciB y3araJbHEHUX 1HTe-
rpaJiB [lyaccona B piBHOMIpHIiiT MeTpPHIIi.

IHcTuTyT MATEMATUKY HAH VYkraiau, KuiB, YKPATHA
Email address: serdyuk@imath.kiev.ua

Pob6ory mizrpumano rpanrom Ponay Caiimonca (the Simons Foundation) (SFI-PD-
Ukraine-00014586, ASS)..
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GENERALIZED ZERNIKE POLYNOMIALS, THEIR
PROPERTIES AND APPLICATIONS

A.L. SHYDLICH

Let D = {2 = sinfe'? € C : |z| < 1} be the closed unit disc, a > 0, and
let doo(z) = 21 — 22)*dz = 2 cos(0)** ™! sinfdp df be a probability
measure on . Let also LP := LP(D,0,), 1 < p < oo, be the space of all
functions f given on D such that

(/5 |f(z)|pdaa(z))%, 1<p< oo,

esssup,, |f(2)], p = o0,
z€D

oo > Hf”p,cra =

The generalized Zernike or disc polynomials Ry, , (z) are given by [1, 2]:

zm_"R,(la’m_n)@zZ —1), m=>n,

RS (z) =Ry ., (2,2) = _
m,n( ) m,n( ) {anRg’(;z,n m)(zzg_l), m < n,

where m and n are non-negative integers (m,n € Np), R'P) is the n-th

Jacobi polynomial normalized such that R )(1) = 1.
It M,N € Ny we will write Il ; x for the linear space of polynomials P
spanned by disc polynomials for which m < M,n < N, that is

v =span{Ry, ,:0<m <M, 0<n< N}, and Iy =1y n.

Denote by 9pP(z) = 9pP(sinfe'?) and 9,P(z) = 9,P(sinfe'?) the partial
derivatives of P w.r.t # and ¢ respectively.

Theorem 1. Suppose that 1 < p < oo, a >0 andn € N. For any P € 11,,,
3
106 Pl 5, <14(a+1)2n|Pllpo,  and  [|0,Ppe. <nlP|

PO

REFERENCES

[1] Koornwinder T.H. Two-variable analogues of the classical orthogonal polynomials, in:
R.A. Askey (Ed.), Theory and Application of Special Functions, Academic Press,
NewYork, 1975, pp. 435—495.

[2] Wiinsche A. Generalized Zernike or disc polynomials // Journal of Computational and
Applied Mathematics. — 2005. — 174. — P. 135-163.
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APPROXIMATING CHARACTERISTICS OF
NIKOL’SKII-BESOV CLASSES OF PERIODIC FUNCTIONS
IN LEBESGUE SUBSPACES

A.S. ROMANYUK, S.YA. YANCHENKO

We study the approximating characteristics of the classes S7 ;B (T9) (see,
e.g., [2]) of periodic functions of many variables with dominating mixed smooth-
ness in the space B, 1(T%), in which the norm is not weaker than the L,(T%)-
norm. The investigation of the problems of approximation of functional classes
in this space is motivated by the fact that some important problems in the
space L,(T?) remain open (see [1]). We obtain exact-order estimates for the
orthoprojection widths from the classes S7 ;B (T?) in the space By 1(T%) [6].

Let R%, d > 1, be the d-dimensional Euclidean space with the elements
x = (21,...,74) and (x,y) = z1y1 + ... + 4yq. Denote by L,(T?), T? =
H;l:l[O, 2m), 1 < p < oo, the space of functions f(x) that are 27-periodic in
each variable, with a standard finite norm.

We now define the norm | - |g ,(r¢), 1 < ¢ < oo, in the subspaces
Bg1(T%) (denoted in what follows by Bg 1) of functions f € LY(T?), where

2m
LO(T?) = {f: feLy,(TY, | flz)de; =0,5=T1,4, a.e.}.
0
For trigonometric polynomials ¢ with respect to the multiple trigonometric

system {e/®®)}, ;a. the norm ||t||p,, is defined by the formula

[t B2 7= 2 sena 1 As()llq (see, e.g., [4]).
Similarly we define the norm |/ f||p,,, 1 < ¢ < oo, for any function

f € LY(T?) such that its series Y, na [[As(f)|lq converges. Note that for
f € Bg1, 1 < q < oo, the following relations hold || f|l; < || fll5, .-

Let {u; }M | be a system of functions u; € Lo (T9), i = 1, M, orthonormal in
the space Ly(T?). We associate each function f € L,(T%), 1 < ¢ < oo, with an
approximating aggregate of the form sz\;( f,ui)ug, i.e., with the orthogonal
projection of the function f onto the subspace generated by the system of
functions {u; }},. Here and in what follows, (f,u;) = (277)_d/ f(x)u;(x)dx.

T

If F C Ly(T?), then the quantity

This work was supported by a grant from the Simons Foundation (SFI-PD-Ukraine-
00014586, A.Romanyuk, S.Yanchenko).
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dJ_ F,L ’]I‘d = inf sup
AJ( al )) {ui}M  CLo(TY) feF

M
f _ Z(fa uz)uz
1=1

Lg(T?)

is called the orthoprojection width (Fourier width) of the class F' in the space
Ly(T%). The width dg; (F, Ly(T%)) was introduced by Temlyakov in [7].
The following statements are true.

Theorem 1. Suppose thatd=1, 1 <p < oo, 1 <0 <00, andry > 0. Then
the following estimate holds

da (87 B(T), Byy) < M.

Theorem 2. Suppose that d > 2, 1 < p < 00, and 1 < 0 < oo. Then for
r1 > 0 the following estimate holds

dﬁ <S;70B(Td>7 Bl,l) < M~ (logu_l M)’I"l—}—l—% '

Unlike the one-dimensional case, in the many-dimensional case (d = 2),
the obtained estimates for the analyzed approximating characteristics of the
classes S;,QB(Td), 1 < 0 < oo, in the space By ; depend on the parameter 6.

The results of investigation of other approximating characteristics in Lebes-
gue subspaces (including B, 1, 1 < ¢ < oo and space of quasi-continuous
functions) can be found, in particular, in [3, 4, 5].
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ATTRACTORS FOR INFINITE-DIMENSIONAL IMPULSIVE
SYSTEMS

O0.V. KAPUSTYAN

Existence of a globally attracting set of a dynamical system provides infor-
mation about the long term behavior of the system which is rather valuable
for design of practical systems in the framework of mathematical systems
and control theory. The study of properties of this attracting set is of in-
terest for applications and is a challenging problem from the mathematical
viewpoint, especially in the case of nonlinear infinite dimensional systems. In
particular its stability and robustness properties need to be studied for any
practical system. It in known that in case of a finite dimensional system the
dissipativity guarantees the existence of a global attractor, that is a an in-
variant and globally attracting compact set. The existence of such a set in
the infinite dimensional case needs some additional conditions. It is known
that a dissipative continuous dynamical system possess a global attractor if
it is asymptotically compact. The global attractor has such important for
applications properties like stability and robustness.

However in some practical situations the dynamics is not always continuous
due to such effects as triggered events and other actions causing impulsive af-
fects. The foundations of the theory of systems with impulsive perturbations
were proposed in the works of outstanding mathematicians A.M. Samoilenko
and M.O. Perestyuk. Qualitative analysis of impulsive systems has been stud-
ied by many authors during last decades. One of the most important in ap-
plications (and the least studied) class of such systems is impulsive dynamical
systems (impulsive DS), i.e., autonomous systems whose trajectories undergo
impulsive perturbations at the moments of intersection of the trajectories with
a certain surface in the phase space. The main problem we face when we try
to expand the theory of global attractors to impulsive DS

d
d—?:Au—I—F(u), u e M,

Aulyers = Tu — u,
where Au(t) = u(t + 0) — u(t — 0), is the lack of continuous dependence on
the initial data. Our approach is based on the notion of uniform attractor,

This research was supported by NRFU project No. 2023.03/0074 “Infinite-dimensional
evolutionary equations with multivalued and stochastic dynamics”.
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commonly used for non-autonomous problems, in particular, for systems with
impulses at fixed moments of time.

Definition. A compact set © C H is called uniform attractor of DS V if
for every bounded B C H

dist(V (¢, B),©) — 0 as t — oo,

and © is minimal among all closed uniformly attracting sets.

Sufficient conditions for existence of uniform attractors and investigation
their properties for semilinear PDEs with impulsive perturbations are pro-
posed. In particular, we consider the following problem

% — Ay+ef(y), (t,z) € (0,00) x Q,

yloa =0
e > 0 is a small parameter, f is continuous and bounded.

(1)

0 p
M:{yzzci¢i€H|W:1,p ¢ 20, Z%Cizd}7 (2)
i=1 i=1
I: M — H is continuous such that for y = Zciwi eM
i=1
p 00 p
Iy E{ chm + Z b |[Vi=1,p ¢ >0, Zaic; = a(1l +,u)}. (3)
i=1 i=p+1 =1

Theorem 1 (M. Perestyuk, O. K., 2015). For sufficiently small € > 0 impul-
sive problem (1)-(3) generates impulsive DS V., which has uniform attractor
O, and

dist(0:,0) — 0 as € — 0.
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ACUMIITOTUYHI METOJM B TEOPII
JIN®EPEHIIIAJIBHO-AJITEBPAIYHIIX CUCTEM PIBHAHD

I1.o. CAMYCEHKO

Hudepenrnianbao-anaredpaiuni cucremu pisasiab (JIAC) iHTeHCHBHO IOCTI-
JKYI0ThCs BxKe 1oHak 50 pokiB. Hacammepe 1ie moB’si3aHO 3 YHCJIEHHUMU
3aCTOCYBAaHHAMU B MEXaHIIll, PaJioeIeKTPOHIIl, TeOpil eJIeKTPUIHAX KiJI, Oio-
JIoTil, eKOHOMIIIi, cortioJiorii. /[o TakuxX cucTeM IPUBOIATH 3aJ1a4i, B SIKUX OIIH-
CYETHCs JIMHAMIKA CUCTEMH B IIEBHUI MOMEHT YacCy 1 PO3B’SI3KU SIKUX ITOB’sI3aH1
JIETKUMU aJreOpaldHuMU CITiBBiTHOTITEHHAMU.

3 Teoperuvnol Toukn 30py po3B’si3ku JIAC MaroTh psia crenudivHIX BiIa-
CTUBOCTEM, sIKi He TPUTAMaHHI PO3B’d3KaM CUCTEM JTU(EPEHITIaTbHIX PIBHAHD.
Hampuknan, BizcyTHs HemepepBHa 3ajekKHicTh po3B’sizkiB JIAC Bia BximHmx
JaHnX, IpocTip po3s’sizkiB jixiitHOT JIAC MOXKe OyTn HECKIHUYEHHO BHUMIip-
HIM, II09aTKOBa 3ada4a 1Jis jiHiitHol JIAC Mmoxke MaTu HeCKIHUYEHHY KiJIbKICTh
PO3B’SI3KiB TOIIIO.

Y poboTi IIpoaHajizoBaHO aJITOPUTMU TOOYIOBU PO3B’sI3KiB Pi3HOMAHITHUX
sagad 1 JJAC, BKazaHO Ha IPUHIMIIOBI YCKIAIHEHHs, sIKi BUHUKAIOTH IIPU
peaJtizaril 3a3Hadenux ajaropurmis. Taxk, mas miniiinol JIAC 31 craanmu Koe-
dimieHTaM1 HaUOIIBIIN TPY/IHOIN BUKJINKAE BUMNAJOK CHHI'YJISPHOI B SI3KI Ma-
TPUIlb, OCKIJIBKU TIPUA ITbOMY, HAIIPUKJIAJL, JJI CYMICHOCTI JIIHIITHOI HEOTHOPI-
JTHOI CUCTEMHU Ha, HEOJIHOPITHICTH MOTPIOHO HAKJIACTH CIIeUivHI YMOBH, AKi
JI0O TOT'O 2K MalOTh He JIMIIEe ajaredbpaldHuii xapakTep.

[Tle GimbIme yekIIaaHIOETHCsS cuTyartis ajst Bunaaky JAC 31 sMiHHEMET KOe-
dinientamu. I1pn BUKOHAHHI JOCTATHBO KOPCTKUX YMOB TaKy CUCTEMY MOXKHA
POBIIENuTH Ha MBI cucTteMu — audepenIiaabHy Ta aaredpaidny (HaIpUKIIa,
BUKOPUCTOBYIOUM MOHSITTS 1HIEKCY cucTemu) abo 3BeCTH J0 IEeHTPaIbHOI Ka-
HOHIYHOI (bopmu. JIuime Imicjss bOTO BJIAETHCA 3’sCyBaTU CTPYKTYPY PyH-
JTaMeHTaJIbHOI Marpumi Biamosimaol JinitHOI JIAC i vy momajbIioMy HaBecTH
HeOOXi/THI Ta JOCTaTHI YMOBH CYMICHOCTI IOYATKOBOI 3a/1a4i, KpaitloBuUX 3aja4
TOIO. 3a3HaYeH] IIePEeTBOPEHHST MOXKJIMBI JIMIIE KOJIM II€BHI XapaKTePUCTUKHI
cucremu (iHJEKC, paHT MATPUIN [PU TOXIJIHUX, JOBKWHA YKOPJIAHOBOTO JIaH-
IIO’KKA) 30epiraloThCst Ha BCHOMY MPOMIXKKY Ji€ PO3IJISIAE€ThCS BiIIOBITHA
3a/1a4a.
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Csoro cnenmdiky Tako:K MaiOTh CHHIYJISIpHO 30ypeni 3amadi mia JTAC.
3okpema, JiiHiiHA ogHOpPiAHA cuHTYyIsapHO 30ypena JIAC y Bumaaky perysisap-
HOI B’SI3KM MaTpPHIlb Ma€ JABa THUIM ACUMITOTUYHHX PO3B’SI3KiB, dAKi BiIIO-
BI/IaIOTHh CKIHUYEHHUM Ta HECKIHUYEHHUM eJIeMEeHTapHUM JILIbHUKAM T'PAHUIHOL
B’si3Ku MaTpuilb. i po3B’si3ku OyIyIOTbCS, B3araji KaxKydH, 3a IPOOOBUMU
CTEIeHIMHU MaJIOTO TapaMeTpa, Kl BU3HAYAIOTHCSI CTPYKTYPOIO eJleMeHTap-
HUX JIUTBHUKIB Ta JIETKUMU CITIBBITHOIIIEHHAMN MiXK 30ypPIOBAJIbHUME KOedi-
IIEHTAMU CUCTEMMU.

VY BUIIQIKY CUHTYJISIPHOI B’SI3KW MAaTPUITh CUTYaIlisl IOKOPIHHO 3MIHIOETHCS 1
KPiM BU3HAYEHHS CTEIIEHIB MaJIOTO IapaMeTpa 3a SKUMU CJIiJT OylyBaTu acuM-
IITOTUYIHI PO3BUHEHHSI PO3B’3KiB CHCTEMU, IIOTPIOHO IIe 3 IIEBHUX aJredpai-
YHUX PIBHSIHb BU3HAYUTU TOJIOBHI WIEHW aCUMITOTHKH.

Heniuiitai cunrynspro 30ypeni JIAC iHTEHCHBHO HOCIIIKYIOTHCS TTPOTSI-
roMm octanHix 20 pokiB. ¥ 3araJibHOMy, aJJTOPUTMHU PO3B’sI3yBaHHs 3aJ1a4 JIJIsd
cunryiaspuo 30ypeaux JAC ckimamaroTbes 3 apox eramis. Ha meprmomy erarri,
BPaxoBYIOUH crenudiky 3a1a4i, Oy 1yeThes 11 (hopMaibHUE PO3B’I30K, HA JIPY-
rOMYy — JIOBOJIUTHCSI aCUMIITOTUYHUMN XapaKTep MO0y 0BAHOIO paHirie hop-
MaJIbHOI'O PO3B’s3Ky. 30Kpema, popMaibHUI PO3B’S30K MOYATKOBOI 3aadi
OY/Lye€TbCsI Y BUIJIsIJII CyMHU JIBOX PO3BUHEHb — PETYJIAPHOI Ta CUHTYJISIPHOT
JaCTUH aCUMITOTUKU. UJIeHU PeryssipHOl YaCTUHHU BU3HAYAIOTHCS 3 aJredpai-
YHUX CHCTEM, a 4JIeHN CUHTYIsIpHOl dacTuuan — 3 jmiHitaunx JIAC. 3aznaammo,
IO YJIEHW CUHTYJIAPHO] YaCTUHHU ACUMITOTHUKHN CYTTEBI B OKOJII IIEBHOI TOUYKU
Ta €KCIIOHEHIaJIbHO MPAMYIOTH JI0 HYJId MM03a MM OKOJIOM. HadaBHICTL cHH-
I'YJIsIpHOI YaCTUHU JIO3BOJISIE BPAXyBaTHU IIOYATKOBI YMOBHU, TOOTO (POPMAILHO
o0y /IyBaTH PO3B 30K 33 IaHOI ITOYATKOBOI 3a/1a4i.

Amnajoriynnii miaxig BUKOPUCTOBYETHCS IIPU PO3B’sI3yBaHHI KpailoBUX 3a-
a4 st cuaryssspao 30ypennx JIAC. Ipu mpomy 3a/1€2KHO Bi THITY KpaiioBUX
YMOB ITJIOUPAETHCST BUTJISLT CUHTYJIIPHOI YaCTUHUA aCUMIITOTUKH.

3ayBaXKnuMo, 1110 IIPHU JIOBEJIEHHI aCUMIITOTUIHOTO XapaKTepy M0OYI0BAHOTO
dOopMaIbHOIO PO3B’SA3KY CYTTEBO BUKOPUCTOBYIOTHCS PE3YIbTATH ACUMITTOTH-
qHOrO iHTerpyBanHs JiniitaIx JTAC.
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EXISTENCE, UNIQUENESS SOLUTION AND INVARIANT
MEASURE RESULTS FOR NEUTRAL FSDES IN HILBERT
SPACES

O.M. STANZHYTSKYI

We study the large time behaviour of the solutions of neutral type stochas-
tic functional-differential equations of the form

dlu(t) + g(ue)] = [Au+ f(ut)]dt + o(ut)dW () for ¢ > 0; (1)
u(t) = ¢(t),t € [=h,0), h > 0.

Here A is an infinitesimal generator of a strong continuous semigroup {S(¢),t >
0} of bounded linear operators in real separable Hilbert space H. The noise
W (t) is a Q-Wiener process on a separable Hilbert space K. For any h > 0
denote C}, := C([—h,0], H) to be a space of continuous H-valued functions
¢ : [—h,0] — H, equipped with the norm
Iellc, = suw (O,

te[—h,0]
where || -|| g stands for the norm in H. The functionals f and g map C} to H,
and o : Cj, — L9, where £ = £(Q'/?K, H) is the space of Hilbert-Schmidt
operators from Q'/?K to H. In our studies, the maps f and ¢ do not satisfy
the Lipschitz condition. Therefore, it is important for applications.

Finally, ¢ : [—h,0] x  — H is the initial condition, where (2, F, P) is the
probability space.

We study the existence and uniqueness of the solution to the initial prob-
lem without the Lipschitz condition. Then we establish the Markov and Feller
properties in the shift spaces for such equations, and using the compactness
approach we establish the existence of invariant measures in the shift spaces
for such equations. The obtained abstract results are applied to stochastic
partial differential equations of the reaction-diffusion type. The issue of ap-
proximate control of such equations is also studied.
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CEKIIIs 1
MaremaTuaHMii aHaJ i3 Ta 3aCTOCYBaHHSI
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ALTERNATING BINOMIAL SERIES AND RELATED
CATALAN AND HARMONIC IDENTITIES

K. ADEGOKE, R. FRONTCZAK, T. GOY

This work was motivated by a challenging and intriguing identity stated
without a formal proof by R. Sprugnoli in [1|]. We evaluate in closed form
several alternating infinite series whose denominators involve the binomial
coefficients (4") and (4"+2). In addition, we derive several related series

2n 2n+1
involving Catalan numbers and second-order odd harmonic numbers.

Theorem 1. For |z| < 4 and y = y(x) = —””24;16_4, the following series
identities hold:

-1 n—1
szn =8 (arctanh2 VY — arctan? \/g),

M]3

4n

= "G
i (-t . Ay -1) <arctan\/§ N arctanh \/g)

-— T — ,
= ) Y2+ 1 y+1 y—1
U o, 4 ( (y—1° 8y - 1)y2>

— T = — yarctan /vy
D N v e (e e e 1) Al

— > VY arctanh |/y.

(y+1)°  8(y+1)y?
N (@2 12T )

Theorem 2. For |z| < 4, the following series identities hold

o0
(=" 2n+1
g "7 = 4arctanh /y arctan \/y
4n+2 X )
n=0 <2n + 1)2 (2n+1)

i (—1) . 2./5(1 — 2 <arctanh\/§ N arctan \/§>,

X
— (2n+1)(3"12) 1+ 1+y 1—y
(D)™ g1 2y(1—9?)  (I+y)(1—y)(y* +4y+1)
—eaTTT = + VY arctan /y
nga (313 (1+92)? (1+42)3
(1—y)A+y)*(y* —4y+1)

Vy arctanh |/y.

T+
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As particular cases of Theorems 1 and 2, we have the following series:

i (b e U (VE+1+/2(/3+ 1) - Sarctan? [a_1

n=1 n2 ()
S ED T (8Y Yo (Va4 vE) - Vaaretan (YO V2,

> S (3) =5+ 5 m e v,

= (-9 4 227 4
= —+ — In (2 +v3).
nz_‘; i) 25 375v3 1253 0 (2+3)

Let C) = k}rl( ) denote the Catalan numbers, O,(f) = Z?:o —(2ji1)2 for
VIHI6o?-1

k > 0 the second-order odd harmonic numbers, and z = z(z) =

Theorem 3. For x € C with |z| < 1/4, the following series identities hold:

i( )+ 4n +1 0@ 2 _ arctan \/z + arctanh /z y
ins3 Om Ot = N
n=0 i
X (arctan2 vz — 4arctan /z arctanh v/z + arctanh® \/E> ,
i( o+ dn 4 3 0D L2n _ arctan \/z — arctanh \/z y
o Ap+5 2 24/225

X (arctan2 vz 4+ 4 arctan /z arctanh v/z + arctanh? \/Z) :
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BEST WEIGHTED APPROXIMATION OF
SOME KERNELS ON THE REAL AXIS

S.0. CHAICHENKO, V.V. SAVCHUK, A.L. SHYDLICH

We calculate the exact value and find the polynomial of the best weighted
polynomial approximation of kernels of the form

A+ Bt

IC)\,S(t7AvB> = (t2 i >\2)s+1’ (1)

where A and B are fixed complex numbers, A > 0, s € N, in the mean square
metric.

Let us note, for A = s = 0 and B = =, the kernel (1) coincides with

the Poisson kernel P(\) = %v;ﬂg as function of the variable A. A special
case of kernels (1) are integral kernels defined in the upper half-plane by the

well-known biharmonic Poisson integrals

A3 [ x
B(f;t; \) ::27/_@;% dzx.

which give the solution of the biharmonic equation

2 o2
2 2 _ I
VAVAU) =0, Vi= 55 + o5,

in the upper half-plane of the complex plane (A > 0) under the boundary
conditions

. , 0
)\li)%l_'_ U(xa A) - f(ﬂ?), Ali%l-i- 5(](%’, >‘) = 0.

Denote by P, 1 the set of all algebraic polynomials with complex coeffi-
cients of degree at most n — 1 and consider the quantity

: > A+ Bt 2 at 1/2
En(Kxs)2,p, == Inf (/ ‘(tQ Az —p(t)‘ —)|2>

pEPn 1 —00 ‘pn(t

of best weighted approximation of the kernel Ky s(¢, A, B) by all possible
polynomials from the set P, 1 in the mean square metric with the weight
m, pn(t) = po [1h_y(t —ax), where ay, = ag +1Bk, B, > 0, k =1,2,...,n,
and pg # 0 is a constant.
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Theorem 1. Let A, B be any fized real numbers, A > 0 and s € N. Then for
any n € N

4
g?%(ICX,S)ZPn = 2543 ZZ l+k GkGl7
(2A)2*F pn (X, @) | po? =

where pn, (N, a) = [[i_; [ai—l—(ﬁk—i-)\)ﬂ, a; =o;+if;, B; >0, =1,2,...,n,

s—k s+Jj isfkij (i)\.3 . )
Gr = Gr(Ma) = Y ) h ) (BAGlasl) i)

3=0

Similar extremal problems for the kernels (1) was solved: in the case of
s = 0 in [1] (see, also [2]), in the case of s =1 in [3].
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ON THE EXPONENTIAL STABILITY OF SOLUTIONS OF
DIFFERENTIAL EQUATIONS IN A BANACH SPACE

V.M. GORBACHUK, YU.V. SPIVAK

We consider the equation
y'(t) — Ay(t) =0, t € [0,00) (1)

where A is the generator of a Cy-semigroup of bounded linear operators
U(t),t > 0, on a Banach space 8.

By a weak solution of equation (1) we mean a vector function y(t) :
[0,00) — B, strongly continuous on [0, c0) and such that for any functional
F € D(A*), the scalar function F'(y(t)) is continuosuly differentiable on [0, 00)
and satisfies the equation

dF (y(t))
dt

As was shown [1] a vector function y(t) is a weak solution of (1) iff y(¢) can
be represented in the form

AT F(y(t)) = 0, t € [0, 00).

y(t) - U<t)f7 f€B.

Equation (1) is said to be :
1) asymtotically stable, if for any weak solution y(t),

ly(@)[| = 0, t = oo;

2) exponentially stable, if there exists w > 0 such that for any weak solution
y(t)
30, > 0: y(d)] < Cye.
In the case of dimB < oo both concepts coincide. This will, generally,
fall when dim*B = oo. For instance, if A < 0 is a self-adjoint operator on a
Hilbert space $), and 0 € o.(A) (0.(A) denotes the continuous spectrum of

an operator), then equation (1) is asymptotically, not exponentially, stable.
We give a criterion for the exponential stability of equation (1).

Theorem 1. Let A be the generator of a Cy-semigroup {U(t)}i>0 in B. If
the exists a continuous on [0,00) function vy(t) = 0,7(t) — 0 ast — oo and
such that

Je=c(y) > 0: ly@)] < ex(t),
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for every weak solution y(t) of equation (1), then equation (1) is exponentially
stabile.

As a consequence from this theorem, we can obtain the following result
(see [2]):

Corollary 1. Let ®(t),t > 0, be a monotonically increasing continuous func-
tion such that for any f € B

/0 T (U@ fl)dt < .

Then equation (1) is exponentially stable.
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ON DISCRETIZATION OF SOME EXTREMAL PROBLEMS

0.V. KOVALENKO

We solve two continuous extremal problems on the classes of monotone
functions: in the first problem we find extremal values for a line integral of
a coordinate-wise monotone function of two variables from a rearrangement-
invariant class of functions; in the second one we find extremal values for
the expectation of a random process with monotone trajectories at a random
time. In both cases we reduce the continuous problems to their discrete coun-
terparts. The obtained discrete problems are on the one hand interesting on
their own, and on the other hand give a natural explanation of the structure
of the extremal functions for the continuous problems.

Recall that for a measurable function f: F — R defined on a measurable
space (E, ) with a finite measure p, the function

my: [0,00) = [0, ], my(t) = pfe € B: | f(2)| > ¢}
is called the distribution function of f. The function
ry: [0,uE] = [0,00), 7 (t) = inf{s: my(s) < £}

is called the non-increasing rearrangement of f. A function f: [0,1]? — R
is called coordinate-wise non-decreasing, if it is non-decreasing with respect
to the partial order (x1,y1) = (72,y2) <= =1 < 22 and y; < yo. Let
m: [0,1] — [0,1] be an increasing bijection. Denote by M,, the class of
all measurable (with respect to the two-dimensional Lebesgue measure )
coordinate-wise non-decreasing functions f: [0,1]? — [0, 1] such that mz(t) >
1 —mf(t), t €0,1].

Theorem 1 ([1]). Let m: [0,1] — [0,1] be an increasing bijection. For each
continuous non-decreasing function t: [0,1] — [0,1] one has

fenﬂlﬁm/() F(#(s), ds—/ m=L(1(s) - s)ds.

A natural analogue of the class M,, for functions of two variables that are
monotone with respect to the partial order

(21,11) = (2,y2) <= 71 < x2 and y; = Yo,

can be defined as follows. Assume an atomless probability space {2, F, P}
is given. For a function m as above, let 91,, be the space of all measurable
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random processes {&;,t € [0,1]} defined on {Q2, F, P} such that
s<t = 0<&(w) <& (w) <1 for almost all w € Q,

and

Eu{t €[0,1]: & > s} > 1 —m(s) for all s € [0, 1],
where E denotes the expectation of a random variable, and p is the one-
dimensional Lebesgue measure.

Theorem 2 ([1]). Let m: [0,1] — [0,1] be an increasing bijection, and T be
a random variable on {2, F, P} that takes values in [0,1]. Then

1 1
inf E& = m~1 / rTsds)d.
R [ reteyis ) ay

If in addition m(t) =t for all t € [0,1], then one has

1
inf E{T:/ rr(s)sds.
0

gt Emm

Classes M,, and 91,, are examples of rearrangement-invariant classes,
which appear in many extremal problems of approximation theory. Note
that in the situation, when 7 is not constant, the extremal random process
for Theorem 2 that we construct in the proof can not be represented as a
product &;(w) = z(t) - n(w) of a function x: [0,1] — R and a random variable
n.

We illustrate the discretization approach for Theorem 1 in the partial case
when m(s) = s, s € [0,1] and t(s) = «, s € [0,1] for some fixed number
a € [0,1]. For large n € N divide the unit square [0, 1] into n? equal squares,
and approximate a function f € M,, by a coordinate-wise non-decreasing
piecewise-constant function f,: [0,1]? — =, = {#, %, cee Z—z} . The func-
tion f, can be identified with a bijection from {(i,j): 1 < i,j < n} to Z,.
If £ = k(n) is the number of the column that contains the set {a} x [0,1],
then 1 3" f, (k,v) is an approximation of the integral fol f(a, s)ds, and
we arrive at an extremal problem to find

n
min Y | fo (k,v)
v=1
over all non-decreasing bijections f,,.
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HIGHER-ORDER DERIVATIVES IN DIFFERENTIAL
CRYPTANALYSIS

A.V. LUTSENKO, A.I. RODIUK

Differential cryptanalysis remains one of the most powerful and widely used
methods for evaluating the security of modern block ciphers. This method
was originally proposed by Eli Biham and Adi Shamir [1] as an effective
chosen-plaintext attack against the Data Encryption Standard (DES), and
later became a fundamental tool for assessing the strength of modern block
ciphers.

However, as cryptographic algorithms become more complex, there is a
need to generalize the traditional approach and investigate higher-order deriva-
tives as a means of improving cipher robustness. Such generalization was
first systematically investigated by Xuejia Lai [2], who demonstrated the con-
nection between higher-order derivatives, differential probabilities, and linear
structures in cryptographic functions.

For a function y = f(x), the derivative of y at point a is defined as

Aaf(x) = f(z +a) = f(2).

The probability of the differential (a,b) of the function y = f(z) is called
the conditional probability that Ay = b if Az = a when z is uniformly
random. That is

P(Ay=b|Ax =a) = P(f(x+a) — f(x) =b) = P(A, =D).

The fact that many practical block ciphers are obtained by iterating a cryp-
tographically weak round function is the basis for the success of differential
cryptanalysis. If the input difference to the last round (Ax) can be predicted
with high probability, then usually a pair of outputs (y,y*) and the input
difference Axq are sufficient to obtain the secret key used in the last round.

The basic idea of differential cryptanalysis can be generalized to the case
where more than two inputs are used simultaneously to obtain the secret key,
using higher-order derivatives.

For a function y = f(x), the i-th (i > 0) derivative of the y at (a1, as, ..., a;)
is defined as

Agbil),...,ai f(x) - Aai (Agi_’}iai_l f(x))’

where A(gil_f_),ai_lf(x) — the (i — 1)-th derivative of the y at (a1, az,...,a;_1).
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It should be noted that for the computation of higher-order derivatives,
the input differences (aq,as, ..., a;) must be linearly independent. Otherwise,
the resulting derivative becomes trivial (equal to zero), and such cases are of
no cryptanalytic interest.

Proposition 1. If a (nontrivial) i-th derivative of (r — 1) round function
takes on a value with high probability, then it is possible to derive the key for
the last round from the known 2° outputs and from the anticipated derivative
value.

Preliminary studies indicated that higher-order differential cryptanalysis
may not always be more powerful than the first-order one; however it provides
a new way to measure cryptographic strength.

A function y = f(x) is said to have a linear structure if there exists a
nonzero a such that f(z + a) — f(x) remains invariant for all z. It is evident
that the function y = f(z) has a linear structure if and only if it has a
differential of probability one.

The connection between the concepts of differential, linear structure, and
derivatives implies a new principle for designing cryptographic functions.

Proposition 2. For any small i, the nontrivial i-th derivatives of the function
must take on all possible values roughly uniformly.

Thus, higher-order derivatives provide a generalized framework for evaluat-
ing the strength of cryptographic transformations. They reveal new relation-
ships between the concepts of differential probability, linearity, and uniformity
that are crucial for cryptographic design.

Future research may focus on the practical evaluation of high-order differen-
tial properties in specific block ciphers and on developing of design strategies
that ensure uniform distribution of derivatives, thereby increasing resistance
to both classical and high-order differential attacks.
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EXACT VALUES OF BEST APPROXIMATIONS FOR
CLASSES OF DIFFERENTIABLE FUNCTIONS BY SPLINES
OF DEFICIENCY 2

N.V. PARFINOVYCH, A.A. SELIVANOV

Let L, (1 < p < o0) be the space of measurable functions f: R — R with
norm ||-||,,. For M, H C L, the quantity

E(M,H), = inf —
(M, 1)y = sup inf || = ul,

we will call the best approximation of class M by set H in L.

By W, (r € N) we will denote the class of functions f € L,, such that
fr=1) is locally absolutely continuous and Hf(”)Hp < 1. By Sk (6,h) we
will denote the set of polynomial splines of degree not greater than m with

deficiency k and knots 6 + jh, j € Z.
In [1] it was proved, that for all # e R,h > 0,r € NNm € Z,m > r — 1:

EW!, S (0,h)N L) = K, <ﬁ> :
s

where K, are Favard constants.
We obtained the following theorem:

Theorem 1. For0 e R.h >0,re NNmeNm=>r:
h T
EW!,S2(0,h)N L) = K, (—) :
27
Theorem 1 is an analog of result [2] about approximation for classes of
differentiable functions by splines of deficiency 2 in periodic case.
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ORDERS OF THE BEST SPARSE TRIGONOMETRIC
APPROXIMATIONS OF THE NIKOL’SKII-BESOV
FUNCTION CLASSES IN THE LEBESGUE SUBSPACES

K.V. POZHARSKA, A.S. ROMANYUK

We will discuss our recent results on the order estimates for the best m-
term (sparse) trigonometric approximations of Nikol’skii-Besov classes BJ 4
(see, e.g., [1, 2]) of periodic multivariate functions of mixed smoothness in the
Sspace Bq71 for the case 2 < p < ¢ < 0.

The space By 1 is a so-called “zero” Besov space with the norm that is not
weaker than the respective Lg,-norm (see [3]). An interest in investigating
errors of approximation in such a special norm is the fact that in some situa-
tions the question on the orders of respective characteristics in the L,-space
remains open, whereas one can get corresponding estimates in the B, j-norm.

Let X be a normed space with the norm || - ||x and O,, := {kl, k™)

be a set of vectors k’ € Z4, cj be arbitrary complex numbers, j = 1,...,m.
We consider trigonometric polynomials of the form

P(On) :=P(Op,x) = >  cpe'®®

kco,,

and for the function f € X introduce the quantity
em(f) = inf inf [|f — P(Om)l|x-
If FF C X is a function class, then we set

em(F)X = supem(f)X. (1)
fEF
The approximation characteristic (1) is called the best m-term trigonomet-
ric approximation of the class I’ in the space X. The quantity e,,(f)r,r) for
functions of one variable was introduced by S.B. Stechkin [4].
Further we assume that » = (ry,...,74) € R%, where the coordinates are
ordered such that 0 < ry =ro =--- =1, < 7,31 < ... < rqg. The following
statement holds:

Theorem. Letd > 2,2 <p<q<oo,1<0<o0. Then forry > 1/2 the
following relation holds:

em( ;,0)3 — m " (logy—l m)rl—i—l—l/O.

q,1
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Note that the respective result for the univariate classes of fucntions (d = 1)
was earlier obtained in the paper [5].

Comparing the estimates in the B, j-norm with corresponding results for
the L,-norm [6], we conclude that in the case d = 1 it holds for r1 > 1/2,
2<p<qg<oo, 1< < o0, that

T N T — —
em(Byg), < em(Bylg) . <m "

In the case d > 2 the situation is different. Namely, the orders of the best
m-term trigonometric approximations of the class B , in the spaces By,1 and
L, for the considered parameter region coincide only for v = 1. For v > 1 we
have that in the case r1 > 1/2, 2 < p < ¢ < 00, 1 < 0 < oo the following
relation holds:

~1
em( ;’g)B%1 = eém (B;ﬁ)Lq (logV m)1/2.
Besides, in the multivariate case (in contrast to the univariate) estimates

of the quantities em( b 9) B. . depend on the parameter 6.
’ q,
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GENERALIZATION OF THE SCHWARZ-PICK INEQUALITY
AND ITS APPLICATIONS TO THE EXTREMAL PROBLEMS
OF APPROXIMATION OF HOLOMORPHIC FUNCTIONS

V.V. SAVCHUK, M.V. SAVCHUK

The talk is devoted to a generalization of the well-known Schwarz—Pick
inequality for bounded holomorphic functions, with an emphasis on its appli-
cation to extremal problems in approximation theory.

Let H*° denote the space of bounded holomorphic functions in D := {z €
C : |z| < 1} equipped with the norm || f|| = sup,cp |f(2)].

For a function f(z) = 3.5 cxz® € H*, denote by S, (f)(2) = Sop—y crz,
n € N, (So(f) = 0), the n-partial sum of f. Let P, be the set of all poly-
nomials of degree at most n — 1 in the case of n € N, and the empty set for
n = 0.

Theorem 1. Suppose that f € H*, n € Z,, and z € . Then for any
polynomial P, € P,, such that P, Z f and any p > 0, the following inequality

holds:
F-SuDEY|_ 1 e~ P
'( )<l - (-2 ),

zn
For given P, € Py, n € Z4, and z € D, equality is attained if and only if
p €10,1] and

tn 1t—z —a
“tz
f(t) = Pu(t) + Cl—tﬁ7
1-tz
where a,c € C, |a] = p, and |c| > 0.
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APPROXIMATION BY LAGRANGE INTERPOLATION
POLYNOMIALS ON THE CLASSES OF CONVOLUTIONS

A.S. SERDYUK, T.A. STEPANIUK

Denote by C’gl (see, e.g., [1]) the set of 2r—periodic functions, which for
all x € R can be represented as convolutions of the form

a 1 [7
f(z) = 70 + %/ Ug(x —t)p(t)dt, ap €R, |l¢|l, <1, o L1, (1)

with the generating kernel g of the form

Wa(t) = 3 (k) cos (kt — O0), w(k) >0, B R
k=1

such that

> (k) < 0.

k=1

We study approximation properties of the sets Cg,p where we use as
approximation aggregate the classical interpolation trigonometric Lagrange
polynomials, which are defined by odd number of uniformly distributed inter-
polation nodes.

For arbitrary function f(z) from C by Sn_1(f;x), n € N, we will denote
the trigonometric polynomial of the order n — 1, which interpolates f(z) in

the nodes x;n_l) = 22’“_”1, k € Z, namely, such that

gn_l(f;mén_l)) = f(x,in_l)), k=0,1,...,2n — 2.

The polynomial gn_l( f;-) is called as Lagrange interpolation polynomial.
Denote by p,,(f;x) the deviation of the function f € C from its interpola-
tion Lagrange polynomial S,,_1(f;x)

ﬁn(fax) = f(gj) - gn—l(f;x)'
and also denote
En(Chyim) = sup |pn(fiz)], z€ER.
fecgl

The following theorem takes place [2].
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Theorem 1. Let > - ki(k) < oo, ¢(k) 20, k=1,2,..., B€R andn € N.
Then, for all x € R the following equality holds

2 lgin 221 (Zw +%ka(k+n)>. 2)
k=1

5 (Cﬁ 55T) ==
In (2) the quantity © = O(n;; B;x) is such that — (1 +7) < © < 1.

sin
T

The following corollaries take place.

Corollary 1. Let ¢(k) = (k+2)"n(k+2) 'L =12 .., B € R and n € N.
Then for all z € R as n — oo the following asymptotic equality holds

E(CYyi) = 2[sin 2L alw(n) (1+ 00 ).

sin

o
ln In(n + 2)

Corollary 2. Let (k) = e~ n*(k+1) f =1,2,.., 3 € R and n € N. Then
for all x € R as n — oo the following asymptotz'c equality holds

! Sin2n_1 ”)(1+0(1);).

c (YL —
EnlCpaiw) = 7r ln (n+1 In(n+1)

Corollary 3. Let ¥(k) = ¢~ T(iFD) ,k=1,2,..., B €R and n € N. Then for
all z € R as n — oo the followz'ng asymptotic equality holds

5(0;/’1;):% 2” ‘w in(n +2)(1+0(1)

sin

In(n + 2) )
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ON THE BEST M-TERM TRIGONOMETRIC
APPROXIMATIONS OF STEPANETS CLASSES OF
FUNCTIONS OF MANY VARIABLES

O.L. SHVAI, K.V. POZHARSKA

In the talk, we will make an overview of results on the order estimates
for the quantity of the best m-term (sparse) trigonometric approximation of
Stepanets classes of functions of many variables with bounded generalized
derivatives in the Lebesque spaces [1].

The best m-term trigonometric approximation of a function f € L is a
quantity e,,(f), that measures how good w.r.t. the norm of the Lebesque
space L, can this function be approximated by trigonometric polynomials
having m harmonics, i.e.,

s . . i(k,x)
em(f)q: 1&1“%9115”]‘ kz@ CLE

q7
where ©,, is a set of m arbitrary vectors k € Z%, (k,x) = kyxy + - -+ + kqzq,
¢ € C. For a class of functions ' C L one defines

em(F)q i= sup em(f)q-
fer

We investigate Stepanets classes F' = Lz’ o 2] of 27m-periodic multivariate

functions that, for a special choice of sequences ¥ which define smoothness of
functions, coincide with the well-known Sobolev (Weyl-Nagy) classes W .
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MATRIX-GRAPHIC SIMULATION OF SOCIAL NETWORK
WITH EXTERNAL IMPACT: ERGODIC PROPERTIES

I. YA. SPECTORSKY, V. M. STATKEVYCH, O. V. STUS

Social network analysis is now one of most important methods for scientific
investigation in sociology, social psychology and other areas (see, e.g., [1, 2]).
A social network is defined by impact of network elements on other ones. For a
social network simulating a lot of different toolkits can be used: graph theory
methods [3], matrix analysis [1] etc. Usually, a social network is not a static
structure. Behaviour of social networks are now intensively investigated, and
steady states are of a special interest (see, e.g., [3]). In [4] certain sufficient
conditions for social network ergodicity were obtained, using matrix and graph
methods of network representation.

The purpose of this work is to extend the main results of [4] on networks
with external impact.

Let the social network (hereinafter is referred to as the network) contain
nm elements, arranged in n rows and m columns (n, m € N1), position of each
element is defined by a pair (i,7) € , where Q@ = {1,2,...,n} x {1,2,...,m}
is the set (area) of coordinates of network elements.

The current state of the element (7, j) € €2 is defined by a number A; ;(¢) €
[0, 1], hereinafter ¢ € Ny = NU {0} denotes discrete time. Therefore, the cur-
rent state of the network can be represented as a matrix A(t) € My, «m[0,1] -
matrix of dimension n x m with elements 4, ;(t) € [0,1] ((,7) € Q).

Let B C 92 be the bound of the coordinate area €2, whose element states are
described by the boundary condition matrix A of dimension n X m, assuming
A; ; =0 for all (7,j) € @\ B. Elements (i,7) € Q\ B are called internal.

Network dynamics is simulated by a linear impact operator 7" : M,, s [R] —
M, «m|[R]. The operator T' is considered as 4-dimensional n X m X n X m array
with elements from R, its action on a matrix X € M, [R] is defined point-

wise:
n m
(TX)i,; = E : E T 5 k1 Xkl
k=1 =1

each element T; ; 1 ; defines impact of the state of the network element (k,1)
on the state of the network element (4, 7).

1Hereinafter N = {1,2,...,400} denotes the set of positive integer.
Q’Q’ and 'C’ are used for strict inclusion and non-strict inclusion respectively.
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Assume for normalization reasons that
® \V/i,j, k,l . Tz‘,j,k:,l 2 0;
o V(i,j) €Q\B: 31 >0 Tijkea = 1.
Since the states of elements on the bound B are defined by the matrix A,
assume that T; ;. ; = 0 for all (¢,5) € B, (k,1) € Q.

The operator T' can be visualized as a labelled directed impact graph G
with vertices corresponding to elements (7, j) € 2: a directed edge leads from
the vertex (k, 1) to the vertex (4, j) if and only if T; ; . ; > 0, this edge is labelled
by the number T; ; 1. ;. Note that the operator T' in fact defines an adjacency
matrix of the graph G, deployed in 4-dimensional array for convenience.

Define the network state A(t + 1) by the network state A(t) via equation

A(t+1) = (1—~)TA(t) + A+ +F,

where F' € M, x.»[0,1] and v € [0, 1] define external impact on the network,
assuming F; ; = 0 for all (¢, ) € B.

Theorem 1. Let v € (0,1]. Then there exists A € Myxm[0,1] such that A(t)

A

converges linearly to A ast — +oo in the norm
[ X oo = max 1 Xi ], (X € Myxm[R]).

Isisn,l<jsm

Remark. Theorem 1 remains valid also in the case v = 0 (no external impact),
provided that the impact graph G is strong connective and reflexive; in detail
it is described in [4].
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

POBACTHUI IIJIXIT 10 PO3B’IBAHHA MATPUYHUX
ITOP 3 HEBU3HAYEHOCTAMMN

I.B. AJIEGKCEEBA, {d.M. CATUP

Ha mrportec npuitHATTS pilieHHsT CYTTEBO BIIJIMBAE HEBU3HAUYEHICTH CUTYAIIi],
B sIKiii IIe pillleHHsI NpUiiMa€eThCsl, 1 HeTOYHICTh Janux. Ha mpakTuili yacTo BH-
SIBJIIETHCS, 110 HABITH HEBEJIUKI 30ypeHHs B JaHUX POOJIATH PO3B’I30K OIITHU-
MizaliifiHol 3a/1a49i He JIUIle He ONTUMAJIbHAM, & HaBiTh HejgomycTuMuM. O 1HIM
3 MiAXOMIB, SIKUU JI03BOJISI€ 3HANTU ONTUMAJILHUI PO3B’I30K IIPU HETOYHOCTI
JaHuX, € pobacrHa onrumizaris [1], [2].

Pozriisinemo mMaTpudHy rpy, sIka OINUCYE€ aHTAIOHICTUIHUN KOHMJIKT JIBOX
IPaBIliB, KOXKEH 3 IKUX MAa€ CKIHYEeHHY KIJIBbKICTh CTpaTeTi.

Hexait A = (a;;) € R™*", i e [ = {1,....m},57 € J ={1,...,n} —
mwiari>kaa Marpuig rpu. llepmmit rpaBenps Bubupae crparerito © € A, =
{x > 0,171 = 1}, a nIpyruit — crparerio y € A,, = {y > 0,11y = 1}.

Touka piBHOBaru B rpi — Iie Iapa cTpaTeriii:

z* = arg max min z? Ay, y* = arg min max z! Ay.
TEA, YEA, YEA, TEA,,

Biamosigno go teopemu /Ixxona ¢dpou Heiimarna

max min z? Ay = min max z7 Ay.
TEA, YEA, YEA, TEA,,

PosB’a3anng MaTpudHOI T'PU MOKHA 3BECTH JI0 PO3B’ I3aHHS IMAPU JIBOICTUX
33184 JIHIHHOTO ITpOorpaMyBaHHSI:

max v min w

x,v Yy, w

s.t. ATz > 01, s.t. Ay < wl,y,
172=1, 2>0, Ly=1,y>0,

ne 15,1 € {m,n} — BekTOp po3MipHOCTI [, yci KOOPJMHATHU SIKOTO JOPIBHIOIOTH
OJTTHUILI.

Y 3BuvaiiHiii MATPUYHINA I'pi eleMeHTH a;; MaTpuii Burpamis A Bimowmi
HarepeZl. Ajle B peaJIbHUX CHTYyaIlissX MaTpuild A MoxKe MIiCTHUTH ITOMUJIKH,
BHUITaIKOBI a00 cy0’ekTuBHI gaHi. ToMmy 3amicTs MaTpuii A OyaeMo po3risaari
MHOXKHHY MaTpuip A (&),€ € U, ne U — MHOXKWHA HEBU3HAYEHOCTI.

Pobactao momyctumuii po3B’si30K HMOBUHEH 3a0BOJILHSITH YCIM OOMEXKEeH-
HAM 3aJ1ad4l JJIT yCiX MOXKJIUBUX MATPUITh A 3 MHOXKUHY HeBU3HAYEHOCTI U
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Pobacraa piBHOBara — 1ie Habip cTpaTeriit /i KOXKHOI'O I'DaBIis, siKi Ta-
PaHTYIOTh HaWKpaIuii pe3yabTaT y HaAUTIPIITOMYy BUNAJIKY:

z* = arg max min min 7 A — arg min max max xL A )
ga:eA £€U yeA,, &)y, v & YEA, E€U zEA,, &)y

PosB’sa30K pobacTHOI 3312491 3aJI€2KUTH BiJ reoMeTpil MHOXKMHI HeBU3HAUE-
HOCTI.

[Tozrauumo depe3 J; MHOXKUHY iHAEKCIB ¢-TO PSJKa, JJsd SIKUX BiJINOBIIHI
eJeMeHTH MaTPHIIl A MaloTh HEBU3HAYEHOCTI.

Tonl xoxkeH enemeHnT a;;, j € J; MaTpHIll A MoxkHA 3amucaTH K a;; =
aij + &ijai;, &; € [—1;1], me a;; > 0 — 30ypeHHs eleMeHTy a;; HOMiHAILHOL
MaTpuii A.

B po6oti [3] posriisiayTo po3B’si30K 3a1a4i JIHITHOrO MporpaMyBaHHsI st
IIPSIMOKYTHOI, €JIIICOITaJ bHOI 1 TToJTieIpalbHOl MHOYKIUH HeBU3HaYeHOCTi. Po3-
IJITHEMO O0JIACTh HEBU3HAYEHOCTI, IO € MEPETUHOM IPAMOKYTHOI 1 €JIICcoi-

nabHol obmacreit: U = € [30& < e2&] < p, p<e<p/|Ji|,Vi€ iy,
J
ne |J;| — noryxuicts MHOXKUHA J;. OTpUMaEMO mapy JBOICTHX 3aJad:
max v

Zaij:ci — ,OZ(AZW ‘SCZ — Zij‘ — & ZCAZ?]Z?J = v, VJ
1 % \/ 1

in = 1, XLy = O,\V/i,
1

min w

Zaijyj+pz&ij ‘yj—Zij|—|-€ /Za <w, V1
J J

J

BayBakuMo, 10 pobACTHHUIl aHaJIOr I'PU 3 HYJBOBOIO CYMOIO 3 HEBU3HAUe-
HICTIO B2Ke He OyJie Tpoio 3 (piKCOBAHOIO CYMOIO, OCKIJIbKM HAMTipIi ciieHapil
JIJIs KOYKHOTO TPaBIsi MOXKYTh He 30irarucs [2].
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

(k +1)-JIATOHAJIBHI MATPHIII TA IX 3B’SI30K 3
IIOBOPOTHIMMMU IIOCJIILIOBHOCTSIMMU k-IT'O IIOPIJIKY

A.C. AJIEKCAH/IPOBA, B.O. BUINH, O.I0. KOJIECOB

AKI110 TOBOPOTHA, MTOCJIIOBHICTD k-TO TOPSIIKY 33/I1aHa CBOIM PEKYPEHTHUM
CITIBBIJTHOITIEHHAM T, = szl ap Ty,—p, TO BUHUKAE HEOOXIIHICTD J1JId 3Py vHO-
CT1 004HnCJIeHb 200 BUBYCHHS BJIACTUBOCTEN €JIEMEHTIB JIaHOI IIOCJIIIOBHOCTI Ta
IHIIX 33,129 3HANTH aJbTePHATUBHUN METOJ BHU3HAYEHHsI 3araJIbHOI0 YJIEHA
Z,. e abo anajgiTuana dpopmysia tuiy dpopmynn Bine, abo BupakeHHsi uepe3
OiHomiabHI KOedilieHTn, KOHTUHYAHTH, MATPUIL 1 T. . Y JdaHiit podoTi jisd
1poro posrysinemo (k + 1)-giaronanbai marpuri tumy Tertina—TeccenGepra.

Pozrisitmemo matpurio A, (ag;aq, as, ..., ar) Ta obuucanMo 11 BU3HATHUK
METOJ0M PEKYPCHUBHUX CIIIBBIAHOIIEHL. MaeMo, po3KIa/Ialo9n IMTOKPOKOBO 34
eJleMeHTaMH TEPIITOr0 CTOBITYNKA,

ay az as ag 0 .. 0 0
ag a1 as ar—1 ap ... 0 O
A, = det A, (ag,aq,...a) = 0 ao “1 k-2 Ak-1 .- O 0

0 0 0 0 0 ay az
0 0 0 0 0 agp aln

Gz a3 a4 ag 0 0 0

ap ap as Akp—2 Gg—1 0 O

0 ay a Akp_3 Q_ 0 0

=@ ln-1—ao| " 0T T
0 0 0 0 0 a; az
0O 0 O 0 0 ap ai|, 4

=a1\,_1 — ag aaN,—o + a(Q) a3\, _3 — ag asNy_a + ...t
+ (=D 2af 2 ap A1 F (=D el e Ak =
k
= (_1)p_1ag_1apAn—p-

p=1

k
A6o, gximo ag = —1, o A, =det A,(—1;a1,az,...,a;) = szl ap A p_yp.
Jlna obuucaennsa A\, CKIaJIeMO XapaKTepUCTUIHe PDIBHAHHSA

No— g N g\ ap_1\ — ap = 0.
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BHaiiieM0 KOpeHI IILOTO MHOIOYJIEHA A1, A9, ..., A Ta 3amumemMo A, =
CiA + CoAG + -+ + Cp A, ne koucrantu Cy,Cy, ..., C) 3HaX0QUMO i3 110-
qaTKOBUX YMOB A1, Ao, ..., Ag.

BiamiTumo Terep, mo AJist BiAIOBIIHOI IIOBOPOTHOI IIOCJIIOBHOCTI k-T'0O II0-
PSOKY 3 &, = Z’;Zl ApLy—p = Z];:1 aplAy,_p TA Y3TOIZKEHUMHU ITOYATKOBIMI
ymoBamMu 1 = Aq,xo = Ao, ..., T = Ak, aJTOPUTM Jifl 7151 3HAXOIZKEHHSI
Ty Ta A, imenTnanunii. Tomy poOMMO BHCHOBOK, IO

x, = det A, (—1;a1,as9,...,a%),

TOOTO Ma€EMO IIyKaHe MPeJICTABIECHHS 3araJJbHOTO YJIeHa BiJIIIOBIIHOI ITOBOPO-
THOI TIOCJITIOBHOCT] y Bursai BusHadHuka (k + 1)-mgiaroHaabHOT MATPHIIL.

Ipuknan 1. Ilpu a1 = 2,02 = —2, maemo x4+ = 2, — 2Tp_1, 3 . Y.
o= 1,21 = 2. Tomi {z,} = {1,2,2,0,—4,..}; > =2A+2=0; A1 2 = 1 £,
Ci+Cy = 1,

Tp = CL AT+ CoAE = Oy (144)"+Co(1—0)™, e : :
1N\ 27N\ 1( ) 2( ) A Cl(l+z)+c2(1_z):2,

Tp = (1+4)" 1+ (1 —49)" 1 = (v/2)"* cos @? r, =det A,(—1,2,-2).

IIpuknazng 2. Posrisinemo det A, (—1,4,1,—16,12).

BignosizHa 1oc/IiIoBHICTS 3a/aHa TAKUM PEKYPEHTHUM CIIiBBITHOIIIEHHSIM:
Tpy1 = 4T +Tp_1—162,_o+122,_3. Xapakrepucruane pisaanms: A\* —4\3 —
A24+16A—12 = (A—=1)(A2—4)(A=3) =0, A\;_4 = {1; —2;2; 3}. IlocainosHicTsb
xn, = {0,0,0,1,4,17,56,189,...}, x, = C1 + Co(—2)" + C32™ + C43", ne
Cl = %,02 = _6_1()’03 = i,C’4 = %, TOOTO Ty — %— %(—2)” — i?n +
1—103". Takum amHOM, MaeEMO POPMYITy 3araJilbHOTO “WIeHA TPU N > 1t Typy3 =
det A, (—1,4,1,-16,12).
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

OPTOIIONIEPEYHUKU KJIACIB IIEPIOINYHNX ®YHKIIIN
BATATHOX 3MIHHUX V3ATAJIBHEHOI MIITIAHOI
TJIAIKOCTI

C.B. TEMBAPCBHKA

Pozrisgmarorbest opToOnonepevHuKy KJIaciB B;?,e [1] nepiogumunux dyHKIii
onuiel Ta Gararbox 3minnux y mpoctopi B, (#uB., Hampukiazn, [2]), HopMa
B AKOMY € CHJIbHIINOIO, HiK Lg,-nopma. Hamami ) — dbynkmia Ttumy momysia
HermepepBHOCTI NopsisKy [, sika 3a/0BoJbHsIe yMoBu bapi-Creukina (S¢) Ta
(S1) [3], 1 mrst meBHOT byHKIIT §2 KIacu B]?’g 30iraloTbCs 3 BIJIOMUMU KJIaCAMU
Hikonscokoro-becosa B 4.

O3HAYNMO AIIPOKCUMATUBHY XapaKTEPUCTHUKY, KA HAMU JOCJIIIKYETHCS.

Hexait {u;}™, — oproHopmoBana y 1poctopi Lo(T?), T? := H?Zl 0, 27),
cucrema byt u; € Loo(T?), i = 1,m. Koxuiit byukiii f € L,(T?),
1 < ¢ < o, HOdCTaBI/IMO y Biamosigmicts arperar surmsimy » .o (f, ui)u, ge
(f,u;) = (2m)~ de f(z)u;(x)dx.

dxmo F C L,(T?), To Besmramnna

dnL@(F7 Lq) = lIlf sSup ”f Z f7 Us ul”q

{ui}il €Loo(T?) feF

Ha3WBAETHCS OPTOIONEPETHNKOM KJtacy F'y mpoctopi Lq(Td).
Oprononepeunuxk d-(F, L,) Beejenuit B pobori [4].
Hasenemo orpumani pe3yibTaTu.
Teopema 1. Hexatid > 2,1 <qg<p<oo,1 <0< o00,afdt)= w(H?zl ti),
de w(T) 3adosoarvnac ymosy (S*) 3 deaxum o« > 0 i ymosy (S;). Todi dan
6Yy0v-5K0i nocaidosrocmi m = (Mg, )°0 | HAMYPAALHUT YucCes MAKOL, wo m <
2"nd=1 cnpasedause cnissidnowernts

di(BSg, By1) < w(27")n(=D0=9), (1)

Sayeaorcenns 1. TlopiBagBmu (1) 3 BiAMOBIIHOIO OIIHKOK OPTOMOMEPETHIKA

d: (Blgze, L,) |1], 6aaumo, 110, 33 BUHATKOM Bumajaxky # = 1, ouinku opToro-

IIEPEeYHNKIB KJIACIB BQQ y npocropax By 11 L, € PI3HEMH 32 IOPAJIKOM.

[ama cuTyariss criocTepira€Tbes B OHOBUMIPHOMY BUITAIKY.
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Teopema 2. Hexatid=1,1<qg<p<oo,1 <0< 00, aw(T) 3adogosvrsc
ymosy (S*) 3 deaxum a > 0 G ymosy (S;). Todi cnpasedarusa ouinka

din (B9, By,1) < w(m™). (2)

p,0>

. . J_ w
Baysasicenna 2. 3icrapusimm (2) 3 oninkoio oprononepeunuka dy, (B g, Lq)
[1], 3HAXOMMMO, IO BUKOHYIOTHCS CITIBBITHONITEHHST

dy(Byg, Bq1) = diyy(By g, Lg) < w(m™).
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

IIPO JOBYTKU KOH®OPMHUX PAIIVCIB OBJIACTEN
BIZIHOCHO TOYOK AJEAKOI'O BIZIPISKA

I.B. JEHET'A

Hexait dyukmis f(z), peryasipaa B kpy3i U = {z : |z| < 1}, ogHOMHCTO
Bimo6pazkae manmii Kpyr Ha obmacts B C C tak, mo f(0) = a, ne a € B i
a # oo. Besmunna |f'(0)| HasuBaeThest kondgopMHUM pajiiycom obacti B B
TOYII .

Qymukriero ['pina gp(z, a) obmacti B 3 mosocoMm B cKindenHiit Touri a € B
HA3MBAETHCS JificHa (DYHKIIiS, TADMOHIYHA TI0 2 B B\a, sKa IpsiMye /10 HyJId,
KOJIA Z IPAMYE JI0 MexXKi B, 1 /I K01 B JIeAKOMY OKOJII TOYKHU ¢ ITPABUILHUI
ACUMIITOTUYHUN PO3KJIA]]

gB(z,a) = —In|z —al+~v+0o(1), z—a.
Js1 nosinabrOT obaacti B C C dbyuxuis I'pina BU3HAYAETHCS SIK TPAHUI
gB(z,a) = lim gp (z,a),
n— 00

e {B,}5°,; — BudepnyBanHst obiacti B obiacTsMu, MO MAOTh KJIACHIHY
dyukmito ['pina, To6T0o B,, C B,11,a € By i U> By, = B. fxkmo ng rpanung
JIOPIBHIOE HECKIHYEHHOCTI, TO FOBOPSITH, 1110 00J1acTh B He Mae dyHKIl ['piHa.

BuyTpimnim pajiycom r( B, a) obiacti B BiIHOCHO CKiHYEHHOI TOYKH ¢ Ha-
3UBAETHCA BeJIMInHA €7 .

Hexait dbynkmis f perynsipaa B kpysi U = {z : |z]| < 1} i npuiimae Tam
3HaYEeHHd w, 110 HaJexKaThb objacTi D, gka Ma€ B To4Ill a € [ BHYTpimHii
pagiyc r(D,a). dxmo f(0) = a, To cupasejymBa HepiBHicTh (Xeiimana) [1]:

1f'(0)] < (D, a). (1)

Pisuicts B (1) mocsiraerbest Toi, kou f Bimobpazkae kpyr U koH(MOPMHO i
osHOIMCTO Ha D.

B po6orti [2| chopmyboBaHo Taky mpobJiemy.

IIpo6aema. 3HaiiTn MAKCUMyM JTOOYTKY

[17(Dr ar) (2)
k=1

71 B3a€MHO HemepermHHuX obmacteit Dp C C i Touok ap € Dy N [—1,1],
k=1,...,n,n>4.
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Hacrymra Teopema jae ormiaky mo0yTKy (2) st obsiacreit By i Touok ay,
dAK1 HaJIe’KaTh JeAKOMY 1HTePBaJLy.

Teopema 1. [3| Hexatin € N, n > 5,1 ={z: 2 = zg+te"¥°} — deaxa npama,

a1 = 2o, Gn = 29 + pe’?o, de p — deaxe dodammne diticne wucao. Todi drs
dosinvrozo nabopy movwok {ar}, k = 2,n — 1, inmepsara (a1, an) i Pynryid
fr, & = 0,n, peeysapnuzr i odnoaucmux y kpysi U = {z : |z| < 1}, axi

NONAPHO He NPUUMAMs 6 HooMYy odnakosuxr snauend fi(z1) # fi(z2) daa
006iAbHUL HamypasvHur 1 < 4,5 < N, © £ 7, ma d08IAbHUX PI3HUX 21, 22 € U,
ons axuzx fr(0) = ag, cnpasedausa nepisHicmoy

2(n—k)

k=1

B pobori [4] omepzkano omiHKN st MAKCUMYMY JOOYTKY (2) jj1st KOHDiry-
pariit obsacreit By, i Touok ay (k = 1,n), aki manexars Biapisky [—1;1].

Hexait M, — makcumym Jg00yTKy (2) st BCiX KOHMDIrypariiifi TOYOK aj
i obsacreit By (kK = 1,n), gKi 33J0BOJIBHAIOTH BCI YMOBU BHINE HaBEJIEHOI
pobJjieMu.

Teopema 2. [4] Hexatin € N, n > 5, {ax}, k = 1,n, — dosiavra mmoscuna
mouox eidpiska [—1;1] i a1 = —1, a, = 1. Todi dasn b6ydv-axoi cucmemu
obaacmeti { By}, k = 1,n, maxux, wo ar, € By CC, k=1,n, BN B; = 0,
1 #£ 7, cnpasediust HaCMYNHI HEPIBHOCTI:

2\" —~ 2k — 1
(—) H (tan2 (1) cot? u + 1) <M, <
n Pt 2n 2n
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

AHAJII3 HEOBOPOTHOI'O MEXAHI3MY
BOTTCA-MOPAJIECA ¥V KBABICTAIIIOHAPHOMY
HABJIN2KEHHI

I[1.D. 2KVK, C.0. KAPAXIM

Metoa moYaTKOBUX IIBUJIKOCTEN € OTHUM 3 HANBaKJIUBIINIAX METOIB, IO
3HAUIIIOB MMUPOKE 3aCTOCYBAHHSA IMPU JOCTIIXKEHH] KIHETUKH KaTAJIITHIHAX Ta
OioxiMivHEX peaxiiiii. Ajtle oTpuMaTu PiBHAHHS IOYATKOBOI IIBUIKOCTI y aHa-
JATUIHOMY BUTJISIl JIOCUTH CKJIAIHO HABITh y BUMNAJKY BIIHOCHO ITPOCTUX Me-
xaHi3MiB peaxiriil. ToMy 9acTO BUKOPUCTOBYIOTH IIe OJHE MPUILYIIEHHS: KOH-
IIeHTpallid eH3uMy HabaraTo MeHIIa, HiXK KOHIleHTpaillist cyocTtpary. Hamu pos-
pobOJIEHO METOI aHATI3Yy KIHETUKU PEaKIliil y KBa3iCTaI[lOHAPHOMY CTaHi HABITh
y BHIIQIKAX, KOJU HEMOXKJINBO OTPUMATH PIBHSIHHA IIOYATKOBOI IMBUIKOCTI B
AHAJIITUYHOMY BUIVISI].

[eit meTo 3acTOoCOBaHO JIst aHaAi3y MexaHiaMy Borrca—Mopaseca (BM),
SIKIH MIIPOKO BUKOPUCTOBYETHCSI TIPU AOCJIII>KEHHI BILIUBY 0OOPOTHUX 1HTIOI-
TOpiB i akTUBATOPiB (MOAUMIKATOPIB) HA EH3UMATUYHI PEAKIIIT:

E + 8<% s IsE4p

1

+ +
M M
ks 1T 73 kg 1T 74

EM+S &2 ESM yEM+P

T2

BpazkaroTh, 1110 BCi MeXaHI3MHU, 110 MICTITh PEAKIIHHUN IINKJ, MAIOTh ITiJI-
IIOPSAIKOBYBATHUCh IIPUHITUILY JIETAJHLHOTO OaJjiaHcy, TOOTO, B CTaHi piBHOBAru
IIIBUIKOCT] IPAMUX 1 3BOPOTHUX PEAKITi piBHI Ha KOXKHINM cTa il peaKIiitHOro
nukJry. Tomai KoHCTaHTHU IMIBUIKOCTI IIUX CTAdil HE MOXKYTh OYTH JOBIJIbHUMM:
JTIOOYTOK KOHCTAHT IIBUIKOCTEH peaKIliii, 1o TPOTIiKaIOTh 33 HAIPAMOM T'OJTUH-
HUKOBOI CTPIJIKH, Ma€ OyTH piBHUM JOOYTKY KOHCTAHT IIBUIKOCTI PEeaKIliii, 1o
MIPOTIKAIOTh MPOTH TOAMHHUKOBOI CTPILJIKA:

k1k47”2?“3 = k2k3T1T4. (1)
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Pisuicts (1) Gyna goBesena mjisi 0OOPOTHUX PEAKINiil, B KX BCTAHOBJIIO-
€TbCcd piBHOBara mpu t — oo. IIpore mpumyckaioTh, 0 BOHA BUKOHYETHCS
TAKOXK 1 JI7IsT HeOOOPOTHUX IUKJIYHUX peakiiiii (Takux sk peakiis BM), xoua
B HUX HE BCTAHOBJIIOETHCS PiBHOBaXXHUII cTaH nipu t — o0o. HaromicTh xapa-
KTEPHOIO PUCOI0 TaKNUX PeaKIil € KBa3icTallloOHaApHUIT CTaH.

g mexanismy BM mamu 6ysio BuBejieHe ajirebpaivHe piBHAHHS CbOMOTO
CTemneHs BiJTHOCHO KBa3icTalliloHapHOI KOHIIEHTpAIlil cyocTpaTy 0e3 IMpuITyIeH-
Hs MaJIOCTi KOHIIEHTpaIlil eH3umy. lle piBHIHHS 103BOJIA€ po3paxyBaT KBa3i-
CTaITlOHAPHI KOHITEeHTPAaIllll YYaCHUKIB peakIiil Ta KBa3iCTaIlllOHApHY HOYaTKOBY
MIBUJIKICTH TIPU JIOBIIBHUX KOHCTAHTaX IMIBUJIKOCTI I TOYATKOBUX KOHIIEHTPAa-
nisgx easumy (F), cyberpary (S) i mogudikaropa (M).

KsazicramionapHi KOHIIEHTpaIlil yJIaCHUKIB peakIlil Oy BUKOPUCTaHI Ha-
MU JIJIT OOYMCJIEHHS MTOTOKIB, 100 IepeBipuTu, 4u Oy IyTh PIBHUMH ITBUJIKO-
CTI IPAMUX 1 3BOPOTHUX peakIliii Ha KOXKHiit cTa/il peaKIiifHOrO IHUKJIy IIPU
BukoHaHHI ymoBu (1). Byno BcTaHOBJIEHO, MO PI3HUIA WX MBUJIKOCTEH He
JIOPIBHIOE HYJIIO, & € OJIHAKOBOIO JIIsA BCix ctaiit. Ile cBigunTh mpo Te, Mo
B JIOCJTIJIPKYBaHill peakKIiil BCTAaHOBWJIACh He JieTalibHa, a MUKJIIYHa pPiBHOBArA.
Tob6ro, ymoBa (1) He € yMOBOIO JeTajbHOrO OajaHCy It HEOOOPOTHUX ITU-
KJIYHUX peakxIliif, o OpoTiKaloTh 3a MexaHiamMoM BbM. Bymo mposemeno, mio
JeTajbHa piBHOBara BCTAHOBIIOETHCS TP BUKOHAHHI 1HITIOT yMOBMH:

kika(re + f2)rs = kaks(r1 + f1)ra. (2)

IIs1 ymMoBa MiCTUTH KOHCTAHTHU IIBUIKOCTI BCIX CTaIiil, B TOMY YuCJi HEOOO-
potHux. ToMy y KBazicTallioHapHOMY CTaHi KOHCTAHTHU IBUIKOCTI 3BOPOTHUX
peaxiiiii miepIroi Ta apyrol crajiili Bupaxkaoorbes gk (11 + f1) 1 (re2 + f2) Bia-
roBigHO. ToOTO, HEOOOPOTHI CTA/Iil BKIIOYAIOTHCA JI0 CKJIALy OOOPOTHUX.

[Minkpecanmo, 1mo Ha BiaMminy Bim ymosu (1), mpu BukoHaHHI ymoBu (2)
CIIPOIIYETHCS BKa3aHe BUIIE aJireOpaivHe PiBHAHHA Ta PIBHAHHSA ITOYATKOBOI
IITBUIKOCTI1, & TAKOXK KIHETHIHa KPUBa € MOHOTOHHOIO.

Ymosa (1) MicTHTB TIIBKM KOHCTAHTH IIIBHUIKOCTI OOOPOTHUX CTAJIiil, & TOMY
€ YMOBOIO J€TaJIbHOI0 OaJIAHCY TiMbKHU JJIsI OOOPOTHUX IHUKJIYHUX PEAKIIiil.
YmoBa (2) MiCTHTB BCi KOHCTAHTH MIBUIKOCTI JOC/IIZKYBAHOTO MEXaHI3MY, B
TOMY YHCJi if HeOOOPOTHUX CTa/Iiil, TOMy BOHA € YMOBOIO JIeTaJILHOIO DaJIaHCY
JIJIsi HEOOOPOTHOI'O IHUKJIIYHOTO MexaHizmy BM.

3a3HaunMo, 1110 JJI TOro, 00 y KBa3icTallilOHAPHOMY CTaHi BCTAHOBUJIACS
JieTaJIbHa piBHOBara HeOOXiJIHO, MO0 MiITPUMYBaJIOCh JIBi PIBHOBArU OHOYA~
CHO: OaJIaHC 110 pedoBHHAX 1 OaJIaHC IO CTaIigX — JJIs 3a0e3IeYeHHsT HE3MiHHO-
CT1 KOHIIEHTPAIIi# 1 BIICYTHOCTI TTOTOKIB Ha KOXKHiit cTa/Iil peakIril Bi/IITOBITHO.

JEP»KABHUN YHIBEPCUTET "KUiBCbKUI ABIALINHUN THCTUTYT", KuUiB, YKPATHA
Email address: petro.zhuk@pp.kai.edu.ua

IncturyT BroximMii HAH Ykpaiau, KuiB, YKPATHA
Emazil address: karakhim@nas.gov.ua
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

IMPUHIINII ®PPAKTAJIbBHOI EKBIBAJIEHTHOCTI J1J141
PO3KJIAAIB ITEPPOHA

M.II. MOPO3

Osuauvenns 1. Poskaadamu Ieppona aucia x € (0, 1] HasuBaroTh Taxi #oro
POBKJIAIU B PsiI;:
e Jdodamnuti poskaad Ileppona

oo

o3 oy "

n—0 (pl - 1)]91 T (pn - 1)pnpn+1,

® 3HaK03MIHHUT Po3k.aad Ileppona

oo

- Z (_1)nTO"'Tn (2)

(1 — Va1 (gn — 1)gn(gngs1 — 1)’

n=0
e (1), (Pn)sy Ta (g,)52; — HOCHIIOBHOCTI HATYPAJBbHUX YUCE, IO

3aJI0BOJIbHAIOTH YMOBU
Pn=m1+1l Ta g, =2m1+1 (neN).

Hexait P = ()22, — nociaigoBuicts GyHKIiH Takux, mo ¢y = const € N
Ta @, N* — N mqaa n € N.

Osnauenns 2. dkmo rg = pg 1a 1, = ©p(P1,...,0n) i n € N) 1o 10-
nmarauit poskiaan Ileppona (1) masuBaioTh P-npedcmasaenmsm ducaa T ta

P
nozHavaoTb Ay o .

Osuauvenns 3. fkimmo ro = @ 1a 1y = Pn(q1, ..., qn) g n € N, T0 3HaKO-
sMmiHHM po3kias [leppona (2) HasuBaroTh P~ -npedcmasierham IUcia T Ta

P
nozHavaoTh Ay o .

Bimomo [3, 4], mo gy koxkuOI Takol mocsigoBHocTi P koxken x € (0, 1]
Ma€ €JimHe P-IpecTaBjeHHs Ta He OlibIe ogHoro P~ -npeacraBiieHHs . fKIIO

_ AP _
v = A} ,, , TO UACIO p, = p,(T) HA3UBAIOTH N-HOt0 P-yudporo aucna .
_ AP _ -
Adxmo x = A, ., , To 9muciao q, = qn(r) Ha3UBAIOTL N-1H010 P~ -yudporo
qucIa I

s okpemux nocizoBaocteit P poskiaaau [leppona € ogaTHuMu Ta 3HA-
KO3MIHHUMU po3KJjaagamu JIropoTa, KIacHIHUMEA Ta MOAN(MIKOBAHUME PO3K.JIa-
mavu Enrens, poskaagamu Ocrporpaacbkoro—Cepnincbkoro—Ilipca ta Oct-
pPOrpaJichbKoro 2-ro Buiy, poskaajgamu Cuiabsectpa, DKB-poskiagamu ToImo.
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3ayeaostcenns 1. PopMmu 3ammcy 3HAKO3MIHHUX PO3KJIadiB JIropora, po3kJia-
naiB Ocrporpacbkoro—Ceprincbkoro—Ilipca ta Octporpajcbkoro 2-ro Buy,
ITI0 TIOPOJIZKEH] psiioM (2), JIeIo BiAPI3HSAIOTHCS Bil TpaauIiitanx dpopM 3aru-
cy: P~ -tiudpu poskiasy (2) ma 1 6isbmri 3a Biamosiaai mudpu mux po3KIaIiB
y Tpasumiiaiit popmi 3ammcy (mqus. [1, 5, 6]). [Ipore came poskiaz (2) pooutsb
MOYKJIMBUM OJI€P>KAHUN HAMU PE3Y/IbTAT.

Teopema 1 (IIpuniun ¢ppakTaabHOT €KBIBAJIEHTHOCTI [Jisi PO3KJIA/IiB
ITeppona [2|). Hezxaii dodammni ma 3narxosming poskaadu Ieppora eusnareni
cniavroto nocaidoswicmio dynryit P. Todi das xootcnoi mmoorcury I C NN

dimg {z € (0,1]: (pn(x))r2, € M} =dimy {z € (0,1]: (gn(x))7>, € M},

de dimy — poamipnicms Laycdoppa, a p,(x) ma q,(x) — n-ni yugppu doda-
MHULT Ma 3HAKOZMINHUT Po3KAadie Tleppona wucaa x.

3okpeMa, IPUHINN (PPaKTAJIbHO €KBiBaJIEHTHOCTI 3aCTOCOBHUI 10 HACTY-
ITHUX BijjoMuxX nap pos3kJjajiis tuny lleppona:

e Jo/aTHI Ta 3HaKO3MiHHI po3kjasau Jlropora (poskiaau [leppona mpu
on =1 nna sBeix n € NU {0});

e MojudikoBani po3kiaau Euresrs ta po3kiiaiu Ocrporpajicbkoro—Cep-
nincekoro—Ilipca (poskaaan Ileppona mpu ¢, (z1,...,T,) = Ty I
Bcix n € N ta ¢y = 1);

e poskiayu CusbBectpa Ta OcTporpachKoro 2-ro Buy (poskiau [lep-
poHA IpU Yy, (T1, ..., Ty) = Tp(xy, — 1) guist Beix n € N Ta g = 1).

JIITEPATYPA

[1] Bapanoscekuit O.M., ITpansosuruit M.B., Top6ia I"M. Padu Ocmpoepadcvrozo—Cep-
nincvkozo—Ilipca ma ini 3acmocysanna. — Kuis: Haykosa gymka, 2013. — 288 c.

[2] Moroz M. Fuaithfulness and fractal (quasi-)equivalence principles for Perron, Engel, and
Pierce expansions, Preprint at arXiv:2510.03373 (2025).

[3] Moroz M. Representation of Real Numbers by Alternating Perron Series and Their
Geometry // Expositiones Mathematicae — 2025. — Vol. 43, Issue 1. — 125635.

[4] Moroz M. Representation of Real Numbers by Perron Series, Their Geometry, and
Some Applications // Journal of Mathematical Sciences. —2024. — Vol. 279, Issue 3. —
P. 384-399.

[6] Pratsiovytyi M., Khvorostina Yu. Topological and metric properties of distributions of
random variables represented by the alternating Liiroth series with independent elements
// Random Operators and Stochastic Equations. —2013. — Vol. 21, No. 4. — P. 385-401.

[6] Torbin G., Pratsyovyta 1. Singularity of the second Ostrogradskii random series //
Theory of Probability and Mathematical Statistics. —2010 — Vol. 81. —P. 187-195.
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

OIUH IIPUKJIAJ CUHI'VJISAPHOI ®YHKIIII, IIOB’SI3AHOI
3 JIAHITFOTOBUM 30BPAXKEHHSAM YU CEJI

0.0. HIKOPAK

Hexait Ay = {%;1} — aspabit, Ly = Ay X Ay X ... X Ay X ... — nmpocTip
nocaigosHoCTell enementie andasity. Toni [1, 3| mst Gyap-sikoro x € [5;1]
icHye moctiToBHICTD (a,,) € Lo Taka, mo

r=1/a1+1/as + ...+ 1/ap, + ... = Affa%.anm, ne a; € As. (1)

Poskag uucia x B janmorosuit Api6 (1) mHasuBaerbest aanyrozosum Asg-

npedcmasaennam, a samc ALz - — panyrozoeum As-306pasicennam.

[cnytoTh Unca, Mo MaroTh /1Ba pi3Hi taHmorosi As-306pakents (Aq-6inap-

. A2 A2
ui). e gyncaa suay A =
) H 'D;y alag...an_lé(%l) alag...an_ll(lé)

%; 1] muo)kmHOMO. Perra uncen

MaloTh €anHe As-300pakenHs. Ix Ha3uBaOTh Ao-yHaApPHUMU.
Posrignaerbesa pyukiiis, o3aadena piBHICTIO

flx = A2 ) = A2 o € {0,1},

ALA2...Q217 1020 .- (%)1—%(%)fwm(%)l*a%—l(%)aQn,,,’

. Muozxkuna Ay-6inap-

HUX YHUCEJT € 3JIYeHHO0 1 BCIOJIU IMILJIBHOI Y |

oo c o
ge [0;1) 3 ¢ = A2, = >, 5 — kiacuuHe IBIKOBe 300parkeHHst
YUCTIA.
Osnavenns QyHKIN f € KODEKTHUM, OCKIJIBKH JJIs JIBOX (POPMaJIbHO PI3HUX
2 o A2 :
300parKeHb Aal...anfll(()) == Aozl...anfl()(l) OJHOTO 1 TOrO K YHUCJIa T Mag
2

MicIle piBHICTH f(Ail...an_ll(o)) = f(Aalm%_lo(l)) JUIst Oy Ib-SKOro HAabOpy
(@1, ..., py—1) HYJIIB TA OJMHUIIG.

Teopema 1. @yuxuisa f € cmpoeo cnadnolo cuneysaproro Gynkuicro (nene-
PEPEHOI0 PYHKUIEN, GIOMIHHONW 610 KOHCMAHMU, NOTIOHA AKOT AOPIGHIOE HYAO
matiorce ckpizo Yy posdyminni mipu Jlebeza).

Teopema 2. Pynkuyia, 03HAYEHA PIBHICTNIO

fla) = (A )= Ak

A1Q2... 2 X2 41 --- 1)1/ 1)\[1—a2] 1\[1—a2nl/1\yeontr1 7
naznt (1)1 (2)E o2 (3) el (1) amn
€ HENEPEPBHOMO CMPo2o 3Pocmaro“1oro CuUH2YAAPHOIO éy’H/Eu’LG’}O

Baysaotcenns 1. OyHKIsA, obeprena 10 GyHKIII f, € HEIePEePBHOIO CHHTYIISD-
HOIO (PYHKITIEIO.
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3ayeaotcenns 2. s imBepcopa mudp JAHIIOIOBOrO 300paskeHHsT Ma€ MicIie
PIBHICTb:

I (oo ..) = Ao (i-eal e = T @)
a ToMy iHBepcop I nudp JIaHIIOroBoro As-300paskeHHsI IUCesT € CUHTYJISIPHOO
dyHKITI€TO.

Y 0TmOBi/Ii TPOIIOHYIOTHCS PE3YAbTATH JOCIPKEHHsT CTPYKTYPHUX, Tude-
PEHITaJIbHUX Ta iHTerpaJbHUX BiaacTUBOCTel yHKIHi f Ta f.

JIITEPATYPA

[1] Dmytrenko S.O., Kyurchev D.V., Pratsiovytyi M.V. Ag-continued fraction representati-
on of real numbers and its geometry // Ukrainian Mathematical Journal. — 2009. —
Neq4. — P. 541-555. https://doi.org/10.1007/s11253-009-0236-7

[2] Pratsiovytyi M.V., Goncharenko Y.V., Lysenko I.M., Ratushniak S. P. Conti-
nued As-fractions and singular functions. Matematychni Studii, 2022, 58(1), doi:
10.30970/ms.58.1.3-12.

[3] IIpanpoBuruit M.B. Jeocumeoavi cucmemu xodysarnsa didcHux wucea ma ix 3acmo-
cysanna. — Kuis: Haykosa mymka, 2022. — 316 c.
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

KJIAC 30BPA2KEHD BIKIBCBKUX AJI'EBP,
IIOPO/I2KEHUX ISOMETPIAMMUN

0.B. OCTPOBCDBKA

Kanac imBomoruBHNX ayiredp 3 BikiBChbKUM BHIOPAIKYBaHHAM OYB BBEIEHMIT
B [1| mu1st BUBUEHHST 3aralbHUX BJIACTUBOCTEN TaKUX aaredp, sik aareopu KyH-
ma, CAR, CCR, ix kBanToBuX sedopmariiit Ta ir. Bikisecbka anrebpa Wy(T) —
1le acolliaTUBHA YHiTaJbHA *-ajaredpa Hag C, mopomkeHa cKiHIeHHIM HaOOPOM
TBIPHUX @, a;f, J=1....,d, njig 9KUX BUKOHYIOTbCS HACTYIIHI CIIiBBiIHOIIIEH-
HeI

d
ajar = 0l + Z T;Z’ama;, T}?:Tg}l jk,lm=1,...,d.

l,m=1
Habip koedirienTin (T,?;.l) IIPUPOTHAM YMHOM BU3HaYaE onepaTop 1’y mpocTo-
pi C¢®C?. KaxyTs, 110 1eil omepaTop Kocoswuii, sikimo y mpocropi C¢@Ce@CY
BukonyeThes criBBigaoments (TR (I QT)(T®I1) =T (TRI)(I®T).
B pobori [2] moBeneno, mo ms kocooro omepatopa 1, ||T|| < 1 dokiBebkmit
CKaJIAPHUI JIOOYTOK € HEeBiJl EMHUM, IO JIO3BOJISI€ TOOYIyBaTHU JIjIsI BiJIIIOBiJI-
HOI ajredpu *-300pakerHst Poka.

Y mamniit pobori mist BikiBebkol anrebpu Wy(T') 3 KocoBum omeparopom T,
TBIpHI sKOI € i3omerpiamu, Tobro aja; = I, j = 1,...,d, mu Oynyemo kiac
HE3BiIHUX 300parkeHb, HeeKBiBaJeHTHUX (DOKIBCHKOMY 300pakeHHIo. Bimro-
BiIHA KOHCTPYKITS € y3araJbHEHHAM BIJIMOBIIHOI KOHCTPYKITI /I BUIMIAJIKY
i3oMmeTpiit 3 ymMoBaMu @;j-KOMyTyBaHHS [3].

JIITEPATYPA

[1] Jorgensen P. E. T., Schmitt L. M., Werner R. F. g-Canonical commutation relations
and stability of the Cuntz algebra // Pacific J. Math. — 1994. — Vol. 165, no. 1. —
P. 131-151. — http://projecteuclid.org/euclid.pjm/1102621916.

[2] Bozejko M., Speicher R. Completely positive maps on Cozeter groups, deformed com-
mutation relations, and operator spaces // Math. Ann. — 1994. — Vol. 300, no. 1.
— P. 97-120. — https://doi.org/10.1007/BF01450478.

[3] Ostrovska O., Ostrovskyi V., Proskurin D., Samoilenko Yu. A class of representa-
tions of C*-algebra generated by gq;j-commuting isometries // Methods Funct. Anal.
Topology. — 2022. — Vol. 28, no. 1. — P. 89-94. — https://doi.org/10.31392/MFAT-
npu26_1.2022.08.
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®YHKIIII 3 PPAKTAJIBHIMI MHOXKIMTHAMUI PIBHIB

C.II. PATVIIHAK

Hexait 0 < eg < ey, Az = {eg, e1} — andasir, Ly = Ay X Ay X ... — mpocTip
ITOCJTI JOBHOCTEM ejieMeHTIiB ajdasity As.

Teopema 1. [1] Sxwo eper < 5, mo dan dosinvrozo wucaa x € [do; di] icnye
nocaidosnicmos (o) € Ly maka, wo

r=1/a1+1/as+ ...+ 1/an + ... = [0;a1, a2, ..., ap, ...], (1)
de do = [0; (e1,€0)], d1 = [0; (eo, €1)]-

Poskiay aucna z B ganmorosuii api6 suay (1) (anmrorosuii As-mapiod)
Ha3UBAETHCS JAHIIOTOBUM As-npedcmasierHam IUCia T, 8 CKOPOIEHUI 3aIIic
Bugy [0;aq,as, ..., Gy, ...] — oro jaHmoropuM As-306pastcermim.

Akmo ege; < %, TO MHOXKHMHOIO 3Ha4eHb yCiX JIAHIIOroBux As-1pobiB €
BizpiskoM [dp; dy], mpu 1pOMY Maiizke BCi 9HCJIa [BOIO BiJpi3Ka MAalOTh He-
CKIHYEHHY KiJbKICTh PI3HUX PO3KJIaIiB y HeCKiHUYeHHI JTaHIFOroBi As-1pobmn.

dkmo ege; = %, To uncia 3 [do;dy] po3KIaIAIOTECs Yy HecKiHdeHHI As-
Jpobu He OiJIBII HizK JBOMa, CIIOCOOAMU, TPUIOMY YUCJIA, 110 MAIOTh JIBa, IIPE/I-
CTaBJIEHHsI, YTBOPIOIOTH 3JIIY€HHY BCIOJHU IIIIbHY MHOXKUHY B [do; d1]. 1le uu-
cia Buny [0, ..., ap—1, €0, (€0, €1)] = [0; a1, ..., ap—1, €1, (€1, €0)]. Taki ancia
HA3UBAKOTHCsT Ag-Oinapni. Pemra ancen (As-yHaphi) MarOTh €IMHE IPECTaB-
JICHHSI.

JlaHiiorose As-300pazKeHHsI IMCeJI MOXKHA TIEPEKOIYBATH 3ac00aMU KJIACH-
YHOTO JABIfIKOBOTO aJihaBiTy 3a IIPABUIOM:

001,02, ... ap,...] =2 =AA s Jeap =2a, — 1, o, € A= {0;1}.

a102...(x

Posransmaerbesa dynkitig f, o3HaYeHa PiBHICTIO
o0
F@)=FfO a2 =A2,, . . an€A 2)
n=1

Teopema 2. fxwo ege; < %, mo Ppynxuia [ € nenepeperoro ynkuyiero 3
PPaKMaLLHUMYU MHOHCUHAMU PIEHIB.

Y JIOIIOBi/i IIPOIIOHYIOTHCSI PE3YJIbTAaTH JOCIIIzKeHHS (PpaKTaJIbHUX BJIa-
ctuBocTeit PyHKIl f.
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MAPKOBCBHKE 30BPAXKEHHS UNCEJI I ®PAKTAJIBHI
OYHKITIT

J.M. CEPTIIKO

Hexait A ={0,1,2} — andasir, L = A x A X ... — mpocTip mocjigoBHOCTE
eJieMeHTiB aadaBiTy, qo, ¢1,q2 — HabIp AOJATHUX MIMCHUX YMUCEJT TAKU, IO
@+ q1 +q2 =1, ||¢ij|| — croxacruuna marpuisg, 10610 ¢io + ¢i1 + ¢i2 = 1

. « —1
Vie A, ¢ij > 0; Bajarss = dor Doico agis Bo =0, 1 = qo, B2 = qo + q1-

Teopema 1. /Jlas dosiavhozo wucaa x € [0;1] ichye (o) € L maxa, wo mae
MICUE PIBHICTND

0o k—1
T = 50&1 + § Bakak_,_l H quaj+1 — Aalag...an..,-
k=1 j=1

Posrnsnaerbesa dyukitis f, o3HaYeHa PiBHICTIO

fa(x = Aaian..am...) = D18y 8, (1)
ne Bn = @n(n,ani1), en: A X A— A

Teopema 2. Ceped dynruit fz, wo osnavwyromovca pienicmio (1), e nenepeps-
Hi Ma Malioce CKkpidb HenepepeHi GyYHKUll, cuMyiapHi GYHKULL Mma KYCKOB80-
ATHITHT, PYHKUTE MHOHCUHY 3HAYEHD AKUL € MHONCUHAMU KAHIMOPIBCHKO20
muny.

Y jomnosifi npononyloThes TpHKJIaau GyHKII 3 Kinacy dyHKIil f,, Mo
HaJIEXKaTh JI0 ppakTaIbHUX (DYHKITH, & TAKOXK Pe3yabTaTH JOCTiIKEeHHs 1X
TOTIOJIOTO-METPUIHUX BJIACTUBOCTE.

JIITEPATYPA

[1] Mapkiran B. I1. @paxmaavhi saacmusocmi mHootcun ma GyHKyit, noe’a3aHuT 3 Map-
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Hparomanosa, cepis 1: @izuro-maremarugni Hayku. — 2013. — Ne. 15. — C. 188-194.
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

OLIIHKU1 ITOTOYKOBUX BI/ZIXWUJIEHDb
THTEPIIOJIAIIIMHNX TPUTOHOMETPUYHUX
IIOJITHOMIB HA KJIACAX BEWMJISA-HA IS WﬁR’1

A.C. CEPIIOK, 1.B. COKOJIEHKO

Hexait L,, 1 < p < 00 — IpocTip 27-11epioAUIHUX CYMOBHUX B P-My CTEIEH1
Ha [—7, ) DYHKIH @ 3 HOPMOIO

et = (| \so(t)\pdt)l/p,

L, — mpocTip 27-11epioAuYHIX BUMIPHUX Ta iICTOTHO OOMEXKEeHUX (DYHKITIHA (p,
B IKOMY HOpMa 3a/laHa PIBHICTIO

l#lloc = esssup |o(t)].
C — mpocTip 27-1epiouIHnX HellepepBHUX (PYHKII ¢ 3 HOPMOIO
lelle = max|e(t)]

Hexait nanami Wg ,r > 0, B eR, 1< p< oo — Kiacu 2m-IEPIOIUIHAX
dyuxKItiit f, 1m0 300paXKyIOThCA Y BUTJIS 3TOPTKA

™

flx) = o + 1 /7r o(x —t)B,5(t)dt, ao€R, / (t)dt =0, (1)

2 L - —T

3 sapamu Beitns-Hans B, 5(t) Buriisy

B, s(t) = Zk:_r COS (kt—%r) , r>0, 8RR,
k=1

byHKII ¢, M0 33/I0BOJILHSIOTH YMOBY ¢ € B, = {h €L, : |k, < 1}.

Knacu W |, nasusaors knacamu Beitns—Hans, a dynkuio ¢ B 306pazkenHi
(1) nosnavaiors 4epes fj i nazupaiors (r, 8)-noximoio B cenci Beitna—Haa
dbyuxuii f. [pu gosinpanx 1 < p < oo, r > 1/p i § € R mae miciie BKIaJIeHH
Wg, CC.

Po6ory miarpumano rpantamu Pongy Caiimonca (the Simons Foundation) (SFI-PD-
Ukraine-00014586, ASS) i (SFI-PD-Ukraine-00014586, IVS)..
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st moBisbHOT HeniepepBHOI dDyHKIUT f() wepe3 S,—_1(f; z) nozHagaTHMe-
MO TPUTOHOMETPHUIHUI MOIHOM TOPsAKY 1 — 1, 1o iHTeprnomioe f(x) y pis-

. : ~1 .
HOMIPHO PO3MIOMIJIEHIX BY3JIaX x,in ) = 231’“_”1, k € Z, n € N, To0TO Takwmii,

1110

Sui(fizy ™) = fla"7Y), kel
JocmizKeHHaM alpOKCUMATUBHAX BIACTUBOCTEH IHTePIOSIIAHIX TPUro-
HOMETPUYHUX ITOJIHOMIB §n_1( f; z) Ha KIacax mepioguaHuX (DYHKILH 3aiima-
quck C.H. Bepmrreitn, C.M. Hikonbebkuit, K.I. Ockoskon, O.1. Cremnanerns Ta
1H.
Posrisimaerbes 3aa9a Ipo TOCHIIXKEHHA aCUMITOTAYHOI OBEIIHKHI BEJIN-
YUHU

&W%p@=:&m‘ﬂ@—éwﬂﬁ@, reR, r>2 BeR,

npun — oo 1 r— oo.

Teopema 1. Hexatir > 2, BER, x € R in € N. Too:

< . 2n—1x| 1 2
En(WE sx) = — | — omor, |,
n( 8,1 .’,U) S 2 nr 7_‘_(1 - e_r/n) + ( ) rn
de
(" 2<r<n+l
r(r—2)
* d * Lemr/m 1<r<n?
M gy O T n2€1 - nELSTS, nxo2
<1 + —) : n® <,
\ n
a O(1) — seaununa, PiBHOMIPHO 0OMEHCERA BIOHOCHO BCIT PO32AANYEAHUT
napamempie.

Teopema 1 € inTepnossniitaum anasorom Teopemu 1 3 [1] Ta Teopem 11 2 3
2] po pisnomipue nabimmzxennst cymamu Pyp’e dynxiiit 3 kiaacis Wy ;.
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

JITHIVMHI IIOIIEPEYHNKU KJIACIB IIEPIOJINYHUX
®VHKIII BATATHOX 3MIHHUX TUITY
HIKOJIbBCBbKOI'O-BECOBA

K.B. COJIIY

JocmmKyoThes JIHIWHI TOTePEeYHNKN KJIACiB B;}’Q [1] mepioguunux dyH-
K1iit 6araTpox 3minnux (d > 2) y npocropi By 1 (auB., nanpukian, [2]). Hopma
B I[bOMY IIPOCTODI € cusbHimoo Hixk Lg,-nHopma. Hagami Q(t) = w(H?Zl tj), ne
w(T) — 3amana QYHKILisT OJIHIET 3MIHHOI THITY MOJIYJIsl HEIIEPEPBHOCTI TOPSIIIKY
[, sika 3aj0BoJIbHsIE yMoBU Bapi—Creukina (S) ta (S;) [3].

O3HAYMMO AITPOKCUMATUBHY XapaKTEPUCTUKY, K& HAMU JIOCIIIIKYETHCS.

Hexait X — mpoctip 3 || - ||x, Y (X) — cykymuicTs migmpocropis B X,
posmipaicTh sikux He mepesutiye m, L(X, L,,) — cyKynHicTh JiHIHHUX He-
nepepBHUX Bimobpaxkedb X B L, € Y,,(X) i W — nenrpasbHO-cuMeTpudHa
MHOKUHA B X. Benmumna

AW, X) := inf  sup |lw— Aw]|x,
L €Ym (X) wew
AEL(X,Ly)
Jle HUZKHIO MEXKY B3TO 1O BCix mimmpocropax L., B Y, (X) i Bcix miniitnnx
HeIlepepPBHUX ollepaTopax, Mo JifoTh 3 X B L,,, HA3UBAETHCA JIHIMHUM IIOIIe-
peanukom muokuEM Wy mipoctopi X [4].
Hamu orpuMmano HacTyIiHe TBEDZKEHHS.

Teopema 1. Hexatiid > 2, 1 < q < p < oo, (¢,p)€{(1,1),(c0,00)}, 1 < 8 <
00, a Q(t) = w(H;.l:l t;), de w(T) 3adososvhae ymosy (S*) 3 dearum o > 0 i
ymosy (Sy). Todi dan 6ydo-axoi nocaidosnocmi m = (Mg, )S 1 HAMYPAALHUT
wucen makoi, wo m =< 2"n%"1 cnpasedause cnissidnowenta

A (BSg, By1) < w(2™")n(d=D0=7), (1)

3aysascenns 1. Bicrapusmm (1) 3 BiAMOBIIHOI OIIHKOO JIHIKHOTO MOTEpe-

THUKA )‘m(Bz?ﬁ’ L,), 6asumo, 110, 338 BUHATKOM Bumaaky § = 1, oniuku sixiii-
. . Q . .

HUX IOIIEPEYHUKIB KitaciB By y npocropax By 1 1 Lg € pI3HEMHE 3a HOPSIIKOM.

JIITEPATYPA

[1] Yongsheng S., Heping W. Representation and approzimation of multivariate periodic
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

IIPO EKCIIOHEHIIIAJIBHUN PICT HA HECKIHYEHHOCTI
HU2>KHIX Q-TOMEOMOP®I3MIB

M.B. CTE®AHYYK

Hexait 3agano cim’to I' kpuBux v y komiuiekcHiit miromumuai C. BopeneBy
dbyukio p : C — [0, oo] HazuBaoTh donycmumoro ayis I (mumy s p € adm T),
SIKIIIO

/ p(2) |dz] > 1 (1)

JJIsT KOYKHOI (JIOKAJIBHO CIPSIMITIOBaHO1) Kpusoi v € I
Hexait p € (1, 00). Toxi p-modyaem cim’i ' HasuBaeTbCst BeImanHa

M, (') = inf PP (z) dxdy.
pEade C
KaxyTp, mo nesgka BAACTUBICTH BUKOHYETHCH IS P-MATHCE 6CIT KPUBUX
~v cim’l I', gaxmmo migciM’ss KpuBux cim’t I, 1j1d SKUX 1151 BJIACTUBICTH ITOPYIITY-
€ThCsI, MAaE€ P-MOJIyJIb Hysb. Bumipny 3a Jleberom dyuxkmio p : C — [0, oo]
Ha3UBAIOTH Y3G2a4bHEHO P-donycmumoro s ciM’l kpuBux [’ i mo3HavaoTh
p € exty,adm I, skmo mepiBmicts (1) BuKOHyeThCA 11715t p-Maiizke Beix v € T
s Toukn zg € C mokiiamgeMo

A(zp,m1,7m2) ={2€C:r < |z — 2| <712},
S(zo,7) ={2€C: |z— 2| =1}
Hexait D — obnacte y komitekciit mwiomuni C ta @ : D — (0,00) — Bu-

MmipHa 3a Jleberom dynkiis. ['omeomopdism f : D — C HazuBaioTh HUMCHIM
Q-20Mme0MOPPIZBMOM 61OHOCHO P-MOYAA Y MOouYL zg € D, IKIIO HEPIBHICTH

_ pP(2)
M, (f¥4) > £
p (fXa) pEexthadm =a Ja Q2)

dxdy
BUKOHYEThCsI JIJIsT KOKHOTO Kiblid A = A(zg,€1,62), 0 < €1 < €2 < dy, e

do = dist(z,0D) i Xy — ciM’s Beix kin S(zg,7), r € (61, €2).
Just toukn zg € C Oymemo 1mo3HavdaTn

p—1
|Q|p_11<20,t>—</5 ( t)Qﬁ<z)dzl> .
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Y HaCTYITHOMY TBEpP/2KeHHI 3HaIeHO JOCTATHIO YMOBY JIJIsT €eKCITOHEHTTiaTh-
HOI'O POCTY Ha HECKIHYEHHOCTI HUKHIX ()-romMeoMopdi3MiB BiTHOCHO p-MOJLYJIst
npu 1 < p < 2, mus. Teopemy 3.1 B [1].

Teopema 1. Ilpunycmumo, wo f : C — C — nuocnit Q-2omeomopdiam
810HOCHO P-Modyan y mowul zg € C, 1 < p < 2, ma daa deaxux wucen rg > 0,
Co = Co(z9) > 0 i 8 > 0 suxonyemvea ymosa

QI+, (20,t) < Coe™

s m.6. t € [rg,00). Todi

p=1 (2 —p)\=27?
lim inf Mf(ZO,R)e_% > (2m)2-r < p) : (2)

R—o00
de My (2o, R) = max|,_. =g | f(2) — f(20)].

Sayeaorcenns 1. Orinka (2) y Teopemi 1 € TOYHOIO 1 JOCSATAETHCST HA TOMEO-
Mopdizmi

p1 52> Bla—zg|
em)E (£5)77 T =Ry, - a2 1,

fz) = %) sl
p—1 5—»5
o) (258)™ o5 ol <

Huxvue HaBesieHO Teopemy HpO HeiCHYBaHHA HUKHIX ()-romeoMopdismiB
f: C — C Bigaocuo p-momyss npu 1 < p < 2, qus. Teopemy 3.3 B [1].

Teopema 2. IIpunycmumo, wo zog — deaxa pixcosarna mouka 6 C, 1 < p < 2.
Hexati dan dearxux wucea rg > 0, Co = Co(zp) > 0 i > 0 suxonyemvcs
YMo8a

QI+, (20, 1) < Co e Pt

ons m.6. t € [rg,00). Todi ne icnye nuostcrvozo Q-2omeomoppismy f: C — C
BIOHOCHO P-MOOYAA 8 MOYUUL Zg 3 ACUMNIMOMUNHOI YMOBON0

liRrgioréfo(zo,R)e_% =0,
de My (2o, R) = max,_. =g | f(2) — f(20)].

JIITEPATYPA
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

HAMNKPAIIII m-9JIEHHI TPUTOHOMETPUYHI
HABJIN2KEHHA IBOTPOIITHUX KJIACIB TUITY
HIKOJIbChKOI'O-BECOBA IIEPIOANYHUX OYHKIIIN
BATATHOX SMIHHUX

O.B. PEAYHUK-APEMYVYK

Hocmijpkyorsest i3orponni knacu By, nepioguanux yHKuifl 6ararbox
3MIHHUX, JIe W — 3aJlaHa PYHKIliA OTHIE€T 3MIHHOI TUITY MO/ HEIepEePBHOCTI
HOPsJKY [, 10 3a/10BosIbHAE yMoBH (SY) Ta (5)), gKi HA3WBAIOTHCS yMOBAMNI
Bapi-Creukina. 3asnauumo, mo npu w(t) = ¢, 0 < r < I, kinacu B}y cuis-
ma,1ai0Th 13 Bimomumu Kiaacamu O.B. Becosa Bj ¢, 1, 30Kpema 1pu 0 = oo,
B = H, — xnacu Beeneni C.M. Hikonbcbkum.

Hexait X — nesdkwuit HOpMOBaHUT (DYHKITIOHAJLHUN TPOCTIP i3 HOPMOIO
|- |lx i ©, — noBiibHuit HaGIp i3 M d-BUMIpHUX BEKTOPIB i3 IIOYHCEITH-
HuMu KoopauHaTtamu. [loznaunmmo gepes

P(©,,) = P(© Z et ),
k€O,

ze ¢ € C, TpuroHoMeTpUYHMIT TOJIHOM 3 «HOMEpPaMU» TapMOHIK i3 MHOXKUHUI
Om-

Husa f € X posriisgsHeMo BeJIMInHY
en(f)x = mfinf [If ~ P(O,)1x,

sIKa HA3UBAETHCA HAUKPAIIIM M-UIEHHIM TPUTOHOMETPUIHIM HAOIMKEHHSIM
dyHKIT f.
g nesgkoro dyHKIioHAIBHOrO Kjaacy F' C X mokJiagemo

em(F)x = sup en(f)x.
feF

OnepkaHo TOYHI 3a MOPSIKOM OIIHKY HARKPAIIUX M-IJIEHHIX TPUTOHOME-
TPUYHUX HAOJIMKEHDb i30Tponnux Kiacis Tunty Hikonbcproro-becosa By ) 1e-
piogmaanx dyHKIii 6araTprox 3MiHHIX y 1pocTopax B, 1 npu 1 < p < q < 00,
q = 2. OcobsuBicTIO IIUX IPOCTOPIB, AK JiHIHUX HiamnpocTopis L, € Te, o
HOpMa B HEX € CHjbHimomw, Hixk L,-nopma [1]. Chopmyrmoemo ogepzxkami pe-
3ynbraTu [2].

Teopema 1. Hezati 1 < p <2< qg<oo,1 <6< 00, iw(t) 3adosoavhse

ymosy (S) iz deaxum o > d (5 — %), a maxootc ymosy (Syinga,py). 100i das
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oydv-axuxr m € N cnpasedausa ouinka
w _ _a, a(1_1
em(Bpg)B, 1 X w(m 2d)m2<p ).
Pozryissnemo inmmi 3naveHHs ry1a/IKiCHOTO mapaMeTpa «.

Teopema 2. Hexati 1 < p <2< qg<oo,1 <6< 00, iw(t) 3adosorvhse
ymosy (S) iz deaxum o > %, a maxootc ymosy (Sy). Todi dan 6ydo-axux
m € N cnpasedausa ouinka

em(Bpo)B,, < w(m™1)

m
Teopema 3. Hexrai 2 < p < g < oo, 1 <0 <00, iw(t) 3adosorvhae ymosy
(S%) i3 deaxum o > g, a maxootc ymosy (S;). Todi dasn 6ydo-axuxr m € N
CNPasedAUBA OUINKA

Nl)—‘

&IH
3 I!—‘

1
em(Byg)B,, Xw(m™ d).

3ayeaostcenns 1. 3icTaBiasioun pe3yJbraTu TeopeM 1-3 i3 BiANOBIAHUMU OITiH-
KaMH1 PO3TVISTHYTOl alTpOKCUMAIIITHOT XapaKTEPUCTUKN KJIaciB ng y TIpOCTOPi
L, [3], npuxonnmo 10 BUCHOBKY, IO BOHH MAlOTh OJHAKOBUIL IIOPSIOK.

3aysastcenns 2. 3a3HATUMO TAKOXK, IO IIPHU AOC/IIIKEHHI BeJUINH HaKpa-
IIAX M-9IeHHIX TPUTOHOMETPUYHUX HAOIMKEHDb 130TPOIHUX KiaaciB Ty Hi-
KosbcbKOro-becosa B y mpoctopax Bg 1 OyJIO BUSIBJIEHO TaK 3BaHE SBUIIE
«MaJIOl TJIAIKOCTI». BOHO IIOJISITA€ B TOMY, IIIO IIPHU IEPEeXoi mapaMeTpa o Je-
pe3 3HAYEHHS (@ = % B/IOyBa€ThCst CTPUOOK B ONIHIL BeJUIUHU €, (By) ) B

[ammMvm citoBaMu, OIMIHKKA TaKWX BEJIWYIWHU TPU d(% — %) <a< % 1a > g
BIIPIBHATOTHCA 3a ITOPSIIKOM.
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Cexkmig 1. MaremaTuaHuit aHa/i3 Ta 3aCTOCYBAHHS

3ACTOCYBAHHS BEUBJIET-AHAJII3Y J1JISd 3AJAY
KOMIIPECII TPA®IYHIX JAHUX

AJO. HIVMJISTHCHKUH, J1.B. ®PEJOPOBA

Teoperuyni ocHoBu. Tepmin setisaem (Bix anri. wavelet — «MajieHbKa
XBUJIsT» ) BBeseno Ha modarky 1980-x pokis XX cr. 2K. MopJse ta A. I'poc-
CMaHOM, a mepInuii 6a3uc Takoro Tuiry 3ampornonysas me 1909 poky A. Xaap.
BeiiBier — 1e GyHKIIA Yq,p(x) = % y(xT_b), sIKa CJIYTYE «MaTEPUHCHKOIO»
XBUJIEIO JIJII TOOYIOBU IIJIOL CiM’T MIJIsAXOM 11 MacIirTabyBaHHs Ta 3CYyBY B Yaci,
IO YTBOPIOIOTH OPTOHOPMOBAHUI 6a3UC y MPOCTOPI KBAJIPATUIHO IHTETPOBa-
nux dynxniit L2(R). Ha sigminy Big rapmoniunmx dynkiiit Oyp’e, 1Mo Kosm-
BAIOTHCsl Ha BCill OcCi, BEfiBJIeT Mae KOMITAKTHE ITPEJICTABIEHHsI, TOOTO 3HATHA,
JacTUHA MOTO eHepril 3ocepeizKeHa JJoKaabHo. Ile € cydyacHumit maTeMaTunaHmit
MeTOo/], 0OpOOKM CUTHAJIIB, OCHOBHA IIepeBara sikoro moJjIsira€ B 3JJaTHOCTI OJHO-
JacHO aHaJII3yBaTU CUTHAJ K Y 9acl, Tak 1 B 94aCTOTi, Ha BIAMIHY BiJl KJacH-
gHuX MeTomiB (meperBopentst Pyp’e). BeiiBieru TBOpsITH cucreMy 6a3MCHUX
dbyskIiit, sxi JoKagiz0BaHi y mpocTopi (yaci) — IX eHeprisi 30cepejizKeHa Ha
CKIHYEeHHOMY IHTepBaJIi i MIBUJIKO CIIagae 3a fioro mexkaMu. Taka BJIACTUBICTH
Jla€ 3MOTY eeKTHUBHIIIEe ITPAIIOBATH 3 HECTAITIOHAPHUMU, KOPOTKOYACHUMU Ta,
Pi3KO 3MIHHUMH CUTHaJIaMU, 306epiraiodun indopMaliiio 1mpo Jac i maciTabd BuU-
HUKHEHHSI TIeBHUX YaCTOTHUX KOMITOHEHTIB.

BeiiBieT-nepeTBopeHHA OISTHCA Ha JIBa TUIN: HENnepepsHe 6etieaem-nepe-
meopenns (CWT) curaany BUSHAYAETHCS sIK iHTErpaJibHe [IEPETBOPEHHSI, IO
obuncsioe BeitBaer-koedirientu W (a, b) muisxoM 3ropTKH CHUTHALY 3 Mac-
mraboBaHUM 1 3CYHYTHM BeiiBjieToM. AJie i poboTn 3 1udpOBUMEI CUTHAJIA-
MU (JUCKPETHUX BUOIPOK 3HAYEHB) YACTIIIe 3aCTOCOBYIOTH IPYTUil TUI Juc-
kpemmne setisaem-nepemsoperns (DWT), sike peayizyerbes yepes blIbTpOBi
CMYTHU 1 Ma€ BUIJIsL BIOPSIIKOBAHOI0O OararopiBaeBoro poskJjamay. Cyrb DW'T
— PeKyPCHUBHWUIA ITOJILJT CUTHAJIY Ha JIBl CKJIQ I0BI — aIlpOKCUMAITIO (HU3hKOYA-
CTOTHHIT KOMIIOHEHT) Ta JeTasi (BUCOKOIacTOTHUIT KoMIoHeHT). CrepIiy Bu-
XiJIHU# CUTHAJI IIPOITYCKAEThCA depe3 nudpoBuit Hudvrouacmommwutl @iaomp
(g[n]) Ta sucoxowacmomnuii ginvmp (h[n]), micas goro pesymabratn duckpe-
MU3YIMbCA 3 TTOHUKEHHIM 9acTOTH y 2 pasu (dayncemnaine). MareMaTnaHO
OIepalIliio MOXKHa OMUCATUA TaK:

yiowln] = ) _x[klg[2n — k], ynign[n] = ) z[k] h[2n — k).

k k
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3acrocyBaHHst Ha npukJjaai JPEG2000. OxauM 3 HalOLIBII IITIPOKO
BIJIOMUX 3aCTOCYBaHb BeliBJjIeT-aHaJI3y y cdepi CTUCHEHHS JaHuX € (popMaTt
JPEG 2000. JPEG 2000 (JP2) — 1ie craniapT CTUCHEHHsI 300parKeHb i cucre-
Ma KOJIyBaHHsI, gkl OyB po3poodsienuit y 1997—2000 pokax komiteTom Joint
Photographic Experts Group min kepiBuuirrBoMm Touradj Ebrahimi 3 meToro 3a-
MiHuTH opuriHaabanii crangapt JPEG (crBopenwuit y 1992 porti), sikuit 6a3ye-
ThCsI HA JUCKpeTHOMY KocunycHoMy reperBoperti (DCT), wa 6ibir cyvyacHwmii
MeToJT Ha oCcHOBI BeiiBiier-tieperBoperts (DWT). ¥V nmpomy mMeTo1i 3acTOCOBY-
€TbCS PO3KJIaJ 3 BUKOPUCTAHHSIM CHEIiaJbHUX OIOpTOroHaJHHUX BeEHBJIETIB
(manpukiaz, Daubechies 9/7 — nyst pexkumy 3 Brpatamu ta Le Gall 5/3 —
6e3 BTpar) JiJisi OTPUMAHHS OAraTOPIBHEBOIO MPEJICTABJIEHHST 300PaKEHHSI, a
IOTIM BUKOHYETHCsI KBAHTYBAaHHS I €HTPOIIiiiHe KO LyBaHHA KoedimieHTiB. Po-
00Ty 11i€l cuCTeMU MOXKHA ONKCATU 3a JOIOMOI'0I0 HACTYITHOI OJIOK-CXEMU:

v
&0
o Forward Quantization || Entropy Encoding —=| Compressed Image
E Transdform
5 =
O 4 z
3 g
&n -
E 5
= 2
2 2
9 A
o
& = Reverse ~— Quantization ~—— Entropy Decoding Compressed Image
2 Transform
o~

Bukopucranus BeifBieT-mepeTBOPEHDb JT03BOJIMIIO 3a0€31MeINTH HACTYITHI TTe-
peBaru: nokpawexy AKICMb 3a BUCOKUX CTYIIEHIB CTUCHEHHS; MOYKJIUBICTD
npoepecusno20 6idnosaeHHs (3aBAHTAYKEHHsI 300paYKEHHsI CIIOYATKY B IIOTa-
Hill SKOCTI 3 MOCTYIMOBUM TOJIIIIIEHHSIM IIPU OTPUMAHHI JIOJIATKOBUX JIAHUX );
a TaKOXK TIJITPUMKY peHcuMly CMUCHEHHA 3 8mpamamu, TakK i 6e3 empam.
HaromicTh MOXKIIHBI Kiavuesi apmegparmu — PO3MUATICTH abo cJIabKi Opeosin
Oi/TT KOHTPACTHUX T'PAHUIL, OOYMOBJIEH]I BEHBIIET-(DLIBTPAITIEIO.
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ON PROPERTIES OF SOLUTIONS TO ELLIPTIC PROBLEMS
WITH ROUGH DATA IN BOUNDARY CONDITIONS

I.S. CHEPURUKHINA, A.A. MURACH

Let 2 be a bounded Euclidean domain of dimension n > 2 and of class C'*°,
with I' := 0€)2. We consider an elliptic boundary-value problem of the form

Au= f in €, Bju+zk—1 Cijxvp=9g; on I'y j=1,..,q+ s (1)

Here, A is a linear partial differential operator (PDO) on ; every B, is a
boundary linear PDO on I', and each C;; is a tangent linear PDO on I,
with ord A = 2¢, ord B; < m; and ordC}; < mj + r, for some integers
q =1, mi,...,mgss, and 71,...,7,. All coefficients of these PDOs are
complex-valued C>®-functions on 2 and T, resp. The distribution u in €2, and
distributions vq,...,v,, on I' are unknown in the problem, with 0 < s € Z.
Put v := (v1,...,v,) and ¢ := (g1, ..., Gg+s)-

Let m := max{m1,...,mgy4,}, and assume that m > —r; whenever 1 <
k < s. Since the case m > 2q is possible, put p := max{2q, m + 1}.

We assume that f belongs to the Sobolev space H;‘(Q) for certain p €
(1,00) and A > p—2g—1+1/p. We also suppose that each g; is an arbitrary

distribution on I'; i.e. the boundary data g; can be rough. Since (2 is bounded,
s—m;—1/p

there exists s € R such that each g; belongs to the Besov space B, ().
We consider the low regularity case where s < u— 1+ 1/p.
Put

S, L s .
Hyo(Q) = {ue H)(Q): Aue Hy(Q)}.
This space is complete with respect to the norm |lu, H5(Q)|| + || Au, H, (Q)]].

The set C*°(2) is dense in this space.

Theorem 1. The mapping (u,v) — (f,g), u € C>*(Q) and v € (C(I))*,
induced by elliptic problem (1) extends uniquely (by continuity) to a bounded
linear operator

S,A > S+rK— I smy—
A H(9Q) x I_Ik:1 Bp+ k=1/P(1) — H;\(Q) % szl By™ V(.

This operator is Fredholm. Its kernel lies in C*°(€2) x (C>°(I"))** and together
with the finite index does not depend on s, X, and p.

We say that a vector (u,v) from the domain of A is a generalized solution
to problem (1) if A(u,v) = (f, g).

4
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We discuss local (up to a part I'g of the boundary I') lifting properties of
such solutions. Let U be an open subset of R™ such that Qg :=QNU # @
and I'op := I'NU # @. Then HE,,.(Q0,l), with 0 € R and 8 € (1,00),
denotes the linear space of all distributions u on {2 such that xu € HZ () for

every x € C*°(£2) subject to supp x C o U 'g. Similarly, Bf .(I'0) denotes
the linear space of all distribution h on I' such that xh € BZ(I') for every
x € C=(T") subject to supp x C I'g. Our assumption f € H;‘(Q) implies only

that u € H;ﬁ:q(ﬁ,@).

Theorem 2. Let ¢ > s and f > p. Suppose that a vector (u,v) from the
domain of A is a generalized solution to the problem (1) whose right-hand sides

satisfy the additional conditions f € Hé;fg(QO,FO) and g; € Bé}grcbj_l/ﬁ(Fo)
for each j€{1,...,q+ »}. Thenu € Héyloc(Qo,Fo) and vy € Béﬁg’g_l/ﬂ(l“o)
for each k € {1,...,}.

We supplement this theorem with the following a prior: estimate of the
generalized solution:

Theorem 3. Let ¢ > s and 8 > p. Suppose that a vector (u,v) from the
domain of A satisfies the hypotheses of Theorem 2. We arbitrary choose a

number o < s and functions x,n € C°(Q) such that suppx C suppn C
Qo ULy and that n =1 wn a neighbourhood of supp x. Then

«d L+r—1
e, HE@) + Y llxow, B2 (D))| <
— gt t—m;—1/8
< c(llnfs Y@ + lInf, HEZA@)) + D07 lingg, By ™72 (D)) +

a * a+rg—1
el HE @)+ D07 llno, B (D)).
Here, ¢ is a certain positive number that does not depend on (u,v) and (f,g).

These theorems supplement [1, 2, 3].
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ON THE EXISTENCE OF SOLUTIONS TO NONLINEAR
BOUNDARY VALUE PROBLEMS

D. DOROSHENKO

Nonlinear boundary value problems appear in physics and mechanics when
modeling systems with nonlinear effects. Proving the existence of their solu-
tions is a key task of modern analysis.

We study the nonlinear problem
—u"(x) = f(x,u(x)), x€(0,1), u(0)=u(l)=0, (1)
where f:]0,1] x R — R is continuous and satisfies growth conditions.

Let H}(0,1) denote the Sobolev space equipped with the norm

ol = ([ (o) dx)m

Define the energy functional

_ 1/1 |u’(x)|2da:—/OIF(x,u(:c))da:,

where F'(x,u) fo (z,s)ds. The critical points of J correspond to weak
solutions of the problem (1).

Theorem 1. Suppose f(x,u) is continuous and satisfies the Carathéodory
condition

|f(z,u)] < a(z) + bluP~t, ac L*0,1),b>0,1<p< 2"

Then there exists at least one weak solution v € H}(0,1) to the boundary
value problem (1).

The proof uses the Palais—Smale condition that extends to systems and

nonlocal or nonlinear boundary conditions.
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PROBLEM WITH INTEGRAL CONDITIONS FOR LINEAR
PARTIAL DIFFERENTIAL EQUATIONS OF THIRD ORDER
IN SOBOLEV SPACE

G. KUDUK

Let II(T) = {(t,z) e R? : t € (0,T),x € R}, T > 0. Let us denote E, g,
a > 0,8 > 0 the space of functions ¢ € Lo(R), with the finite norm [2]

1 o N 2ce
|¢|Ea,ﬁ—\/§ | @R+ 1) expl2pielde,

where ¢(€) is the Fourier transform of the function ¢(z). In the strip II(7)
we consider nonlocal-integral problem

o 0
L (a %) Ut ) = 1)
_0°U(t, ) . O3U(t,x) . O3U(t, x) . O3U(t, x) _0
T o8 L ot20x 2 otox? 593

/O Ut 2)dt = 1 (). /0 WU (L, 2)dt = oo (1), /0 RU(L 2)dt = o3 ().
(2)

Assuming that the real parts of roots of polynomial A\ + a1 A2 + as\ + as
are nonzero and different, the correctness of the problem (1)-(2) in the space
of functions C?([0,T], Fs ) is established. Obtained results continue the
research of the works [3, 4, 7]. Problem with integral condition for partial
differential equations has been studied in the work [1, 2, 5, 6, 8, 9].
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PROBLEM WITH INTEGRAL CONDITIONS FOR
NONHOMOGENEOUS PARTIAL DIFFERENTIAL
EQUATIONS OF FOURTH ORDER

G. KUDUK

Let Kc, ar is the class of quasipolynomials of the form

m

f(t.x) =) Pit,x) explajz + B, (1)

=1

where a; € M C C, o # oy, for k # 7,85 € C, B; # By, for k # j,
r € R, Pj(t,z) are polynomials with complex coeffients (¢,z) € R™™!, where
r=(21,..,2n), 0 € M CC, aj # oy, for j #k, k,j={1,2,....,}, me N

Each quasipolynomial f(¢,z) of the form (1) defines a differential operator
f (%, a%) of finite order on the class entirie function ®(v, \)

0o 0 “ o 0
(avan) =255 (o aw) 209

j=1

1/=O,)\=aj

In the strip Q = {(t,z) e R"*! : t € (T1,T2)U(T3,Ty), x € R™} we consider
nonlocal mixed problem with integral condition in the form

4

orU o0\ 0*'U
W"‘;ai <%)W—f(tax>7 (2)
To Ty T> Ty
/ U(t,x)dt + / U(t,x)dt =0, / tU (t, x)dt + / tU(t,x)dt = 0,
T T3 T T3
(3)
To Ty T> Ty
/ t2U(t, x)dt + / t2U(t,x)dt = 0, / t3U(t, x)dt + / t3U(t,x)dt = 0,
T1 T3 Tl T3

where f(t,z) is the given function, (11,T%) U (T5,74) C R, T1,15,T5,T4 > 0,
Ul(t,z) is an unknown function, a; (22 ) differential expression, which is entire
symbol a; (\) # const. Denote be P is set P ={\ € C: A(\) = 0}.

Theorem 1. Let f(t,x) in equation (2) be entire function in from (1) belongs
Kyrc\p- Then in class Ky c\p there exists a unique solution of the problem
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(2)-(3) which can be represented in the form

o 0
Ut,x) = f <5, 5) {G(t, v, ) exp[)\:c]} : (4)
A=0,v=0
where G(t,v, \) is solution of the problem
4

d4 d4—i
— —Za()\) — | Gt v, A) = eV,
= dt

Ts Ty Ts Ty
/ G(t,v, \)dt + G(t,v, )\)dt:/ tG(t, v, )\)dt—l—/ tG(t,v, \)dt = 0,

T T3 T T3

T2 T4
/ tQG(t,V,)\)dtJr/ t2G(t, v, \)dt = 0,

T1 T3

T2 T4
/ t3G(t,v, )\)dt+/ t3G(t, v, \)dt = 0.

T1 T3

Be means of the differential-symbol method [1, 2], we construct a solution
of the problem (2)-(3). This problem is a continuation of works [3, 4, 5, 6].
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EVOLUTION OF MOTIONS OF A NEARLY DYNAMICALLY
SPHERICAL GYROSTAT WITH A MOVING MASS
SUBJECTED TO CONSTANT BODY-FIXED TORQUES

D.D. LESHCHENKO, T.O0. KOZACHENKO

We examine the motion of a nearly dynamically spherical rigid body rotat-
ing about its center of mass, where the body subjected to constant body-fixed
torques and contains a cavity filled with a highly viscous fluid and includes a
viscoelastic element. The system of motion equations is derived in standard
form and further refined using a quadratic approximation with respect to a
small parameter. The averaging method is applied to the nonlinear equations
of motion. The Cauchy problem for the system determined after averaging
is investigated. The evolution of angular motion is described using averaged
equations and numerical simulation. The advantage of this problem is that it
offers solutions that describe the evolution of a rigid body motion over infinite
time interval with an asymptotically small error. Graphical representations
of the solutions are provided and discussed.

The objective of this study is to investigate the combined influence of a
viscous fluid inside a cavity, a moving mass and constant body-fixed torques
on the motion of nearly dynamically spherical rigid body. This interaction
represents a novel element of the current work. The main goal of work is to
extend the results of previous similar investigations for the problem of the
perturbed motion of nearly dynamically spherical rigid body.

We present the input equations of motions, conduct an averaging procedure
and receive the averaged equations which, being simpler than the original
ones, describe the body motion over the large time interval. We establish
qualitative and quantitative properties of motion and provide a description of
the evolution of the body motion.

The importance of the gained results is due to its applications such as
analyzing angular motions in artificial satellites, spacecraft, onboard crew
dynamics, moving mass control systems, spinning projectiles, and reentry
vehicles.
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PERTURBED MOTIONS OF A NEARLY DYNAMICALLY
SPHERICAL GYROSTAT WITH A MOVING MASS

D. LESHCHENKO, A. RACHINSKAYA, T. KOZACHENKO, K. PALY

The study focuses on the motion of an almost dynamically spherical rigid
body about its center of mass, which contains a cavity filled with a highly vis-
cous fluid and incorporates a viscoelastic component. The equations of motion
are derived in a standard form and further refined using a second-order ap-
proximation with respect to a small parameter. The averaging method is
applied to the nonlinear system of motion equations, and the Cauchy prob-
lem for the averaged system is examined. The asymptotic approach allows
for obtaining qualitative insights and describing the evolution of the body’s
angular motion through simplified averaged equations supported by numer-
ical analysis. As a result, solutions are obtained that characterize the rigid
body’s motion over an infinite time interval with an asymptotically small er-
ror. Graphical representations of these solutions are provided and analyzed.
The research contributes to the understanding of spacecraft and satellite dy-
namics, as well as the motion of crew members within the vehicle. The findings
are significant for advancing the control of moving masses and analyzing the
motion of spinning bodies with distributed mass.
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DIFFERENTIAL EQUATIONS OF DAMPED RESONANT
SLOSHING

A.O. MILIAEV, A.N. TIMOKHA

A |machine]| learning of the single-dominant nonlinear “inviscid” differential
equations [1] on resonant sloshing (the forcing frequency close to the lowest
natural sloshing frequency) in a clean rigid rectangular tank is developed
[2] to restore a priori unknown viscous damping terms. The procedure is
realised by using the measured phase-lags [3| between the harmonic horizon-
tal tank excitation and the steady-state resonant wave. A good consistency
for liquid-mass centre motions is shown. This confirms that the free-surface
nonlinearity (energy flow from the primary-excited to higher natural slosh-
ing modes) and viscous damping of higher natural sloshing modes matter;
damping rates depend on the steady-state wave amplitude. The results are
generalised in [4] to the steady-state swirling waves in an upright circular tank
which moves longitudinally. The steady-state solution of the corresponding
differential equations are firstly constructed. Based on these solutions and
the cost function expressing the “distance” between measured and theoretical
phase-lags for the swirling surface wave amplitude, a satisfactory agreement
with experiments [5] is demonstrated.
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DIFFERENTIAL EQUATIONS INVARIANT WITH RESPECT
TO THE ALGEBRA s((2,C) AND ITS CONTRACTIONS

M.O. NESTERENKO, M.S. STARYI

In 1953 [1] E. In6nii and E. Wigner showed that different physical theories
are connected through contractions of their underlying symmetry algebras.
The construction of contractions of realizations is a necessary step for estab-
lishing limiting relations between differential equations and physical theories.
In this work, we explicitly construct the contractions between rank-three vec-
tor fields of the algebra sl(2,C) and their differential invariants.

Let L, be the set of all possible Lie brackets on V. We identify a Lie
product p € L£,, with the Lie algebra g = (V, u). L,, is an algebraic subset of
the variety V* @ V* ® V of bilinear maps from V x V to V.

The group GL(V) acts on L,, in the following way:

U -p)(z,y) =U(pU 'z, U y)) forallU e GL(V), p€ Ly, x,y € V.

Fixing the basis {e1,...,e,} of V we can use the one-to-one correspon-
dence between Lie bracket 1 € £,, and a structure constant tensor (cfj) In

this case the notion of a contraction matrix U. (U: (0,1] — GL(V)) and a
parameterized family of new Lie brackets [z, y]. is determined by

[z,y]le = U. ' [Ucx,U.y]  foralle € (0,1], z,y €V,
and the contraction is defined as follows.
If the limit lim [z,y]. = lim U.7'[U.z,U.y] =: [x,y]o exists for any
e——+0 e—+0

x,y € V, then [, -]p is a well-defined Lie bracket and go = (V, [, ]o) is called
a contraction of the Lie algebra g.

Consider complex three-dimensional special linear Lie algebra s((2, C) with
the basis elements {e; : i = 1,...,3} and nonzero commutation relations

le1, ea] =e1, e, e3s] =e3, [e1, e3] = 2ea. (1)

We also fix the representatives of the other necessury Lie algebras specifying
their nonzero commutation relations

937,4113 [61, 63] = €1, [62763] = —€2; g3.1: [62, 63] = e€1.

Theorem 1 (Nesterenko M., Popovych R. |2]|). The Lie algebra sl(2,C) can
be contracted only to the three-dimensional Poincaré algebra p(1,1) ~ 93__411,
to the Heisenberg algebra gs.1, and to the the three-dimensional abelian Lie
algebra 3g; .
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This sequence of contractions is performed in the following diagram
5[(2, C) — 937411 — g3.1 — 391
The Inonii-Wigner contraction from s((2, C) to the the Poincaré algebra p(1, 1)

: : . . 100 00
is provided by the contraction matrix U, = (8 01 ) : ((8) ! (1J) .

" of 5[(2,C) transform as cf] — (cg)fj — cf],
~k

where ¢7; are structure constants of p(1,1). The first arrow implies the ap-

plication of the contraction matrix U(e) and the second arrow implies the
k

Y

The structure constants cF,

limit process ¢ — 0. More precisely, éfj (6) = limeo Usj Usﬁca,g o)

7 Y

i7j7k7a7577 = 17"'7”'

Let M C C™ be a complex domain and g a Lie algebra. Denote by Vect(M)
the Lie algebra of analytic vector fields on M, endowed with the Lie bracket
of vector fields [-,-]. A Lie algebra homomorphism R: g — Vect(M) is called
a realization of the Lie algebra g.

To find the contraction of a realization, we need to construct a realization
for the parameterized structure constants (cg)lj of s1(2,C). For this, one can
apply either the direct method from the previous section or the Shirokov’s
method. We constructed the maximal rank-three parameterized realization
of the form (below 9; = %, i=1,2,3)

e = 81, €9 = 6:13181 + (1 — 28[131[132)82 + 28513183, e3 = 101 — 902 + O3.

Taking the limit as € tends to zero, we obtain a well-defined exact realiza-
tion of rank three for the three-dimensional Poincaré algebra

ep =01, ex=0,, e3=1x10]— 2202+ 05.

Similarly, we can construct the Inénii-Wigner contraction from the Poincaré
algebra to the Heisenberg algebra, as well as their composition.

Our interest in contractions of realizations of the algebra sl(2,C) is moti-
vated by the fact that it is the symmetry algebra of the Ermakov system, and
to study its limiting cases we constracted differential invariants of the limiting
realizations.
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ON D-CHARACTERISTICS OF ONE-DIMENSIONAL
BOUNDARY PROBLEMS IN SPACES OF DIFFERENTIABLE
FUNCTIONS

V.0. SOLDATOV

Let numbers m, [,n € N be arbitrarily chosen. On the finite interval (a, b),
we present some results on d-characteristics of the following linear boundary-
value problem

(Ly)(t) ==y (t) + AR)y(t) = f(t), t€ (a,b), (1)
By =c. (2)

Here the matrix function A € (C(®~1))™*™ the vector function f € (C(»=1))m,
the numerical vector ¢ € C! and the linear continuous operator
B: (C™)™ — C! are arbitrarily chosen.

We also let boundary condition (2) to be overdetermined (I > m) or unde-
termined (I < m) with respect to the differential system (1).

Using the linear continuous operator

(L, B): (C)y™ — (0™ x T, (3)
we rewrite the boundary-value problem (1), (2) in the form of the equation
(L, B)y = (f;0).

Theorem 1. Operator (3) is Fredholm with index m — [.

By Y € (C™)™*™ we denote a unique solution of the following matrix
Cauchy problem:

Y'(t)+ AQ)Y (t) = Oy t€ (ab),  Y(a) = Ip, (4)
where O,,, and I,, denote the null and identity m x m matrices, respectively.

Definition 1. We call a complex numerical [ X m matrix characteristic for
the boundary-value problem (1), (2) if each column of this matrix is the result
of the action of the operator B upon the column with the same number of
the matrix function Y. We denote this characteristic matrix by M (L, B).

Theorem 2. For d-characteristics of the Fredholm operator (3), the relations
dimker(L, B) = m —rank M (L, B), (5)
dim coker(L, B) = —rank M (L, B). (6)

are true.
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Corollary 1. Operator (3) is invertible (i.e., a topological isomorphism) if
and only if | = m and the square matriz M (L, B) is nonsingular.

Together with the problem (1), (2), consider a sequence of boundary-value
problems of the form

(Lry)(t) ==y (t) + Ay (t) = fu(t), t€ (a)b), (7)
Here, k € N, Aj, € (Cr=D)ymxm £ c (Cr=D)ym ¢, € C!, and By, is a linear
continuous operator on the pair of the spaces (C (”))m and C'.

Let associate the boundary-value problems (7), (8) with the sequence of
linear continuous operators (Lg, By): (C™)™ — (C(»=1)™ x C! and the se-
quence of their characteristic matrices M (Ly, By) € C*™. As usual,
(Lx, Bx) = (L,B) denotes the convergence of the sequence of operators

(Lk, Bx) to (L, B) in the strong operator topology. Here, all limits are con-
sidered as k — oo.

Theorem 3. If (L, B) > (L, B), then M (Ly, Bx) — M (L, B) (ask — o).
Theorem 4. Suppose that
(Lg,Bx) = (L,B) as k — oo. (9)
Then dim ker(Ly, By) < dimker(L, B) for all k> 1,
dim coker(Ly, Bx) < dimcoker(L, B) for all k> 1.

Assuming that condition (9) is satisfied, we obtain the following.

Corollary 2. If operator (3) is invertible, then operators (Ly, By) are also
wnvertible for all k> 1.

Corollary 3. If the boundary-value problem (1), (2) has a solution for any
given right-hand sides, then this is also true for the boundary-value problems

(7), (8) for all k> 1.

Corollary 4. If the boundary-value problem (1), (2) has only a trivial solution
in the case of zero right-hand sides, then this is also true for the boundary-
value problems (7), (8) for all k> 1.

This result was published in [1].
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ABOUT EXPLICIT FORM OF MULTISOLITON SOLUTIONS
TO THE KORTEWEG-DE VRIES EQUATION

A.O. TSUKANOVA

Truly serious theory, concerning solitary waves, was published in 1895 by
two Netherlandish mathematicians: Dutch scientist Diederik Johannes Korte-
weg and his student Gustav de Vries. Research into solitary waves picked up
in 1965, when Martin Krustal and Norman Zabusky studied the Korteweg-de
Vries equation in more details. Thereby in late 1960’s it was discovered that
one method, given by Jean Gaston Darboux a century ago, can be extended to
some important soliton equations, including the Korteweg-de Vries equation

U — 06Uy + Ugpe = 0, x €R, t > 0. (1)

With the help of this method explicit form of N-soliton, N > 1, solution has
been obtained only for the simplest case N = 1, spread in soliton-dedicated
literature. After analysis of number of references, both classical old (see, for
example, [1] and references therein) and more modern, we have found out
that explicit form of multisoliton solutions is unknown. Our goal was to find
explicit form of multisoliton solution to (1) with the help of the next formula

ulN] =u—2(InW[¥y, Ty,..., Uy])__

from the Darboux transformation apparatus (see, for instance, [2] for details).
Since this task is non-trivial, we have considered two cases: N = 2 and N = 3.
We have put for a < 3

u=0, ¥ =chla(z —21) —4a’t], ¥y =sh[B(z — z2) — 45°t],
and have obtained two-soliton solution u[2] to (1) of the form

U[2] =Uu— 2(1Il W[\Ill, \112]) == —2(1Il W[\Ifl, \1/2])

rx xrxr

W91, W W [0y, Wa) — (W, (91, 95))%
W?2[Uq, Us)

= —2(Bch[a(z — z1) — 40°t] ch[B(z — x2) — 48°t] -
—ashla(z — x1) — 40°t] sh[B(z — x2) — 4B3t])_2x
X (52 — 042) (B ch? [z — z1) — 404325] + o2 sh? [B(z — z2) — 46375}),

where

v, W,
\Ijlm lIJZCC

Uy Vs
\Ijlac:c \112;1255

Y

W[W,, Uy = ‘

’ Waz[q}bqu] — ‘
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\Ijlx leQw
\Illasx ‘IIQLL’{E

\Ifl \I/Q

’
\Ijlcmcx \IIQmmx

W [W1, U] = '

.

thus,
W[¥1,Us) = Beh|a(z — x1) — 4a’t] ch[B(z — z2) — 48%t]—
—ash|a(z — z1) — 40°t] sh[B(z — z2) — 45°],
W, [U1, W] = (8% — o?) chla(z — z1) — 4a’t] sh[B(x — z2) — 458%t],
Wen [V, Uso] = (52 — 042) (a sh [oz(x —x1) — 4043t} sh [6(1‘ — T9) — 453t} +
+Bchla(z — 21) — 4a°t] ch[B(z — z2) — 45°t]).

We have put for a < 3
u =0,

Uy = chla(z — z1) — 40°t], Uy =shla(z — x2) — 4a°t],
W3 = ch [B(a: —x3) — 4/3315],

and have obtained three-soliton solution u[3] to (1) of the form

’LL[S] =Uu-— 2(11’1 W[\Ifl, \I/Q, \Ifg])xm = —2(11’1 W[\Ifl, \I/Q, \Ifg])xm =
_ _2Wm[‘1’1, Wo, Us|W[Wy, o, Us] — (Wa W1, o, U5))?
WQ[\IJ17\:[}27IIJ3]
232

~ch? Bz — z3) — 4831] ’
where
W[Wy, Uy, V3] = a(B* — o) ch[B(z — z3) — 48°t] ch|a(zs — 21)],
W[V, Uy, U] = 04/3(52 — 042) sh[B(z — z3) — 45375] chla(ze — z1)],
Wae W1, Uy, Us] = af? (62 — a2) ch [ﬁ(x —x3) — 46315] ch [04(332 — :cl)]

As far as we see, for N = 3 we have obtained the solution, coinciding with
the solution from the case NV = 1. It might be true for any odd value of N.

Using the Darboux transformation, we are able to obtain all N-soliton,
N > 1, solutions of the Korteweg-de Vries equation. We have obtained explicit
form of N-soliton, N > 1, solutions for the simplest cases N =2 and N = 3.
These results are supposed to become in future sort of foundation in finding
general formula for N-soliton, N > 1, solutions to (1).

REFERENCES

[1] Ablowitz M.J., Segur H. Solitons and the Inverse Scattering Transform. — SIAM Studies
in Applied Mathematics, STAM, Philadelphia, PA, 1981. — 425 p.

[2] Matveev V.B., Salle M.A. Darboux Transformations and Solitons. — Berlin: Springer,
1991. — 120 p.

Icor Sikorsky Kviv PovryTEcHNIC INSTITUTE, Kyiv, UKRAINE
Email address: ponochka2511@ukr.net

89



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

HABJIM>KEHE PO3B’SI3AHHSA MIITIAHOI 3AJTAYI

B.O0. €EBJOKMMEHKO, B.C. TEPACUMYVYK

CraBuThbcs MimaHa 3ajad4a, J1j1d JudepeHIliaJbHOT0 PIBHIHHS Y TaCTUHHIX
IMOX1THUX 31 3MIHHUMH KoeiIlieHTaMu:

c? [82u 18u]

B r2/r2 —1 | Or? ror

Utt

u(ri,t) =0, u(re,t) =0, t>0,

(r—r1)(r—ro)

u(r,0) = —4h (2 —11)2

;o u(r,0) =0, r<r<ra.

3a meTozoMm Bimokpemierns: 3minaux Pyp’e: u(r,t) = R(r)T(t).
3Bijcu Maemo, 1o ¢yukiiist T'(t) 3a/10BOJIbHSIE PIBHSHHS

T" + XN*c*T = 0, (1)
a dyukmis R(r) — zamaay [Irypma—/liysimis
/! ]‘ / 2 702
R —;R + A 7“_2_1 RIO, R(rl):O, R(?“Q)IO (2)
0

Baranbuuii po3s’si30k (1) Bimomuii: T'(t) = A coscAt + B sin cAt.
Tounnit po3s’st30K (2) HeBimOMUil, TOMY IITyKa€MO PO3B’sI30K 3a HaOIMKe-
uusaM JIiysluis—'pina. Qs r > ro piBasgnHs (2) Mae HaOIUKeHUIT PO3B 30K

~ ’,"2

R(r,\) = A(\)y

psin [ A2u(r) + 500

1 (r— 7“2—7‘8)_'_7‘\/7“2—7’8
_2 - a8 .

3HaX0IMMO BJIACHI 3HAYEHHSI Ta BJIacHI GyHKIUT 3a1aqi (2)

2k

rolw(rz) — w(ry)]

A =

)

R ) = =" sin[w(r)_w(m)wk:}, FEN.

w(ra) —w(ry)
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_ Bapro nokasaru, mo 3HafijieHi 3a HaOIMKEHNM PO3B’SI3KOM BJIaCHI PyHKIIIT
R(7, \) miiicHo € BracauMu GyHKIisiMu 331241 (2), TOOTO, yTBOPIOIOTH ITOBHY
CHUCTEMY OPTOTOHAJBHUX (PYHKITIH.

d [1d

Hoseneno, mo omepatop L = — |——

dr |rdr

qi (2) e camocmpsizkeHuM, ToMy ByacHi pyHKIil R(7, \;), BiAmoBiaHi pisHmM
r2 — 2

BJIACHUM 3HAUEHHIM A, Ta A, OPTOTOHAJIbHI 3 Barolo — >, a cucreMa

-
{R(r, \x), k € N} € noBHoIO.

JJIs PO3B’SI3KiB KPaioBOl 3a1a-

TBepaxkenusi. Habauotceni saachi gﬁyn%uzzﬁl(r, S\k), 610N0810H1 PIBHUM 640~
2 _ .2
~ ~ re —r
CHUM BHAMERHAM Ay MA A, OPMOZOHAALHE 3 642010 ———> Ma HOPMOIO
r
2
L rglw(rs) — w(ry
HR(T,)\k)HQZ 0[ ( ) ( )]

4

Tepmkennst. Cucmema nabruocenus éaacnus dynruita {R(r, ), k € N}
€ NO6HOI0.

Orke, po3B’si30K (3), orpumanuii 3a HabmmkenHsiM JIiyBiuis—I'pina, jiii-
cHO € po3B’s3koM 3as1adi [Irypma—/liysims (2). Oyukitist

a(r,t) = Z Ay cos cxkt]:?(r, S\k),
k=1

T2

A = - 16h i / (x —r1)(x —ro)(2? — rg)}?(a:,xk)dx

relw(rz) —w(r)](ra — 1) T

T1
€ HaOJIMKEHUM PO3B’SI3KOM IIOCTABJIEHOI MIITaHOI 3a/1ai.
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ITIOBYZTIOBA HEIIEPEPBHUNX OBME2KEHUNUX PO3B’A3KIB
OJJHOT'O KJIACY CUCTEM HEJIIHIMTHUX
PISHUINTEBO-®YHKIIOHAJIbHNX PIBHAHD

T.O0. EPBOMIHA, O.A. IIOBAPOBA

[To6ymoBano HerepepBHI 0OMeEXKeHI PO3B’sI3KM CHCTEM HEJIHIHHUX pi3HUIle-
BO-(DYHKITIOHAJIBHUX PIBHIHBb BUTJISILY

z(qt) = Az (t) + f (&, x(t), x(t + 1)), (1)

me t € R, A — ngiiicaa (n X n)-marpuns surysay A = diag (A1,..., ), [ :
R xR" xR™ — R", ¢ — negka jiiicHa ctaja. [Ipu nnbomy O6yemo mpumyckaTu
BUKOHAHUMU HACTYITHI YMOBH:

(1) [Ail #0,i=1,2,..

(2) BexkTOp-dyHKIs f (t,
reR" yeR"1 f(t,

(3) must noinpHEX t € R,

|f(t7j7g) _ f(ta

e | — mesika JoJaaTHA CTAJA.

IIO

Y

,n, qg > 0;

X, ) € HETIEPEPBHOIO OOMEZKEHOIO 1pu BCix ¢ € R,
0 O) =

z,Y,T

,y € R" BUKOHYETBHCS CITiBBITHOIIIEHH S

Sl

Y <Lz =2+ 1y —gl), (2)

Teopema 1. Hexatl suxonyromocs ymosu (1)—(8) i ymosu:

(4) 0< X <li=1,...,n,¢>1;
(5)A:5\21>\ =max{\;,i=1,...,n}.

Todi cucmema pienans (1) mae cim o nenepepsrux obmesrcenur nput =T >
0 (T — deaxa docmammnvo eeauka dodamma cmana) po3e’a3kie y euzandi pady

= Z z;(t), (3)
1=0

de x;(t), i =0,1,... — deaxi nenepepeni obmesceni npu t = T > 0 sexmop-
Pynryii, axi 3adosoavharoms ymosy lim;_, o x;(t) = 0.
Teopema 2. Hexati sukonyromuvea ymosu (1)-(3) i ymosu:

(6) \i>1,i=1,...,n,0<qg<1;
_ 2l
(7) A =5

1,2,...,n}.

i? pumng
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Todi cucmema pisuans (1) mae cim’ro nenepepenuz oomeorcenux npu t =T >
0 (T — deaxa docmammnvo eeauka dodammna cmana) po3e’a3kie y euzaadi pady

z(t) = Z (1), (4)

de x;(t), 1 =0,1,... — deaxi nenepepsni obmeorceni npu t =T > 0 sexmop-
Pyrruil, axi 3a00604vHAOMSG YMO6T limy_, 1 o x;(t) = 0.

PosrisinyTo cucremy HeldiHIfiHUX Pi3HUIEBO-(DYHKITIOHAJIHLHUX PIBHSIHDb BU-
sy (1) mpu A\; < 0,7 =1,...,n y BUNaJKax, KOJU BUKOHYIOThCSI YMOBH:
a) [N >1,i=1,...,n,0<qg<1;
b) Ni|<1l,i=1,...,n,q>1.

Teopema 3. Hexati sukonyromuvea ymosu (1)-(3) i ymosu:
(8) ‘Azl > 17 Z':L"'?ny )\’L <07 O<q< 17'

(9) A=525 <1, 0e 1 <A< A =min{|\|,i=1,2,...,n}.

Todi cucmema pisuans (1) mae cim’ro nenepepsrux obmesicenur npu t =
T >0 (T — dearxa docmamnvo eaura dodammua cmana) pose’asxkie x(t) =

T (t,w (ﬁ—;)), wWo 3a4e2Cumb 610 006IALHOL HenepepsHroi eexmop-Pyrryii
w(T), maxoi wo w(T + 1) = —w(7).

Teopema 4. Hexati sukonyromuvea ymosu (1)-(3) i ymosu:
(10) ‘)\@l <l,i=1,....,n, \; <0,qg>1,

(11) A= 5= <1, 0e 1> A" > max {|\;|,i=1,...,n}.

Todi cucmema pisnans (1) mae cim’io nenepepsrur obmesicenur npu t =
T >0 (T — dearxa docmamnvo eaura dodammua cmana) pose’asxkic x(t) =

T (t,w Gﬁ—;)), wo 3anexcums 610 d06IAbHOT Henepepsroi sexmop-PyHKyii
w(T), makoi wo w(T + 1) = —w(7).
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ITPO YMOBU EKCTPEMYMY B 3A/IAYI
ITAPAMETPUYHOI OIITUMI3AIIIL IVUKA TPAEKTOPIN

O.M. BAIIIHAKOB, B.T. MATBIEHKO, B.B. IIITYKVYP

B monosizi po3risigaioThesd 3a/1a4i TapaMeTPUYIHOI ONITUMI3allil ITyYKa Tpa-
€KTOPili cucTeMun

& = fwp ), £ € [10,T] (1)
3 TAKUMW HETJIAJIKUMU KPUTEPIAMH SIKOCTI
Li(p) = max ®(x(T, o, p)), (2)
T
Ir(p) = max fo(z(s),p, s)ds + ®(x(T, xo,p)) ¢ - (3)
o€ Mo to

Tyr x € R",p € R™ — BeKTOpH CTaHy Ta ITapaMeTpPiB CUCTEMH BiIIIOBIIHO,
f(x,p,t) — n-Bumipna BekTOpP-(DYHKIIisI, siKa € HENIepePBHO A(bEePEHITIHOBAHOIO
3a x 1 p, a TAKOXK HelepepBHOIO 3a t, fo(x,p,t) € HemepepBHO nudepeHIiiio-
BaHOWO (DYHKIIEIO 3a 3MIHHUME X, p i HemepepBHOWo 3a t, x(t) = x(t,zo,p),
t € [to, T], dynkiia ¢ : R™ — R e HenepepsHo nudepenrtiiioanow, My C R"
— KOMIaKT, z(tg) = xg € M.

st 3a1a9 mapaMerpudHOl onTUMIzaril mydka TpaekTopiit cucremu (1) 3
dbyukmionasmamu (2) i (3) moOym0BaHO MOXiIHY 3a HAIPSIMKOM Ta OJEPXKAHO
HeOOXiTHI YMOBUM JIOKAJILHOTO MIiHIMyMYy, 30KpeMa Tpu OOMe:KeHHSX Ha Ia-
pamerpu. s 3amaqi (1)—(2) y Bumajky, ko dyukiis $(x) € omykiormw, a
npaBa JacTuHa cucremu (1) € yiHiliHOIO (DYHKIEO 3a T Ta P, OTPUMAHO TAKOK
JOCTATHI yYMOBU ONTUMAbHOCTI.

Pospobieno obuncioBaibhi MeTonn po3s’s3yBanust 3agadi (1)—(2).
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KJIACUDIKAIIIL JIIIBCHbKUX CUMETPIN KJIACY
CHUCTEM (1 + 1)-BUMIPHUX HEJIIHINHUX PIBHSIHb
INOY3II

O.A. BOJIOIINH, M.I. CEPOB, 0.0. BAHEEBA

Cucrema HeJiHITHEX PiBHSHB Audy3il 11T ABOBUMIPHOIO BEKTOPHOI'O TIOJISI
U € R? y 3araabHOMY BUNAJKY 3allCYEThCA Y BUTJISI

Up = 0, [F(U)Us], (1)

u' 2 frofe ab ab(, 1 .2 o

ae U = (u2> € R* F(U) = <f21 f22>7 [ = f¥(u’,u®) — xoedini-

earn audysii, u* = u®(t,r) — byukil KoHneHTparil (ado MiJILHOCTI) IBOX

Pi3HUX PEYOBHUH, AKi B3aEMOJIIIOTH MiXK c000I0, { — YacoBa, £ — IPOCTOPOBA
Hesastexxui 3minni, F(U) — marpurg 3 tr F' - det F' # 0.

Y pobori [1] BuKOoHaHO 3ajiady TONEPEIHBOI IPYNOBOI Kiracudikaril KJjia-
cy (1), 30KpeMa, 3HalIEHO TPYITYy €KBIBAJEHTHOCTI IHOTO KJIACY, & TAKOXK sIIPO
MaKCUMAJIbHUX aJireOp JITBCHKOT iHBapiaHTHOCTI cucreM 3 Kitacy (1), mo € Tpu-
BuMipHOIO ajirebporo JIi

Am = <8t, 8x, D = 2t8t +£L’(9x>

Y mporieci rpymnoBoro aHajisy Kjacy cucreM piBHsiHb jaudysii (1) Gymo Bu-
OKPEMJIEHO JIEB'ATh HEeeKBIBAJEHTHUX TiJIKJIACIB, AKi JIOIYCKAIOTH PO3ITUPEH-
Hd JTiiBcbKOl cuMerpil. i miakmacu BU3HAYAIOTHCA TAKUMHA YMOBAMU Ha JIO-
BinbHI eemenTn f40:

) fab _ enul gDab, (pab — @ab(w), W = u2

! 12

2) fit=e¢" j(90”+u2s0 )1f12 (12 (622 -t — ()0,
A Cols L2 1), et =etw), w=ut
11 _ (1 11 1:u1n+11 n—1p21 0 22 — (ylyn(y22

>f:;ab(>)wfu2<> = f e

n—1 n+1 n
) fll — (u2) 11 f12 — <u2> S012, f21 — (u2) s021, f22 — (u2> 8022,
ch“b(w w=ul —Inu?

5) f11 _ enul((pll ul 12) f12 = ¢n @12, £22 = enu1(¢22 —|—u1<p12),
f21 = enut ((1021 +oul(pt — p?2) — <u1)2()012)’ b = SOab(w), W= uZ —
1/2(ut)?;

st poGora Gysa nigrpumana rpantoM Big @oupy Caidimonca (SFI-PD-Ukraine-00014586,
O. 0. B. 1a O. A. B.).

95



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

6) F11 = (ul)mpll, F12 = (ul)Pmpl2, f21 = (yl)ntmp2l 22— (y1)n22,
ot = (), 1 = ()L
7) fab — (u1>ngpab, gpab — ab(w)7 W = uz/ul;
8) fll = (u2 n (9011 + 2 lnuz), F12 = (uz)” (9012 + (9022 _ 9011) Inwu? —
— 2 In? u2), F21 = (u2)ncp21, £22 — (u2)” (9022_9021 lnu2), b —
gpab(w), w = ul/u? — Inu?;

9) fla — e—n9(2p—2uaﬁs5’_|_ wa) f2a — —n9(2p 2u UA,O e waJ‘) —
(uh,u?), 3= (91,92, ¥ = (W', 92), 3~ = (=% ¢'), ¥ = (—¢* ¢ 1),
P =t (w), P = P(w), ! #F =, ¢2+295-¢ 74 0, p=/(u)? + (u?)?,

0 = arctgu? /u', w = pe™?

Y pobori [1| BuKOHAHO BUYEpIIHY I'PYNOBY KJACHDIKAINIO KJIACY CHCTEM
PiBHSIHB Jy3il 3 MEPIIOTro MiAKIacy, Pe3yIbTaTH 010 KaacuMiKaIlil iHITIx
BOCHBMU MiJIKJIACIB 3’ IBISTHCS Y MOJAJIBINNX IIyO IKaIlisIX.

Y 1iit jgomoBizii OCHOBHY yBary OyJie TIPHUJIIJIEHO JOCJIJI2KEHHIO JITBCHKUX
CUMETPiil CUCTEM 3 TPETHhOrO IMJIKJIACY, 8 caMe pe3yabTaTaM I'PYHOBOI KJIACH-
dbikarii Takoro kiracy cucrem (1 + 1)-BumipHUX piBHSHB audy3ii:

utl — 890 [( )nwllul _|_< )n+1¢12u2]
u? — ar [(ul)n 1(p21u1 _|_< )n(p22u2}

e n — moBinmbHa miiicHa crama, a ¢ = % (u?) — raxi mosBimbHI TTAIKi
byuxii, mo (' + ©22) (e p22 — p12p21) £ 0.
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IIOIIINPEHHSA IIOYATKOBUX KOPEJIAIIN V BIIKPUTIN
CUCTEMI IIPY2XKHUX KVJIb

I.LB. TAIT'AK

Y OIJBIIOCTI KJTACUYHUX ITJIXO/IB JIO OIHUCY €BOJIIOII] BIIKPUTUX CUCTEM
BBaXKA€ThCsI, 10 HA IIOYATKOBOMY €Talli YaCTUHKU HeKopeaboBaHi. OmHAK y
peaibHIX (PIBUIHUX CHUCTEeMaX Iie MPUIYIIEHHS YacTO He BUKOHYETHCA — dYa-
CTUHKU MOXKYTbh OyTH CIIOUATKY B3aEMOIIOB’sI3aHi Uepe3 IoIepeIHi 3iTKHeHHS
abo criibHy icTopito. TakoxK OIHMC €BOJIIONIl MOYATKOBUX KOPEJIAIiil Ma€ BU-
3HaYaJIbHE 3HAYEHHS Y KBAHTOBUX CHCTEMAaX, 30KPeMa, BOHI MAlOTh BarKJINBE
3HAYEHHS JIJII KBAHTOBOI TeJICIIOPTAIIil.

B namniit poboTi po3risgHyTO IpobeMy OIHUCY KiHeTHIHOI eBOJIIOIN] BiAKPH-
TOI CUCTEMM BUJIIJIEHOl YaCTHHKHM B OTOYEHHI HECKIHYEeHHOl KiJIbKOCTI JacTH-
HOK, K1 B3a€EMOJIIIOTH SIK TBEP/l KYJIl 3 NMPYKHUM 31TKHEHHSIM 3a HASIBHOCTI
IMOYATKOBUX KOpeJdAIliil. BcTanoBiieHo, 1Mo eBOJIOIs CTaHy BHU/IIJIEHOI TBEPJIOL
KYJIi OIMUCYEThCS y3araJbHeHNM KineTudaHuM piBHIHHAM Pokkepa—ILmanka 3
HOYATKOBUMHK Kopesrsiiamu [1], [2]. 3a gonomoroio HecKiHYeHHOT TOCITi T0BHO-
CT1 IBHO BU3HAYEHNX (PYHKITIOHAJIIB BiJ] PO3B’ 3Ky MTOOYI0BAHOTO KiHETUIHOTO
PIBHAHHS OIMCAHO MPOIECH TTOIMMUPEHHS MOYATKOBUX KOPEISIIiN 1 3apO/KEeHH
KOPEJISIIi B IIPOIECl €BOJTIONI].
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MATEMATUYHE JOCJIII2>KEHHS BEJIMUYNHN PAKOBOI
IMIYXJNHNA B YMOBAX IMYHHOI PEAKIIII OPTAHI3ZMY

I'M. I'VBAJIb

[TpuuunOIO JIeTAJIBHUX BUIIQIKIB BEJIMKOI KIIIBKOCTI XBOPUX B YChOMY CBIT1
€ PaK, OCKLIBKK IIPO HAsIBHICTH pakKy Oararo MAIliEHTIB Ai3HAIOTHCS BXKe Ha,
IMi3Hii cTagil fioro po3BuTKy. st momosaHHs Ii€l XBOpOOU JIy»Ke BarKJIMBi
il akTyaJibHI HAYKOBI JIOC/IKeHHsT (B ToMy 4mcyi i maremarudni). Bararo
HayKOBITIB CBITY HpH JOCJIIJI?KEHHAX 1 JIKYBaHHI PAKOBUX XBOPUX BIIMITHIN
0c06JINBO BaxKJIUBY poJib T-jiimdonuTis y 3uuIeHHI pakoBuxX KiaiTuH |1, 2].

Y nmocaimpkenHsx [3, 4] mokazaHo HOBHII MPUHIUII Tepallil OHKO3aXBOPIO-
BaHb, HOBUM BUJ JIIKyBaHHs pakKy — imyHOTepamifo. Ilsg imynorepamis mpa-
IIO€ 33 PaxyHOK OJIOKyBaHHA OLIKIB-TOPMO3iB IMYHHOI CUCTEMH, B AKYy BXO-
JUTHh OCOOJIMBA PI3HOBUIHICTH OiIMX KPOB'ssHUX Tijenb — T-iMmdoruris. T-
JIM@OIUTU PO3MIZHAIOTH 1 3BHUMITYIOTH TYKOPIiJIHI 1 MyTyIo4i KaiTuau. [MyHHA,
PeaKIlig OpraHi3My JIIOJIMHA MOJSITa€ B TOMY, IO BUPOOJIAIoThed T-TimdonuTu,
sIKi 3HUIYIOTh pakoBi Kiituan. OmHak, mpu mocaabjeHoMy iMyHIiTETi opra-
Hi3M JIIOIMHHA BUPOOJISi€ HEJIOCTATHIO KijbKicTh T-iMmdonurie. Tomi npu iH-
TEHCUBHOMY IIepepOJIzKeHH] KJIITUH B PaKOB1 BHAC/I1IOK PI3HUX ITPUYNH, PAKOBI
KJITHHA MOXKYTb IIPU3BECTHU JIO HOSBU 1 POCTY PAKOBOI IyXJIMHU.

Y maHOMY JOCJIIKEHHI PO3TJISIAEMO PeakIliio IMyHHOI CHUCTEMU JIIOTUHI
HA CTOPOHHIO TKAHUHY (y JAHOMY BUIQJIKY — PAKOBY IIyXJIUHY ).

Kuitnau pakoBUX IMyXJIUH MIiCTSITh OCOOJIMBI PEYOBUHN (AaHTUIEHMN ), SIKi BU-
KJIMKAIOTh Pi3Ky IMYHHY peakIlifo y Oiabimocti joaeii. 1la peakiiis mosisirae B
BupoOJienHi T-1iM@oIuTIB, sIKi aTaKyOTh 1 3HUNLYIOTh KJITHHH PAKOBOI IIy-
XJINHU.

MaTteMaTHIHO aHaJII3yeEMO MPOIEC 3MIHU BEJTUYUHU PAKOBOI MyXJIUHU IIPU
aTakax pakoBux KiiTuH T-miMmdoruramu. Lle gae MOXKIMBICTh BU3HATATH YMO-
BU 3HUIEHHA PAKOBUX ITYyXJIWH.

[Ipormiec 3HUINIEHHS PAKOBUX KJITUH OIMMUCYETHCA IMOOYI0BAHOIO B JTAHOMY
JIOCJIiIPKEeHHI CUCTeMOIO AudepeHIliaJlbHIX PIBHSIHbD.

[Ipn meBHUX yMOBaxX pPO3B’{A3KHU IIi€] CUCTEMH JIUQEPEHIIAJTbHUX PIBHIHD
MMOKaXKyTh 3MEHINEeHHA BEJUYNHU PAKOBOI MYXJUHHU 3 IIJIMHOM dacy, azK 0
noBHoro i1 3umkHeHHs. [le 0BesieHO B Oararbox BHITQJIKAX ITPU JIKYBaHHI
OHKOXBOPHX IMyHOTEpPAIIE0 s AesIKIX BUIIB paky (3, 4].

Jane MaTeMaTHYIHE JIOCJIII>KEHHSI JIa€ MOXKJINBICTD:
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® aHaJII3yBATHU MPOIEC 3MIHU BEJIUYUHHU PAKOBOI MyXJUHU, KOJIM PAKOBI
KJIITUHYU 3HUILYIOTHCA 1-TiM@oruTamu;
® BU3HAYATH, [IPU AKUX yMOBaxX T-TiM@OIUTH 3HUMATH PAKOBY ITYXJIU-
HY.
OmTxke, 116 MaTeMaTUYHe JIOCJII/>KEHHsI € BayKJIUBe i akTyaJibHe. BoHO po-
OUTH BHECOK JI0 MOXKJIMBOCTI TIOJOJIAHHST PAKOBUX XBOPOO, fAKi € MPUYIUHOIO
JIETAJTbHUX BUITA/IKIB BEJIMKOI K1JIBKOCTI TAIIEHTIB B YCHOMY CBITI.
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JOCJITI2KEHHSA CUCTEMU ABTOMATUYHOI'O
KEPYBAHHA 3 ITOBIJIBHOIO SMIHOIO ITAPAMETPIB
OB’EKTA I PET'VJIATOPA

I.B. JAHUJIIHA, M.O. PAIIIEBCHKUII

Y JriHiftHOMY HaOJIMXKEHHI PiBHSIHHSI, IO ONUCYIOTh PYX CUCTEMHU aBTOMAa-
TUIHOTO KEPYBaHHS ITPU MOBLIbHIN 3MiHI mapaMeTpiB 00’€KTa Ta PeryasiTopa
€ TakuMn [1]:

&(t,e) = B(t,e)x(t,e) + H(t,e)u(t,e) + v(t), (1)

ne x(t, €) — IBOBUMIpHUI BEKTOP, IO CKJIAJIAETHCS 13 30y PeHb mapaMerpiB py-
Xy KepoBaHoro o0’ekra; u(t,€) = (uq,us) — BeKTOp KepyBauus; v(t) = (v1, v2)
— BXIJIHUI CUTHAJI, 0 POPMYETHCS K JiHITHA KOMOIHAITS KOOPIMHAT.

Marpumi B(t,€), H(t,e), G(t,s,€) — Marpurli TOPsiIKy 2 3 HEIEPEPBHUMU
enementamu; G(t,s,€) — MaTpuIsl IMIYJIbCHUX TIepeXiHuX (DYHKINH peryJis-
topa. Ockinbku koedimientn cucremu (1) € GyHKIIsIMI MTOBLIBHOTO Yacy &,
TO JIjIsi TIOOYOBU PO3B’SI3KY CHUCTEMH HEOOXiJTHO CKOPUCTATHUCSA HaOJIMZKEHU-
Mu Meromamu. Haitbinpm edeKTUBHUMA € aCUMIITOTUYHI MeTOAU, sIKi JaI0Th
MOKJIUBICTh aHAJITUIHOTO 3aIlNCy PO3B’A3KY.

Y JOMOBii PO3TIISIIA€THCST TUTAHHS TOOYI0BU pO3B 513Ky cucremu (1) 3a-
JexkHo Bin cmektpa marpuri B(t,0). Ilpunyckaerbes, mo marpuiio B(t, €)
MOKHA, TIOJATHU Y BHUIVIsII 3012KHOTO Py 3a CTEHEHSIMH IiCHOIO MaJIoro Iia-
pamerpa ¢ > 0. g mocmigzkennst cucremu (1) BUKOPUCTOBYIOTbCSI METO-
mu, po3pobsieri B [2]. HaBemeno acuMuToTudHi OMiHKU PI3HUAII MiXK TOTHUM
PO3B’I3KOM Ta IMOOYI0BAHUM M-HAOTMKEHHSIM.
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IHTETPAJIBHI OIIITHKI ®YHIAMEHTAJIBHOI CUCTEMU
PO3B’SI3KIB HOBOT'O KJIACY EJIIIITUNYHNX KPAMOBUX
3AJAY 3 MAJIUM ITAPAMETPOM

A.B.3ABOPOTUHCHKUM

Pobora ripucssiena JI0CIi I>KEHHIO iHTErPpAJIbHUX OIIHOK (PyHIaMEHTAIbHOI
CHUCTEMHU PO3B’A3KiB MOJIEIHLHOI 331841, 1110 HAJIE2KUThH JIO0 HOBOT'O KJIACY €JIITH-
IHAX KPaloBUX 331849 3 MaJIIM IapaMeTpoM. ¥ IbOMY KJiaci mapamerp € > 0
BXOJIUTH HE JIMIIE JIO €JIITHYHOIO Ta KPaloBUX JudEpEeHIaIbHIX OIlepPaTo-
piB, a I 10 JOTUYHHUX OIEPATOPIB, sIKi AiIOTH Ha JOAATKOBI HeBigoMi (DyHKIIII,
3ajiaHl HA MexKi objacTi. MeToo pobOTH € BCTAHOBJIEHHSI £-HE3AJEXKHUX 1H-
TerpaJIibHUX OIIHOK JJIS IIUX PO3B’SI3KiB, IO CTAHOBJISITH OCHOBY IIOJAJIHIITNX
AIplOPHUX OITIHOK Y 3araJibHOMY BUIIQJIKY.

Hexait () — obmexkena BimkpuTa objsactb y R"™ kmacy C°, ne n > 2, ta
I' := 0f). Bubepemo 1t uncaa m, p Ta 3 Taki, mo m > pu > 11 3 > 1. Hexaix
it gncna by, ..., by 1@ B, .-, Brgse TaKi, mo by > B mpu 1 < j < m+ s,
1 BuKOoHy€eThCd yMOBa 81 < B2 < ... < Buqse < Bugser1 < ... < Bt Kpim
TOTO, (1, ...,0, € Z.

Posrnsnaerbea Taka KpaiioBa 3ajada, 3aJezKHa B/l MaJoTro ITapaMeTpa:

A(z; Dye)u(zse) = f(x), =€, (1)
Bj(x; Die)u(xie) + Y Cjulw; Drie)or(ase) = g;(), (2)
k=1

xel,j7=1,....m+ .

Tyt dyukiis u(x; ), aprymenty x € ), 1 byHKil p1(x;€),. .., 0,.(T;€), apry-
MmerTy x € I € mmykanumMu, a mpaBi YacTUHY 331241 3a/1aHi it (771 CIIPOIIeHHS )
He 3aJIeKaTh BiJ| mapaMerpa €. Po3risiarorbca KOMILIEKCHO3HAYHI (DYHKITII.

Judepenniajibai onepaTopu 3 YaACTUHHUMU IOXITHUMU, SIKi MICTSITHCS B
JIIBIfT YacTWHI 3aJiadi, 3ajexKaTh B MaJioro Iapamerpa € > (0 mosiHOMI-

2m—2p )
ampuum wmnoM: A(x; Die) = > &M 20" Ay, i(z; D), Bj(z;D;e) =
1=0
i—Bi by — i bj—Bj b i
i—B;—1 . . . S i—Bj—1 .
Z e Bj;bj—i(x7D)7Cj,k(x7DT’5) = Z e Cjakaj_i"‘Oék(x’DT)'
i=0 i=0
Tyr Aom—iy Bjp;—i 1 Cjppj—ita, — JiHilHI gudepeniianbii oneparopu 3

(C°°-koedimierTamMu BiamoBigunx mopsakiB Ha 21 I,
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3araJibHa TeOpid eJINTUIHUX KpaioBUX 3aJad i3 MaJuM IIapaMeTpoM Oy-
na 3anodarkoBana B pobori M. I. Bimmwmka rta JI. A. Jliocrepruka [1], a 17
MOJAJIBIINIT PO3BUTOK Y KOHTEKCTI €JIIIITUIHOCTI 3 MAJIUM ITapaMeTPOM I10/IaHO
B pobori JI. P. Bosesuua [2|. Posrisinyra 3ajaua HaIeKuTh 10 HOBOIO KJia-
Cy eJINTUIHUX KPalloBUX 3a/a4, y SKUX MaJIMil mapaMeTp BXOIUTH TAKOXK JI0
JIOTUYHUX OIIePATOPiB, IO JHIOTHh Ha JOJATKOBI HEBiJIOMi (DYHKIII 01, . - -, O,
3agani Ha Mexi obmacti I, mo y3aranbuioe pesynabratu 3.

Texwnika JIoBe/ICHHSA I'PYHTYETHCS Ha aHaJII31 MOJIEJILHOI 3318491 B MiBIIPOCTO-
pi, JUid gKOI 1oOyI0BaHO (pyHIAMEHTAJbHY CUCTEMY PO3B A3KiB KpaitoBOro
CUMBOJIy Ta OTPUMAHO £-He3aJIeXKHI IHTErpaJibHiI OIIHKU, IO Big0OparkaioTh
3aJIe2KHICTh BiJl TOPSIJKIB OIEpaTopiB i mapamerpa € Ta (POPMYJIIOIOTHCI B
OCHOBHIII TeopeMi.

Teopema. Hexatl das 3adawi (1), (2) sukoHyrombCa YMOBU EAINMUNHOCTI
3 maaum napamempom. Todi daa xoorcnozo q € {1,...,m + s} icnye edu-
nut po3e’asok vy(t) = vy(&' te), o = 0qk(§5¢), k= 1,..., 3, Kkpatiosozo
CUMBONY MOOeALHOT 3adayi Ha NiBOCT

AO(E D)oy (t) =0, t >0, B¢, Dy)og(0) + > CEN g n = 64,
k=1

de vy(t) = 0 npu t — oo.

Kpim mozo, icnye xonemarnma C > 0, wo ne 3aaesrcums 6id € € (0,1],
¢ € R 1\ {0} i nomepie q, k, maxa wo das ecix yiaux | > 0 suxonyromves
ITHME2PANLHT OUIHKU

o0 1/2
([ 1Dt near) < Clel - iay, jouial < Clgl e,
0
de ©, i ¥, onucyromov sanescricmo oyinok 6id napamempise € ma &' .

OTpumani pe3y/aIbTaTi CTAHOBJIATDH aHAJITUIHIN (DyHIAMEHT /I BCTAHOB-
JIEHHS £-He3aJIeXKHUX allPIOPHUX OIIHOK PO3B’A3KiB ITi€l 3a1a4i y BiIIIOBIIHIX
G YHKIIOHAJIBHIX IIPOCTOPAX.
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Cexkig 2. /Indepentianbai Ta iHTerpaabHi PiBHAHHS, X 3aCTOCYBAHHS

BEPXH{ ITOTOYKOBA OLIHKA PO3B’A3KIB PIBHAHHA
IIOPNCTOI'O CEPEJIOBUIIIA 3 BUKOPUCTAHHAM
IIOTEHIITAJIY PICCA

€.C. 303VJIA

Y3araJabHIOEMO ITpeacTaBiaennd [lyaccona Ha BuIIa 10K piBHAHHS ITOPUCTOTO
cepeJIoBUINA 3 Baroio

v(x)up — div (w(z)u™ V) = f(a,t), u >0, m > 1. (1)

Posrnsimaemo piBusiaas (1), BBaxkatoun, mo {2 — obmexkena objactb B R”,
n>20<T< +oo0, Qpr = Q x (0,T). Bymemo Takox BBaxkatu, mo f €
LY(Qr), a Barosi xoedimientn v, w > 0 HajeKaTh 10 BiIIOBITHMX KJacis
v € As, w € Ag. Haramaemo TyT, o w HaJIeXKUTh 110 Kjaacy MaKkeHxayira,
A, 1 < p < oo, akmo w(x) > 0 g maibke Bcix © € R™ ta icuye crana
K, > 0 Taka, 1m0

w(B) ( 1 / 1 )p‘l /
—— | — [ w P 1(x)dx = w < 00, ew(B)= | wdz,
B \Bl Y T ’ euB =,

st Beix kyab B C R™. Tyt mu roBopumo, mo v(z) € As, SKIIO icHye pg > 1
TaKe, o v € Ay, .

Jami 6ynemo BBaxkaTu, IO Jijisd Oyab-akux y € R™ i r i p Takux, mo 0 <
r < p, IpaBUJIbHI HEPIBHOCTI:

1 np1 w Bp np
Kt ()" < Sy < () )

3 JIeIKUMU JOJaTHUMU cTajaumu Ky, vy, py, vV, U

Hacrynne Hallle IPUITyIeHHsT — 1€ CIIBBiJIHOIIEHHsT MiXK v Ta w. TobTo
BBejIeMO (DYHKITO, sika MoB’si3ye i dyHkIl. Pikcyemo y € ) ta R Tax, 1mo
Bgr(y) C 1 nokmagemo ¢, (r) := rzsj((g;%, 0 < r < R. Ilpumyckaemo, 1o
Yy (r) 3pocrae miusg r € (0, R] i icaytors a8l momarHi KoHcrantu «, Kp Taxi,
mo 15 < K (5)”.

OcHOBHUIT pe3y/ibTaT, OTPUMAHUN JJIsT PO3B’s3KiB (1) MiCTUTBCST y HACTY-
nHil Teopemi (oBeieHHST HaBeneHo y [7]).

Teopema 1. Hexatl cmpykmypHi ymoeu pieHANHA 360060AbHAIOMBCA 0eAKU-
mu dodammumu cmasumu (demansvriwe 7)) ma sukonyromoca ymosu (2),
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(3). Todi, daa dosinvHo20 HEGID €MHO020 cAabK020 D036 a3KYy U pieHANHA (1)
ichyroms 3aaedtcni auwe 6id sxionuxr danuxr dodammi cmani Ag € (0,1), cq,
maxi, wo das ecix A € (0,N), matioce daa ecix (xg,ty) € Qp 1 6ydo-aroeo
yuainopa Qr.o(To,to) C Qr HacmynHna HepiBHICMb MAE Micle

. =
u(xo,to) < 1 // vu™ A dadt +
U(BR(xO»wao (R) Qr,e(xo0,t0)

_1
T+

1
+c // wu™ dedt +
w(BR(xo))¢x0 (R) QRr,0(o,t0)

v (R r— 0
+ <¢T()> + cidyw,f <$0,t0, a1 R, m) :

e BaroBuil moreHIiaJ Picca BusHadaeThbCcad gK

Ly (0, to, R, 0) /R ! // )] dudt 22
v,aw, fA\L0, Lo, L1, = T o\ Ly rat——.
,w,fAL0s L0 0 U(Bp(xo)) Qp,ewxo(p)(%’to) P

Tyt nns (zo,tg) € Qr Ta qusa 6yab-akux p, 0 > 0 BusHAIAEMO

Q00 (p) (T0, t0) == Bp(z0) X (to — 0%a,(p), o).

JloBejieHHS TeopeMU I'PYHTYEThCA Ha BiAIIOBITHUX MOJIM@IKAIIAX iTepaIiii-
Hoi Ttexniku e Jlxopmxi [1], Mmeroma BHyTpinHBOrO MaciradyBauHs (intri-
nsic scaling) Ii Benenerro 2|, mics aganranii Texuikn Kinmenaitnen—Masin
[4], [3] 1o mapabomiunux piBHSHB cyMmicHO 3 imesmu [5].
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Cexkig 2. /Indepentianbai Ta iHTerpaabHi PiBHAHHS, X 3aCTOCYBAHHS

HEO/THO3HAYHA PO3B’SI3HICTH KPAMOBOI 3AJTAUYI
AJIAd BESTUIIOBOI'O JIU®EPEHIITAJIBHOI'O PIBHAHHA
B MHOT'OKYTHUKY

KMPUYEHKO B.B., JIECIHA €.B., HOBIKOBA 0.B.

Cepen mnTaHb, 110 IOCTAIOTH IIPU 0OTOBOPEHHI KOPEKTHOCTI IIEBHOI Kpaiio-
Ha OKPEMY yBary 3aC/IyroBYIOTh 33J1a4i Jijisi Oe3TUIIOBUX PiBHAHD 3 YACTUHHU-
MU OX1JTHUMMU.

Jlame JOCITiIXKEHHS MTPUCBSIYEHO MOPYIIEHHIO €IUHOCTI PO3B’A3KY OJIHOPI-
JHOI KpaitoBol 3ajadi JJisi 6e3TUIoOBOro audepeHIliaJbHOr0 PIBHSIHHS 3 dYa-
CTUHHUMH TIOXiTHUMU B 00JIACTi 3 KYTOBUMU TOYKAMH, & caMe€ — B MHO-
rokyTauky [1|. JloBenennsi pesysnbrary 6a3yeTbCsl Ha IIPUHIMAINL JBOICTOCTI
piBHAHHSA-001aCTH [2].

Huxvae HaBOIATHCS ITOCTAHOBKA 331241 Ta KPUTEPiil HEOTHOZHATHOI PO3B si-
3HOCTi, CPOPMYIbOBAHUIT Yy BUTJISII PIBHOCTI HYJIIO BU3HAYHUKA, 3aJIE2KHOTO
BiJI KoediIleHTiB PiBHSIHHSI.

Hexait

Q={zeR*:H 24+d >0, H> 2 +d>>0,...,H" -z +d, > 0}

— MHOTOKYTHHUK Ha ILIOmMHI, oOMmexxkenuit npamumu H7 - x +d; = 0, j =
1,2,...,n, 3 HopMaabHUME BekTopamu H? = (HY, H3).
Jns piBHAHHS

Lu=(a'-V)(a*-V)...(a" - V)u=0, (1)

pALS

V:(a 8), a = (a¥ ab) e C? k=1,2,...,n,

Ox1’ Oxo
u = (u(x1, T2), u2(x1, 72)),
POBTJISHEMO HACTYIIHY KpailoBy 3a/ady:
u‘aQ = O. (2)

Bigznaunmo, 10 MOpsiIOK PO3TJITHYTOTO PIiBHSIHHS 30ira€Thbcst 3 KiJIbKICTIO
cTopin MHOTOKyTHHKA (). BifmoBiab Ha mUTAHHS IIOJIO IOPYIIEHHS €IMHOCTI
posB’s3Ky 3agadi (1), (2) micTuThCst B HACTYIIHIN TeopeMi.
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Teopema. 3aaqa (1), (2) mae HeTpuBiaabHUit po3B’s130K B poctopi C™ (£2)
TOJI 1 JIIIe TOJ, KOJIM B MOCJIIOBHOCTI BusHadHUKIiB {Aps}, M > n, ne

(ﬁl.al)M (]-N_Iz.El)M (ﬁn,al)M
(Hl _52)M (H2 -62)M (Hn .aZ)M

An = : : . : ’ (3)
(ﬁl _an)M (ﬁz .an)M (ﬁn _’dn)M

€ xo4a 0 omuH HyIb. AKkmo geskuit Busnaduuk Ajy; = 0, o M — MiniMaabHe
9HUCJI0, JIJIsi TKOTO BUKOHYETHCS PIBHICTD:

A #0, A1 #0,..., A1 #0, Ap =0.

B pisnocri (3) H’ i a¥ — Bexkropu, oproronanbui Bigmosigno sekropam HY i

a”.
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ACUMIITOTUYHE IHTETPYBAHHSY KPAMOBUX 3AJAY
AJId CUHI'VIIIAPHO 3BYPEHUX
JN®EPEHIIIAJIBHO-AJITEBPAIYHUX CUCTEM

B.B. KOBEJIAIILKNI, I1.®. CAMYCEHKO

Posrasinaerbest 1BOTOUKOBa KpaiioBa 3aa9a,

eAlt, S)Ccllt = f(z,t,e), t € [0;T], € € (0;&0], (1)
Mzxz(0,e) + Nz(T,¢) = d(e), (2)

e x(t,e) — mykanwii n-puMipauit Bexkrop, A(t,e), M Ta N — KBajgparhi
MaTpHuIll mopsiaky n, f(x,t,e) ta d(e) — n-BUMIpHI BEKTOpH, £ — MaJHil mMa-
pamerp.

DopmaspHUl PO3B’130K KpaiioBol 3ajadi (1), (2) mykaerbest y BUIIs

x(t,e) =x(t,e) + Hx(r,e) + Qx(&, €),
ne T(t,e) = > oo g€ ZEk( ) — peryJjsipHa J9acTHHA acUMOTOTHKH, a Ilz(T,¢) =
> yz(r), 7 = L1 Qx(€,e) = Y3l Qux(§), & = F, — cumry-
JIIpHA, YaCTUHA, ACUMIITOTAKH. 3a3HAYUMO, IO HASBHICTH NPUMEXKEBUX PAJIIB
JIO3BOJISIE TOOYIYBATU PIBHOMIPDHY aCUMITOTHKY PO3B’SI3KY 3aJaHOI KPaioBOl
3aja9i Ha Biapisky [0; 7.

YiteHn pery/sipHOl YacTUHM ACUMITOTHKYM BU3HAYAIOTLCA 3 aJIreOpaldHuX
CHCTEM, & IJIeHU CHUHTY/JIAPHOI YaCTUHU — 3 JIHINHKX AudepeHIiaabHo-aareo-
paldHuX CHUCTEM.

Y poboTi 10BeIeHO AaCUMIITOTUIHINA XapaKTep 00y 10BaHOro (hOPMAILHOIO
po3B’s13Ky Kpaitosoi 3asadi (1), (2).
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EKCIIOHEHITIAJIBHUNM TA JIOTICTUYHUN PICT
TTOITYJIAIIIL

O.I1. KO3EJI

JItoncTBO mpoTdroM 6araThoX BiKiB mepeOyBae y HECKIHYEHHUX TONTyKax
MOKJIMBUX IMOSICHEHDb PISHOMAHITHUX IIPOIECIB Ta sIBUI HABKOJUIIHBOI'O CBI-
Ty. IIpoTre cepes1 HUX MOXKHA BUILJINTU HAWACKPABIII, HATPUKJIA, CIIOHTAHHI
BUHUKHEHHSI YaCOBUX, MIPOCTOPOBUX YU ITPOCTOPOBO-YACOBUX CTPYKTYpP. 100-
TO CTHUXiHI yTBOPEHHS BHUCOKOBIOPSIKOBAHUX CUCTEM, siKi CpOpPMYyBAJIUCS Y
HaCJI 0K B3a€MO/IIl BEJINKOI KIJIBKOCTI 00’€KTiB. 3a/j1s1 TOro, 1mob eeKTUBHO
PO3KPUTHU 3arajibHI 3aKOHOMIPHOCTI caMOOpPraHi3allil, BUeHl y CBOIX JIOCJIII>Ke-
HH$IX BUKOPUCTOBYIOTH CKJIQJIHI MaTeMaTU4H] allapaTu.

MaTtemaTuvdae MOJE/IOBAHHSA € K/JIIOYOBUM IHCTPYMEHTOM JIJIs aHaJ I3y dK
IPUPOIHO OIOJIONYIHUX, TaK 1 COIMiaJbHO-eKOHOMIYHUX PecypciB. AIxKe 3acTo-
CyBaHHS JUHAMIYHUX CUCTEM HE OOMEXKYEThCS OMMCOM 3aKOHOMIPHOCTI 3MiHHU
ITOMYJIATIIT, aJie i MPOTHO3YE 11 MogaabImii po3BuToK. HaliBimomimumu Mo/ie-
JIAMU JIAHOT'O TUIIY € €KCIIOHEHITlaJIbHa Ta JIOTICTUYHA MOJIEJIb POCTY.

k110 r 03HaYUTH 9K MIJIBHICTD OISl Y MOMEHT Yacy t i BBECTH JedAKy
CTaJIy G TO OTPUMAEMO HaMIIpocTile JudepeHIiaibie PiBHAHHA, IKe OITUCYE
3pOCTaHHSA TOITYIATII:

dz
i ax.
Po3B’s3aBImu 1ie piBHAHHSA, MaTuMeMo (DYHKINIO T = xoe?’ jie z¢ Io3Ha4dae
MIUIBHICTD moMmyJIsiiil B MoMmeHnT dacy npu t = 0 [1]. @yHKIisg nae 3mMory cxa-
PaKTepU3yBaTH KOJMUBAHHS YUCEIHLHOCTI KOJIOHII OaKkTepiii, JIOKN He HacCTaHe
IIOBHE BHCHAYKEHHSI PECYPCIiB MOXKUBHOI'O CepeIOBUINA. 3 JudepeHIiaJTbHOr0
PiBHSIHHSI BUILIUBAE, 10 YaCTKa OCOOMH y BEJIMKii BHOIPIIi, sIKi IIPOJIOBKYBaJIA
PO3MHOXKYBATHUCH TPOTSITOM JIESIKOTO KOPOTKOTO Tepioxy At Oyze eKBiBaJjeH-
THOIO 3HadYeHHIO aAt. BUHATKOBICTD 3aCTOCYBaHHS JAHOTO PIBHSIHHS ITOJIATAE
y 0OMEKEHOCTI IIepiojly Jacy Ta He3aJIe?KHOCTI 3POCTaHHA KiJIBKOCTI 0COOMH
MTOMYJIATIT BiJT pe3epBY IMOKUBHOTO CEPETOBUIIIA.

Haitgacrinre mJis onucy KoJIoHi, de cTabiizallid YuceIbHOCTI BiIOyBa€ThCs
Jepe3 30BHINTHI 00MeKeHHsI, BAKOPUCTOBYIOTH JIOTICTUYHI PiBHSIHHSI:

dz
dt

— az — bx>.
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dz x x
— =ar|(1l—-— :ax<1——)
dt 7 k
Jie @ — iCTUHHA MIBUJIKICTb 3pOCTaHHsd, a k — MicTKicTb cepeosuia [2]|. Jana
JTUHAMITHA CHCTeMa OomuIie S-1oai0Hy KPHUBY.

ITix TepMiHOM MICTKICTBH CEpEIOBUIIA, CJIi/T PO3T/IA AT MAKCUMAJbHY KiJTh-
KiCTh OCOOWH, dKy JIaHuii cybcTtpar Moxke miarpumyBaTu. Ha Biaminy Bim
€KCITOHEHITIaJIbHOI MO, sKa ITPUILYCKa€, IO IPUPICT MOIYJISINl 3aBXK/I1
MIPOTOPINIHMUI 1T PO3MIpPY, JIOTICTHYHE PiBHIHHS BBOJIUTH KOPUTYBAJbLHUN (ha-
krop. Cuix 3a3HaunTH, IO y TaKiil AuHAMIYHIA cucTeMi 3i 3pocTaHHSM t Be-
JIMIWHA, & MOHOTOHHO HAOJIMKAETHCA JIO CTAJIOTO 3HAYECHHS.

IIpu Maanux 3HAYEHHSIX 3MIHHOI T PIBHSIHHS 3BOIUTHLCS JI0 HAWIIPOCTIIIIOrO,
110 JTIO3BOJISIE MTPOCIIIKYBATH €KCIIOHEHITIAJIbHIIT XapaKTep 3POCTaHHS, B1IIO-
BiJIHO JaHa KyJbTypa CTPIMKO 30ibIyeThcda y po3Mmipax. Ile Tak 3BaHi dasu
3aTPUMKHU Ta HpuckopeHHs. OaHak mpu 301IbIIEHHI YUCeJIbHOCTI OaKTepiit,
KoM & — k, TO 3HaUYEHHsI KOPUT'YBAJILHOTO (bakTOopa Inpsimye m0 HyJs. [licas
YOro IMMOYNHAEThCS (pa3a yIIOBLIbHEHHS, Ha T'PpadiKy 1€ 300parKyeThCsT TOUKOIO
reperuny S-nomioHol KpuBoi. Ko 3HavueHHsT £ MaKCUMAJIbHO HAOJIN3UIIOCH JIO
k, MBUIKICTH 3pOCTAHHS ‘é—f npsMmye J1o Hysd. [omynsarisa gocsarae piBHOBaru:
HapO/>KYBaHICTh MPUOJN3HO JOPIBHIOE CMEPTHOCTI, 11 YuCeTbHICTD 30aJ1aHCO-
ByeTbcs HaBkoJIO k. Ile KynbMminarist dasu miaaro. Came s 34aTHICTD IepeI-
badaru crabisizario poOUTH JIOTICTUYHY MOJEIb e(PEKTUBHUM iHCTPYMEHTOM
JIJISL JOCJII2KEHb, sIK1 IIOB’sI3aHi 3 €KOJIOTIE€I0, COIIOJIONi€0 Ta eKOHOMIKOIO.

OTKe, eKCIIOHEeHIiaJbHa Ta JIOTICTUYHA MOJIEJi POCTY € PyHIaMeHTa Ib-
HUMU TPUKJIAIAMU 3aCTOCYBaHHS JTUQEPEHITIaJIbHUX PIBHAHD Y TIPUPOJIHUTUX
Haykax. [lepIa MareMaTudHa CTPYKTypa OIUCYE i/leasi3oBaHi yMOBU HeOOMe-
JKEHOTO 3POCTAHHS, TOJI K JApyra Iepeadadae BIUIMB PI3HUX YHHHUKIB. [XHE
BUBYEHHSI PO3BUBAE HE JIUIIE MATEMATUIHYy KOMIIETEHTHICTD, & I YMIHHS aHa-

JI3yBaTU peaJibHI ITPOIECH 3a JOITOMOIOI0 MaTEMAaTUKH.
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ITPO 3ACTOCYBAHHY ®YHKIIIT CTAHY C.JI. COBOJIEBA
B 3AJTAYAX OBEPTAHHS TBEPANX TILJI 3 IIEAJTHLHOIO
PIIMTHOFO

I0.M. KOHOHOB, 0.B. HECM€EJIOBA, .I. CBATEHKO

Oymukiis crany C.JI. CobosieBa 3HAXOINTHCS 3 HACTYIIHOI KPaioBOl 3a,/1a4i:

0? Pn 0? Pn 0? Pn
1 —
8x2 + 8x2 +( ”) 89[:3 =0y
a‘Pn a@n ) 89071 . a@n a@n
1— - _ T¥n 5
9, ni + D75 no + (1 — k%) e ik, e ni 9, no | Ha X,

Jie BJIACHI YMCJIA K, BCIOJM MIUIBHO 3AlOBHIOITH 00JIaCThb |K,| > 1 aificuol
oci, Y — rpaHurisg 00J1acTi 7, N — 30BHINTHS HOpMaJIb JI0 Hel, BEKTOPHI QpyH-
KIll vV, V,, = W&%—l) [mneg x Vo, — iV, + ik’ e3(e3 V(pn)} 30epiramTh
BJIACTUBICTH OPTOrOHAJIBLHOCTI B 00JIaCTI T.

Ha mincrasi Bimomux piBusiab 11.B. Xapmamoa i dyukiii crany C.JI. Co-
6osreBa y poborax [1, 2| posrisiHyTO 3ajady mpo CTabLIIZaIiio HECTIKOro
obepTaHHsI B CEepeJIOBHINI 3 OomopoM HeBiabHOrO [1| Ta BltbHOrO [2] ripocko-
miB Jlarpanxka 3 0CeCUMETPUYHUMU IMOPOKHUHAMU 3a PaXYHOK OOEpTaHHS
JacCTUHU Horo TBepaoro tiga. IlepenbdadaeTbesi, 10 Ha TBEP/I Tijia AIFOTH K-
CUIIATUBHI W TOCTIiitHI MOMEHTHU. 3 ypaxXxyBaHHA OCHOBHOI'O TOHY KOJIMBAHHS
piauHT oTpMMaHi ymMoBu crabimizarii. 1li ymoBu mocitiazKeHi BiJITHOCHO KiHe-
TUYHOTO MOMEHTY JPYTOro TipOCKOIla Ta BiHOCHO KOeIIi€HTY MPYKHOCTI
cdepuynHoro mapHipa. IlokazaHo, MO KOJIM TEPIIUil TOH KOJUBAHHS PiIUHU
OiJIbIlle OJMHUIN, a IEHTP Mac IEPIIOro TipoCcKoIa 3 PiIuHOI0 abo JAPYroro He
30ira€Tbcs 3 1X 3arajJbHOI0 TOYKOIO, TO IIPU JOCTATHBO BEJIUKUX 3HAYECHHSIX
KYyTOBOI IIBUJIKOCTI JIPYTOro TipocKora abo kKoedillienTa mpy>KHOCTI chepu-
YHOTO IapHipa 3aBXK/u Oyae MOXKJIMBa CTabiIi3allisi HeCTIMKOro obepTaHHS
ripockona Jlarpamxka 3 izeanbaoro pinuHoro. /g emincoinaabHol TOPOXKHUHI
Ile O3HAYAE, IO BOHA ITOBUHHA OyTHU CTUCHYTa B3JI0BXK OCi o0epTaHHs. ¥ poboTi
[3] posrusiHyTO 38181y PO MOJIETIOBAHHSI 0OEPTAHHSI B CEPEJIOBHUIII 3 OIMTOPOM
BIJTBHOT'O MMTPY?KHOT'O TBEPJIOTO TijIa 3 MMOPOXKHUHAMHA, TK1 MICTITH 1J€aTbHY Pi-
JIMHY, y BUIVISJII CUCTEMU JIBOX IIPY2KHO 3B’SI3aHUX TBEPJIMX T 3 PiJUHOI0. Y

Hocuimkenns yacTkoBo migrpumano rpantoM Simons Foundation (SFI-PD-Ukraine-
00017674, Awardee Yuriy Kononov, Olga Nesmelova, Yaroslav Svyatenko).
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Cexkig 2. /Indepentianbai Ta iHTerpaabHi PiBHAHHS, X 3aCTOCYBAHHS

BUTIAJIKY JBOX TipocKOoIiB Jlarpamxka 3 JOBITEHUMHA OCECUMETPUIHUMH ITOPO-
KHUHAMU 3 1/1eaJIbHOIO PIIMHOIO BUBEIEHO TPAHCIIEH/IEHTHE XapaKTEePUCTUIHE
PIBHAHHY 1, 3 ypaXyBaHHIM OCHOBHOTO TOHY KOJWUBAHHS PIJMHU, JTOCJIIJI?KEH]
YMOBH aCUMITOTHYHOI cTifikocTi. [lokazano BiICyTHICTH BHYTPIITHHOTO PE30-
HaHCY IpH 30iI'y IepIuX TOHIB KOJUBaHHS PIAUHI y ITOPOKHUHAX, 8 TAKOXK T€,
IO KOJIU TIEPIIi TOHW KOJUBAHHS OLJBIINI OJWHUIL, TO TIPU 3POCTaHHI Koeitti-
€HTa MPY2KHOCTI 3aBXK/IM OyJie MOXKJIMBA aCUMIITOTUYHA CTifiKicTh. [IpoBeieni
JIOCJIJIZKEHHST JIO3BOJISTIOTH OIIHUTHU BIUIUB PIAWHU, TPYYKHOCTI Ta OIIpP cepe-
JIOBUITA HA YMOBHU aCUMITOTHYHOI CTIHKOCTI oOepTaHHsI HPY2KHOI'O TBEPIOTO
Tina 3 pianaor. Ciix 3a3HaTH, 0 OTPUMaHI YMOBHU aCUMIITOTUYIHOI CTIHKOCTI
€ TOYHUMU JJIs eJIICOIIAJbHIX Ta COMOKYCHO-EJIICOIIaJbHIX ITIOPOXKHIH, a
JIJIsT YCIX THINMUX TTOPOXKHUH TIJTBKU HAOJIMYKEHUMU, JJId YTOYHEHHsT IKUX Tpeda
BPAXOBYBATH JIOJIATKOBI TOHU KOJMBaHHS imeanbHol pimuaun. Crarrs [4] y3a-
raJbHIOE BiJIOMi pe3y/ibTaTu 00epTaHHd Ha Mi/IBiCi TBEPIOro Tijia 3 PiIMHOIO Ha
BUIIa/ 10K JIOBIJIBHOI OCECUMETPUIHOI TOPOKHUHA 3 1/1€aTHbHOIO PIIMHOIO, MaCO-
BUX I IHEPIIHHUX XapaKTEPUCTUK IIiABICY, MPY2KHOCTI c(hepUIHUX IIaPHIPIB, a
TaKOXK Ha BUMAJIOK JUCHIIATUBHUX 1 MOCTIHIX MOMeHTiB. /loBeaeHo, 1o KoJu
OCHOBHUI TOH KOJIMBAHHS PiJIMHU O1JIBIIIE OJIMHUTII, TO, ITPUA 3POCTAHHI Py 2KHO-
cTi B cepuIHuX IapHipax, 3aBXK/1 OyIe MOXKJINBA aCUMITOTUYIHA CTIMKICTh
JIJTT TOBLIBHOI KYTOBOI MIBUIKOCTI Ta JJIS JOBLIBHUX ITapaMeTpPiB MeXaHidHOI
cucteMu. 3pobJIEHO TTOPIBHAHHS OTPUMAHUX YMOB CTifiKOCTI 3 yMOBaMH CTifi-

KOCTI 3a BIJICYTHOCT1 JIMCHIIAITI].
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XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

MPOEKIIINTHO-ITEPATUBHUN METO/I PO3B’A3AHHS
BATATOTOYKOBOT 3AJTAYT JJIS
IN@®EPEHIIIAJIBHO-PI3HUIIEBUX PIBHSIHD 3
IIAPAMETPAMNU

B.B. JINCTOITAJOBA

Hexait meobxigno snaittn dbynxmio y(x) € W2(a,b) i mapamerpn A € R,
K1 33/I0BOJIbHAIOTH PIBHAHHS:

m

)+ Z gr(@)y " (@) + ) de(@)y" T (@ = A) = fla) + (@) A+

T=1

Eq(I,y(JJ),y/(CIf), 7y(m 2 (:E)7y(x - A),y/(I - A)? .”7y(m—1)(x - A)? >‘)7

s x € (a,b) i qomaTkoBi ymMmoBH
y(xs) =as, as€ER, s=1,p, a=01 <23 < .. <x5<...<xp=0>, (2)
Yo D) =y (e - D)= . =y DA =0, s € (@ma+td), (3)

me A — nocriiine 3amizaends, A > 0, c¢(r)\ — ckaagpHMii 100yTOK BEKTOPA,
A = (A1, A, ..., \) i HemepepBHOT Ha (a;b) BekTOp DyHKIIT

c(z) = (c1(x), ca(x), ..., cr(x)),

[ =p—m, ¢ — manuii mapameTp.
[Mpumycrumo, mo xoedimiearu g, (z),d,(x), 7 = 1, m, c(x) BusHaueHi it He-
nepepsHi Ha [a,b], f € Lo(a,b), a dyukist

q(x,ur(x),uz(x), ..., usm (), \)

B objacti D = {a <z <b—00<u; <oo,i=1,2m, A€ Rl} 3a/I0BOJILHSE
yMoBYy Jlinmmurisa

|q LyUL, U2y veny u2’m7>\) _Q(:B Uf_lyu_Qy-“ M7>\){ <

Zﬁz |uz_uz‘+278

ne Bi(x),vs(z) — Bimomi yHKIIT, Ay SKIX

Y

Bi € C(a,b), i =1,2m, vs € La(a,b), s=1,1.
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Cexkig 2. /Indepentianbai Ta iHTerpaabHi PiBHAHHS, X 3aCTOCYBAHHS

B noBimomiienHi 10BeIeHO, 110 TIPU 3POOJIEHUX TIPUITYIIEHHSIX JI0CIiI?KEHHST
icHyBaHHsST Ta €InHOCTI po3B’sa3Ky 3asadi (1)—(3) 3BeJeThCs 10 JTOCITIZKeHHST
CYMICHOCT] PIBHOCHJIBHOTO 1HTErpaJibHOTO PIBHAHHSA 3 MaJIOI0 HEJIHIHHICTIO.
Bokpema, ipu ¢ = 0 3aa9a (1)—(3) mepeTBOPIOETHCsT B 6araTOTOUYKOBY 3a/ady
JIJIsT JHHIHHOTO JIudepeHIiaabHO-PISHAIIEBOTO PIBHSIHHS 3 IIapaMeTPaMU, dKa
JeTabHO posrysHyTa B [1], [2].

B namniit poboti obrpynTOoBaHO 3acTocyBanHs j10 3a1a4i (1)—(3) mpoexiiitto-
iTepaTUBHOIO METO/Ly, TEOPETUIHI OCHOBH SIKOI'O BUKJIJIeH]I B poborax (3], [4].
JloBeieHO 3BeJleHHS ITPOEKITIIHO-1TePaATUBHOTO METOIY sl JaHOl 3aJadi /10
MTPOEKITITHO-1TePATUBHOT'O METO/Ly PO3B’si3aHHs IHTEIPaJIbHOIO PIBHIHHS 3 Ma-
JIOIO HEJIHIfHICTIO Ta OJePKaHO JOCTATHI YMOBHU 3012KHOCTI METO.LY.
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XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

TOCJIII>KEHHSA MATEMATUYHOI MOJEJII
B3AEMOIIOB’SIBAHIX ITPOIIECIB V ITPYHTOBOMY
CEPEJ/IOBUIIII ¥ BUITAJIKY OCHOBOI CUMETPII

0.0. MAPYEHKO, T.A. CAMOWJIEHKO

[IponionyeThest aropuT™M pO3pPaxyHKy JAMHAMIKN HEI30TepPMIYHUX MPOIIECIB
VIILIbHEHHS HEOIHOPITHUX 3a CTPYKTYPOIO CJIADKUX BOJIOHACHUIECHUX I'PYHTIB
y BUNAJIKY ocboBol cumerpii. Ils mpobiema € akTyaJbHOIO IPH JIOCJIiJIXKEH-
Hi cTaHy T'PYHTIB HABKOJIO BEPTUKAJBLHUX JPEH, CBEPJJIOBIHH B MPOIECI MPO-
MUCJIOBOI €KCILTyaTallil HadTo- Ta BOJOHOCHUX TOPHU3OHTIB, 3allaciB reoTep-
MaJIbHUX BOJ, TOIT0. ChopMyIbOBAHO MTOYATKOBO-KPANOBY 3a/ady JIjisi CUCTe-
MU HECTAIIOHAPHUX PIBHAHb (DLIBTPAIIil, TEIJIONIEPpeHEeCeHHsT Ta, IPYXKHOI J1e-
dopmarii [1,2] fy1st i30TPOMHOTO I'PYHTOBOrO MACUBY B IUIHAPUYHIN cucTeMmi
KOOP/IMHAT 3 HEOHOPIIHUMH 3MIMaHUMHU KpaloBUMHU YMOBaMH, BKJIIOYHO 3
YMOBaMU TEMJIOOOMIHY i3 30BHIITHIM CEPEJOBUINEM Ta 3 ypaxXyBaHHIM 30BHi-
IMTHHOTO HABAHTAYKEHHS, & TAKOXK 3a HAsIBHOCTI TOHKUX CJAOOIMPOHUKHUX Ta,
CJIADOTPUBKUX BKJIIOYEHbD:

_,. Oh 0

oh 0 oh
TM(h)E = E (Tk(uryuzaT)E> +T% <k(u7’7U’Z7T)$> ’

or o0 ( ~oT 0 (~0T
oTT o = (7“)\5 - cwvr(h)T> + ey ()\% — cwvz(h)T) :
0%u, o [ Ou, Uy 0 [(Ou, Ou,
v (()\‘FQ,LL)E (r 5 ) — ()\—1—2#)?—1—7“#% ( 9, + 5 ) +
0 ou,, ou, op

82u2_ /\g ou, +(>\+2)£ ou, N g 8ur+ ou, N
pr ot? 0z r@r Maz Taz M@r r@z r@r

+>\aur> _ 9P —7pg,

0z 0z
ae (r,z,t) € Qx = Q x (O,T], Q=0 UQ, (9N =0,0<ry<r<rn <
00, 0 < 29 < 2z < 21 < 00, h — we3omerpuannii vamip, 1(r, z,t) — Temmuepa-
typa, k(u,,u,,T) — koedirient Bosoronepenecents, ji(h) — BOJIOTOEMHICTB,
A - KOeIIIEHT TEIJIOITPOBIIHOCT, CT, € — OO’€MHI TEIJIOEMHOCTI I'DYHTY
i pigunu B opax, v(h) = (v.(h),v.(h))T — mBuKicTL BosTOrONEPEHECEHHS-
dbinbrparii, p = ppg(h — z) — rizpocraTuvIHU TUCK, pp — MUIBHICTD PiUHM,
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Cexkig 2. /Indepentianbai Ta iHTerpaabHi PiBHAHHS, X 3aCTOCYBAHHS

(ur(r,2,T),u,(r,2,T))T — BexTOp 3MilEHb CKeTeTa I'PYHTY, p — IMIBHICTE
IPYHTY, A, 4 — Koeditientu Jlame.

VMOBH CIPSIZKeHHS Ha, IIAHIN KOHTaKTY ¥ = Q1N Qo, v = {(7,2) : 7 = 1o,
ro <re <Ti, 20 <2< 29}

+ +
{k(ur,uz,T)%} = Ry(z,t)[h], {(X - cwu,,T)aa—Z} = Ry(z,8)[T],
[un] =0, [62] =0, [15] =0, {rs}= = Rs(z, t)[us],

ae (r,z,t) € 3 = v X (0,7, n — soHimEs HOpMATL 10 O Ha v, [x] —
cTpubok (byHKIII, 0,,Ts — HOPMAaJbHA Ta JOTUIHA CKJIQJI0BI BEKTOpPa HAIIPY-
JKEHb.

KpaiioBi ymoBU 3a71a10ThCsl HACTYITHUM YUHOM:

oh oT ~
E — 07 E — 07 (T,Z,t) S (Fl UF3) X (O7T]7
h = %(r,z,t), XZ—T = —a(T(r,z,t) —Tcp), (r,z,t) € 'y x (O,Tv],
2z
oh 0T

0, =0, up =0, u, =0, (r,z,t) €y x (0,1

Dz
ur =0, 75 =0, (r,z,t) € (I UT3) x (0,77,
on = 8(r, 2,t), 7s = S(r,z,t), (r,z,t) € Ty x (0,T],
e DU UTsUTy =0\, 'y ={(r,2) :r =19, 0< 2< 21}, Do ={(r,2) :
ro <r<r, z==znfLTs={rz:r=r, 0<2z< 2}, Iy ={(rz2:
ro < r < r, 2 =0} a= const >0 — koedinient Temmoobminy, 1., —
TeMIIepaTypa 30BHIITHLOTO CEPEIOBUIIA, 1 — 30BHINIHS HOPMAJb JI0 KOHTYDY,
On, Ts — HOpMaJbHA Ta JOTUYIHA CKJAJ0BI BEKTOpa HalpykeHb, S(r,z,t),

Pl

~

S(r, z,t) — 3amani HYHKIHT TOCTATHBOT TJIAJIKOCTI.

1 mocTaBIIeHO1 3a/1a9i OTPUMAHO OIIHKHY IMIBUIKOCTI 3012KHOCT1 HEIlepepB-
HOT'O 33 YaCOM Ta JIUCKPETHOTO HAOJIMKEHUX y3araJilbHEHUX po3B’sa3KiB ['a-
JIbOPKiHa, TTO0Y/I0BaHUX Ha 6a31 METOJIy CKIHYEHHUX €JIEMEHTIB.
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XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

ITPO BJIACTUBOCTI OIITUMAJIbBHOI MHOXKNHU
IMIPAKTUYHOI HAIIIBCTIMKOCTI

B.B. IITYKVYP, M.C. TAIPOBA

Pozriisinemo cucremy judepeHIiaJbHIX PiBHAHDb BUTJISILY

dx

% - f(t,il?), (1)

ne x € R® — BekTop crany, f : D — R?, D C R*"! — obmMerkena 06s1acTs.
Bsazkaemo, 110 BijoOparkenHns [ € HelepepBHUM 3a 3MIHHOIO t 1 JIOKAJbHO
mimmuresnM 3a x. Kpim Toro, BBaxkaemo, 1o f(t,0) = 0. Mu noznagarumemo
sk x(t, zo,tg) po3s’s30K cucremu (1) 3 ymosoro Ko x(tg) = g, t > to.

Hexait Gy C R", ®(t) C R" — mesiki MHOXKUHH, $Ki MICTATH MOYATOK
KoopauHat, t € [to, 1] [1, 2.

Oszsunauenns 1. HyuboBuili po3p’s30k cucremu audepeHIaJIbHIX PIBHSHDL
(1) masuBators {Go, T, P(t),to, T }-crilikum, SKIIO Jisi JOBUIBHOTO Tg € Gg
po3B’s130K Z(t, 7o, tg) € P(t) mua seix t € [1,T).

Posrnsmaerbea muoxkuaa G, 0 CKJIAJIAETHC 3 yCiX TOUOK T € R™, s
arux x(t,xo,to) € ®(t) mus Beix t € [1,T].

Mg muoxkunu G, Oysa JoBeeHa KOMIIAKTHICTH 1 YMOBU HAJIEXKHOCTI TO-
YKU JIO TPAHUIL Ta BHYTPIMTHOCTI. 151 JTiHITHOT O/THOPITHOI cucTemMu TudepeH-
IiaJIbHUX PiBHSIHB OyJia oTpuMaHa GyHKIg MiHKOBCHKOro, obepHeHa (DYyHKITisI
MinkoBchbKOTO Ta onopHa (pyHKIlist MHOKUHE G .
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ACUMIITOTUKA PO3B’I3KY JIBOTOYKOBOI KPAMOBOI
3AJIAYI JJ14 JITHIMHOI CUHI'YJISAPHO 3BYPEHOI
CUCTEMUI IUGEPEHIIIAJIBHUX PIBHAHD V BUIIAJIKY
CUHTVJIAPHOI TPAHUYHOI B’SI3KU1 MATPUIIH
(OMHOBUMIPHUI BUIIAJTOK). YACTUHA 1

O.B. [TIA®UK

PozriisinyTo nBOTOYKOBY KpalioBy 3ajiady

e"B(t;¢) CZ = A(t;e)x + f(t;e) exp (5_h /Ot Oé(T)dT) : (1)

Mx(0;e) + Nx(T;¢) = p(e), (2)

B akuit x(t,c) — mykanuii n-puMmipauii BekTop, A(t;e), B(t;e) — xkBaapaTHi
MaTPUIIl N-TO HOPSAAKY, KOedIIieHTHn SKUX € JificHI ab0 KOMILJIEKCHO3HATHI
dyukuil; M, N — KBaJipaTHi MaTPHUIl N-TO MOPAAKY 31 cTaJuMu KoedilieHTa-
mu; f(t;€) — 3amana n-BuMipHa BeKTOP-MYHKIIisA, KoedillieHTH KOl € JiiicHi
ab0 KOMILIeKCHO3Ha4YHI QyHKIIl; «(t) — cransprua GyHKIist; p(e) 3aganuii n-
BuMipHuii BekTOp; £ € (0;60] — Masmii gificauii mapamerp, g < 1, h € N,
t e [0;T].

KpaitoBy 3aaqy (1), (2) 6y/10 po3ryisiHyTO Ipu BUKOHAHHI HACTYITHUX YMOB:

1°. Marpuri A(t; ), B(t; €) Ta Bekrop f(t; €) momyckators Ha Binpisky [0; 1]
PIBHOMIpHI aCUMIITOTUYHI PO3BUHEHHS 3a CTENEHAMU €:

&)~ S AN, Bltie) ~ S tBult), f(tie) ~ 3 fiult)

k>0 k>0 k>0
2°. Koedii Axt) = a7, Bi@t) = [[pP @)1 &
. Koedimientu marpurs Ag(t) Haij (t)||1’ H )||1,
0,1,..., Ta BexTOpiB f)(t) = ( fk)(t); Z(k)(t);...; 73’“)( )) Jk=0,1,..., me-

ckinvuenno gudepentiiiosai na Binpisky [0; 77

al(t) € 0= [0;T]; b (t) € = [0; 1], £ (1) € = [0; 17,

”L]
i,j=1,nk=0,1...

3°. I'pannyuna B’s13Ka MaTPHIlh

L(t,\) = Ao(t) — ABo(t)
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¢ cunryssipuoto Vt € [0; T 1 36epirae craiay KpOHEKEPOBY CTPYKTYDPY Ha Bill-
pisky [0; T], npudomy B’sizka marTpuiib L(t, \) Mae 110 0JlHOMY MiHIMAJIBHOMY
1HJIEKCY JJI CTOBIIIIB Ta pAaKiB: p > 0 ms cToBmmiB Ta ¢ = n — p — 1 jaja
PAIKIB.

4°. Bektop p(e) 306pazka€TbCs y BUTJISII ACHMITOTHIHOTO PSIIIY:

p(e) ~ Z ek py.
k>0

5°. (B1(t)@(t);0(t)) # 0, Vt € [0;T), ne p(t),(t) — ememenrn Hymb-
npoctopy Marpuitb By(t) i Bj(t) Biamosigno.

[Ipn Bukonamui ymoB 1°-5° Ta JedKUX IHIUX JOJIATKOBUX yMOB, BUKO-
PHUCTOBYIOUM pe3ysbrar pobiT [1-4], mobymoBaHO acCHMITOTHIHAN PO3B’SI30K
JIBOTOYKOBOI Kpaiiosol 3asa4i (1), (2) y Bumajiky, KoJu TpAHUYHA B’SI3Ka, Ma-
tpure L(t,\) € CHHDYJISIpDHOIO Ta Ma€ 10 OJIHOMY MiHIMAJIBHOMY iHIEKCY st
CTOBIIIB Ta PSAIKIB:

1. ITobynoBano dbopmanbauii po3s’sa3ok 3ama4di (1), (2).

2. Jloseneno, 1o mobymoBanuit popmaabHuit po3s’si3ok 3amadi (1), (2),
€ aCHMITOTHYHUM PO3BHHEHHSIM TOTHOI'O PO3B’SI3KY IIi€l 3a1a4di mpu
€ —, HaBEJICHO BiJIMOBIIHI ACHMIITOTHYIHI OITIHKMU.
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ACUMIITOTUYHUIN AHAJII3 3ATAJIBHOI'O PO3B’I3KY
JITHIMHOI CUHTYJIIPHO 3BYPEHOI CUCTEMU
IINO®EPEHIITAJIBHUX PIBHAHBb BUIIIOTO IIOPAJIKY 3
BUPO/I2KEHHSIMU ¥V BATATOBUMIPHOMY BUIIAJIKY.
YACTUHA 2

C.II. ITAD®UK

Hocmimxkena cucreMa JudepeHIiaJbHIX PiBHAHD BULJISLY

u“ d*x
kh _
Z&“ Akﬁ(ta g)ﬁ - 07 (1)
k=0
B skuit x(t,€) — mykanuit n-BuMipauii Bekrop, A;(t,€), i = 0,m, — (n x n)-

MaTpHUIll, KoedillieHTn SKuX € JiificHi ado KOMILJIEKCHO3HAYHI (DYHKIII, £ €
(0;e0] — masmit aificauit napamerp, h € N, t € [0;T], g9 < 1.

Cucremy (1) Gy/10 po3IJIsIHYTO IPU BUKOHAHHI HACTYITHUX YMOB:

1°. Marpuni A;(t,€), i = 0, m, nonyckaioTh Ha Biapisky [0; 7] piBHOMIpHI
ACUMIITOTUYIHI PO3BUHEHHSI 33 CTEIICHSIMU £:

Ai(te) ~ Y b AP (t),i = 0,m.

k>0

2°. KoedimienTn mMaTpuiln Agk)(t),i = 0,m,k = 0,1,..., — HeCKiHYEHHO
nudepentiiioani Ha Binpizky [0; 7.
3°. det ALY (t) = 0, Vte[0; T].

4°. I'pann4aHa B’si3Ka MaTPUIb
PtA) =Y XA ()
i=0

cucremu (1) perymnsipua npu Bcix ¢ € [0;7] i Mae KparTHe BacHe 3HAYMCHHS
Ao(t), sKOMY BizIOBijia€ r; CKIHUEHHUX €JEeMEHTAPHUX JJIbHUKIB KPATHOCTI
pi (1 = 1,) KOKHHUl, & TAKOXK S; HECKIHUEHHHUX €JIeMEHTAPHUX JiTbHUKIB
kpatHocTi q; (j = 1, 3) KOXKHHIL, TPUIOMY: P1 > P2 > -+ > Do) 1 > G2 >
e >qpyr1tre s+ =181+ 82+ -+ S =8, rip1 +repe + -+
TaPa + 8141 + S2q2 + -+ - + S3qg = mn.

[Ipn Bukonmanui ymoB 1°-4°, BukopucTOBYIOUHM MeTOJ jiarpam HbioTona,
3/IifiICHEHO aCUMIITOTHYHHUI aHaJ i3 CTPYKTYPH 3arajbHOIO PO3B’SI3KY CHUCTEMH
(1) y baraToBUMipHOMY BUIIAJIKY, KOJU I'PAHUYIHA B'si3Ka MaTpuilh P(t, \) mae
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KIJIbKa CKIHUYEHHHUX Ta HECKIHUYEHHHX eJIeMeHTapHUX JTIJIHHUKIB 9K OJHAKOBOI,
Tak 1 PI3HOI KPaTHOCTEMH:

1. BuBeneno piBHAHHS pO3raJjIyKeHH JIjIsi PO3B’I3KiB MEPIIOl Ta JPYyTol
rPyII, IO BIJITIOBIIAIOTH CKIHYEHHUM Ta HECKIHUYEHHUM eJleMeHTapHUM
JinpHUKaM B'si3ku Marpuils P(t, \) BiamosijHo.

2. 3aificHeHO aHAJ I3 OTPUMAHUX PIBHAHD PO3TaJIy KEeHHI.

3. Pozpobiieno anroputM moby/I0BU PO3B’SA3KIB IEPINOI Ta JPYTOl T'PYII
cucremu (1) i3 piBHSIHB PO3TAJTYKEHHSI.
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ITPO BJIACTUBOCTI OIITUMAJILPHOI MHOXKITHUI
IIPAKTUYHOI CTINKOCTI CUCTEMU
JANPEPEHITAJIBHNX PIBHAHD 3 ITPABOIO YACTUHOIO
3AJIEZKHOIO BIJ IIOYATKOBOI YMOBU

B.A. IIETPEHKO, B.B. IITYKVYP

[TpobyieMu TpaKTUYIHOI CTIHKOCTI cucTeM JudepeHIliaJbHuX PiBHIHDb € OCO-
0JIMBOIO 00J1ACTIO Teopil AuHaMiYHUX cucTeM. BoHU moB’s13aHi 3 3aatamMu Mo-
JICTIOBAHHS Ta KEPYBAaHHs CUCTEM 3a HassBHUX (pa30BUX oOMekeHb. Ha BiaMiny
Bij crifikocTi 3a JIgamyHoBUM, fdKa aHAJI3y€ MOBEIIHKY TPAEKTOPI y HECKIH-
YeHHO MaJINX OKOJIaX PIBHOBAaXKHUX CTaHIB Ha HEOOMEXKeHiil IiBOCi, MpakKTUIHa,
CTIHKICTD, sIK IIPABUJIO, PO3IVISIIAE€ CUCTEMU 38 PIKCOBAHUX OOMEKEHDb Ha, CTaH
Ta Ha OOMEXKeHUX MpOoMiKKax dacy. Hampuwkiaa, y TeXHIYHUX cHcTeMax Ba-
JKJIMBO 3a0€3IMeYnTH 3MiHy TapaMeTpiB, sKi XapaKTepU3yIOTh CTaH CUCTEMU
Ha iHTepBaJi (DYHKIIOHYBaHHS CHUCTEMHU y TaKUU CIIOCIO, 0 BUKOHYIOTHCS
OOMerKeHHsI Ha CTaH, fKi BU3HAYAIOTH YMOBH eKcIiuryaTarii cucremn [1].

Y IOTIOBi/Ti aBTOPY BUCBITJIIOIOTH BJIACTUBOCTI ONMTUMAJTBHOT MHOXKWHU TTPa-
KTUYHOI CTIKOCT] y BUMAQJIKY, KOJIM ITpaBa JYacTUHA CUCTeMU AudepeHItiaib-
HUX PIBHAHD 3aJIEYKUTH BiJI TOYATKOBOrO cTaHy cuctemu. Pa3oBi oOMeKeHHS
OTIUCYIOThCsT HAITIBHETIEPEPBHUM 3BepXy Oararo3naduum Bimobpakenusm. O0-
I'PYHTOBAHO KOMIIAKTHICTH, & TAKOYXK HeOOXiTHI Ta JIOCTATHI yMOBU HAJIEZKHOCTI
TOYKH JIO TPAHUIN Ta BHYTPINTHOCTI ONTUMAJIbHOI MHOXKWHU. ¥ BUMIAJIKY JIi-
HiftHOI cucTemMu audepeHIliaIbHUX PiBHAHDL, MIPaBa YaCTUHA FKOI 3aJI€2KUTh
BiJl TOYATKOBUX YMOB, JTOBEJIEHO YMOBHU OITYKJIOCTi, a TAKOXK 3HAlJIEHO dPyH-
kiito MinkoBcbkoro, obepHeny GyHKI0 MiHKOBCHKOrO Ta OMOPHY (DPYHKITIIO
ONTUMAJIBHOI MHOXKUHU MTPAKTUYIHO] CTIHKOCTI.
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ITPO KOPEKTHICTbH ITEPIOJMNYHOI 3A YACOM 3AJIAYI
TEIIJIOIIPOBITHOCTI 3 KPALIOBUMI YMOBAMMU
JIPIXJIE TA YMOBAMM JITHIMMHOT'O CHPAXKEHHSA ¥
JIBOIIIAPOBII OBJIACTI

I.4. CABKA, M.A. MUTPO®AHOB

AKTyaabHUME € 3a4a49i TeIJIOPOBIIHOCTI B HEOTHOPIIHIX CepeIOBUINAX i3
pisHuMu disuunumu BiractuBocTaMu [1, 2|, y skux isudnuii cran Ha 30BHi-
IIHIX MeXKax 3MIHIOIThCS 3 TIeBHOIO mepioamuanicTio [3]. Kpim Toro, Ha mexkax
PO3ILTY MixK O0JIACTSIMU HAKJIAIAIOThCsT YMOBH CIIPs2KEHHSI, IO BijIoOpazKa-
0Th (DI3UYHY Y3TOIKEHICTh IPOIIECIB TeIlIoNepe adi B CUCTEMI.

Y nmaHiit poOOTi JTOCTIIKYEThCA KOPEKTHICTH JIBOITAPOBOI 33184l 3 Kpaiio-
BuMu ymoBaMu Jlipixjie Ta ymMoBaMU! JIIHIMHOIO CHpPSAXKEHHS, MpaBi YacTUHU
JKUX 33JaI0ThCd 2T-TIePioAnIHUME (DYHKITIIMEU 3a JacoM. [lodyaTkoBi ymoBu
He 33/1af0ThCS.

Hexait 0 = R/27Z, D = (xg,r2) — imTepBas miticaoi mpsmoi R, Dy =
(xo,21), Do = (z1,22), uj = u;(x,t), j = 1,2, H, = Hy(Q), ¢ € R, — mpo-
crip CobosieBa BCiX TPUTOHOMETPUYHUX PsAiB ¢(t) = D oy ore'*t i3 ckin-

2
sesiono mopaiono [ Hy || = /Sy cs (1 -+ k)™ |is]2; CH(DiH), m € 2,
npocrip ynkuiit u(z,t) = Y, o; uk(z)e*, up(z) € C*(D), rakux, mo s

KoxKHOIrO ikcoBanoro x € D dynkuii du/dx! = Y, , ulij)(x)eikt, 0 <
J < n, Hanexarb Jo npocropy H,_j/o 1 gK ejleMeHTH IbOro IpocTopy € He-
nepepsauMu 3a ¢t Ha D; mopmy B upocropi C"(D;H,) 3amaemo dbopmyion
lu; C*(D; Hy)|| = 22— maxgep |07 u(z, -) /027 Hy—j o .

B obsacti D x Q mst u = (uq, uz) pO3TISIAETHCS 3312494

o Y O meDi xR j=12, (1)
ul‘fE:mO =01 (t), u2‘x:x2 = g2 (t)) t e Q’ (2>
lim hju; — lim  hous = gs3(t),
T—T1 T—T1 4
d (3)
lim k;1— — lim /{2ﬂ_g4( ), teq,
T—T1 X IIJ—)LE1+ ax

ae ap, g, hy, ha ki, ke € Ry, 91,92, 93,94 — 3amani nepiognyni dyHKil i3
upocropy CobosieBa H,(€2), ¢ € R — nosinbue dikcoaue.
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YMOBU cripsizkeHHsI (3) y3arajJbHIOIOTh KJIACUIHI yMOBU HEIIEPEPBHOCTI, BBO-
JITYIW JIIHIAHWT 3B’ 130K MiXK TeMmIlepaTrypaMu 3 000X O0KiB MexKi yepe3 Koedi-
mientu hy ta ho. Take y3arajgbHeHHs Ja€ 3MOI'Y BpaxyBaTH TEILJIOBU Omip abo
HasBHICTh KOHTAKTHOI'O APy MiXK JIBOMa CePEeJIOBUIIIAMU.

YMOBU icHYBaHHS Ta €IUHOCTI PO3B’d3KY ITi€l 3a/1a4i TiCHO OB’ si3aHi 3 BJIa-
cTuBocTsiMu BusHadHUKA A (k) 11 1mimx 3HaYeHb k, Jie

A(O) = hlliz(xl — $0) + h2/ﬁ31(x2 - xl)a

eﬁ1k$0 6—,31k320 O 0
0 0 eP2rz2 e~ P2kT2
A(k) = _
hleﬂmm hle—ﬂlkm —h26ﬂ2kx1 —hge_ﬂ%xl
k1B1ke 1t — gy Brre  PIRTL 5 BapeP2RTL ko By e P2k
= or Ak bi—bs 2B1k(zo—21) _ bi—bs 2Bok(z1—72) _ ,—2Ag
= Ja; B (by + ba)e (1 + bz S . |

e
Ay = Bik(x1 — x0) + Por(z2 — x1),

— /Kl - -
Bik = 50, (1 +sgn(k)i), k#0,j=1,2,

— Kihg — ka2l

by = NGTH by = NGTH
ITokazano, mo BusHaunuk A (k) He TOPIBHIOE HyIIIO Il BCIX IiaUX duces k,
1 I TOCTATHRO BEJIMKHUX 3HAYeHb |k| 3a0BOJIbHSIE OIHKY 3HU3Y BUTJISILY
IA(E)| > co|k|Y/2eReMr > 0 i3 mesxoro cramomo cg > 0. Ieit pesy/abTar BUKOPH-
CTAHO JIJIfl JI0BEJIEHHS HACTYIIHOI TeOpeMH IIPO iCHYBaHHA €IUMHOI'O PO3B A3KY.

Teopema 1. frxwo g1,92,93 € Hy, g4 € Hy_1/2, ¢ € R, mo 6 npocmopi
C?(D1; H,)xC?(Dq; Hy) icnye edunudi poss’asor u = (uy, uz) sadaui (1)—(3),
KOMNOHEHMU K020 U7 | Uz HENEPEPEHO 3ANEHCAMb 610 PYHKUIT gs, S = 1, .., 4.
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OYHKIIIA I'PIHA 3AJTIAYI ITPO OBME2KEHI
IHBAPIAHTHI MHOI'OB1 N

H.B. CTEITAHEHKO

Posrisinarorsest cucremu audepeHItiaJbHUX PiBHSIHD

dx dy

S —~Z =} 1

¥ o), ¥ ey (1)
Jie TIO3HAYEHO T = (Z1,T2,...,Tm), Y = (Y1,-..,Yn). Bekrop-byukuis a(z) =
{a1(x),...,a,,(x)}, m > 1, Bu3snauena na BcboMmy mpocTtopi R™, € 06MeKEHOIO

m 3 3 m
Ha R™ 1 jokasbHO 3a70BosbHsie ymoBy Jlinmmuna, a(z) € Cr;p (R™). Marpu-
st b(x) € n X n-BuMmipHOO, n > 1, eJleMeHTaMU $IKOI € HeNepepBHi, JiiicHi,
ckaspHi DyHKIIT, BU3HaYeHi it obMmexkeni na R™, b(x) € C° (R™). Posp’a30K
: sodr _ .
sagadi Komi &7 = a(w), z|,_, = o nmozmagaemo 4epes z(t; zy). Marpunant
e e dy ) .
minifinoi cucremu % = b(x(t;24))y 3 BEKTOPOM HapaMeTpiB g, IO3HATUMO
gepes QU (zg). Bin € nopmosanum B Touni ¢t = 7: QF (x0)
OJIMHUYIHA N-BUMIPDHA MaTPHIIS.
BynemMo BUKOpUCTOBYBaTH O3HAYEHHS 1 ITO3HAYEHHSI aHAJIOTIYHI K B POOO-

tax [1]-][2]. Haramaemo ocHOBHI O3HAYEHHS 1 TBEDIZKEHHS.

|t:7- — Ina Je In -

Osuauenns 1. Cucrema (1) mae dynkuito I'pina Go (7, z) 3ama4i npo obme-
YKeHi iHBapiaHTHI MHOTOBHM, AKINO icHye Taka marpung C(x) € C°(R™), npu
SAKI PYHKITisT

Q% (2)C(x(T; 7)), 7 <0,
() [Cla(rs2)) — L], 7>0.

3a10BoJIbHsIE OMiHI ||Go (T, 7)|| < K exp {—~v|7|}, ne K,~y = const > 0.

Go(T, l‘) = { (2)

Osnauenns 2. Cucrema (1) HA3UBAETHCS pe2yAApHON0, SIKIIO JJIsi Hel iCHY€
emuua dywkiia ['pina. dximo xk icaye 6e3/1i4 pidHUX TakKux (pyHKIIH, TO CHU-
cremy (1) Ha3UBAIOTH CAAOO PELYAADHOIO.

[Mopsiz 3 cucreMoro piBHsIHB (1) POBIVISIIAEMO CIIPSIZKEHY CHCTEMY

dx dz

@ ="

Teopema ([1]). Hexat icnye xeadpamuyna gopma (S(x)z,z), z € R™, S(x) €

C'(R™;a), ST(x) = S(z), nowiona axoi 63006sic Po36’asKic cnpasicenoi cu-
cmemu (3) € dodamno 6usnaveroro, Mobmo 6UKOHYEMBCA HEPIBHICTD:

<[S($) ~ ()b (z) — b(x)S(:c)] 2, z> > 12112

= b7 (2)z. (3)
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Todi cucmema (1) mae dyrruyiro I'pina (2). Ipuvomy axuwo det S(z) # 0 Vo €
R™, mo cucmema (1) 6yde pezyasapnoro, axwo oc det S(T) = 0 npu dearux
gnavennar T € R™, mo cucmema (1) 6yde caabo peeyaaproro.

3aysascenns. Koxuy ciaabo perynsipay cucremy (1) MOXKHA JOIMOBHUTH JI0
peryJisspHol:
dx dy dz

ar _ _ @z T ", 4
o a(zx), o b(x)y, o =Y b* (z)z, y,z € R (4)

[Tpuyomy moXijiHA B3I0BXK PO3B’sI3KiB cucTeMu (4) HEBUPOJZKEHOI KBAJIPATHU-
qrol hopmu p (y, 2)+(S(x)z, z) IpK TOCTATHBO BEJIMKOMY 3HAYEHHI ITApAMETPa
p > 0 Oyze J10/IaTHO BU3HAYEHOIO.

OpHiero 3 BaK/IMBHUX 1 IMIKABUX 3aJ1a49 € 3HaXO/KeHHs1 (yHKIT ['pina (2)
st caabo perysstpaol cucremn (1).

Y Bunazky xosum B cucremi (1) b(z) = b(xq,...,2y) — cKagxsgpHa QyHKITS
HelepepBHa it oOMerkeHa Ha R, MpUIIyCKaeMO, IO iCHYE cKaJgpHa (DYHKITis
s(z) € C'(R™;a), nius KO BUKOHYEThCsT HepiBHicTb $(z) — 2s(x)b(x) > 1.
Kpim mporo Hexait ipu jiesikux © = T € R™ cransipaa QyHKIs S(x) TpuitMae
HyJIbOBe 3HadeHHs. Tomi cucrema (1) 6yme cmabo peryssproro. Posrismaroun
posmupeny cucremy (4), sika yxke OyJie peryaspHOI0, MOXKHA 3allUCATH €IUHY
dbyukmio ['pira (2) y Burysai 2 X 2-BuMmipHOl MaTpurli. 3HaxXoaa9n OJIOK THET
MaTPHUII, SKA 3HAXOAUTHCS Y BEPXHBOMY JIBOMY KYTi, OTPUMYEMO CKaJISIPHY
dbyukmito C(z) masa caabo peryaspuoi cucremnu (1):

f_ooo exp {2 [y b(z(o;x))do} dr
[T exp {2 7 b(a(o;x))do} dr

IpU TUX 3HaUYeHb * € R™, njad SIKUX BUKOHYIOTHCA OIHOYACHO JIBI yMO-

BU limy_, ¢ oo exp{fg b(z(o;z))do} = 01 limy, o exp{f(;t b(z(o;x))do} = 0.
Ko K npu AesIKoOMy 3HaYeHHI £ = X OJIHA i3 3allMCaHUX I'PAHUIlbL HE BUKO-
HYETHCsI, TO (DYHKIIO (5) JOMOBHIOEMO B Iiiif TOUIN & 110 HEIIEPEPBHOCTI.

C(x) =

()
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CEKLIs 3
Teopiga iiMoBipHOCTEl Ta MaTeMaTHYHA CTATUCTUKA

126



Cekmig 3. Teopis fiMoBipHOCTEH Ta MaTeMaTUIHa CTATHCTHKA

GAUSSIAN STOCHASTIC PROCESSES AND THEIR
PROJECTION COEFFICIENTS

I. BODNARCHUK, YU. MISHURA

The problem of linear prediction in stochastic processes exhibiting memory
presents considerable analytical challenges. We focus on resolving the projec-
tion problem for the Gaussian-Volterra process with a linear kernel, defined
by the stochastic integral

X, = /Ot(t — S)dW,, (1)

where W is a Wiener process.

More precisely, in [1] we find the predictor for the first increment, A; =
X1— Xy, based on n subsequent, non-overlapping increments, A; = X; — X,;_1
for 2 <7 < n+1. For this Gaussian process it is equivalent to the conditional

expectation:
n+1

E(A1]Ag, . Appn) = ) clPA,.
k=2

The primary goal was to calculate the projection coefficients {cgf‘:)} and try
to understand how the properties of the process affect the properties of the
coefficients. Unexpectedly, we established that the coefficients {c%k)} change
their sign. For example,

15 3
céQ) =37 and cgs) =37

At the same time, increments of the process (1) across non-overlapping
intervals are positively correlated. Thus, we can make the conclusion that
a positive correlation of increments does not guarantee the positivity of the
projection coefficients.

The similar problem for fBm B was studied in [2|. The following hypoth-
esis was investigated there:

for H > 1/2 all projection coefficients are strictly positive.

This hypothesis was checked in [2] numerically and analytically for small n.
However, it was not proved analytically. The projection problem is also still
unsolved for the general Gaussian—Volterra process.

The two-sided (bilateral) projections of the fractional Gaussian noise Ay =
BE — BE || k > 1, are studied in [3]. In particular, the coefficients of this
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projection are investigated numerically and analytically. We made a rather
unexpected observation: while all the coefficients of one-sided projection re-
main positive (see [4]), with a two-sided projection one of the coefficients
steadily becomes negative, but quite small in absolute value.
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DYNAMICS OF A NON-AUTONOMOUS STOCHASTIC
MUTUALISM MODEL WITH JUMPS

O.D. BORYSENKO, O.V. BORYSENKO

In nature, we can find many examples where the interaction of two or more
species is to the advantage of all. Mutualism occurs when one species provides
some benefit in exchange for some benefit. Population systems may suffer
abrupt environmental perturbations, such as epidemics, fires, earthquakes,
etc. So, it is natural to introduce Poisson noises into the population model
to describe such discontinuous systems. In this presentation, we consider
the stochastic mutualism model with jumps generated by centered and non-
centered Poisson measures. This model is driven by the system of stochastic
differential equations

da;(t)=x;(t) |:7’i (t)— K:ggj)_z;(f)z (t)

/R it 2t ) (dt, dz) + / 51t 2)i (7 wa(dt, dz), 24(0) = 210> 0,

—ci(t)xi(t)] dt+o;(t)z;(t)dw;(t) +
(1)

i = 1,2, where x1(t) and x2(t) denote population densities of each species at
time t, x;(t7),i = 1,2 are the left limits of x;(¢),7 = 1,2, w;(t),i = 1,2 are
independent standard one-dimensional Wiener processes, v (t, A) = v1(t, A)—
tll; (A), v;(t, A),i = 1,2 are independent Poisson measures, which are inde-
pendent on w;(t),i = 1,2, Ely;(t,A)] = tll;(A),i = 1,2, II;(A),i = 1,2 are
finite measures on the Borel sets A in R.

We will use the notations X (t) = (x1(t),z2(t)), Xo = (z10,%20), | X (t)| =
Vi) +23(t), R2 = {X e R?: z1 > 0,22 > 0},

Bilt) = o2(1) 2+ / [(t,2) = (L35t ) ()~ [ In(1o463(6,2) o (d),
R R

i = 1,2. For the bounded, continuous functions f;(t), t € [0,400), i =
1,2, let us denote fisup = sup;sq fi(t), fine = infi>o fi(t),i = 1,2, frmax =
max{ f1 sup, f2sup }, fmin = Min{ fiinf, f2inr}. We need the following assump-
tion.

Assumption 1. It is assumed that r;(t) > 0,b;(¢) > 0, K;(t) > 0,¢;(t) > 0,
oi(t),i = 1,2 are bounded, continuous on t functions, cyin > 0, Kpin > 0,
vi(t, 2),0;(t,2),i = 1,2 are continuous on ¢t functions, and In(1+~;(t, 2)), In(1+
9i(t, z)) are well-defined and bounded, IT;(R) < oo, = 1, 2.
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In what follows, we will assume that Assumption 1 holds.

Theorem 1. There exists a unique global solution X (t) to the system (1) for
any initial value X (0) = Xo € R%, and P{X(¢t) e R1} =1.

Definition 1. The solution X (t) to the system (1) will be said stochastically
ultimately bounded, if for any ¢ € (0,1), there is a positive constant y =
x(¢) > 0, such that for any initial value X, € R?, the solution to the system
(1) has the property that limsup,_, . P {|X(¢)] > x} < e.

Theorem 2. The solution X (t) to the system (1) is stochastically ultimately
bounded for any initial value Xy € Ri.

Definition 2. The solution X () to equation (1) is said to be stochastically
permanent if for any € > 0, there are positive constants H = H(e), h = h(e)
such that liminf; o P{z;(t) < H} > 1 — ¢, liminf; ,oc P{z;(t) > h} > 1 —¢
for ¢ = 1, 2, for any initial value Xy € Ri.

Theorem 3. If min{(r1 — 51)inf, (r2 — B2)int} > 0, then the solution X (t) to
the system (1) is stochastically permanent for any initial value Xo € Ri.

Theorem 4. If for i =1,2 we have p; = limsup,_, ., § fo pi(s)ds < 0, where
pi(s) = ri(s) — Bi(s), then the solution X (t) to the system (1) wzth the initial
condition Xg € Ri will be extinct: limy_, oo x;(t) =0, i =1,2 a.s.

Theorem 5. If pf = 0,i = 1,2, then the solution X (t) to the system (1) with
wnitial condition Xg € Ri will be non-persistent in the mean:

lims_ oo % fot zi(s)ds =0 a.s.,i=1,2.

Theorem 6. If pi > 0, i = 1,2, then the solution X(t) to the system (1)
with initial condition Xy € R will be weakly persistent in the mean: T} =

lim sup,_, . fo zi(s)ds > 0,i=1,2, a.s.

Theorem 7. If p;. = liminf, o T t fo pi(s)ds > 0, 1 = 1,2, where p;(t) =
ri(t) — Bl( ), i = 1,2, then Ty = liminf; . + + fo xi(s)ds > %, a.s., where
m; = Lint 4o o5 = 1,2, Therefore, the solution X (t) to the system (1)

7 inf

with initial value Xo € Ri will be strongly persistent in the mean: x;, > 0
a.s., 1 =1,2.
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INTERPOLATION OF PERIODICALLY CORRELATED
STOCHASTIC PROCESSES WITH MISSING OBSERVATIONS

IL.I. GOLICHENKO, M.P. MOKLYACHUK

We study the problem of mean square optimal linear estimation of the
functional

which depends on the unknown values of a periodically correlated stochas-
tic process ((t), [1]. The estimation is based on observations of the process
C(t) +0(t) at points t € R\ 5, S = Uf:_ol[Ml,Ml + Niyq], M = ZLZO(N;C +
Ki), No = Ky = 0, where 0(t) is uncorrelated with ((¢) periodically corre-
lated stochastic process.

We assume that the length of each interval of observations is a multiple
of the period T and the length of each interval of missed observations is a
multiple of T, what means that

Ki=T KI'Ky=T-KJ,...,Kq_1=T-KI |,
N, =T-N/,Ny=T-NJ,...,N,=T-N?!,

respectively.
Denoting by
a(u+jT) =aj(u), ((u+jT) = ¢(u),
s—1
jes, S=J{M", ..M+ N, -1}, uel0,T),

1=0
and taking into account the decomposition of generated vector stationary
sequence {(j,j € Z}, |2], the functional A;( can be written as

s—1 M +NL+1 L r s—1 M +Nl+1 1

Ay = Z > /a(u+jT)<u+yT Z > a

= jMT 0 — ]MT

where vectors @; are of the form

—

_ _ T _ .
aj = (ap;, k =1,2,...) = (aij,asj,azj,...,a2%11,,02%,5,---) ,J €S,

where aj; = ﬁ fOT aj(v)e_%i{(_l)k[%]}”/Tdfv, vector sequence Q_’; = (Ckj k=

1,2,...)",j¢ S , is generated vector stationary sequence.
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In the case of spectral certainty when the spectral density matrices f¢(\)
and f%()) of the generated vector stationary sequences {(;,j € Z} and {;,] €
Z} are exactly known the Hilbert space projection method to estimation of
functional As( is applied.

Theorem 1. [3] Let {((t),t € R} and {0(t),t € R} be mutually uncorre-
lated periodically correlated processes such that generated vector stationary
sequences {(;,j € Z} and {0;,7 € Z} have spectral density matrices f¢(\)
and f%(\). Assume that the matrices f¢(\) and f%()\) satisfy the minimality
condition. Let coefficients {a;,j = 0,1,...} that determine the functional A5
satisfy conditions ||@;|| < oo, ||@;||2 = S0, las|?, j € S. Then the spectral
characteristic fz(fc,fe) and the mean square error A(fS, f%) of the optimal
estimate of the functional AsC from observations of the process ((t) + 0(t) at
points t € R\ S are given by formulas

RT( 10 = (AL 00 = CT (™) [fS0) + /()] =
= AT (™) = (AT (€M) PO + CT (@) [FC0) + FP]
A(f<7 fe) = <C_isa R363> + <ES7 Bsgs>-

In the case of spectral uncertainty when density matrices are not exactly
known, but a class D = Dy x D, of admissible spectral densities is specified the
minimax (robust) approach to estimation of functional A4( is used. Formulas
that determine the least favorable spectral densities and the minimax spectral
characteristic of the optimal estimate of the functional A,( are derived. The
estimation problem is investigated in details for classes Dy, D;, of admissible
spectral densities.
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ON THE THEORY OF REPEATED RECORDS

K.H. INDLEKOFER, O.I. KLESOV, J. STEINEBACH

Let {X,} be a sequence of independent identically distributed random
variables. We say that n is a record time if

X, > max{Xy,..., X1}

We assume that the common distribution function of random variables is
continuous. It is known that the number of record times in {X,,} is infinite
with probability one.

Another random variable of interest is the so called repeated record. Namely,
n is said to be a repeated record time if both n and n — 1 are record times.
In contrast to the the case of records, the number of repeated record times is
finite with probability one.

We say that a sequence of independent random variables {X,,} is an F'*-
scheme if, for aome sequence of positive real numbers {«,,}, the distribution
function of X,, is F'*», where F' is a given distribution function.

Below are two typical results discussed in the talk.

Theorem 1. Let {X,,} be an F* scheme. If

Z (079 ) Op+1 = 0, (1)
ot tan ot Qg

n

then the probability of infinite number of repeated numbers in {X,} equals
one.

Denote by ,LL%Q) the number of repeated records in {X7,..., X, }. The first

of moments of ,u%z) are given by

n—1
E [u(g)' _ 895 . *k+1
" k:1a1+---+ak a1+---+ak+1’
—1
var _,U 2)} _ nz: <O‘kak+1 _ ai&iﬂ )
Pl T A\ A A ATAT

133



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

Note that E [,ug)} — 00 does not imply var [,ug)} — 00 in general while

the converse is true. However, var {ug)] — oo follows, for example, from

lim sup In < 1.
n—oo 01+ -+ ap

Theorem 2. If condition (1) holds, then
%2) _E [M%Q)}
lim =

n—oo oo {Mg)}

almost surely.

The talk is based on the papers [1] and [2].
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A LIMIT THEOREM FOR STOCHASTIC EQUATIONS WITH
THE LOCAL TIME

[LH. KRYKUN

The stochastic differential equation that involves the local time of the pro-
cess was first investigated in [1] and [2]. Moreover, in works [2], [3], and [4],
formulae were obtained that connect solutions of stochastic equations with
local time to solutions of It6’s stochastic equations.

It is well known that the convergence of coefficients in an Itd6 stochastic
equation is recognized as insufficient for guaranteeing the weak convergence
of the equation’s solutions; an additional condition is required.

We consider solutions of stochastic equations that involve local time, focus-
ing on cases where the coefficients exhibit nonregular dependence on a small
parameter €:

é&ﬂ=w+&ﬁﬂu®+l(%@AﬂHa£H$D%+AOA&@WMG)O)

The primary focus is on studying the weak convergence of the solutions of
these equations (specifically, in terms of the weak convergence of the measures
generated by the processes in a certain functional space) as € — 0.

Denote by &(t) a weak solution following a stochastic equation involving a
local time (with |y| < 1)

t t

aw:x+vﬁumry/ma@m&+/&@@»mm@. 2)

0 0

Let (C[0,T7],C}),t € [0,T] be a space of continuous functions in the interval
[0, T]. Consider the measures on the functional space (C[0,T], C;) generated
by the processes &.(t) and £(t), respectively.

We suppose that the coefficients of the stochastic equations (1) and (2)
satisfy the following conditions: . —  when ¢ — 0, [5:| < 1 and |B]| < 1,

1
there exists a constant A > 0 such that |g-(z)| <A, |g(z)| <A, A < o?(x) <

3
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A, — < 02(:16) < A and for every x € R

[ ] <

Based on the research detailed in the paper [5], the following result has
been achieved.

1
A

Theorem 1. The necessary and sufficient conditions are obtained for the

weak convergence of solutions of stochastic equations (1) to the solution of
stochastic equation (2).

The detailed formulation of the necessary and sufficient conditions for con-
vergence, along with the proof of this theorem and supporting results, is
presented in a manuscript currently undergoing peer review.
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WEAK CONVERGENCE ANALYSIS OF DYNAMIC CUTTING
FOR LEVY-TYPE PROCESSES

D.Y. PLATONOV

We consider a one-dimensional Lévy-driven SDE of the type:
t t t poo
X; = Xo +/ a(s, Xs)ds +/ b(s, Xs)dBs + // c(s, Xs—,2)N(ds,dz),
0 0 0J—00

where N (ds,dz) is the compensated Poisson random measure.

A main practical obstacle is the infinite activity of many Lévy processes,
which makes the exact simulation of small jumps impossible. To address
this issue, we use a dynamic cutting (DC) technique to truncate small jumps
in a time-dependent way, while the large jumps are simulated exactly as a
time-inhomogeneous compound Poisson process.

We analyze two Euler-Maruyama schemes for handling the small jumps:
(i) they are omitted entirely or (ii) they are replaced by a Gaussian term with
matching variance.

Theorem 1. Under standard Lipschitz-growth and smoothness conditions on
the coefficients and the Lévy measure, the weak error of both schemes is of
order O(n™1). This rate is achieved by choosing the scaling hyperparameter

as h =n~%E2=) for scheme (i) and h = n=*/EB=) for scheme (ii).
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ALMOST SURE BOUNDS FOR INCREMENT'S
OF TEMPERED FRACTIONAL BROWNIAN MOTION
WITH STATISTICAL APPLICATIONS

0.D. PRYKHODKO, K.V. RALCHENKO

Nowadays, the theory of fractional Brownian motion (fBm) has been de-
veloping rapidly. Moreover, some of its developments have evolved into inde-
pendent branches with their own sets of results. One of them is an improved
version of fBm — a family of tempered fractional Brownian motions. This
family includes the tempered fractional Brownian motion (tfBm) and the
tempered fractional Brownian motion of the second kind (tfBmlII). One ad-
vantage of t{Bm and tfBmlIl, compared to fBm, is that they are well-defined
for all positive values of the Hurst index.

Definition 1. The tempered fractional Brownian motion BY, , = {BL ,(t),

t > 0} and the tempered fractional Brownian motion of the second kind
Bij » = {Bg(t),t > 0} are stochastic processes based on the Wiener process
{Ws,s € R} and are defined for all H, A > 0 as follows:

1

t
Bia(t) = | (e—w—sw — YT e () ) aw,,

t t 1
BI () = Bly 5() + A / / (u— 8)T A gy

These processes were introduced by Meerschaert and Sabzikar 1], and by
Sabzikar and Surgailis [2], respectively.

For the tfBm and tfBmll, many properties have already been proved by
mathematicians. For example, the scaling property, upper bounds and co-
variance functions have been established. However, there remain many unex-
plored problems related to tfBm and tfBmlI.

We have established upper bounds for the increments of both processes.
Let Z(t), t = (t1,t2), denote the increment of either By, y or Bj ,, that is,

Z(t) = By (t1) — By a(t2) or Z(t) = By 5(t1) — By \(t2):

Theorem 1. Let 5 = HA1if H # 1, and let 8 € (0,1) be arbitrary if
H =1. For any 6 > 0 and p > 2, there exists a nonnegative random variable
n =n(d,p) such that, for all 0 <to <t <to+1,

Z(t)] < (] V1)t — t2)? ([log(ts — t2)[P V1)1, as.,
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and there exist constants C1 = C1(d,p) > 0 and Cy = Co(d,p) > 0 such that,
for all u > 0,
P(n > u) < C; exp(—Cou?).

In addition to their interesting theoretical features, many studies have
shown that tfBm and tfBmlI are useful for practical applications. Thus, fur-
ther investigations of various models involving these processes are required.

We consider a Langevin-type equation driven by either tfBm or tfBmllI.
This equation takes the following form:

t
Yt:y0+0/ Yids +o0X;, t=0, (1)
0

where g is an arbitrary real initial value, and 6 and ¢ are positive constants.
In our case, X denotes either tfBm or tfBmll. We are interested in studying
a strongly consistent estimator of the parameter 6.

For a continuous trajectory {Y;,t > 0}, we consider the following estimator:

(2)

5 YP—us
Or = —F——.
2 [, Y2dt
To construct discrete-time observations from the interval [0,n™ 1], with
n,m > 1, we choose the points ¢, = k-n~!, k = 0,1,...,n™. Then, the
discrete-time version of 61 is
~ n (Y. — )
2 Zk;:o Ytk
We have proved that the estimators QAT and gn(m) are strongly consistent
for the continuous and discrete cases, respectively. Moreover, a simulation ex-
periment has been conducted for the discrete case, and the obtained estimates
0,,(m) confirm the theoretical results.
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OPTIMIZING MULTIVARIATE SAMPLE ALLOCATION
USING AUXILIARY VARIABLES IN STRATIFIED SAMPLING

D. PUMPUTIS

The study focuses on improving sample allocation methods in stratified
surveys involving multiple study variables. When a population is divided into
homogeneous strata, an optimal distribution of samples across these strata
is crucial for achieving high precision of the estimators used, while minimiz-
ing survey cost. Traditional approaches such as Neyman allocation [5]| often
perform suboptimally when multiple correlated variables are studied simulta-
neously. To address this, the paper explores several optimization-based meth-
ods that account for both survey cost and precision while leveraging auxiliary
variables — readily available variables correlated with the study variables —
to enhance estimation accuracy.

The study compares seven algorithms for multivariate optimal sample al-
location: the integer programming algorithm (IPA) [2]|, Bethel’s algorithm
(BA) [1], generalized simulated annealing (GSAA) [8], constrained optimiza-
tion by linear approximations (COBYLA) [6], particle swarm optimization
(PSO) [4], biased random key genetic algorithm (BRKGA) [3|, and differen-
tial evolution optimization (DEO) [7]. These methods are applied to simu-
lated and real survey populations with varying correlation strengths between
auxiliary and study variables.

Simulation results show that all algorithms perform well when the corre-
lations between auxiliary and study variables are high, but required sample
sizes increase substantially as correlations weaken. The IPA achieves the exact
global minimum cost and serves as a benchmark for comparison. Among the
heuristic methods, DEO performs most consistently, achieving results clos-
est to the global minimum in 86% of the tested cases, followed by BRKGA
and PSO.

In addition to efficiency, the paper investigates algorithmic convergence be-
havior, assessing how rapidly and reliably each method reaches its optimal or
near-optimal solution. DEO shows stable convergence and low sensitivity to
parameter tuning, while GSAA and PSO occasionally exhibit slower conver-
gence or premature stagnation. COBYLA performs well for smooth objective
functions but can miss the global minimum in multimodal cases.

Overall, the findings highlight that using correlated auxiliary variables im-
proves estimation precision and reduces survey cost in multivariate stratified

140



Cekmig 3. Teopis fiMoBipHOCTEH Ta MaTeMaTUIHa CTATHCTHKA

sampling. Moreover, metaheuristic optimization methods — especially differ-
ential evolution (DEO) — combine high convergence reliability with compu-
tational robustness, making them suitable for large, complex survey designs.
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DISTRIBUTIONAL PROPERTIES OF POISSON PROCESSES
OF ORDER k£ WITH TIME CHANGE

ARTEM STOROZHUK, LYUDMYLA SAKHNO

Let N*(t) denote the Poisson process of order k (PPoK), introduced in [1],
with the probability mass function (PMF) given by

NE N ki o\ ot (AD)S
=PV =m = Y e GO
X=Q(k,n)

where Q(k,n) ={X = (v1,...,2k) | 71 + 222+ ... + kxx, = n}, (p = 1 +
oo+, and Il = xq!. .. 2l

This talk focuses on the distributional properties of PPoK models with
time change, i.e., processes of the form N¥(H(t)), where H(t) is an inde-
pendent subordinator. We extend previous results by considering a wider
class of subordinators. The time-change processes H (t) investigated include:
compound Poisson-Gamma process; inverse compound Poisson-Exponential
process; Bessel subordinator; Gamma process subordinated to a Poisson pro-
cess with a drift; Bessel transform of a Gamma process; Inverse Gaussian
process.

For each of these models, we derive explicit expressions for their probability
mass functions, the governing systems of difference-differential equations, and
their first two moments. The resulting distributions are expressed in closed
form in terms of special functions, such as the generalized Wright function,
the Mittag—Leffler function, and modified Bessel functions.

This talk is based on the paper [2].
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DYNAMICALLY WEIGHTED MIXTURE OF EXPONENTIAL
AND ERLANG DISTRIBUTIONS WITH INDEPENDENT
RATE PARAMETERS

H.YA. TULUCHENKO

Mixture models of Exponential and Erlang distributions with identical rate
parameters are widely known [1, 2]. However, these models exhibit limited
flexibility when modeling processes characterized by high variability in the
initial phase followed by a monotonic decrease of intensity.

The proposed dynamically weighted Mixture has two key differences that
constitute the scientific novelty:

(1) Independent rate parameters (A # [3) for the components.
(2) The use of a sigmoid function (w(zx)) as a dynamic weighting coeffi-
clent.

Dynamic weights provide adaptive switching of component influence. This
allows the model to fit data where each phase of the process requires individual
decay rates, which is unattainable in static mixtures.

The model is a combination of:

(1) The Exponential distribution with rate parameter A. Its density func-
tion is
fi(z)=Xe ™, z>0.
(2) The Erlang distribution (second order, o = 2) with rate parameter f.
Its density function is

fo(z) = B2xe P, x>0.

The dynamics of the transition are governed by the weighting coefficient
w(x):
_ H
1+ exp(—kx)’

w(z)

where £ > 0,0 < pu < 1.
The unnormalized probability density function f*(x) takes the form:

w(z) fr(z) + (1 —w(z)) f2(2).

To obtain the true PDF, the normalizing constant C' is defined as:

c=1+ T @i () — fol) dr.
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The analytical calculation of the integral is performed by reducing it to the
Lerch transcendent function ®(z, s, a):

LA N pB? B
C=1+" (1,1,k> 5 (1,2,k.

Thus, the true PDF of the dynamically weighted mixture is:
1
flo) = flw@)filz) + (1 - w(@))f2(2). (1)

Found the expression Cumulative Distribution Function (CDF):

Fa) = & [ WOAO + (1 - w0) a0t =

B % (1= (14 Bz) exp(—Ba) — ufQ(x, 1, B, k) + pAQ(x,0, X\, k))

where

Qz,0,\, k) = % (cp <—1, 1, %) _ exp(—Az) - @ (—exp(—kx), 1, %)) |

Q(z,1, 8, k) = % <<I> (—1,2, %) _

-esp(-) (0 (< etk.2.]) 4k (- sp(-nn)1. 7)) )

k>0, A>0, 8>0.

In the complete study, analytical expressions for the raw moments, the
expected value, and the variance were also derived. The behavior of func-
tions in x = 0 is analyzed. Examples demonstrating the approximation of
experimental distributions using the distribution (1) were considered.
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OPTIMAL CONTROL OF ENVIRONMENTAL SYSTEMS VIA
PDE GAMES WITH BROWNIAN SHEET

O.A. TYMOSHENKO

Environmental pollution control is inherently multi-regional: neighbor-
ing jurisdictions act on a shared spatial domain and interact through the
physics of dispersion and the timing of interventions. Uncertainty enters
both temporally and spatially due to variable emissions, transport, and mea-
surement noise. These features make stochastic partial differential equations
(SPDEs) with spatio-temporal noise (modeled here by a Brownian sheet) nat-
ural; strategic interdependence motivates differential games rather than a
single-agent problem. This extended abstract presents a nonzero-sum SPDE
game on a rectangle Rz = [0,7] x [0, X] in the time-space plane and derives
maximum-principle conditions for Nash equilibria.

State dynamics and objectives. Let z = (t,z) and R, = [0,¢] x [0, z]. The
environmental state Y (z) (e.g., pollutant concentration or cumulative load)
evolves according to

Y(z) = Y(0) + / (¢ Y (1€ ua(O) A + [ BIE Y (0 ua (). a(6)) B,
) ) (1)

where B is a Brownian sheet and u, are admissible regional controls (effort, abate-
ment, or regulation intensity), and d¢ = dtdz. Player ¢ € {1,2} minimizes

Ji<u1,u2>:E[ | R Y©m(©0.(0) 4 + i (V(2))|. (@)

A pair (41, u2) is a (open-loop) Nash equilibrium if for all admissible w1 ,us
Ji(t1,2) < Ji(ur, ) and  J2(t1,t2) < J2(h1,us).
Hamiltonian, adjoint variables, and the sheet operator. For each player

1 = 1,2, define the Hamiltonian
Hi(z,y,u1,u2,pi, @i, Li) = fi(2,y, u1, u2) + a(z,y, w1, uz) pi(2)
+B(2,y, w1, u2) qi(2) + K[Li, a(, y, ur, u2)] (2),

where p;, q; are scalar adjoint processes on Rz, and L; : Rz — R is an additional
adjoint induced by the Brownian sheet. The operator K[L, o] is the convolution-like
term specific to 2D stochastic integration:

K[L,a](z) := /0$/t (L(z) a(¢,y,ur,u2) + L(¢) a(z,y,ul,ug)) d¢’,z = (t,z).
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Adjoint equations (BSPDESs). The adjoint triple (p;, g, i) and the process L;
satisfy

Li(z) = — 0y Hi(2,Y (2), u1(2), u2(2), pi(2), 4i(2), Li(2)) , (3)
pi(dz) = — 0y Hi(2, Y (2), u1(2), u2(2), pi(2), ¢i(2), Li(2)) dz

+¢:(2) B(dz) + M;*(d2), (4)

pi(Z) = 0y9/Y (2)), (5)

where the term M," denotes the second-order (double) stochastic integral

M (R.) = / / ri(C,¢') B(dC) B(dC).

Stochastic maximum principle on the time—space plane.

Theorem 1. Assume: (i) the coefficients o, 8, fi, gi are continuously differentiable
in (y,u1,uz) with linear growth; (ii) admissible sets U; C R are convex; and (iii) the
state (1) admits a unique square-integrable solution for any admissible control pair.
Then:

Necessity. If (41,u2) is an open-loop Nash equilibrium with associated state Y
and adjoints (pi, Gi, 7, IA/Z) solving (3)—(5), then for a.e. z € Rz,

&MHi(Z, ?(z),ﬁl (2),02(2), Di(2), Gi(2), IAM(Z)) . (u@ — ﬁz(z)) > 0.

Sufficiency. Suppose in addition that y — g;(y) is convexr and, for almost every
z, the mapping (y,ui) Hi(z,y, ul,ug,pi,qi,Li) is jointly convexr in (y,u;) for
each i (with the opponent’s control held fixed). If a control pair (G1,u2) together
with admassible adjoints satisfies the pointwise minimization

Hi(zv {/(Z), (0 (Z)a aQ(Z)aﬁi(z)a (jz(Z), El(z))

= min Hi(z, Y (2),u(2), u2(2), 5i(2), @i (2), Li(2)),

fori=1,2 and almost every z € Rz, then (t1,tuz2) is a Nash equilibrium.

This talk is based on joint work with B. @ksendal, N. Agram, F. Proske [1], [2].
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METHODS OF CONSTRUCTING MULTIVARIATE POWER
SERIES DISTRIBUTIONS

O. VOLKOV, YU. VOLKOV

The paper proposes methods for constructing multivariate power series
distributions (PSD) with natural parameterization, which generalize the one-
dimensional case ( [1] and [2]) to the m-dimensional space.

Let k = (k1,...,kn») be a multi-index with non-negative integer coordi-
nates, and let the series

WY1y ey Ym) = Z Q- ap, YLy

where ag, > 0,...,a, = 0, converge in the polycylinder
Vi={y1 [0<y1 <R} X x{ym |0 <ym < R}

The distribution of a random vector £ = (&1, ..., &,,) with coordinate prob-
abilities
k
R PR T Vi

WYty Ym)

is called the power series distribution (PSD) of the function w.
The Generating Function is:

T T S k20, k20

k1 K
P(Z) — Z (Zlyl) ...(zmym) Gk, oo, = w(zlyl,...,zmym).

" WY1y Ym) ™ WYL, Ym)
For such a distribution
Jlogw 02 log w
El¢| = C = —
g dlogy’ ov(&) (0logy)?

On the convex domain Y, the mapping y +— z is one-to-one and has an
inverse function y = f(x).

Theorem 1. The following relation holds:

oP oP
ox V(x) 322-1-:6 0, (L. Loy, om)

P=P(z1, ..., 2m, f1(T1, s Zm)s e ooy frn(T1, o Tm)),
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2 e 0
op _(op  opPN op _(op  oPY\ _ [T
or  \Oxy " Ox,, 0z  \9z' 0z, ) |- R
0 - 2,
where P(x1,...,%m) is the probability function constructed in the natural pa-

rameterization, and V (x) is the covariance matriz of &, expressed in terms of
x.

In the correctness of the theorem one can be convinced by direct verifica-
tion.

To construct specific PSD functions, we shall make use of power series in
the one-dimensional case.

Example 1. w(y) = (14 y)™, n € N. We have

()= T W) 1ty (e 1
n—z Wy n o’ W' (y) n’
hence, for the elements of the covariance matrix of the PCP function w(y; +
oo+ Ym) We get:

vij = 6y —xirgn Y, detV(z) =1 ... 2 (1 — |zjnh).
If we denote p1 = x1/n, ..., pm = T;m/n, then
P{& =k, 6 =kn} =

n!
k.. k! (n— |k])

n—|k|

‘plfl...p’fnm(l—pl—...—pm)

Example 2. w(y) = expy. In this case, f(zr) = z, and for the elements of
the covariance matrix of the PSD function w(y1)w(y1y2) ... w(y1ys ... Ym) wWe
obtain v;; = x;, if i« > j and v;; = zj, if i < j, detV(x) = (1 — x2) (22 —
x3) .o (Tl — Tn) T«
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SUB-GAUSSIAN RISK PROCESSES WITH
HETEROGENEOUS TIMINGS OF INSURANCE CLAIMS AND
CONTRACT INCEPTIONS

R. YAMNENKO, V. LEVCHENKO

In this paper, Sub-Gaussian risk processes were developed and investi- gated,
taking into account different timings of insurance events and contract inceptions.
Following results were obtained for surplus process (1):

Lemma 1. Let the surplus process be

Np(min{t,zp}) M; Pe (min{t,te}—se)

Ui =u+ Z cp(min{t, 23 }) ZK) + Z(de(min{t,te} — Se) — ZYk), t>0,
i=1 e=1 k=1 O

with the mutual independence assumptions from the model statement. Assume

: : : oY
o the clazm sizes Y; are i.i.d. sub-Gaussian with parameter 1y, i.e. Fe’ ' <

exp( ) for all 0 € R;

e cach ’Lmtml policy has claim intensity a (so E[Ny(t)] = at), each new policy
has claim intensity v (so E[P.(t)] = ~t), and new policies arrive according
to Mt with E[Mt] = ﬁt

e the random premium/exposure integrals (the terms of the form c, min{t, zp}
and de(min{t, te } —se) ) admit uniform sub-Gaussian controls with constants
b and d respectively (if these integrals are deterministic the statement below
simplifies accordingly).

Then for every A € R we have the bound

E[e*Yt] < exp(Au) - exp{exp()\thb) exp (2 bz) — 1} o)
exp{ (exp(A d? ) — 1)51&} exp{(exp( \ ’2’) — 1)at}.

Theorem 1. Under the assumptions of Lemma 1, for every x > 0 and every A > 0
we have the Chernoff bound

P(U; < —2) < exp(—Az) E[e*"]. (3)
Combining (3) with (2) yields the explicit bound

P(U; < —) < exp(—Az + Au) - exp{exp(AtZCb) exp(2L°) — 1}

expf (exp(222) ~ 1)1} - expd (exp(X5E) — 1),

valid for every A > 0.
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Theorem 2. Consider the surplus process described in Lemma 1

Assume further that the random premium/exposure integrals admit Poisson-
type controls:

Eexp{GZcbmm{t zb}} exp{mf(e - 1)},

]Eexp{@ de(min{t, tc} — se)} < eXp{mN(ee - 1)},

for some constants mr,mnx > 0 and all 6 € R.
Define the claim correction terms

k1(A) = a@y(=A) = 1),  &n(A) =7y (=) - 1),
and let B C [0,00) be a compact index set (time horizon), with covering numbers
N (e) under an admissible semimetric d(-,-) and effective measure |B)|.
Then, for every A > 0 and x > 0, the following exponential tail bounds hold:

Pr(sup(Ut — (1) > x) < Z(z, )\, B),

teB

Pr(sup(Ut —flt) < —x) < Z(z,\, B),

teB

Pr(sup Uy — f(£)] > x) < Z(z, )\ B),

teB
where

Z(x, A\, B) = exp(—Az + Au) exp{m( (e —1) )} - exp{B|B|( (exp(mn (e — 1)) — 1)}
exp{a|B|(wy( A) — 1)} exp{ZlogJ\/’(sj) ()\) }’

for any decreasing sequence €; | 0 and increment control terms

Aj(A) = sup  E[|Zs.,]]

d(s,t)<ej—1
associated with the process increments in the chaining decomposition.
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AI-DRIVEN MULTI-STAGE FRAMEWORK FOR
FORECASTING VAR AND CVAR IN FINANCIAL TIME
SERIES

V.F. ZRAZHEVSKA, G.M. ZRAZHEVSKY

Forecasting financial risks ranks among the most pressing challenges cap-
tivating economists, mathematicians, and finance experts worldwide. Among
the key tools for quantifying these risks are Value-at-Risk (VaR) and Condi-
tional Value-at-Risk (CVaR), which enable the assessment of potential losses
and facilitate proactive measures to avert substantial financial setbacks. Nu-
merous techniques and algorithms have been developed for computing and
predicting these metrics. However, conventional econometric approaches to
VaR and CVaR frequently overlook critical features of contemporary financial
time series, such as abrupt regime shifts and fat-tailed distributions.

The study in [1] focuses on advancing methodologies for estimating dy-
namic VaR and CVaR measures. It employs a heteroscedastic time series
model as its foundational framework. These approaches are tailored to gen-
erate predictive estimates of risk metrics for highly volatile series, explicitly
accounting for long-range dependencies.

Artificial intelligence (AI) significantly enhances time series forecasting by
effectively capturing complex patterns, non-linear relationships, and abrupt
changes in data that traditional econometric models often miss. Machine
learning algorithms, such as neural networks and ensemble methods, adapt
to volatile and high-dimensional datasets, improving prediction accuracy for
applications like financial risk assessment and demand forecasting [2].

We propose an Al-driven multi-stage framework that integrates anomaly
detection with large pretrained probabilistic forecasting models to improve
the estimation of risk measures.

We propose an Al-driven multi-stage framework that integrates anomaly
detection with large pretrained probabilistic forecasting models to improve
the estimation of risk measures.

The framework consists of three main stages. First, anomaly detection is
applied to financial returns using autoencoder-based time-series models [3],
identifying high-risk regimes where extreme losses are more likely. Focus-
ing on anomalies is crucial, since unconditional estimation across calm and
crisis periods dilutes tail risk information, leading to underestimated VaR
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and CVaR. Second, the Chronos-Bolt model [4], a powerful pretrained trans-
former for time-series forecasting, is fine-tuned on historical return data re-
stricted to anomalous periods. Fine-tuning, as opposed to using Chronos in
a zero-shot fashion, enables the model to learn domain-specific heavy-tailed
dynamics and conditional dependence on stress regimes. Data preparation in-
cludes constructing sliding windows of returns, attaching anomaly indicators
as exogenous features, and generating supervised training targets for quan-
tile distributions. Third, from Chronos’s probabilistic outputs, Monte Carlo

samples {:I:El)}jil are generated to compute:

VaR, () = Quantile,, <{:c§l)}ji1>,

1w i
CVaR,(t) = N ;@ 1 <x§ ) < VaRa(t)>.

Backtesting uses Kupiec’s unconditional coverage test, Christoffersen’s in-
dependence test, and the Fissler—Ziegel framework [1]| for joint VaR/ CVaR
evaluation. This methodology highlights the importance of restricting train-
ing to anomalous periods, leveraging the representational power of large Al
models such as Chronos—Bolt, and systematically fine-tuning them to domain-
specific financial data. We tested the framework on Tesla (TSLA) daily re-
turns, where anomaly-aware fine-tuned Chronos produced significantly im-
proved VaR exception rates and more stable CVaR estimates compared to
unconditional Chronos and GARCH baselines, demonstrating the effective-
ness of the proposed Al-based approach.
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3ACTOCYBAHHYA BYTCTPEII-METO/Y JIA
OIIIHIOBAHHA CTPAXOBUX PE3EPBIB

A.B. IJIbBYEHKO, O.I. BACUJINK

CrpaxoBi pe3epBHu € OJHUM i3 KJIIOYOBHUX €JIeMeHTIB (DiIHAHCOBOI CTIMKOCTI
cTpaxoBol KoMTaHil. Bouu hopmyroThes j1s 3a0e3neveHHsT MaitOy THIX BATLIAT
CTPaxXOBUX BIIINKOAYBaHb, BUCTYIIAIOUN TapaHTI€I0 BUKOHAHHS 3000B’sI3aHb
Iepe cTpaxyBaJbHUKaMU. PallioHa/ibHE YHpaBJIiHHS pe3epBaMu 3a0e3Medye
ILJIATOCIIPOMOZKHICTh, CTaOLIbHICTh 1 KOHKYPEHTOCIPOMOXKHICTh CTPAXOBUKA.
B Vkpaini dopmyBanHs Ta 00JiK TEXHIYHUX PE3EPBiB PEryI0I0THC 3aKOHOM
Ykpaiaun «IIpo crpaxysanus» [1| Ta HopmaTuBHO-IpaBOoBUMHU akTamu Harrio-
HasibHOTO Oanky YKpainu. llomoxenna HBY Buznadae mepesik akTyapHUX
METO/IiB, JI03BOJIEHIX JI0 BUKOPHUCTAHHS IIiJ] YacC OIIHKN pe3epPBiB 30UTKIB, IO
Bunukm, aje He 3aspieni (IBNR). Cepen HUX — MeTOJ JIAHIFOTOBUX CXO-
niB, meton bopuxiorTrepa—®epriocona, meton Keiin—Koa Ta MroonxenchbKuin
JIAHITIOTOBHIT MeTo/1. [IpoTe KimacudHi geTepMiHOBaHI IMIXOIN HE BPAXOBYIOTh
CTOXACTUYIHY IIPUPOJY CTPAXOBUX 30UTKIB 1 Bapialiio gaHux. Tomy cydacHa
aKTyapHa IMPAKTUKa BCE YACTIIE 3BEPTAETHCS JI0 CTOXACTUIHUX METO/IIB, Ce-
pesl IKUX OYTCTPEN-MeTO/T IMOCiJa€ BayKJIMBE MiCIIe.

TexuiuHi pe3epBH — IIe I'POIIOBA OIIIHKA 3000B’si3aHb CTPAXOBUKA 34 JIOT'0-
BOpaM¥ PU3MKOBOTO crpaxyBanHs [1]. Boru mominstorsest Ha pe3eps He3apo-
6aennx npewmiit (PHIT) Ta peseps 36utkis (P3), skuit Britovae:

e pe3epB 3asiBJIEHNX, aJie He Builiadennx 30utkis (RBNS) — 30608’ si3aH-
Hd 3a BIJIOMUMH, ITPOTE Ile He BPETYIHOBAHUIMU BUMOTAMU;

e pe3epB 30UTKIB, 10 BUHUKJIH, aje He 3asBieni (IBNR) — ominka Bu-
IJ1aT 3a CTPAXOBUMHU BUIIQJIKAMU, PO K1 Ha 3BITHY JaTy IIe He Bi-
JIOMO.

OnannwMm i3 mHafinmommpenimux MeroaiB omiakn IBNR € meron maHIoroBmx
cxoniB (Chain-Ladder), sikuii I'pyHTY€ThCs Ha aHAJI31 iICTOPUIHUX 3aKOHOMIP-
HOCTeM PO3BUTKY 30UTKiB. MeTo nmepedadae mody 0By TPUKY THUKIB 30MTKIB
i BUKOprucTaHHsT KOe@iIi€HTIB PO3BUTKY JJId IIPOrHO3YBaHHSI MaiOyTHIX BU-
IJIaT 3a MPUILYIIEeHb cTajocTi moprdess ta crablibHOCTI 30UTKIB y daci [2].

CroxacTu4aHe y3araJJbHeHHsI IIbOT'O IIiAX01y 3aIpornonyBas Tomac Mak, cTBoO-
pustm Mozesb Maka (Mack Model, 1993). Bona jo03BoJisie He Jiuie OIiHUTH
OYIKyBaHy BEJIMYUHY Pe3ePBY, a 1 BUMIPATH HEBU3HAYEHICTH MPOTHO3Y Uepe3
mucriepciro 30uTKiB 3.
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ByrcTpen-meros € cTOXaCTUIHAM 1T IXOA0M JIO OIIHIOBAHHA HEBU3HAYEHO-
CT1 CTPAXOBUX PE3EPBiB, AKUI I'PYHTYETHCA Ha 0AraTopas’oBOMY BUIIAIKOBOMY
BiOOpl maHUX. oro 3aCTOCYBaHHS JTO3BOJISIE OTPUMATH €MITIPUIHHUN PO3ITO-
JTIJT MOYKJIMBUX 3HAYEHb PE3EPBY, MOOYyBaTH JIOBIpYil iHTEpBaJM Ta OIIHUTHU
PU3UK HEJOCTATHOCTI pe3epsiBn [3].

OcHoBHa ijiest MeTO 1y TIOJIITae ¥ hOpMyBaHHI ITeBHOT KiJTbKOCTi B OyTcTper-
BUOIPOK 31 CIIOCTEPEXKEHUX 3AJUINKIB MOJEJi, Ha OCHOBI SIKUX IOBTOPHO OITi-
HIOIOThCs pe3epBu. [yt koxkuoro b = 1,2,..., B oTpuMmyeTbcsd HOBe 3HaUe-
HHsI OIIHKU PE3EPBY R*(b), a CYKYIHICTb TaKHX OIIIHOK (POPMY€E OyTCTPEIl-
PO3MOOILI: ) X )

RV R R*(B),

AnropurMm OyTCTpen-MeTOHLy CKIAIaEThCsl 3 TAKUX €TalliB:

e 1100y/10Ba MOJIe Tl (HAITPUKJIAT, i3 3aCTOCYBaHHSIM METOJLY JIAHITIOTOBAX
CXOJIiB) 1 PO3PAXyYHOK 3aJIHIIKIB;

® BUIIAIKOBUIT BiIOIP 3aJMUINIKIB i3 HOBEPHEHHSIM;

e reHepalliss HOBUX <«OyTCTPEN-TPUKYTHHUKIB» 1 ITOBTOPHE OIlIHIOBAHHS
PE3€EPBIB;

e (bopMyBaHHS eMIIIPUYIHOIO PO3IOILIY Ta OIIHIOBAHHS MOKA3HUKIB He-
BU3HAYEHOCTI.

[IepeBaroro 6yTcTpen-MeTo Iy € BiACyTHICTh MOTPEOU B IPUITYIIIEHHSIX 00
dopmu posmoainy manux. Bin 6a3yerbces juire Ha iHDOPMAIIiT, 0 MiCTUTHCS y
BUOIpII, i1 TOMY e(DEeKTUBHUI ITpU OOMEXKEeHUX JaHnX. KoMbOiHalisa KIIacCHIHuX
METO/IB (HAIPUKJIAJI, METOJY JIAHIIOTOBUX CXOMIB) 13 6yTCTPErn-MeToI0M J1a€
MOXKJIMBICTh OTPHUMATHU IOBHY KapTUHY PO3MNOILIY pe3epBiB Ta iiMOBipHICHI
omiHk® ix mocrarHOCTI. J10ro 3acToCyBaHHS IIiIBHILYE TOYHICTD PO3PAXYHKIB,
OOTPYHTOBAHICTH PIIIEHb 1 ITPO30PICTh PiHAHCOBOI 3BITHOCTI CTPAXOBUKA.
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I'PAHMNYHI TEOPEMU JI4d JOBI'OBIYHUX JIMCTKIB ¥V
BUITAZTIKOBUX PEKYPCUBHUX JITEPEBAX

O.A. TAJI'AHOB

Hexaii (7T,,n € N) — mOCJIiIOBHICTb BUIIQIKOBUX PEKYPCUBHUX JIEDEB 3
adinanM mpedepeHIiitHIM MpUEIHAHHIM 3 mapamerpom a > 0 (Hamp., [2]), a
(br, k € N) — nesika 110CJIiIOBHICTD HATYPAIBLHUX YHCEJ, STKA CTPOrO 3POCTAE,
npudomy by > k s Beix k.

Haszsemo Bepmiuny k JOBroOBiYHMM JIMCTKOM, SIKIIO BOHA, OYJ1a JJUCTKOM IIPHU-
HaliMHI B fnepeBax Try1, Tkt2, ..., Ty, . Hexail

Xy, = 1{Bepmuna k € JOBroBiYHUM JINCTKOM },

Teopema 1. P(X; =1 n.u.) =1 (mobmo, 006206iuHuT AUCTKIE HECKIHYEHHO

. : 1
6azamo) modi G minvku modi, xoau Y pe  (£)*F1 = co. B npomuaesrcromy

k
sunadrky P(X =1 n.w.) = 0.

Teopema 2. IIpunycmumo, wo
(1) % —0, k — oo,

1

(2) 22021(%) ot
(3) X1 5 (op

Todi S"ﬁi” Iy N(0,1), n — oo, de A, = Zzzl(%)aﬂ.

Bapro 3ayBazkuTu, 110 BHUIIQJIKOBI BEJIMYUHHU Xj € 3aJIC2KHUMU. Teopemy
2 nmosesiero Ha ocHoBi mMeromy Creitra [3| 3a momomororo mobymoBu size-bias
coupling.

= 00,

1
1
at+l < Q0.
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ACUMIITOTNYHA HOPMAJIBHICTD
KBA3IIIEPIOJAOTPAMHOI OIITHKI ITAPAMETPIB
YNPIIOBAHOI'O CUTHAJIY

B.B. IVIAJIVH, O.B. IBAHOB

Y naHiit poOOTI POIJITHYTO YUUPIIOBAHUI CHUTHAJI, TOOTO CUTHAJ 3 JIiHIii-
HOIO YaCTOTHOIO MOJIYJIAINIEIO, IO CIIOCTEPIraeThcsl Ha (pOHI aIUTUBHOIO rayc-
CIBCHKOT'O BHUIIA/IKOBOTO MIyMYy. ¥ SKOCTI OIHKHU JIJI HEBIIOMHUX ITapaMeTpiB
YUPIIOBAHOIO CUTHAJIY PO3IJITHYTO KBasilmepioJorpaMHy OIHKY (IuB. O3HAa-
yeHHs HuzK4e). st BiAMOBITHUM YMHOM HOPMOBaHOI KBa3imepioJorpaMHOl
OIIHKM HEBJIOMHUX ITapaMeTpiB YUPIIOBAHOTO CUTHAJY OTPUMAHO BJIACTUBICTH
ACHIMIOTOTUYHOI HOPMAJHLHOCTI.

Hexaii criocTepiraeTbcsi BUIIAIKOBHI ITPOIIEC

X (t) = A cos(¢°t +pOt*) +e(t), te[0,T],

e A >0, 60 = (¢%,¢°) € D x U = (¢,¢) x (¥,¢), 0 < ¢ < ¢ < +0x0,
0 <Y <Y < +oo; e = {e(t),t € R} — BunmagkoBmit ITyM, IO 33 0BOJILHSIE
HaCT}THHi BUMOTI'H.

A. ¢ — BubOIPKOBO HellePEePBHUI CTalllOHAPHUIT rayCCiBCHKUI BUIIAIKOBU
IIPOIIeC 3 HYJLOBUM CepeJIHIM Ta KoBapiamiitnowo dyukiieo B(t) = Fe(t)e(0),
t € R, mo 3a710BOJIbHSIE OJIHY 3 YMOB:

(i) B(t) = L(Jt|)|t|"*, a € (0,1), ne L — HecmaHa MOBIILHO 3MiHHA Ha,
HECKIHYEHHOCT1 PYHKITid;
(ii) B(:) € L1(R).

B. (i) Ilporec &, 1m0 3a10BOJIBHSIE YMOBY A( ), Ma€ CIIeKTPAJIbHY MIIIBHICTE
FON) = LA/IA)M*"1 X € R, ge L — nosinbuo 3minna ma meckin-
4eHHOCTI (DYHKINS, a TAKOXK f Ma€ 4eTBepTHUil CleKTpaIbHUl MOMEHT.

(ii) CnekrpajbHa MIIBHICTH MPOIECY €, MO 33JI0BOJIbHsIE YMOBY A (42),
Ma€ YeTBEPTUIl CHEeKTPAJIbHUNA MOMEHT.

Hamamo o3navenHst KBa3imepiolorpaMHOl OITiHKH.

Osnagenns. Kpasinepiomorpamuoro orinkoro napamerpa 0° 6ymzemo HasnBa-
TU TaKUi BUNAJIKOBUM BeKTOp O € ®¢ X W€, s gaKkoro

2
T
dr= max Qr(0),  Qr(0)= |~ / X (£)e O+ gy
0
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1
Y Toii 2ke 9ac, OIIHKY aMILTiTyau Oy1eMo IIyKaTH K 3HadeHHss A = Q2(07).

CdopmyoeMo TeopeMy PO aCUMIITOTHYHY HOPMAJbHICTH KBa3ilepioio-
rpaMHO] OIIHKHN HapaMeTpiB YUPIOBAHOTO CUTHAJY, IO € OCHOBHUM PE3YJIb-
TAaTOM JIaHOI POOOTH.

Teopema. Hexati suxonyromves ymosu A ma B. Todi sunadkxosuti eexmop
(T(Ar = A%), T(¢7 — ¢°), T* (41 = ¢°))" (1)

€ acumnmomutHo HOPMANLbHUM TPU T — o0, 3 2PpaHUMYHUM MAMEmMamuYHuUM
(A% (6°), 36a1(6°), —30a: (6°))",

cnodisaHHAM
i = = () (V- 2 (59))

()5 ()]

de pynruii C(x fo cos(t?)dt, S(x) = fOT sin(t?)dt, r € R.
T'parunma noeapmuzuna mampuys sexkmopa (1) mae 6uzand
4G22 (0°) 144G (0Y)/A° —120G2;(6°)/A°
144Go1 () /A°  5184G11(0°)/(A%)?  —4320G11(6°)/(A%? ], (2)
—120G21(0°) /A —4320G411(0°)/(A%)?2  3600G11(6°)/(A°)?

de mampuua (2) mae rank 2, axwo G11(0°)Ga2(0°) —G3,(0°) # 0. Tym ¢pyn-

KULL Gi’j(eo), 1,7 = 1,2, nosnauaroms esemernmu 2paHuMHO? Kosapiayitinoi
MAMPUU

(GH(QO) G21(00)>

G21(0°) Gaa(6Y)

8UNAJK0B020 6EKMOPaQ

( /O e(t) sin(¢°t + 0t dt, /0 e(t) cos(¢°t + wotz)dt>

*

JoseieHHsT 11i€T TeOpeMu CIIMPAEThCsT HA 3arajibHy cxemy poboru [1].
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TEXHIKA KPOC-BAJILIAIIIT
TIJI MOJIEJIT PETPECINMTHOT CYMIIIII

J1.71. TOPBYHOB

Posristremo mogiesib cyminmi 31 3MiHHUME KOHIEHTparismu [1], 1e Koxken
o6’exkt O; 3 Bubipku Oy, ..., O, HajxeRuThb 10 onHiel 3 M nomysarmiit (koMIo-
HeHT cymint). CupasxxHiit HOMep KOMIIOHEHTH K, sIKill HaseskuTh O; BBayKa-
€ThCsI HEBIJIOMUM, aJie BIJJIOMUMU € IMOBIPHOCTI1

_ _ (m)
P(KJ] _ m) — pjn )
e { (k) } Ha3WBaIOTHCA KOHIIEHTPAIIIMHI

st koxknoro 06’ekra O; crocrepiraeTbest BeKTOp Xxapakrepuctuk (X, Y;).
3aJiexkHicTh MizK X; Ta Y; onmcyeTbcsa HemapaMeTPUIHOIO perpeciitHoio Mo-
JTEJLITIO

;= g (X;) +25 1

e g(m) € HeBiJIoMOIO (DyHKII€I0 perpecil jijid m-0i KOMIOHEHTH CyMill, €;
€ BUIIAJIKOBOIO ITOMHJIKOIO MOJIesi, IPHIOMY PO3IOILT £; MOXKe OyTH PiZHHM
JUtsl pisHux KoMmmoneHT cymimi. Ilpunyckaerses, mo posnonin X, | {k; = m}
€ aBCOJIIOTHO HellepepBHUM 3 IIbHicTio posmoniny f(™) Bigmosigmo.

st omiHIOBaHHS g(m) B Mojiesti (1), posrysiHeMO MOJMDIKOBAHY OIHKY
JIOKaJIbHO-JIIHIAHOT perpecil [2]:

5™ (w0) =

e

gm) _ gm)

7e 3BazkeHi cyMu Sp gin = Sp.qin (o) 009RCTIOOTHCS 38 POPMYIIOIO

A 1 ‘ (m) xQ—X‘ Jlo—X' P
J=1

Y dopmymi (3), K : R — Ry e sapom, h > 0 € mapamMeTpoM 3r1a/2KyBaHHSI,

a {agf’;)} € MiHiMakKCHUMEU BaroBumu koedirmiearamu [1].

Y [2] noBemeHO acCHMIITOTHYHY HOPMAJIBHICTD OIHKN (2) 33 BUKOHAHHS Jie-
SKUX yMOB. BHUKOPHCTOBYIOYHM aCHMITOTUYIHY HOPMAJIBHICTH OIHKH, MOXKHA
OTPUMAaTHU TEOPETUYHO OITUMAJIbHE 3HAUEHHS IIapaMeTPa 3IVIA IZKyBaHH Agpt,
IO MIiHIMI3y€ aCUMIOTOTUYHY CEPEIHbOKBAIPATUYHY ITOXUOKY OIHKHU. BTiMm,
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hopt 3aJ1€2KUTD BiJl HEBIIOMUX IapaMeTpiB MojeJIi, 0 yHeMOXKIUBIIIOE Oe3110-
cepeJIHE BUKOPUCTAHHS Ha ITPAKTHILI.

HarowmicTb, aj1st BUOOPY ONTUMAJILHOTO IIapaMeTpa 3IJIa2KyBaHHs PO3TJIsi-
JIAEThCS TeXHiKa Kpoc-BaJtiaril. /s BuOpaHol KOMIIOHEHTH CYMIllli, ITapa-
MeTp 3IJVIa[XKyBaHHSI OOMPAEThCA IIJIsIXOM MiHiMizalil pyHKITIOHAJLY

n

1 m L (m :
CV(hm) = " afl) (¥ = 930, (X;))* — min,
j=1

(m)

e G-, () € OniHKOIo JIoKaIbHO-JTiHiiHOT perpecil Jyist m-0i KOMIIOHEHTH Cy-
MITIT 33 BCi€0 BUOIPKOIO, KPIM j-TO CIIOCTEPEYKEHHSI.

AkicTe poboru oriHKu (2) i3 3aIpPOIIOHOBAHUM BHOOPOM TapamMeTrpa 3rJa-
JIZKYBaHHSI ITPOJIEMOHCTPOBAHO 3a JIOTOMOTOI0 cuMyJIAIiil. TakoxK 1eit mimxxis
HOPIBHIOETHCs 3 HaBaHTaxkeHnM EM-asropurMom, posrisayTuM y [3].
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BJIACTUBOCTI OIIIHKU IIAPAMETPIB CUHI'VJISIPHOT' O
PO3IIOALIY, IIOPOIXKEHOTO Qs-PO3KJIAIAMMN
NINCHUX YUCEJI

H.B. INBJIALI

. -1
Hexait QS - (QO7Q17' .. 7QS—1> 70 < qi < 172;'9:0 q; = 17 s = 2.
POSFHHHQMO BUIIaJIKOBY BCJIUMYHNHY

N —1

00 k—1
C = A?’]leng...nk... = 5771 + Z /Bnk H q’f]j ) rﬂ;e /Bnk - Z q’i? (]‘)
k=2 j=1 i=0

3 He3aJIXKHUMHU OJIHAKOBO PO3MOJIiieHuME () 1ndppamu 1;, 10 HaOYBaOTh
3HaveHb 0, 1, ..., s—1 3 IMOBIpHOCTSAMHU P, P1, ...y Ps—1, 0 < p; < 1, Ef:_& p; = 1.

QyHKITIIO PO3MOILIYy TaKOl BUIIAIKOBOI BEJIMYMHA MOYKHA 3aITUCATU Y BU-
s [2]

00 k—1
Fe(z) = by, +Zb77k Hp"]j7 (2)
k=2  j=1

—1 .
ae by, = Z?io pi, bo = 0, N — k-ta ucdpa y Qs-po3Kaai x.
[Toznauumo vepes p; CTATUCTUIHY OIHKY p;, 1 = 0, s — 2. Po3rasiHeMo Kjac

H6araromapaMeTpudHuX po3noiitie F(x, po, p1,---,Ps—2), & caMe PO3MOJILIIB
BUTIAIKOBOI Besmanuu ¢ Buy (1) 3 He3aIeXKHUMU OJTHAKOBO PO3IIO/ILIEHIME
Qs udpamMu 1, TPUAHABIINA B POJIi TapaMeTPiB Pg, P1, .- -, Ps—_2-
Jtst numisapuanux BiApisKiB [2] panry m
Qs _ [A@s A@s
ACICQ---Cm T [Aclcg...cm(O)’ Aclcg...cm(s—l)]

BBEJIEMO aHAJIOT PYHKIII MPaBI0IIOIi0HOCTI.

n P{xz c AQQ? o ous }
Lm(Xnapmpl,...,ps_z) —= H Q 102 ... Oim _
i=1 ’Aa;am.

S Olim,
_ (@) 221 No(zim) . (&)271 Ny (z,m) -
qo q1
. (ps_2>2i:1 Ns_2(xi,m) . (1 —po— - — p3_2>zi:1 Ns_1(x;,m)
q8—2 1 — qo J— q8_2 9

ne Nj(x;,m) — kinbkicts udp k B Qs-po3kirani x; 10 m-ro Micld.
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Oyukitist L, (Xn, po, P1,-- - Ps—2) € TUDEPEHITHOBHOIO TIO P, P1, - - - 5 Ps—2-
oL -
Posriissremo 9. 7 = 0,s — 1. 3Haiimemo HaiiMeHIIIe 3HAUEHHS 110 KOXKHOMY
Pj
13 mapaMeTpiB pj, CKIABIIN JJis IHOTO CUCTEMY JIHIAHAX PIBHSIHD.
Posp’a3aBim 1110 cucremy piBHsSIHb, OTPUMAEMO OIIIHKU ITapaMeTPiB BHLY
n
2_i—1 Nj(zi,m) —
~ 1=1 J 9 .
Pj = 7]_078_1' (3)
mn
JloBeieHO HACTYITHI TBEpPI>KEHHSI:

Teopema 1. Ouinku, ompumani 3 gopmys (3), € HESMIWEHUMU M KOH3U-
CmeRmHUMY oyinKamu napamempis pj, j = 0,s — 1.

Pozriissnemo craructuky
T(X,) = (To, Th, ..., Ts—2), ne T; = iNj(aci,m), j=0,s—2. (4)
[TokazaHo, 1110 YMOBHHIT PO3IIOILT -
PG €A%y 0 I TO =T b
i=1

e (; — BUIAJKOBa BeJIMYUHA, IO Mae posmomin rumy (2), A%, |  — mu-
mimgpuannit Bigpizox paury m, ko = (ko, k1,...,ks—2), kj € {0,1,...,mn},

He 3aJIeKUTh Bix mapamerpiB pj;, j = 0,5 — 1, TobTo crarucruxa 1'(X,) €
JIOCTATHBOIO JIJIs1 OIIHKM IapaMmeTpis pj, 7 = 0,5 — 1.

Takox jioBesieno, mo craructuka 1(X,,) € nosHoro. Ileit dakT Gyio BuKo-
PUCTAHO IIiJI Jac JIOBEJICHHSI HACTYIIHOI TEOPEMMU.

Teopema 2. Ouinxu, ompumanri 3 gopmya (3), € edexmueHumu OUIHKAMU
napamempis pj, j = 0,5 — 1.
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ITPO OIIITHKUMN TOYHOCTI MOJZAEJIFOBAHHSA 3BY2KEHHA
BPOYHIBCBHKOTI'O JIMCTA HA EKCITOHEHIITAJIBHY
KPUBY

H.B. KPYIJIOBA, 0.0. ANXOBUYHUN

Osnauvenns 1 ([1]). iiicue cenapabenbhe rayccisebke nosie X (¢, to) Ha3u-
BAETHCs OPOYHIBCHKUM JIMCTOM, SIKIIIO BOHO 33JI0BOJIBHSIE TaKi yMOBH:

(1) X(0,t2) = X (t1,0) = 0 mnst moBisbHEX ¢, 12 € [0, 1];

(2) E[X(t1,t2)] = 0 paa gosinbhux (t1,t2) € [0, 1]%;

(3) E[X(t1,t2)X(s1,52)] = min{ty, s1} min{ts, so} must noBinbaux (t1,1t3),
(s1,52) € [0,1]2.

Pozriisinemo 3Byxkenns Y (t) 6poyniBchkoro jmcra X (t,y) Ha KpuBy y =
e~ ne a > 0. Tomi Y(t) = X(t,e”*"). JdocmizKenus po3noaiiiB QyHKILO-
HaJIIB Bij mporiecy Y (f) Mae mpakTudHe 3HAYEHHsT B 06AraThOX MPUKJIATHUX
Haykax. Hanpukias, y disumni nporec Y (t) onucye KOIUBAHHS TeMIIEpaTypH
B3JI0BXK OXOJIO/?KYBAJIbHOI ITOBEPXHi, KOJIM TeMIIepaTypa CIaJ a€ eKCIIOHEHIIi-
aJIbHO 3 YacoM. B Marepiaslo3HaBCTBI Iieil TIpoIlec MOXKe BU3HAYATU POBIIOJILIT
MIiKpOIe(DeKTiB B3/IOBXK TOBEPXHI, B KOl 3 YaCOM 3MEHIIYEThCS TOBIINHA (Ha-
NPUKJIAJI, BHACTIIOK TepTsi). Y dapmokineruri mporec Y (t) momentoe diry-
KTyallll KOHITEHTPAITil JesIKOl PeYOBUHN y TKAHWHAX 3 TaCOM.

3 2] orpumyemo, mo nponecn Y (1) i e~ *w(te*), ne w(t) — BiHepiBcbKMil
POoIeC, — CTOXAaCTUIHO eKBiBasieHTHI. Po3i6’emo inTepBasn [0; 1] na M piBHuUX
yactul. Hexaii ¢; = ﬁ', j=1,M—-1,1i

J
Su(ty) = e % Zm\/tieo‘t" — 1€t (1)
i=1

ae n;, 7 =1,M — 1, — He3aaeKHl 0IHAKOBO PO3IIOLICH] CTaHIaPTHI TayCClB-
cbKi BesmmunHH. [lozHagmMo

M-1
Z Itg,tg-u) SM( ) (2)
7j=1

1, teA

Teopema 1. Ilpouec Sy;(t) sbicaemvcesa 3a posnodisom do npouecy Y ().
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Bukopucraemo anropurwm, npeacrasienuii B [3], Ta dopmynu (1)—(2) i 3re-
Hepyemo 2000 peaJrizariiit mporecy. Ha pucynky 1 300pazkeno rpadiku emiri-
PUYHUX Ta TEOPETUYHUX XaPAKTEPUCTHUK IPOIIECY.

Empirical vs theoretical variance (alpha=1.0, N=2000) Empirical mean (alpha=1.0, N=2000)

empirical variance
theoretical variance

0.30 0.010

[} 0.005
v

|
mean

0.000

—0.005

—0.010

0.0 02 0.4 0.6 0.8 1.0 0.0 02 04 06 0.8 10

Puc. 1. Teopernyni Ta emImipuyni gucnepcis i MaT. CHOMiBAHHSA

s Bunazgkosoro mporecy Y (t), t € (0,7, 6yzemo nosnadaru ||Y (t)| ¢p

HopMmy B 'impbeproBoMmy mpocropi Taky, mo [|Y (t)|qp = \/ fOT E[Y?2(t)]dt.

Teopema 2. Hexatii Y (t) = X(t,e= ), de X(t,y) — Opoyniscorul aucm, a
Sy (t) sadaemoes gopmyaamu (1), (2), modi

e‘(l14+a) 1
Y(t) — Sy (t ~ npu n — oo.
¥ (2) = Sy (1)l v
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I'PAHUYHI TEOPEMU JI4d PO3B’A3KIB ABCTPAKTHUX
CTOXACTNYHUX PISHUITEBUX PIBHAHD

O.A. JIATOJIA

Hexait B — nificanit abo KomIiekcHmiT ObaHaxiB mpoctip, || - || — HOpMma B
B, L(B) — mpocrip Bcix JiHIHHIX 0OMEXKEHUX OIepaTopiB, Mo 0T 3 B B
B, O — nynwosuii oneparop, I — oguananmii oneparop B L(B).

Posrasaemo croxacTuviHe pi3HUIIEBE PIBHAHHA

Xp =41 X0 1 +A42X, 2+Y,, n=>1, (1)

3 MOYAaTKOBUMHU yMoBaMu X Ta X _1, dKi € JIEIKUMUA BUTAJIKOBUMU BEJIMIN-
Hamu 3 B, Ta mocaimosuictio {Y,, : n > 1} C B, ereMeHTH $IKOI TaKOXK €
BUITAIKOBUMU BEJTMIMHAMU.

BukopucraemMo yMoBH, 38 IKUX JIJIs1 JIOBLJILHOT OOMEKEHO1 38 HOPMOTO TTOCJTi-
moeHOCTi {Y, : m > 1} C B ta jpoBiapHux mouarkoBux ymoB {Xo, X 1} C B
po3B’sizok {X,, : n > 1} C B piBaauus (1) 6yme obmexkennm 3a nHopmoro. He-
0OX1THOIO Ta JOCTATHBOIO YMOBOIO TAKOI 0OMEKEHOCTI pOo3B’sI3Ky € yMmoBa [1]

VzeC, |z/<1, 3(2*1—Az— Ay))™ € L(B). (2)

[T >x yMOBa BUSBJISIETHCSI KOPUCHOIO 1 JIJIsT OIIHKKM PO3B’S3KiB y HeJeTep-
MIHOBaAHOMY BHITQJIKY.

Teopema 1. Hexatli 6uk0OHY10MbCA HACTIYNHE YMOBU:

1) nocaidosricmo {c, : n = 1} C Ry mespocmaroua i 36i2aemvcs do
HYNA;

2) nocaidosnicmo {Y, : n > 1} C B obmesicena 3a Hopmoro mativice
HANEEHO;

3) supcy,

n
> YkH < 00 MatiHce HanesHo;
n

k=1
4) cnpasdorcyemves ymosa (2).

lim ¢, zn:Xi—(I—Al—Az)_lzn:Yi =0
=1

n— o0
i=1
Mmauotce HanesHo.
3acTocyBaHHsSIMU TeopeMu 1 € pi3HOMAaHITHI I'PaHUYHI TeOpeMHu IJId CyM

BUIIA/IKOBUX BEJIUYWH, [0 YTBOPIOIOTH PO3B’SI30K pizHUIEeBoro pisusaus (1).
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Teopema 2. Hexati B — ditichuti cenapabeavrudi 2iavbepmie npocmip. HAxuw,o
{Y,, : n > 1} C B — nocaidosnicmv He3aAeHCHUT 00HAKOB0 DO3NONIAEHUT
sunadkosur ceaunun 3 BY, = 0, E|Y,||? < co; T — onepamop wosapiauii
ma eurxonyemuves ymosa (2), mo

n

> X
. =1
lim sup

n—oo Vnlnlnn

Maliotce HaneeHo.

= /201 - 4y — Ap) 1T — Af — A35)71]

Sayeastcenns 1. B pobori [2] Oyiau orpumMani TBEpXKEHHST aHAJOTIIHI IO Te-
opem 1 ta 2 y Bunajiky As = O.

Teopema 3. Hexat {Y, : n > 1} — neckinuenna nocaidosHicms Hesane-
AHCHUT 00HAKOB0 DPO3NONAECHUL BUNAOKOBUT Gesuvurn 3 B, eusnavenuxr Ha
oonomy tmosiprichomy npocmopi (2, F,P). Hexati EY; = p dan eciz i € N,
ma BUKOHYIOMBCA YMOSU Meopemi 1.

Todi dns {X,, : n > 1} C B — po3s’asky cmoracmuurozo pi3HUuLE6020
pisnanna (1) ecnpasdocyemuvesa, wo

n

.1 1

Malotce HanesHo.

3ayesaotcenns 2. Teopema 2 1ae y3arajbHEHHS 3aKOHY IIOBTOPHOI'O JIOTapPU-
dbma 11t po3B’sI3Ky abCTPAKTHOTO CTOXACTUIHOTO pi3HUIEBOro piBHsHHS (1).
Teopema 3 y3arajabHIOE TTOCUJIEHUN 3aKOH BEJIUKUX YUCEN JIJI TOTO K PiBHSI-
HHsA. TakoXX MOXKJIMBI aHAJIOTIYHI y3araJbHeHHS JIJIS iHIMUX TPAHUIHUX TEO-
pem [3].
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IIIICUJIEHNN 3AKOH BEJINKNX YNCEJI JJI
KIJIbKOCTI PEKOPIIB VYV CTOXACTUYHIN MOJEJII 3
TPEH/IOM TA AJIb®A-CXEMORO

.0. JIOI'BUHOB

Posrasaemo croxactuany mojzens Y, = X, +cn,n € N, 11e ¢ € 101aTHOIO
KOHCTAHTOIO0, X, — HEe3aJIe;KHUMHU BUMNAJKOBUMHU BEJIMIUHAMH 3 (PYHKIIIEIO
posnominy F(x) must dikcoBanol dyukIil posnogity F. g croxacrudana
MOJIeIb BU3HAYa€Thcd Iapamerpamu ¢ > (0, dyHKIieo po3nogiry F' Ta mo-
CJILTOBHICTIO JoAaTHUX ducest {ay, }nen. [lo3naumvo gepes X BumakoBy Be-
JMYIUHY 3 QYHKIIE po3noauty F'. BuzHadmMo TOCTIIOBHICTE iHIUKATOPIB
PEKOP/IIB

I(l) =1, I(?’L) = 1Yn>maX(Y1,...,Yn_1)7 nz2.
[Is1 croxacTudHa MOJIENIb € y3araJbHEeHHsSM Mojesi 3i crarTi [1].

Teopema 1. Hezad IM > 0:|X| < Mm.n., > - E(I(n)) = +oo0, modi
N
N
ZnZI E(I(Tl))

Takozx BapTO HOMiTI/ITI/I7 10 MM MO2KEMO CIIPOCTHUTH 3aKOH BEJIMKHUX YMCEJI

Yy BUIAJIKY, KOJA v, = 1, 10 BUTISALY

Teopema 2. Hexat IM > 0:|X| < Mwm.n. ma o, = 1, modi icnye N* € N :
N
1
Lot ) ppvey)
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V3ATAJIBHEHI JITHIMHI MOJIEJII B AKTYAPHIN
MATEMATUIII

A.A. MOTWJIAH, O.I BACHNJINK

[Iponymieni 3HaveHHs y CTPAXOBUX JaHUX MOXKYTh BUHUKATHU 3 PISHUX TIPHU-
91H, HAIIPUKJIAJT, KOJU PECIIOHJIEHT BiIMOBIISETHCA MOBIIOMUTH CiMeitHUIT JT0-
XiJ abo HaIli€HT He IPUXOINTH Ha 0OCTEeXKEeHHS JIJIsI 3/1a49i aHaJII31B KPOBI TOIIIO.
it BpaxyBaHHS IPOITYCKIB Y JIAaHUX y CTATUCTUIHOMY aHAaJII3i OyJIi po3po-
OJieHl creriaJbHl METOIN.

YacTo 36ip i 00pobKa JJaHUX € HAHOIIBII TPYJIOMICTKAM €TaIoM Y IIPOIECi
MO0y I0BH IPOTrHO3HOI MOJIEJi, 1 PO3POOHUKH 3a3BHYail HEIOOIIHIOITH 00CST
Jacy, HeoOXiTHUI /I THOTO KPOKY. DIJIBIMCTE JTAHUX € «OpYJIHUMU», TOMY
JIOBOJUTHCSI BUTPAYaTH DaraTo 4acy Ha IX OUMINEHHsI, 3alIOBHEHHsI IIPOITYCKiB,
00’eTHaHHSA 3 JOJATKOBUMH 3MiHHUMH TOIIT0. KpiM Toro, 11i mporecu 4acTo Ma-
IOTh ITepaTHUBHUN XapaKTep, OCKLIBKI Ha II3HIMHUX eTarnax I00YyI0BA MOJIEJi
MOYKe BUSIBUTHCSI, IO [T€BHA 3MiHHA B HAOOpPi JIAHUX € HEKOPEKTHOM [2].

Xo4a KOKHa OpraHizallis Ma€ CBOI IIPOIECH Ta cucTeMu 300py, 30epiranHs
Ta OTPUMAaHHS JAHUX, ICHYIOTH II€BHI CIJIbHI pUCHU I cUTyallll, 3 IKUMU Ma€
OyTu 3HaioMuil KOXKeH akKTyapiit. Maiizke 3aBxK 11 HAROLIBIT TPUIATHUMHE JIJIsT
o6y10BU TapuHOro IJIaHy € JIaHi npo crpaxosi npemil (jemorpadiuni xa-
PAKTEPUCTHUKN TIOJTiCiB) Ta 30uTKu (cTpaxoBi Bumaakn) [2].

[Ipu poboTi 3 mpomymeHnMy 3HAYEHHSIMA OJIHUM 13 MOXKJIUBHUX PIMIEHb €
iX 3aMiHa cepeJHiM 3HaYeHHsIM abo Momjoro. IHImmii miixia ImoJsira€ y Tomy,
mo O 3aMOBHUTHU BXiJAHI 3HAYEHHA JJIS ITUX MPEIUKTOPIB, BUKOPUCTOBYIOYHN
indopmariito, 1o MiCTUTbCA B IHIIUX IpeauKkTopax. Jledki crermiaabHi MeToIu
iMITyTallll, TaKi K 3allOBHEHHS CEPEIHIMU 3HAUEHHAMU, perpeciiiHa iMITyTalrist
Ta iHII, MalOTh Pi3HUI PiBEHb MOXUOOK

g miiBUIEHHsST TOYHOCTI PEKOMEHIYEThCA 3aCTOCOBYBATH CKJIAIHIII Me-
TOAW 3aMMOBHEHHA MPOITycKiB. Mu HocmizKyeMo, IK MOXKHA BUKOPHUCTATH y3a-
raJibHeHl JIHINHI Mojes i g OTPUMAaHHS CTATUCTUYIHO HE3MINIEHUX OIIIHOK
IJTbOBUX TIAPAMETPIB Ta 3pOOUTH BUCHOBKH HA OCHOBI uX OIiHOK [1].

Y3arasibreni Jiniitai Mogeni (YJIM) — 1e crocib mMojiesnoBaHHs 3a/1€2KHO-
CTi MiXK ILTBOBOIO 3MIHHOIO, SIKYy MU XOY€MO OIHUTH ([IepeI0adnTh ), Ta, OJIHi-
€10 IM KiJTbKOMA TOSICHIOBAIBHUMHI 3MIHHUME (ITPEUKTOpaME). ¥ IIporpamax
TapudOyTBOPEHHsSI CTpaxyBaHHs MaiiHa 49U CTpaxXyBaHHs BiJ HEIIACHUX BU-
Ma/IKiB ILJIOBOIO 3MIHHOIO 3a3BUYail € OJlHA 3 HACTYIMHHUX: YaCTOTa ITO30BIB,
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cyMa 30UTKY B I'DOIIOBOMY BHpPaKeHHI Ha OIWH I1030B a0 BUIIAJIOK, HETTO-
npeMisi, Tomo. B y3arajbHeHiil JIiHINHIET MOJIe/i BBaXKA€ThCs, IO PE3YJIHTAT
ITJTHOBOI 3MIHHOI 3yMOBJIEHUH K CHCTEMATHUIHOIO CKJIaI0BOIO, TaK 1 BUIIA KO-
BOIO cKJIaJ10Bo0. CucremMarndHa CKJIaJ0Ba BijoOpaskae Ty YacTHHY Bapialril
pe3yJIbTaTiB, dKa OB sI3aHa 31 3HaAYeHHsIMU TpeauKkTopiB. Hanpukiiamg, MoxKHa
IIPUTTYCTUTH, IO BiK BOJiS BIIJIMBAE HA OYIKYBaHY YaCTOTY CTPAXOBUX BUIIAI-
KiB 3a JIOTOBOPOM OCOOHMCTOI'O aBTOCTpaxyBaHHs. ZIKINO BIiK BOJisd BKJIIOYE-
HO 9K TIPEJIMKTOP y MOJIeJIb YaCTOTH, Teil BIUIUB € JYaCTUHOIO CUCTEMAaTUIHOL
CKJ1aJ10BOI. BunajakoBa cKJ1amoBa — Ile 9YaCTUHA PE3YJILTaTy, 3yMOBJIEHA, IIPHU-
YUHaMU, BIJIMIHHUMH BiJ] IPEIUKTOPIB Y HaIIi Mo/esTi. BoHa BKIIOYAE «IUCTY
BUIIaQIKOBICTH», TOOTO Ty YaCTUHY, III0 BU3HAYAETHCsI OOCTaBUHAMMU, SIKi HEMO-
JKJIUBO TepeI0aYUTH HABITh TEOPETUYIHO, & TAKOXK TY, sIKYy ITOTEHITIITHO MOXKHA,
OyJsi0 6 mepeabaIUTH 3a JIOIIOMOIOI0 JOJATKOBUX 3MIHHHUX, ajie BOHHU BiJICyTHI
y Halliit MoJiei.

YJIM mogestioe 3a/1eKHICTh MixK f1; (IIPOrHO30M MOJIEJ) Ta MPeIUKTOPAMHU:

9(pi) = Bo + Przir + Paiz + . .. + Bpip, (1)

TOOTO, JiesiKe TePEeTBOPEHHsI [i; (TTo3HatIeHe siK ¢({;)) JOPIBHIOE BLIBHOMY tJIe-
HYy [ ILIIOC JiiHifiHA KOMOIHAIlSA IPEINKTOPIB Ta KOedillieHTIiB, AKi mo3Haue-
Hi s [1,...,[p. 3HadeHHa BlibHOrO wieHa (fp) i koedinientis (fi,...,[5p)
norpibro oriauTu. [leperBopentst ji;, sike 3amaeTbest GyHKIiE g(-) y JiBiit
vacTrHl piBHsHEA (1), HA3UBAETHCS (DYHKINEO 3B I3KY.

[Tpu BuKOpuCcTaHHI y3araJbHEHUX JIHIHHUX MOJIeJIel /T o0y 10BU CTPaXO-
BUX Tapu(pHUX IJIAHIB JOJATKOBY II€peBary OTPUMYIOTh TO/Il, KON (PYHKIIIO
3B’SI3Ky 3a/1aI0Th sIK HaTypasJbHuii jorapudm, To6To ¢ () = In(z). VJIM i3
JIOT-3B’I3KOM Ma€ BUTJISII:

In(pi) = Bo + Bizin + Baxio + ... + BpTip
Taka momenb GopMye MYJbTHUILIIKATABHY CTPYKTYPY CTPAXOBOTO Tapudy:
i = exp (Bo + Brxi1 + Baxio + ... + BpTip) = exp(Bo) exp(B1241)... exp(BpTip).
Y3arajibHEH] JIHITHI MOJIe Il MalOTh HU3KY HEAOJIKIB, TOMY MU TaKOXK PO3-
IJIIIaeMO Jiesiki moaudikartii ¥YJIM.
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JOCJII>KEHHS BIIJINBY JUCTAHIIMTHOTO
HABYAHHA HA YCIIIIIHICTD CTY/IEHTIB

P.®. OBYAP, A.IO. ITIOJIIIIIYK

Y poborti 6yJI0 IIPOBEAEHO JIOCTII?KEHHST MOYKJIUBOTO BIJIUBY JTUCTAHITIIHO-
o HaBYaHHS HA YCHIMIHICTH CTYJIEHTIB y BUBYEHHI BHUIIOI MaTeMaTUKHU. Dyio
IPOAHAJI30BAHO OIHKM 3 BHUINOI MaTeMaTuku (3a 3 cemectpu) 259 cTymeHTIB
dakypTeTy iHPOPMATUKH Ta OOYMCIIOBAJIBHOI TEXHIKM, IO HABYAJUCST HAa,
onHiit crnemiaabHOCTl poTsarom 2020-2025 pokis. ¥ Tabauill HaBeIEeHO cepe-
mHi 6am (0-100) 1o rpymax 3aj1e:kKHO Bij Kypey:

I'pyna | BM-1 | BM-2 BM-3
['pyma 1 | 80.57 | 85.56 87.69
I'pynma 2 | 76.98 | 62.67 73.85
I'pynma 3 | 85.69 | 82.45 82.74
I'pyna 4 | 69.06 | 70.46 63.60
I'pyma 5 | 63.39 | 67.01 67.53
I'pynma 6 | 65.63 | 64.91 | naB4aeThCa
I'pyma 7 | 71.21 | 70.37 | HaBYaEeTHCA
I'pyna 8 | 66.18 | 59.30 | HaBUaeTHCS

Tect IToka3HukK SHauenHs | BigminHocTi
x? Ilipcona P = 0.0000025081 < 0.05 CYTTEBI
t-tect (1-2) P =0.3949 > 0.05 HE3HATHI
t-tect (1-3) P =0.9831 > 0.05 HE3HAYH]
ANOVA | F=11.78, P = 0.0001 < 0.05 CyTTEBI

g mepeBipkKy 3aJI€2KHOCTI PO3IOJILTY MiJICYMKOBUX OITIHOK BiJl HABYAJIH-
HOI Tpymu 6yso 3acrocoBano Kpurepiii x> Ilipcoma. Orpumane 3HaYeHH:A
BKa3y€ Ha PI3HUITIO Y PO3IOJLIaX OIMIHOK MiXK TI'pyHaMu, OTXKe, iICHyE CTaTH-
CTUYHO 3HAYYIIA 3aJIE?KHICTh MI2K POKOM 3apaxyBaHHsI Ta PIBHEM yCITIIITHOCT1
CTY/JEHTIB.

ITapHi t-rectu Ct’rogeHTa Mixk cepeanimu orninkamu BM-1 — BM-2 Ta
BM-1 — BM-3 noka3zaJiu, 0 cepejiHi OIIHKU B MeXKaX OJIHIEl I'Pynu CyTTEBO
He BIIpa3HAIOTHCSI B PI3HUX CceMeCcTpax.

OnanodakTopumii nucnepciiamit anasiz (ANOVA) BusiBUB cTaTucT-
YHO CYTTEBI BiZIMIHHOCTI MixK cepe/iHiMEU OaJlaMy I'PYI Pi3HUX POKIB 3apaxy-
BaHHA 3 TEHJICHITIEIO ITOT1PIITEHHS.
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sy z E 7 -
Y e FEAM o1fHoK Cepegnii 6an no rpynam 2020-2025 poku
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Mpynal Mpyna2 Mpyna3 Mpyna4 MpynaS Mpyna6 Mpyna 7 Mpyna 8 lpynal fpyna2 fpyna3 fpynad Tpyna5 fpynaé fpyna? Tpynag
Tpyna = mEM1 mBM2 mBM3

OrpumaHi pe3yabTaTé BKa3ylOTh Ha IMOCTYIIOBE 3HUKEHHSI CePEIHIX OasiiB
crynentiB y 2020-2025 pp. Lle Moxke OyTu 1OB’si3aHO K i3 EPEXOJIOM Ha JT-
CTaHIIIiTHe HaBYaHHHA, TaK 1 3 IHINMUMUA YUHHUKAMU OCBITHBOT'O ITPOIIECY, BKJIIO-
9HO 31 3HMKEHHAM PiBHS aKaJIeMiuHOI MOTHBAIIl Ta J0OPOYECHOCTI.
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PO3IIO/1JIN 3HAYEHDb ®PAKTAJIbHNX ®YHKIIIN

M.B. IIPAIITbOBUTHUU

Bisbmiicrs dyukmiit npocropy C[0, 1] matoTs dpakTaabHi BaacTuBOCTI (CT-
pPyKTYpHO ab0 MerpudnO). OHI MaOTh (hpakTaabHi rpadiku, HIT — MHOXKHU-
HU PiBHIB, y TpeTixX (hpaKTaJIbHUMU € BAYKJIUBI JJIsT HUX MHOXKUHU (MHOYKIHH
ocobsmmBocTeit pizHoro xapakrepy). Cepen dpakranbaux GYyHKIHH (DyHKITIT
3 (paKTaJIBbHUMU BJIACTUBOCTSIMU) (DYHKII CHHIYJISIDHI, Hijle He MOHOTOHHI
Ta HeaudepeHIiitoBHi, (yHKINT 00MeXKeHOI Ta HeoOMerkeHol Bapiarlil, pyHKITil
3 KOHTUHYaJbHUMU MHOXKWHAMU PIBHIB.

OcHOBHIM 00’€KTOM POBIJISIILY € PO3IO/ILT BUMIIKOBOI Beqmanan £ = (X)),
e X — BUIAJKOBA BEJIMYMHA 3 3aJ[aHUM Ha BiAPiI3Ky po3mojiioM (piBHOMIp-
HUM, €KCIIOHEHITITHUM, CUHTYJISPHUM, 30KpeMa KaHTOPIBCHKOT'O UM CaJIeMiB-
CBKOTO THUMIB), & Y = p(x) — dyHKIis, Mo Mae dpakTajibHl MHOXKUHU PiBHIB.
[Tpu bomy 3a/1aHHs BUIMTAIKOBOI BEJIMYNHN X Y3TO/KEHEe 3 aHAJITUIHUM 3a-
JTAHHAM (DYHKIIT ©.

IIpukaan 1. X mae ekcrnonentiftanit posnoxin wa [0;1], ¢(z) — Tpubin-
PYHKITIA, apTYMEHT dKOI Ma€ 4eTBIPKOBE 300paKeHHsd, a 3HaUYeHHsT (PYHKITIT —
JIBITKOBE 300pazKeHHs.

IIpuknang 2. X mae exkcnonenmniiiauii posnogin uva [0;1], ¢(x) — imBepcop
mudp (Q2-300parKeHHsT YUCET.

IIpuknang 3. X mae piBHOMipHmMit posnozin Ha [0;1], ¢(x) — cunrynspHa
PYHKIIF KAHTOPIBCHKOTO a00 KBa31iKAHTOPIBCHKOI'O THILY.

IIpuknazng 4. X mae piBHoMipuuii posnomin va [0; 1], p(x) — dbyHKIisa, o3Ha-
JeHa PIBHICTIO:

o0
. an . &1 &2 an . Ts
o= ) = TR T e S M
ne s, r — dikcoBaHi HATYpaJibHI YncIa, mpudoMy 2 < s < r, o, € {0,1,...,7r}.
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TPAHMYHA TEOPEMA JIJId BATATOPIBHEBUX
TOYKOBUX IMPOIIECIB B Y3ATAJILHEHIN 3AJIAYI TTPO
JTHI HAPO/IXKEHH A

B.B. CTAMATIEBA

Hexait 3a1aHa HeCKIHUYEHHA ITOC/IOBHICTE 00’€KTIB, IO HAIXOASITH IIOCJIi-
JIOBHO, KOYK€H 3 AKHX He3aJIe2KHO HaJIEXKHUTH JIO OJHOIO 3 N THUIIB 3 IMOBIp-
HICTIO % [TozHaunmo 4gepes Yl(:) MOMEHT Yacy (HOMep KPOKY), B sIKUil HaJI-
xomuTh (1 + 1)-uit 06’ekr Tumy i. O HOBUMIDHUI aCUMITOTUIHUN aHAJI3 s
dbikcoBanoro r [1| He M03BOJISIE MOCTIIUTH CHITBHY ACUMITOTUYIHY TOBEIIHKY
MOMEHTIB 30iry JIjIs1 pi3HUX PiBHIB 3aIllOBHEHHH 71 Ta 2. Llg pobdoTa mpucssaue-
Ha y3araJbHEHHIO OTPHUMAHUX PEe3y/IbTaTiB Ha OaraTOBUMIPHUN BUIIAJIOK JIJIsI
JOCJIJIZKEeHHsI CIIJIbHOI 3012KHOCT1 IIPOIEeCiB HAJIXOJ/KEHb JJIsI BCiX PIBHIB T
OHOYACHO.

s momosiaHHsT TPOOJIEMH 3aJI€2KHOCTI MiXK Y™ 3aCTOCOBYEMO Me-

1,7
TOJI, ITyaCCOHI3aIlll, PO3TIAJAI0YA MOMEHTH Zi( 7,) Yy BIANOBLIHINA cXeMl, Jie BOHUA
)

€ He3aJIeXKHUMU I pizaux ¢. OOuH 3 HiIXOIiB A0 JOC/IIXKEHHS CILILHOI
ACUMIITOTUKY TIOJISITAE Y TIOEHAHHI CIIJIBHOTO JIJIst BCiX piBHIB 1 € {0, ..., 710}
HOPMYBaHHSI 3 OIEepaIli€io IpopiaKeHas. 3adikcyeMo g > 1, BBEIEMO CIHijib-
. n _"0 .
HY HOPMYIO4y (DYHKIIIIO wv("o ) () = x/nro+ Ta mOOYIyEMO JJIst KOYKHOTO PiBHSI
. " (n) n
T OIHOPiBHeBHUIl IpoIec Vp ' = > o 10 (n),  (n),-
- {Z)Z)'I“O (Zi"r‘)
Omnepartist mpopizkentst T, 1IOJIATa€ B TOM 0 KOYKHa& TOYKa ITPOIECy V
p 9
He3aJIe2KHO 30epiraeTbes 3 iMoBipHicTIO p. [To3HaTMMO WMOBIPHICTH TPOPITKe-

(n) _ro-r : : : : .
HHsI py ~ = n 7o+, Toml roloBHUM 00’€KTOM JIOCJIIXKEHHSI € IIPOPIIKEeHUA

H6araTopiBHEBUIT TOYKOBUII IIPOIIEC Ht(gl)n na npocropi X,, = J2{r} xR, mo
38/Ia€ThCs K

To To
o | U < Be ) =D T o™ (By).
r=0 r=0

Opepxkani pe3y/ibTaTH y IIHOMY HAIPAMKY IIOJAMO Y BUTJISII HACTYITHOL
TEOPEMU.
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Teopema 1. Hexati H — mowkosuli npouec Ilyaccona na npocmopi X,, 3
MIPOI THMEHCUBHOCTE A

To T0 1
A U{T}XBT :ZF/B " -I{x > 0}dx, B, € B(R).
r=0 r=0 r

Tooi Hf,?z)n LNy 4 npu n — oo.

JoBenena 3012KHICTH JT03BOJISIE 3a JIOTIOMOTOI0 TEOPEMU IIPO HellepepBHE
BiJIOOpaKeHHs 3HAXO/IUTHU CILIbHI IPAHUYHI PO3MOILIN T PYHKITIOHAJIIB BiT
n . n n
IIpoIecy. 30KpeMa, PO3IJISHEMO BEKTOP Qq(nn)% = card{i : Z ) < Z((m)) To}’
)

1,7
(n)
(m),To
CHHpaIOqHCB Ha [2], CHpaBe,ZLJII/IBI/Iﬁ HaCTYHHI/Ifl HaCJI1JO0K.

r=20,...,7g — 1, ne Z — Mm-Ta IOPSIKOBa CTATUCTUKA JIJIsI PIBHS 7.

Hacuainok 1. Hexat G, ~ I'(m,1). Todi npun — oo mae micue 36icHicms
304 PO3NOINOM:

r+1
_ro—r 1 'G ro+1
<n ’“8+1Q7(ffn)1,r:0,...,ro—l)i> ((Totrl—lgr;)o , 7 =0,...,79—1
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JAEKOMIIO3NIIA PUSNUKY ITPOCIIEKTUBHOI'O PESEPBY
Y BATATOCTAHOBUX MOAEJIAX CTPAXYBAHHA
2KUTTHA

O.A. TUMOIIIEHKO, O.O. IIJIYI'ATOP

Mu BuBYa€MO CII0CiO PO3/ILINTHY 3ara/ibHy HEBU3HAYEHICTh TPOCIIEKTUBHOTO
pe3epBy Ha JiBi KepoBaHi CKJIaI0Bi: (1) pU3UK MEepexXo/IiB MiK cTaHamMu (CMep-
THICTB, HEITPAIE3IaTHICTh Ta iHIM mo/IiT), (ii) IPOIEeHTHHIA PU3UK, 3y MOBJICHUI
KOJINBAHHSIMU CTaBKU JUCKOHTY.

Takwnit miaxia J03BOJIAE BIIOKPEMUTH CTOXAaCTUYIHY IIPUPOIY IPOIECY, sKa
IIOXOJAUTh 13 >KUTTEBUX 3MiH 3aCTPaXOBAHOI 0COOM, BiJ BHUIIAIKOBOCTI (piHaH-
COBOT'O CEPEJIOBUIIA, 1[0 BU3HAYAETHCS PUHKOBUMHE (haKTOpaMu. ¥ pe3y/ibTaTi
MU OTPUMYEMO CTPYKTYPHY MOJIEJIb, IPUJATHY K JIJISI TEOPETUIHOTO aHAJI3Y,
Tak 1 JIjIs1 TPAKTUYHUX PO3PAXYHKIB CTPAXOBUX PE3€PBIB.

[11es meTony Taka, Mo AKIoO 3adiKCyBaTu TPAEKTOPIIO MPOIEHTHOI CTaB-
KW, TO BUITQJIKOBICTh Pe3epBY MOBHICTIO MOB’sd3aHa JIUIIE 3 MEPEXOIaMU MixK
CTaHAMU, 1 I[I0 YACTUHY MOXKHA BUMIpPSATA YMOBHOIO JINCIIEPCI€r0. SAKINO XK J10-
3BOJINTU CTABI[l 3MIHIOBATUCS, MOPIBHIOIOYN PI3HI TPAEKTOPIl, TO JOJATKOBO
3’ABJISIETHCA BHECOK TPOIEHTHOI'O PU3UKY, AKUM Bi/IIIOBi/Iae JaucCIepcii yMOB-
HOT'O Cro/IiBaHH«A. TaknmM YUHOM, MU PO3ILISEMO JIBI MPUPOIN HEBU3HATEHOCT1
— jeMorpadiuny Ta ¢piHaHCOBY — BIJIIIOBIJIHO /10 3aKOHY HOBHOI JUCIIEPCil

Var(W) = E[Var(W | Z)] + Var(E[W | Z]). (1)

[Teprmit qo12HOK BiToOparkae pu3MK MePexoliB (CMEPTHICTH, HeITpaIe31aT-
HICTH TOIO) 3a (DIKCOBAHOIO KPUBOIO JINCKOHTY, & JIPYTHil — IPOIEHTHUN pH-
3UK, IIOB sI3aHUIT i3 KOJIUBAHHIMU cTaBKU. Lle po3miieHHda y3ro/KyeThes 3 iH-
TYIII€0, a/[?Ke HABITh 3a BiJIoMUX 6iOMETPUYHUX ITapaMeTpiB 3MiHa (iHAHCO-
BUX YMOB MOXK€ BIUIMHYTH Ha (DAKTUIHY BeJIMIUHY pe3epBy (OLIbII geTaabHO
muB. [1] Ta [2]).

Posrisimaersest 6ararocranosuii poitec X, 3i cragamu S. I'pormoBuit moTik
3ataeThbest Mipoo CriTheca

dA(t) =) Ti(t)da;(t) + ) ai;(t) AN (t),
€S i#j

Jie TIepIa CyMa OIUCYE MOTOKK y CTaHi ¢ (HAIPUKJIAJL, aHyITeTHI BUILJIATUH 9K
npemii), a Japyra — MOTOKH, MOB’si3aHi 3 MepexoJaMu MiXK cTaHaMmu (HAIpPU-
KJIaJT, CTPAXOBi CyMU IPU CMePTi 91 1HBAJIITHOCTI).
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IToTrouna BapTiCTb €JIEMEHTAapPHOI'O IIOTOKY BH3HAYA€TbCA AK

dV (t, A) = v(t) dA®t),  v(t) :exp<— /0 t(s(f) dT),

ne v(t) — aucKoHT-(aKTOp, 110 3MEHIYE MaifiOyTHI IIaTeXi 3 ypaxyBaHHIM

notouHol crn Bificotka (7). Lle mo3Bosisie BuparkaTu MaitbyTHI 30008’ si3aHHS

y CydacHiii BApTOCTi, IO € OCHOBOIO JIjIsi OOYNCJIEHHsI PE3EPBIB.
[TpocuekTuBHy BapTicTh Ha inTepBasi [t, 7] MoKHa 3amucaTu K

1 (T
W = @/t v(T) dA(T),

TOOTO € OYiIKyBaHOIO IIPUBEJIEHOIO JIO MOMEHTY ¢t BapTICTIO BCiX MaiOyTHIX
ITOTOKIB.

s ananizy BapiaruBHocti W 3adikcyeMo TpaeKTOPil0 KOPOTKOI CTaBKU
Z = {ry, t € [t,T]}. Y upomy BuUNaJKY JUCKOHT-hakTop v(:) crae jerep-
MiHOBaHUM, & BCi BUIAJKOBI 3MIHU pe3epBY IOB’sI3aHi JIAIIE 31 CTOXaCTUKOIO
nepexo/is. [licyist boro MoXKHa 3acToCyBaTh 3aKOH 1MOBHOI juctepcii (1). Ta-
KHM YUHOM, PU3UK II€PEXO/IiB BioOparka€ BHYTPINIHIO BUNAIKOBICTH CTPaXo-
BUX TIOJIi{f, & TMPOIEHTHUII PU3UK — PeakIliio pe3epBy Ha 3MIHU JIUCKOHTHOIL
CTaBKH.

g 3pyvHOCTI 0O0YHMC/IEHb BBOJIMMO Mipy iHTEHCUBHOCTI MaiOyTHIX BUILIAT
m(dT), ToJi yMOBHE CITOJIiBAHHSI HAOYBa€ BUTJISIILY

E[W | 7] = % / o(r) m(dr),

e m(dT) Bu3HaYaE O9iKyBaHy BeJIMINHY MaiiOyTHIX IOTOKIB y 9aci, a JMCKOHT-
dbakrop v(7) — 3HMKYE TxHIO BapTicTh. [IponenTtha vyactka Var(E[W | Z]) 3a-
JIeZKUTH JIAIIE Bij KoBapiamiii v(+), ToOTO Bij| B3A€MO3B’sI3KY MiK JTHHAMIKOIO
CTaBKU Ta MOMEHTOM BUILJIAT.
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IIPO YTOUHEHHS XAPAKTEPU3AIIINMHOI HEPIBHOCTI
AJIAd HOPM o-CYBIrAYCCOBUX BUITAZTKOBUX BEJINYNH

1.B. TUXOHEHKO

Ha mpocTopi p-cybrayccoBux BUNIAIKOBUX BEJIMYUH MOXKHA 33/IaBaTH Pi3HI
HOPMU, 30KpeMa TakKl gK:

7,(€) = inf{a > 0: Eexp(A§) < exp(p(a)), A € R},

L1
0,() = sup[men| £,

n>=2

-1
19 (n)
. n
V@(f) —SUP‘ES ‘n 1
n>2 (71!) n
st ux HOpM clpaBe MBI XapaKTepu3arliiiai HepiBHOCTI omucani B [1].
YacTuHy 3 HUX OTPUMAHO BUKOPUCTOBYIOYHN BiJIOMY OIIIHKY JIJIsI 3aJIMIITKOBOI'O
qiena |0, | < ﬁ, n > 2, i3 dopmyau Cripsinra

n! = v2rn(n/e) e’ .

Posrstay i mexi mist 6, HaBeeni B [2, 3|, Ta obpaBiu HafiKpaiii 3 HUX,

OyJIO YTOYHEHO JIesIKi 3 PO3IVISHYTHX XapaKTepU3alliitHUX HEPiBHOCTEI:
329227

v (§) < e300 0, (€),
329227

Tp(§) < Spe322580 g (€), (1)

329227
T,(&) < Spe322560 (1 + C)D.
Orpumani pe3ysibraTé € MOKPAIEHHSIM pe3ysbTaTiB, orpuManux B [1] Ta
HaJlaJli y MOXYTb OYyTH BUKOPHUCTaHI B TeOpil (p-CcyOrayCcCOBUX BUIIAIKOBUX
BEJIMYHH.
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CYMICHI 'PAHUYHI TEOPEMMU /1JId AANTNBHNX
OYHKIIIOHAJIIB BI/Il BUITAJIKOBUX BJIVKAHD 3
HEIIEPEPBHVM YACOM

I IIEBYEHKO, A. SIPOHIEBCHKUI

Posrasgaemo mocaifoBHICTS He3aJIE?KHUX IEHTPOBAHUX BUIIQIKOBUX BEJI-
que {£,,n > 1}, 1m0 HAJIEKUTD J10 06IACTI TPUTSATAHHS JI0 (-CTIHKOrO 3aKOHY
3 mapamerpoMm « € (1,2]. Busnaunmo Bumagkose OJIyKaHHs

n [nt]

s moby1oBM HellepepBHOI'O y Yaci aHAJIOora, BBEJIEMO IOCJIiIOBHICTH 10/~
THUX BUMAJKOBUX BesquduH {0,,n > 1}, sgKki IHTepIpeTyIOThCs K 9ac OUiKy-
BaHHs MiXK cTpuOKamu, Ta HeszasexHi Bix {&, }. [loznaanmo

k N,
Nt:max{k20:20i<t}, Xt:Z§7;.
i=1 i=1

[Tporec X; Ha3uMBAETHCS BUITAJIKOBUM OJIyKAHHSIM 3 HEIEPEPBHUM YaCOM
(CTRW) Ta omucye MOJIOYKEeHHST YaCTHHKHA Y MOMEHT 4acy t, Jie CTpUOKM BijI-
OyBalOThCS Y BUMAIKOBI MOMEHTH.

OcHOBHI TIpUITYTIIEHHS:

(A1) IlocainoHicTb cTpuOKiB {&, } CKIa1a€THCS 3 H.O.P. BUIIAIKOBIX BEJIU-
qnH 3i K& = 0, gKi HajiexkaTh 10 00/1aCTi IPUTATAHHS JI0 (-CTIHKOTO
sakoHy 3 « € (1,2]. Ile o3Havae, MO iCHy€ MOCJITOBHICTD HOPMY-
BaHb a, = n'/*L(n), ne L — moBiabHO 3Mminna byHKIis, Taka o
Sc[l—’f = Zo(t), ne Zo(t) — a-criiikuit npornec Jlesi (mus. [1]).

(A2) Dyukuisg f: R — R zagosonbuse f € LY (R) N L?(R).

(A3) Xapakrepuctuuna byukiis ¢g(t) = Ee's! e nocraTnbo iHTerpoBHOIO:
icaye N € N, nnsa gkoro

/ e (DN dt < 0.

(A4) Yacu ouikyBannus {6, } — H.0.p. J07aTHI BUIIAIKOBI BEJUYINHU, HE3a~
nexni Big {£,}, 31 ckinvennum cepenivm Ef; = p < oo.
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3a HaBeJeHUX MPUIYIIEHb (GOPMYJIIOIOTHCA OCHOBHI pe3yJIbTaTH, IO OIH-
CYIOTHh CyMICHY T'PAHUYHY MMOBEIHKY BUMNAJIKOBOTO OJTYKaHHS Ta MHOT0 & IUTUB-
HOTO (PYHKITIOHAJIA — CIIEPINY y JUCKPETHOMY, a MOTIM 3 HEIIEPEPBHUM YaCOM.

Teopema 1. Hexaii suxonyromocs npunyuernns (Al)—(A3). Todi crinuen-
HOBUMIPHE PO3NOCLAYU MPOUECY

S[nt] a, [nt]

3012a10MbCA 00 CKINYEHHOBUMIPHUL PO3N0JINE 2DAHUYHO20 NPOUECY

(Za@), R za<t>) ,

de Zn(t) € a-cmitikum npoyecom Jlesi, a ly(t) nosnavae Gozo cumempuyunu
AOKANLHULL 4ac Y HYAL.

Teopema 2. Hexati sukoryromocs npunyuenms (Al)—(A4). Todi y npocmopi
Ckopoxoda D([0,0), J1) maemo 36ircHicmo

(Xt“ / F(X ) O:>(u"aZ / f(x)da - l())@o,

npu t — 00, de Zy(u) € a-cmitxui npoyec Jlesi, a l,(u) nosnavae tozo
CUMEMPUUYHULT AOKANOHUT YaC Y HYAL.

Inest mocstiizKeHHsT MOXOAUTH 3 PobOTH |2, 3|, OHAK TYyT OTPUMAHO HE JId-
me cymicHy 30ikHiCTh, a ¥ 30ixKHicTb y mpoctopi Cropoxosna. JloBemenHst
I'PYHTYETbCSI HA CTAHIAPTHUX MeTomax 30ixkuocti y mpocropi D([0,00), Jq)
(mums. [2, 4, 5, 6]).
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CEKI1IIs 4
Indopmarriiiini cucremMu Ta TeXHOJIOr B OCBITI
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AUTOMATED LLAMA-BASED GENERATION OF SCHOOL
TEST ITEMS: ALIGNMENT AND LOCALIZATION TO
UKRAINIAN EDUCATIONAL STANDARDS

T. HOMBOSH, P. MULESA

We present a compact system for automatically creating school test items
using Llama-class large language models (LLMs). This system is specifically
designed to meet Ukrainian state educational standards and is tailored to
the Ukrainian language and classroom context. Our contribution includes a
prompt and validation framework that: (i) connects learning outcomes to con-
tent and cognitive levels, (ii) generates age-appropriate items in Ukrainian,
(iii) packages items for Learning Management System delivery via 1EdTech
QTT 3.0, and (iv) checks quality through rule-based assessments, expert re-
views, and pilot psychometrics.

Motivation. Automated item generation (AIG) can cut down on authoring
time and expand formative assessment coverage. For K-12 in Ukraine, prac-
tical AIG must ensure the curriculum matches, has correct language, works
well with other systems, and includes measures for validity and fairness.
Standards alignment. We base our prompts on the State Standard of Pri-
mary Education (2018) and the State Standard of Basic Secondary Education
(2020) [7, 6]. Each item includes: (a) outcome identifiers and subject area,
(b) cognitive level based on the revised Bloom taxonomy [2]|, and (c) item
type with constraints such as notation, units, and allowed contexts. Before
generating content, we gather confirmed curricular examples to provide a solid
foundation and minimize inaccuracies.

Llama-based generation. An instruction-tuned Llama model [1] creates
items from a template that includes grade band, outcome text, item schema
(single/multiple choice, short answer, matching), and stylistic and safety lim-
its. Rejection sampling against a validator eliminates unclear keys and out-
of-scope content.

Localization.The LLM used supports localization of educational materials
in different languages, and for our study, the target language is Ukrainian.
Post-generation checks ensure that the text complies with Ukrainian spelling
and grammar rules, and that the formatting of numbering and SI units is
consistent with the requirements of the curriculum.

Interoperability (QTI, LMS). Items are serialized to 1EdTech QTI3.0 [4]
with response declarations, scoring, and metadata, including standard IDs,
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Bloom level, and estimated difficulty. Deployment uses LTI1.3 launch for
LMS integration [5].

Validation and psychometrics. Quality assurance includes: (1) schema
and rule checks (unique key, plausible distractors, no duplication, key leakage);
(2) standards audit (coverage, Bloom conformity); (3) SME review with inter-
rater agreement (Cohen’s k); (4) pilot testing (N~60-200) to estimate item
difficulty and discrimination using IRT [3]. Items that do not meet thresholds
are revised or discarded.

Targets and outcomes. The pipeline aims to cut down the time SMEs
spend on drafting. It targets achieving SME acceptance of 50% or more after
validator triage. We want to deliver QTI-compliant items that can be used in
mainstream LMS, complete with accessibility annotations.

Conclusion. Standards-aware prompting, Ukrainian-specific linguistic val-
idation, interoperable packaging, and psychometric screening together make
Llama-based AIG useful for the Ukrainian curriculum. They provide a re-
peatable way to convert model output into a classroom-ready assessment.

REFERENCES

[1] H. Touvron, L. Martin et al. LLaMA 2: Open foundation and fine-tuned chat models.
arXiv:2307.09288, 2023.

[2] L. W. Anderson, D. R. Krathwohl (eds.). A Tazxonomy for Learning, Teaching, and
Assessing: A Revision of Bloom’s Taxonomy of Educational Objectives. Longman, New
York, 2001.

[3] F. B. Baker. The Basics of Item Response Theory. ERIC, 2001. URL:
https://eric.ed.gov/7id=ED458219

[4] 1EdTech Consortium. Question and Test Interoperability (QTI) Specification. URL:
https://www.ledtech.org/standards/qti

[5] 1IEdTech Consortium. Learning Tools Interoperability (LTI) 1.3 and LTI Advantage.
URL: https://www.ledtech.org/activity /learning-tools-interoperability

[6] Cabinet of Ministers of Ukraine. State Standard of Basic Secondary Education (Reso-
lution No. 898, 30 Sept 2020). URL: https://zakon.rada.gov.ua/laws/show/898-2020

[7] Cabinet of Ministers of Ukraine. State Standard of Primary Education (Resolution
No. 87, 21 Feb 2018). URL: https://zakon.rada.gov.ua/laws/show/87-2018

UzHHOROD NATIONAL UNIVERSITY, UNIVERSYTETSKA 14, 88000 UzHHOROD, UKRAINE
Email address: tomash.hombosh@uzhnu.edu.ua

UzHHOROD NATIONAL UNIVERSITY, UNIVERSYTETSKA 14, 88000 UzHHOROD, UKRAINE
Email address: pavlo.mulesa@uzhnu.edu.ua

181



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

IHTEPAKTUBHI TEXHOJIOTII SIK ITHHOBAIIIMMHUN 3ACIB
HABUAHHY TEMU «<KOMBIHATOPUKA TA TEOPIS
MMOBIPHOCTEN »

I.JI. ABIENYUK

YMoBH (DYHKITIOHYBAHHS CyvIacHOTO iH(MOPMAIIIHOTO CyCHiILCTBA BUMAra-
IOTh BiJl 0COOMCTOCTI HOBOI SIKOCTi MHUCJIEHHSI — 3JaTHOCTI ePeKTUBHO IisITH
B CHUTYyaIligX HEBU3HAYEHOCT1, aHaJI3yBaTU BUMAJKOBI ABUINA, 3IINCHIOBATH
WMOBIpHICHI OIIHKH, IepeadavIaT MOXKJINBI HACTIJIKY TO/iN 1 yXBaJ/TIOBaTH Pi-
IIIeHHS HA OCHOBI KLJIbKICHO OOT'PYHTOBAHUX JAHUX. ¥ 3B’{A3KY 3 ITUM OCOOJIH-
BOI 3HAYYIIOCTI HAOyBa€ PO3BUTOK MMOBIPHICHO-CTATUCTUIHOIO MUCJIEHHS Ta
3aCBOEHHS KJIIOYOBHUX ITOHSITH KOMOIHATOPHUKH, TeOpil iMOBipHOCTEH 1 MaTeMa-
TUIHOI cTaTuCTUKu [1].

Opranizariis iHTepaKTUBHOTO HABYAHHs Tepeadavdac MOJIE/TIOBaHHS YKUT-
TEBUX CUTYAaIliil, BAKOPUCTAHHS POJILOBUX IrOp i KOJEKTHUBHOTO PO3B’ A3aHHS
poOJIEMHUX 3aB/IaHb, IO 3a0e31evuye ryimboKe 3aHyPEHHS YIHIB Y KOHTEKCT
IPaKTUYIHOIO 3aCTOCYBaHHs 3HaHb. CTBOpEHHS TAKUX HaBYAJbHUX YMOB (POP-
MY€ OCBITHE CEpeIOBUINE, CIPUATINBE /I BUPOOJIEHHS IIIHHICHUX OPI€HTAITIH,
PO3BUTKY COITAIBLHIX HABUYOK CIIBIIpAIll Ta KJIOYOBUX KomIereHiii [1, 3].

[HTepakTUBHI TeXHOJIOr] € IHHOBAIIIMHUM 3aCO00M, 3a JIOIOMOIOI0 SIKOI'O
CTBOPIOIOTHCS YMOBH JIJIsI aKTUBHOI y9acT1 YYHIB Y HaBYAJbHOMY ITPOIIEC, IO
cripusie (POPMYBAHHIO CAMOCTIMHOCTI, KDUTUYHOTO MUCJIEHHS, HABUYIOK KOJIe-
KTUBHOI B3a€MOJIi1 Ta pedIEKCUBHOI OIIHKYU Pe3Y/IbTaTiB.

Tepmin «iaTepakTuB» (Bif aHMIICHKOTO interact — «B3aEMOMIsITA» ) BKa-
3y€ Ha 3JaTHICTHh JIO aKTHUBHOI KOMYHIKAIIil, JiaJory, ooMiny iH(OpMAaIlie€ro
MiXK cyO’eKTaMu. ¥ 1€IarorivHOMY KOHTEKCTI ITi/] iIHTepaKTUBHUM HaBYAHHSIM
PO3YMIIOTH TaKy OpPraHi3allil0 OCBITHBOTO IIPOIIECY, dAKa Iepeidadac aKTUBHY
B3aEMOJIIIO0 MIXK yUHAMH, & TAKOXK MIXK yYHSIMU Ta BUUTEJIEM, IO peasi3ye-
Thcd Y (hopMi Jriajaory, oOroBOpeHHs ad0 CILILHOTO PO3B’d3aHHS HaBYAJbLHUX
3aBIaHb [2, ¢. 230].

[nTepakTBHE HaBYAHHA AK IIJiCHA METOAUYHA CHUCTEMa I'DYHTYETHCS Ha
HU3II1 KJIOYOBUX IIPUHITAIIB, 110 320€311eUyI0Th e(DEKTUBHICTh OCBITHBOI'O IIPO-
necy. Jlo Takux NpUHIAMIB HaJeXKaTh: aKTUBHE 3aJIyUeHHsI BCIX YYACHUKIB
JI0 IM3HABAJIbHOI JIisSIIbHOCTI; CTBOPEHHSsI CUTYaIlil CIIiBIIPaIli, BLIbHOI'O OOMiHY
JIyMKaMu; (popMyBaHHsST aTMocdepu B3aEMOITITPUMKN, Y AKI KOXKEH MOXKe
BilayBaTH cebe yCINITHUM; BapiaTuBHICTH (POPM 1 MeTOIiB pobOTH; omopa Ha
Mi?KOCOOUCTICHY B3a€MO/IiI0; CIIOHYKAHHSA 10 pedJieKcil.
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3Bakaroun Ha PIZHOMAHITTS IU(POBUX OCBITHIX IIATAOPM 1 CKJIAIHICTH
X IMIAKTUIHOTO JI000PY, JOIIJIBHUM € TIPEeJICTABJICHHS YMOBHOI KJacudikariil
UM POBUX PECYPCiB.

e IHTepaKTuBHiI TpeHaxkepu Ta cuMyJigropu. Bebmiardopmu, ski
JIAIOTHh 3MOT'Y BUKOHYBATH KOMOIHATOpPHI OOYMC/ICHHS Ta HMOBIpHICHI
eKCIIEpPUMEHTHU B IHTEPAKTUBHOMY PEYKUMI.

o OHJalTH-KAJIBKYJISATOPU Ta reHepaTopu KoMOiHarii. [HcTpymen-
TU JJIsI aBTOMATUIHOIO 00YNCIeHHSI (DaKTOpiaJIiB, KiJILKOCTI IIepecTa-
HOBOK, KOMOiHAaIIi{l, pOo3MO/iIiB MMOBIpHOCTEIA.

e IInardopmu a1 cTBOpEHHS Ta EPEBiPKU TECTOBUX 3aB/IaHb.
Cepgicn, 1110 MATPUMYIOTH ABTOMATUYHY II€PEBIPKY 3HAHb, 30KPEMa,
3 aJIAIITUBHUMHU TECTaMU, SK1 MJJIAIITOBYIOTHCS 11/ PIBEHb YYHS.

e IIporpamHe 3a0e311eYeHHS AJId CTATUCTUYHOIO aHAJII3Y Ta MO-
aesrroBaHHA. Bukopucrannas Takux nakeris, sk Microsoft Excel, Geo-
Gebra, Wolfram Alpha, Python, nae 3MOry BUKOHYBATH CKJIAIHI Ma-
TEMaTUYHI OIlepallil, MOJIeJTIOBATH BUITAIKOBI MPOIECH, JOCIZKyBaTH
CTATUCTHUYHI BJIACTUBOCTI JIAHUX.
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MHOTOYJIEHU AKOBI B ®1LJIBTPAIIIl CUTHAJIIB

B.IO. BOHJIAPYVYK

OO6pobka curHaJiiB BiJlirpa€ BazKJUBY POJIb Yy CYYacCHIfl TExXHIIi, 30Kpema
B TeJIEKOMYHIKAIIisIX, €JIEKTPOHII Ta 004Ync/IoBaIbHiil TexHimi. OaauM i3 Ba-
JKJIMBUX ACIIEKTIB 0OpOOKM CUTHAJIB € (DibTpallis, sika JT03BOJISE BUOKPEMU-
TH MTOTPIOHI KOMIIOHEHTHU Ta 030yTHCA HebaxKaHuX mrymiB. OHUM i3 METO/IIB
aHaJII3y Ta IMPOEKTYBaHHS (DLIBTPIB € BUKOPUCTAHHS MHOTOYJIEHIB KOOI ISt

Ik Bizmomo, curaas — e gizugHmii mpoiiec, o Hece iHopmairtio. Curaasm
HOJIIISTIOTHCS Ha JIeTepMiHOBaHI Ta croxacTudHi (Bumaakosi). Takoxk curaasm
MOXKYTh OyTH HellepepBHIMEI a00 JUCKPETHUMH, 3aJI€2KHO BiJI CIIocoOy momadi
JTaHux [2].

@inpTpaliisi CUTHAJIB — IIe IIPOIEC BIAJOKPEMJIEHHSI KOPUCHOI YaCTHUHHU CH-
THaJIy BiJl HeOaKaHUX KOMIIOHEHTIB. PLIbTpu KJIACU]IKYIOTh 3aJIE2KHO BiJ
JHAMa30Hy 4acToT, Kl MPOITycKae (ibrp: iIbTPU HU3bKUX YACTOT (IIPOILY-
CKAIOTh CUTHAJIM 3 HU3bKUMM YaCTOTAMHU Ta MPUTHIYYIOTH BHUCOKI); (piabTpu
BUCOKUX 9acTOT (IIPOITYCKAIOTH BUCOKI YACTOTH Ta MPUTHIYYIOTh HU3bKI); CMY-
roBi GiabTpy (IPOITYCKAIOTH CUTHAJIN Y MEBHOMY YaCTOTHOMY Jlialia3oHi); pe-
YKeKTOpHI (binbrpu (ycyBaroTh meBHHUil jiana3on dactor). PiabTpn HU3BKUX
JaCcTOT OCOOJIMBO BaYKJIMBi, OCKIJTbKUA BOHU JIO3BOJISIOTH BUJILISATH KOPUCHY
HU3bKOYACTOTHY KOMIIOHEHTY CUTHAJIY Ta YCYyBaTU BHCOKOYACTOTHI Trymu 2.

Muorounenn Axkobi € y3araJbHEHHSAM OPTOTOHAJILHUX MHOTOUJIEHIB, TAKUX
dK MHOrowieHn Jlexkaniapa, Gararopa3oBi MHOro4YJIeHH YeOwuineBa IepIIoro
Ta JIPYTOro pojiiB. 3aB/IKU IIbOMY BOHU € YHiBEpCAJbHUM IHCTPYMEHTOM JIJIsI
aIIpOKCUMAaIlil XapaKTePUCTUK (PIIHTPIB Ta MOXKYTh OYTH CKOPUTOBaHI BiIIO-
BIJIHO /10 3a/JaHUX HapaMeTpiB.

Meuorounenn fkobi [1] n cremens, siki mo3HAYAIOTHCS pl>P )(x), € OpTO-
roHAJIBHEME Ha iHTepBasi [—1,1] BimrocHo Barosoi dyukiii Axo6i w(®f) =
(1—2)%(1 +2)?, xomu a, B > —1.

A came,

1
/ Pie? (2) PP (@) w' P (z)de = hi 06, m,
—1
e

2048+ T(n+a+1)I(n+B+1)
mtatB+iln+t )IntatpB+1)

hgg,ﬁ) —
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dn,m — Hdenbra-cuMmBos Kponekepa, a I'(-) — mobpe Bimoma ramma-dyHKIis.

Came 1 BJIACTHBICTH OPTOTOHAJJIBHOCTI JT03BOJISIE BUKOPUCTOBYBATU 1X Y
CIIEKTPaJIbHOMY aHaJIi31 Ta diabTpaliil curaaaiB. st ux MHOTOYJIEHIB € Bi-
HOIIIeHHsT cumerpil [3]:

PP (z) = (~1)"P{*P) (~z).

i oTpuMaHHA alPOKCUMYIOU01 (PYHKITT HeOOXiTHO BUKOPUCTOBYBATHA MO-
JudikoBaHi MHOTOUWIEeHN fKOOi:

T () = PO () + PP (@),

C(aaﬂ) .
HOpMOBaHI/IX Ha ,ueHKy BeJII/I‘{I/IHy n .

)
— (1)
07(104,5)

sIK& BUSHAYAETHCS SIK 3HAYEHHsI MOAMMDIKOBAHOIO MHOTOUWIeHa S1K00i npu x =
11 piBnHa

wn(ﬂ) =

1 F(n+a+1)+1‘(n+ﬁ+1)
'n+1) | T'(a+1) I'(B+1)
Jl1st HopMoBaHOTO (biJIbTpa HU3BKUX YacTOT PyHKINA KBagpaTta AUX mae
BUTJIST

Cﬁba,ﬂ) _ JT(LQ’B)(l) —

1
1+ e22(x)’
Jle & — YaCTOTHA 3MiHHA, 1y, () — XapaKTepUCTUIHUI MHOTOYIEH 7. CTerre-
Hsl, BU3HadeHuit piBuicTio (1), a € € mapamMerpoM, iKW BiIIOBiIae 3a HEPiB-
HOMIpHiCTH B cMmy3i nmpomyckanusi. Oyukiist |H,(x)| npuiimae MakcuMmasbHe
3HaYeHHsI, piBHEe 1, y Hy/asax GYHKIUT ¥, () 1 MOHOTOHHO CITaja€ 3a MeXKaMu
intepsBaty € [—1,1].

Muorounenn {kobi € MOTYKHUM MaTeMATUIHUM IHCTPYMEHTOM y (Disih-
Tparii curHagiB. BoHM [103BOJISIIOTH CTBOpIOBATU (DIIBTPHU 3 MOKPAIIEHUMHI
XapaKTEePUCTUKAMU, IKI MOXKHA aJalTyBaTH JI0 KOHKPETHUX BUMOT 3a JIOIO-
MOTIOIO ITapaMeTpiB « i . BukopucranHs: 1nX MHOTI'OYJIEHIB € TIEPCIEKTUBHUM
HAITPSIMKOM Yy CTBOPEHI BHCOKOTOYHUX IMUMPOBUX 1 aHAJOTOBUX (DIIHTPIB.

[ H ()]
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POSIHINPEHHA ®YHKIIIOHAJIBHOCTI CUCTEMMN ETEX
OijidgdxXxoM CTBOPEHHA MAKPOCIB AJId JEAKNX
MATEMATNYHNX CUMBOJIIB

I'M. I'VBAJIb

Cucrema I TEX monysisipaa cepes HAYKOBIIB 1 OCBITSH, OCKIJILKU BOHA A€
MOZKJIUBICTD 3JIIfICHIOBATH CKJIa THEe (DOPMATYBaHHS HAyKOBHUX Ta HABYAJIHLHIX
nyoOsmikariit [1, 2]. Okpemo BapTo 3a3HAYUTH, IO B IIiif CHCTEMI MOYKHA CTBO-
proBaTu CKJIaJIHI (DOPMYJIH, OCUJIAHHS 1 BUHOCKH [3].

ABTOMaTH3AINIO Ta MPUCKOPEHHsT BUKOHAHHS TOBTOPIOBAHUX 3aB/IaHb 3 Ha-
JIAIIITOBYBAHOIO (DYHKITIOHAJBHICTIO y PI3HUX TEKCTaX, 30KpeMa MaTeMaTu-
IHAX, MOYKHA 3JII{ICHUTH, CTBOPIOIOYN HOBI MAKpPOCHU 3 BUKOPUCTAHHSIM MOBU
nporpamysanss MTEX [3].

Y 1iif pobOTI CTBOPEHO HOBI MaKpPOCH JIjisl JIPYKY TaKUX MaTEMATUIHUX
CUMBOJIIB, sIK CUMBOJI KBAHTOPA JIOBLIBHOCT1, CHMBOJI KPATHOT'O 1HTErpaJa Ta
CUMBOJIN IIOTpifiHOro 06’€HaHHs 1 TOTpiitHOro neperuny. IIpu 1mbomy cuMBOJI
KBaHTOPA JIOBLIBHOCTI MACIITAOYEThCA JIO PO3MIPIB OIlepaTOpPiB y MaTeMaTH-
IHUX BUPa3ax.

CrBOpeHi HOBI MaKkpoCH:

(1) ckopouyioTh porpamMumii KoJ y jgokyMenTi WTEX;

(2) crarmapTU3yIOTH PO3POOKY MaTEeMATHIHUX CHMBOJIIB KBAHTOPA JO-
BIJIHOCTI, KPATHOTO IHTETpaJia, MOTPiffHOro 00’eIHaHHs 1 TOTPIHHOTO
IIEPETUHY;

(3) cywmicHi 3i crangapranMu Komasgamu cucremu WTEX Ta 3 KomaHamu
MMAKeTIB ITI€l CUCTEMMU.
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BUKOPVCTAHHAI MATHCAD B IIPOIIECI HABUAHHAI
TEMUI «ITOXITHA TA If 3ACTOCYBAHHS»

AM. T'VPUIY

CyuacHi ocBiTHi cranmapTu HoBol yKpalHCHKOI MKOJIN BUMAraloTh aKTHB-
HOT'O BITPOBAJI?KEHHsT KOMIT IOTEPHUX TEXHOJIOTI /115t (bOpMyBaHHS KOMIIETEH-
THOCTEI, 30KpeMa g poBol Ta MaremaTn4dHol. Tema «Iloximua Ta 11 3acToCy-
BaHHS» € KJIIOYOBOIO JIJIsl PO3BUTKY aHAJITUIHOTO MUCJIEHHS Ta MOJE/TIOBAHHS
peaJibHUX IIporieciB. TpaauItiitHi MeToau 4acTo OOMEXKYIOThCsI PYTUHHUMU 00-
YUCJIEHHSMU, 10 3HUKYE MOTHBAILO [1].

[Iporpamoro 3 maremaruku g 10-11 kjraciB mpodiabHOrO piBHS PEKO-
MEH/I0BaHO BUKOPHUCTAHHS PI3HUX MaTeMaTHUYHUX IIAKETIB KOMII FOTEPHOI Ma-
remaTuku. Omamiero 3 takux nporpam € MathCad. MathCad sk maremaru-
YHUA TaKeT JO03BOJISIE aBTOMATH3yBaTH PO3PaXYHKHU, BizyasridyBaTu Tpadi-
KU (PYHKIINH Ta [MepeBipATH TillOTe3d B peaibHOMY Yaci, pob/sian HaBYaHHS
OLTBINT iHTEepaKTUBHUM 1 TIpUKAaaauM. lIporpama miarpumMye cuMBOJIIYHI 00-
qHUCJIeHHd, TpadidHy IHTepIIpeTaIliio Ta apaMeTpuIHe MOJIETI0OBaHHS, IO i/1e-
aJIbHO IIIXOAUTH JJIsI CTBOPEHHsI AWHAMIidHUX Mozejei. Ile crpusie He urie
PO3B’3yBaHHIO 33124, a fi PO3BUTKY JOCJIIHUIBKIX HABUYIOK, EBPUCTUIHOIO
iIXO/y Ta TBOPYOIO TOTEHI{aLy y4HiB [2, ¢. 48-49].

OnrumanpanMmu etamnamu s inrerparil MathCad y BuBuennst remnu «Ilo-
XiJHA Ta 11 3aCTOCYBaHHS» €:

® BBEJICHHS MTOHATTS TOXITHOI Yepe3 reOMeTpUIHuil 3micT (auHamivTHa,
BigyaJtizariist 3MiHM [OJIOXKEHHST JOTHIHOI /10 Ipadika);

e 00uMCIIeHHS TOXI/IHOT (CUMBOJIBHE JM(DEPEHITIIOBAHHS 3 ABTOMATUIHOIO
IIEPEBIPKOIO);

e CKJIaJIaHHs PIBHSIHHS JOTHYHOI (IIOPIBHSAHHS AHAJITUIHOIO PE3yJIbTa-
Ty 3 TpadivHO TOOYI0BOI0);

e aHaJi3 MOHOTOHHOCTi, €KCTPEMYMIB, OIYKJIOCTI (3HAXO/?KEHHSI TIOXi-
JIHUX TIEPITIOTO Ta JAPYTOro MOPSIKY, BU3HAYEHHS] KDUTUIHUX TOYOK );
IIOBHE JTOCJIiI?KeHHsT (DYHKIIIT 3a CXEMOIO;

PO3B’sI3yBaHHsI MPUKJIAJIHUX 3889 (MOJIEJTIOBAHHSI [BUJIKOCTI, MPH-
CKOPEHHsI, OIITUMI3aIlii).

Takwuit miIxis J03BOJIAE YIHAM MIBUIKO BUSABJISATU MIOMUJIKH, €KCIIEPUMEH-
TyBaTH 3 IapaMeTpaMH Ta IJIOIIe PO3YyMITH 3B’d30K MiXK aHAJJITUIHUMU Ta
rpadivanmu Meromamu [3].
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Cucremue Bukopuctanusg MathCad npu BuBuenni temu «Iloxigna Ta 1T 3a-
CTOCYBaHHs» Ha MPO@IILHOMY PiBHI 3HAYHO MiJIBUILYE €(PEKTUBHICTH HaBYa-
HHsI, PO3BUBAE€ KPUTHUYIHE MUCJIEHHS Ta I'OTY€E YIHIB 10 BUKOPUCTAHHS TP PO-
BUX IHCTPYMEHTIB B MOJAJIBIIIN OCBITI Ta mpodeciitHiil JTigIbHOCTI.
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BUKOPNCTAHHA IHCTPYMEHTIB CTATUYHOI'O TA
JANMHAMIYHOI'O AHAJII3Y III/1 YAC HABYAHHA
ITPOTPAMYBAHHIO MOBOIO C

M. JIAHWJIIOK

Pyune kepyBanus nam’gTTio € DyHIAMEHTAJIHLHOIO OCOOJIMBICTIO MOBHU TIPO-
rpamyBanus C, ska 3abe31edye BHUCOKY ePeKTHUBHICTH BUKOHAHHS IIPOrDAM,
ajie BOJHOYAC CTBOPIOE PU3UKH IIOsIBU IIOMUJIOK, IOB’3aHUX 13 BUTOKAMU
maM’siTi, MOJIBIMHUM 3BiJIbHEHHsIM a00 3BEpPHEHHSIM JI0 BXKe 3BIJIbHEHHX KO-
MipoK. Taki MOMUIKHI YaCTO 3aJIUIIAI0THCA HEIIOMIYEeHUMH T 9ac KOMITIJTISIIIl
Ta MOXKYTb MPOSIBJIATUC JIUIIIE ITiJT YaC BUKOHAHHS IPOrPaMu, IO YCKJIAIHIOE
HaBYaHHS Ta IIEPEBIPKY CTYIEHTCHKUX PobiT. ToMy y Imporieci miiroroBKu Maii-
OyTHiIX ¢axiBIiB 3 mporpaMyBaHHsI BaKJINBO HE JIUIIE MOACHUTU HPUHITAIIN
JIMHAMITHOT'O BU/IIJIEHHS TIaM sTi, a i chopMyBaTH IMPAKTUIHI HABUYUKU aHA-
JIi3y, BUSIBJIEHHsI Ta YCYHEHHSI IIOMUJIOK.

Y cydacHOMY OCBITHBOMY IIpolieci HaBdaHHsI MOBOIO C mOTpebye o€ THAHHS
KJIACUIHUX MiJIXOJIB 3 IHCTPYMEHTAMH, IO BUKOPHUCTOBYIOTHCH Yy IIpodeciii-
Homy cepeoBuimi. JlocaizKenns moKa3yoTh, 10 BUKOPUCTAHHS CTATUIHOTO
aHaJI3y KOJY J03BOJISIE€ BHUSIBJISATHA 3HAYHY YACTUHY IIOMUJIOK IIE JIO eTally
BUKOHaHHs Tporpamu |1, 2|. BripoBa pkeHHST TAKUX IHCTPYMEHTIB y HABYA b
Hi KypCHU CIIPULIE PO3BUTKY Y CTYAEHTIB KPUTUIHOI'O MHCJIEHHSI Ta IIiIBUIILYE
SAKICTH IIPOrPaMHOTO KOJLY.

CepeJ1 iHCTPYMEHTIB CTATUIHOI'O aHaJIi3y, dKi JOILILHO 3aCTOCOBYBATU Yy
mapuanHui, ciaig BigsHaunTtu Cppcheck Ta Clang Static Analyzer. Cppcheck
anaJi3ye Buxigauit Kog MoB C i C++, BUSB/ISIIOYN TUIIOBI IIOMUJIKH, SIK-OT BU-
KOPHUCTaHHsI HEiHIIIai30BaHUX 3MIHHHUX, IIOTEHITIITHI BUTOKHU HaM sITi Ta TOPY-
meHHsT MexK MacusiB. Vloro mpocto inTerpysarn y cepenosumie Visual Studio
Code abo 3acTOCOBYBaTH y CIIEHAPiSIX aBTOMATU30BAHOI IIEPEBIPKM CTYIEHT-
cbkux 3aBaanb. Clang Static Analyzer 3mificHioe rnOImit aHasIi3 MIJISIXIB BU-
KOHAHHS IIPOTPaMU, AOIOMAralovd CTYJIeHTaM 3PO3YMITH, SK HEIPaBUJIbHA
JIOTiKa IUKJIB YU yMOB MOXKE HMPU3BOJUTH J0 BTpaTu nam’siti [2]|. 3asiasku
BUKOPHUCTAHHIO TaKMX 3aCO0IB CTYIEHTH Kpallle 3aCBOIOIOTH IIPUHIIAI <«OIIH
malloc — omun free» i BUaThCs nmucaTu OLIBIN ITepedaTyBaHuil Ta Oe3ITeTHUIMA
Koz [1].

OxpiM CTAaTHYIHOIO aHAJI3Y, BasKJIUBUM KOMIIOHEHTOM IIiITOTOBKHU IIPOrpa-
MICTIiB € HaBYaHHS IWHAMIYHUM MeTOJaM JiarHocTuku. JImHamidxi anaJriza-
TOPH JOCT/IKYIOTH TTOBEIIHKY MpOrpaMu ITiJT 9ac 11 BUKOHAHHS, JTO3BOJISTIOUN
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BUSIBJIATU TTOMWUJIKA KEPYBaHHS ITaM SITTIO B peajgbHOMY 4Yaci. HaliOuibir mo-
mupennmu iHcrpymentamu € Valgrind (Memcheck) i AddressSanitizer (ASan).
Valgrind Bukonye nporpamy y creriajbHOMYy BipTyaJbHOMY CE€peIOBHUII, ¢i-
KCYIOUYH BCI omepariil 3 mamM aTTIO, 0 Ja€ 3MOT'Y TOYHO BU3HAYATH, SIKi OJIOKH
He Oysu 3BibHEHI ab0 BuKOpucTani moBTopHO [3]. AddressSanitizer, B6ymoBa-
uuit y komiijgropu GCC ta Clang, 3abe3neuye edbeKTUBHE BUSBJICHHS aHAJIO-
MYHUX MIOMWJIOK 13 MIHIMAJBbHUMHU BUTPATAMU PECYPCIB Ta CTBOPIOE JeTaIbHI
3BiTH 3 TpacyBaHHSIM TOMIJIOK [4]. Bukopucranns 1iux 3acobiB y HaBYIaIbHO-
MY IIPOTIECi JO3BOJISIE CTYJIEHTAM yYCBIJOMUTH MeXaHi3MU POOOTU OTIEPATUBHOT
nam’siTi Ta GopMye HABUIKH BiIIOBIIAJIBHOTO T AXOY JI0 HAIMCaHHs Koy [1].

Metonnka BIIPOBaI7KEHHS IHCTPYMEHTIB CTATUYHOTO Ta JUHAMIYHOTO aHa-
JIi3y y HaBYAJBHUI IIPOIEC Hepeadadae MOC/TIiIOBHE TTOEIHAHHSA Teopil 1 mpa-
KTrku. Ha mmeprromy erarri CTy/IeHTH 03HAHOMITIOIOTHCS 3 ITPUHITUTIIAMY BU/TijI€-
HHsI 1 3BlIbHeHHd 1maM’siti B MoBi C. J/laji 1eMOHCTPYIOThCS TUIIOBI TOMUJIKH,
0 TPU3BOJIATH JI0O BUTOKIB, MICJA YOT'O ITPOBOAATHCS IMTPAKTUIHI 3aHATTS 13
zactocyBanusiMm Cppcheck i Clang Static Analyzer. Hactynuuit etan riepeiba-
qae pooory 3 Valgrind ta AddressSanitizer, mopiBHSIHHS 3BITIB IIMX 3aCO0IB i
caMOCTiiiHe yCyHeHHS BUABJIeHUX aedeKTiB. Takwil miaxin cripuse po3BUTKY
HaBUYOK TECTyBaHHsI, BiJJIAT0/?KEHHS Ta CAMOKOHTPOJIIO KOJIy, IO OCOOJIMBO
BaXKJIMBO IIPU IJITOTOBII CTYJIEHTIB JI0 poOOTH B KOMAHJIHUX a00 ITPOMUCIIO-
BUX ITPOEKTAX.

BukopucranHs iHCTpYMEHTIB CTATHYHOTO Ta JIUHAMITHOTO aHAJII3Y i Jac
HaBYaHHA MporpaMyBaHHIO MOBOIO C € edeKTuBHUM 3acOo0OM ITiIBUIIEHHS
SIKOCTI TJITOTOBKY CTY/IeHTiB. BoHO dpopMmye y HUX IMijTicHE PO3YyMiHHS B3a€EMO-
3B’SI3KY MiXK apXiTeKTYypPOIO KOMII'I0OTepa, YIPABJIIHHIM I1aM SITTIO Ta CTadiIb-
HICTIO IPOrpaMHOrO 3abe3IevYeHHsI. 3alpPOIIOHOBAHUI MiIXia MOIMJILHO iHTe-
rpyBatu y Kypcu «IIporpamyBanusi» Ta «CucreMHe nmporpamMmyBaHHsI», IO JIO-
3BOJIUTH MOEJITHATH aKa/IEMIUHY MMJIIOTOBKY 3 BuMoramu cy4dacHol ['T-ix1ycTpii.
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3ACTOCYBAHHY JIOJATKIB, CTBOPEHUX V
CEPEJIOBUIIIAX SHINY TA WOLFRAM, HA 3AHATTAX 3
BUIIIOI MATEMATUKHN TA TEOPIi IMOBIPHOCTEN

0.0. INXOBUYHUNN, H.B. KPYIVIOBA, C.B. KAIJIAJIOB

Onnum 3 edexkTuBHUX 3ac0ob6iB iHTerparlil iHGOpMAIITHUX TEXHOJOTIH y
IIPOIIEC BUKJIQJIAHHS MAaTEeMAaTUIHUX JUCIUAILIH € BeO JOJaTKU, CTBOPEHI BU-
KJIaJa9aMu JIJId KOHKPEeTHUX 3aBJaHb uu TeM. Hampukiaa, BeO J101aTKU MO-
JKHA CTBOPIOBATH 3 BUKOpHCTaHHsM Shiny (MmoBa mporpamysantsi R) abo 3a
noriomororo Wolfram Language.

Shiny 1ae 3Mory CTBOPUTHU BJIACHUIT IHTEPAKTUBHUN T01ATOK, BUKOPHUCTO-
BYIOUH TaJjiepero NPUKJIIB TeM, 0e3 crerianpbunx 3uanb HTML, CSS. Ile-
peBara makera Shiny mossira€ y MOXKJIUBOCTI IMO€THAHHS TeOPil, 00UYNC/IeHb,
LTIocTpariiit Ta IHTEpaAKTUBHOI B3a€EMO/III KOPUCTYyBada B OJTHOMY CEPETOBUIIII.
st crBOperHst Shiny-101aTKiB BUKIaJa9eBl JOCTATHBO 0a30BUX 3HAHH MOBHI
R. Crpykrypa nporpamu ckiagaerbes 3 apox dactus: Ul (User Interface) —
ornuc inTepdeiicy KopuctyBada; Server — OOYUCICHHSI, BUBEJICHHS Pe3y/IbTa-
TiB Ta peaxiiiii Ha il KopucTyBada. Shiny inTterpyerbces 3 RStudio Ta mgo3B0-
JISIE€ 3aITyCKATHU TPOTrpaMu Oe31ocepeTHH0 B HHOMY ab0 yOIiKyBaTH y BUTJIS T
BeOcTopiHoK. Takwit miaxij BiIKpUBaE€ MOXKJIUBICTH CTBOPEHHSI BipTyaJIbHUX
JIADOPATOPHUX POOIT, ¥ IKUX CTYIEHTU MOXKYTb JOCTIJIXKYBaTH MaTeMaTHUIHI
MOJIeJTi, 3MIHIOIOYN HapaMeTpHu y PeKUMI peailbHOTO Yacy.

[rmre cepeoBuiiie — Wolfram Language — nmorpebye OiIbITIOT i ArOTOBKY Y
cdepi mporpaMyBaHHS, OJJHAK Ma€ HAJI3BUYIANHO MOTYKHI aHAJITHIHI MOYKJIN-
BocTi. 11oro BUKOPHCTAHHS J1a€ 3MOT'Y CTBODIOBATH JIOJIATKH 3 iHTEIrPOBAHIMU
CUMBOJIbHUMH OOYUCJIEHHSIMU, TPUBUMIPHOIO T'PAMIKOI0 Ta MOJIEJISIMU CKJIa-
JTHAX CTOXaCTUIHUX IpoleciB. KpiM Toro, MoBa 103BoJis€ MyOJIIKyBaTH PO3-
pooku y Wolfram Cloud, mo 3abe31medye J0CTYII CTYAEHTIB 10 iHTePAKTUBHUX
MozeJieil 6e3 HeoOXiTHOCTI BCTAHOBJIEHHSI JOAATKOBOI'O IIPOrPaMHOI0 3abe3Ire-
JeHHSI.

BebzacTrocynku € meTogaMu aKTUBHOI'O HaBYAHHS CTYJIEHTIB, sIKi CAMOCTiii-
HO 3MIHIOIOTH TTapaMeTPHU, CIIOCTEPITal0ovun 3a HACIIKAMU Ta 3MIHAMU Pe3yIb-
TaTiB, MEPEBIPSIOTH BJIACHI TIMOTE3W Ta aHAJII3YIOTh BILJIUB IIapaMeTPiB.

Bonwu 103B0o/ISI0TE TAKOXK ITPOBOJIUTH BipTyaJIbHi Ja00paTOpHi poOOTHU 3 Ma-
TeMaTUIHUX Jucruiiin. Hampukiaan, Ha puc. 1 moka3aHo CKPUHIIIOT POOOTH
3 Teopil HMOBIpHOCTE Ta MaTeMATUYHOI CTATUCTUKU y BeOJIOJATKY Ha Te-
My «DbinomiamabaUt po3nosaiay. KopuctyBadi MOXKYTH 3MIHUTH KiJIBKICTH ITiJI-
KHJIaHb MOHETHU, OpaxyBaTH TOYHI Ta HabOJMKeHi iWMoBipHOCTI. B okpemux
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MeTop: ToHa GitomiansHa AMOBipHicTs

P=0.176197

Puc. 1. Honarok y Shiny

BKJIQJICHHSIX MOXKHA PO3MICTUTU KOPOTKUM TeopeTWdHuil Marepiasi, (dpopmy-
JIM, JIOBIJIKOBI TaOJIUIIi, IO TIEPETBOPIOE JIOJIATOK Ha MIiHIMiIPyIHUK.

Mozxna peasizyBaTu JOJATKU JIJIS MOJEIOBAHHS BUMAJIKOBUX TOfiit. Ha-
MPUKJIAJI, CTYJAEHTH MOXKYTh BIPTyaJbHO TiJIKUIATH MOHETY ab0 KyOWK THUCH-
4l pa3iB, CIOCTEPIral0vd JIiI0 3aKOHY BEJIMKUX YUCEJ YU IEHTPAJbHOI I'PaHU-
9HOI TeopeMmu. J[JIT KOpUCTYBadiB CTBOPEHHS MPOCTUX CUMYJIAIIN He TOTpe-
Oye 3HAHb MOB IIPOTPAMyBaHHsI, ITPOTE JI03BOJISIE€ IIPOBECTHU Ta IIPOAHAJII3yBaTH
CTOXAaCTUYHI €KCITePUMEHTH.

BazkanuBoro mepeBarorm € MOXKJIMBICTDH iHTerparlil Taknx BeOI0JaTKIB y CH-
cremy Moodle. e 3abe3neuye enne HaBYaIbHE CEPETOBUIIE, Y IKOMY CTY/IeH-
TU MOXKYTb IIEPETJIAIATH TE€OPi0, BUKOHYBATHA IHTEPAKTUBHI €KCIIEPUMEHTH Ta
0/Ipa3y HaJICUJIATHU Pe3yJIbTaTh BUKJIAJadeBi.

Takum amuoM, Bukopuctanas Shiny ta Wolfram Language y mporieci Bu-
KJIaJIAHHS BUIIOI MaTeMaTUKNA Ta Teopil WMOBIPHOCTE i IBUIILyE MOTHUBAIIIIO
CTYJIEHTIB, CIPUSIE IIMONIOMY 3aCBOEHHIO MaTepiajy Ta (popMye CydacHi Iu-
b poBiI KOMIIETEHTHOCTI.

JIITEPATYPA

[1] Wickham, H. Mastering Shiny: Build interactive apps, reports, and dashboards powered
by R..— O’Reilly., 2021. — 372 p.
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Cexitis 4. Indopmariitai cucTeMn Ta TEXHOJIOrT B OCBITI

SACTOCYBAHHA HITYYHOI'O IHTEJIEKTY TA
IHCTPYMEHTIB WOLFRAM, GEOGEBRA J1JI4
CTBOPEHHA IITABJIOHIB TECTOBUX 3AB/IAHD 3
BUIIIOI MATEMATUKU HA IIJTIAT®OPMI MOODLE

H.B. KPYIJIOBA, 0.0. IUXOBUYHUI, C.B. KAIJIAJIOB

B ymoBax BiitHu Ta dacTol 3MiHEH (OpMHU HaBYAHHS YKpalHCHbKI BUKJIa/1a-
49i MoTpedyoTh epeKTUBHUX IHCTPYMEHTAPIIB J/Id aBTOMAaTU3allil KOHTPOJIIO
3HaHb CTyAeHTiB. OcOOJIUBO 1€ aKTyaJJbHO /I TOYHUX JUCIUILIIH, JIe TeCTOBI
3a/JaHHA MaIOTh IIE€PEBIPATH He JIUINEe KIHIEBY BIAMNMOBIIL, ajie i MeBHI eTarm
PO3B’sI3aHHS 3aJ1axi.

OnHi€ro 3 HAMIOMUPEHIINX IUCTAHIIIMHAX HABYAJbHUX ILIATPOPM B CyUa-
cHUX yHiBepcuTeTax € miaardopma Moodle. [Ipore, ctBoperHs sikicHOTO OaHKY
3aBJIaHb ITIOTPEOYE BiJl BUKJIAIa9iB HEe TIIHKI TPUBAJINX YaCOBUX 3aTpaT, aJje i
MMEBHUX TEXHITYHUX HABUYIOK Ta BMiHb. [HTerpariis MOXKJIUMBOCTEH MTYIHOTO iH-
tesiekTy, nporpamu Wolfram Language ta inctpymenty GeoGebra BigkpuBae
HOBI MOXKJIMBOCTI JIjIsi PO3POOKM BapiaTUBHUX, aIaIITUBHAX TECTOBUX 3aBJIaHb
3 aBTOMAaTHU30BAHOIO IIEPEBIPKOIO PE3YJILTATIB.

Ponab mryvunOTO iHTEIEKTY ¥ CTBOPEHHI TECTOBUX 3aB/IaHb MOJIATAE B: T'eHe-
paril dopmysIfOBaHb 3aJa4 Ha OCHOBI 33/JjaHMX TeM 1 IIapaMeTpiB; aBTOMAaTH-
YHOMY CTBOPEHHI I1abJIOHIB OTHOTUITHUX BapiaHTIB 3aBIaHb 3POCTAIOYO] CKJIa-
guocti; crBoperni HTML daitny y BiamosijHiit Kareropil 3aBjaHb; aHaJIi3i
TUIIOBUX IIOMUJIOK Ta (POPMYBaHHI IEPCOHAII30BAHUX PEKOMEHIAIliil; a B M-
TAHHSAX MHOXKWHHOTO BHOOPY — CTBOPEHHS BapiaTHUBHUX JIUCTPAKTOPIB, dAKi
reHepyIoThCcd Ha OCHOBI THITOBUX ITOMUJIOK.

Wolfram Language 3abe3meuaye: mab0HT 115t TeHepallil yMOBH Ta PO3B 3Ky
TEeCTOBUX 3aBJIaHb; MEPEBIPKY MPaBUJILHOCT1 BI/IIOBIJl, Te€HEPAIlI0 TOKPOKO-
BUX PO3B’SA3KiB, dKi MOXKHa BUKOPHUCTATHU JIJIsT 3BOPOTHOTO 3B’SI3KY.

GeoGebra m03BoJIsIE: CTBOPIOBATH iHTEPAKTUBHI NeOMETPHUYHI 1JII0CTpAlIii,
K1 MOXKH& BUKOPHUCTOBYBATH B POJIi NMIAOJIOHIB 3aB/IaHb 3 aHAJITUYIHOI I'eo-
MeTpil Ta JiHIHOI aJaredpn; BisyaJidyBaTu rpadiku pyHKIIH 3 AuHAMIYHIMEA
ImapaMeTpaMu; iHTerpyBaTu rpadivni 300parkeHHs1 0e311ocepe;THHO B 3aBIaHHS
Moodle.

g mpoekTyBaHHA MAaOJ0HY MOTPIOHO CIIOYATKY BU3HAYUTH JIUJTAKTHIHY
MeTy, PiBeHb CKJIA/IHOCT1 3aBJaHHS, BUJILJIMTH 3MIHHI ITapaMeTPU Ta BU3HAa-
9UTHU 1X jgomyctumi giamazonu. llotim, 3a jgomomororo I, moxkua cTBOpHTH
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11a0JIOH TEeCTOBOI'O 3aBJIaHHs Y IOTPiOHIM IIporpaMi, SIKiii, y CBOIO Uepry, 3re-
HEepy€e BapiaHT TECTOBOTO 3aB/JIaHHA Ta 3a0€3MEeYUTh MOTO MEPEBIPKY.

3acrocyBannst 3aco0iB IKT 103BojisIe 3MeHIINTH Yac IeHepalil OJHOTH-
ITHUX BapiaHTIB BaJIiIHUX 3aBJlaHb, 301JBIMUTU KiJIBKICTHh yYHIKAJIbHUX Bapi-
aHTIB KOHTPOJIbHUX POOIT, MOKPAIIUTH AKICTh 3BOPOTHOIO 3B’ 3Ky, 3MEHIITUTHI
KIiJIbKICTh TEXHIYHUX Ta apupMeTUIHUX MOMHUJIOK IPU CTBOPEHHI TECTOBUX
3aBJIaHb.

PesysibraT BnpoBazKeHHS TaKOl iIHTEIPOBAHOI TEXHOJIOTIT TTOKA3a I 3MEH-
IIeHHY Yacy BUKJIQIava Ha alesIdilil CTyAeHTiB, IIOHUXKEHHSI CePeTHbOro DaIy
B €KCIIEpUMEHTAJIbHIN I'PyIli B MOPIBHAHHI 3 KOHTPOJIBLHOIO T'pynoio. lle mo-
JKHA TMOSICHUTH OLITBINOI0 BapiaTUBHICTIO 3aBJaHb, cTBOpeHnx 3acobamu IT1I,
Ta HOBU3HOIO (DOPMYJIIOBAHb T€CTOBUX ITUTAaHb, reHepallieio mosgcuedb Bij IT11
JIO KOYKHOTO 3aBJIAHHS.

[aTerparis mMTYy9YHOTO IHTEJEKTY Ta CIeIiaJi30BaHUX MaTeMaTUIHUX iH-
crpymMmenTiB, Takux sik Wolfram ta GeoGebra, y miardopmy Moodle 3amposa-
JIDKy€ HOBHII piBeHb aBTOMAaTHU3allll TeCTyBaHHS 3 BUINOI MATEeMaTUKH, 3a0€3-
MIeYyI09H BapiaTUBHICTH 3aB/aHb, 00’ €KTUBHICTH OIIIHIOBAHHS Ta IIEPCOHAJIIZO0-
BaHUIl 3BOPOTHUIT 3B’s130K. 3aIIPOIIOHOBAHA METOINKA CTBOPEHHSI IIPOTPAMHIX
TabJIOHIB JIjIsT TECTOBUX 3aBJaHb 3abe3ledye OaJaHC MiK aBTOMATH3AIIIEI0
Ta TeJAaroTigHOI0 JOILIBHICTIO, JIO3BOJISIIOUN TeHepyBaTW YHIKAJbHI 3aBJIaH-
Hel, 30epiraouu Mpu IbOMY IXHIO OJTHAKOBY CKJIAIHICTD.

[lepcieKTHBYU MOMAJBININX JOCTIIZKEHDb ITOJISTAI0Th Y PO3POOIT aIallTUBHIX
aJITOPUTMIB TECTYBaHHsI 3 BUKOPUCTAHHSIM MAIIMHHOTO HAaBYAHHS JIJIsT aBTO-
MaTHYIHOI'O ITJI00PY ONTUMAaJIbHOI TPAEKTOPIl OIIHIOBAHHS KOXKHOI'O CTY/IEHTA,
a TaKOXK y BUBYEHHI MOXKJIMBOCTE BUKOPUCTAHHSI BEJIUKUX MOBHUX MOJEJICit
JIJIS TIEPEBIPKU 3aB/JaHb 3 PO3TOPHYTOIO BiJIITOBI/III0 Ta BIPOBAIXKEHHI BUKO-
puctanas STACK miariny g aHadiTHIHEX TEPEBIPOK.
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BUKOPNCTAHHA IKT TA EJIEKTPOHHUX >2KYPHAJIIB
HA YPOKAX MATEMATUKN

H.I. MISBMPHIOK

CyuacHa ocBiTa HEMOXKJIMBa 0€3 aKTUBHOI'O BIIPOBa2KEHH iH(MOPMaIiiiHO-
komyHikariitaux Texnosoriit (IKT). Born crators He smie momomizkuaum [1]
iHCTpyMeHTOM, a ii HeoOXiJHOI0 YMOBOIO siKicHOro HapdaHHs. OcoOJMBO Ba-
JKJIUBUM TI€ € JIjId YPOKIB MaTeMaTUKN — IPEJIMETa, IO MOTPedy€e JIOTIIHOrO
MUCJIEHHS, Bi3yaJsizallil aOCTpaKTHUX MOHATH i PO3BUTKY AHAJITUIHUX HABU-
YOK.

Bukopucranusg IKT nae 3mory 3podutn ypoK MaTeMaTUKU IIKABIIITUM, Ha-
OYHUM 1 JOCTYIHUM JIJIT KOYKHOT'O YIHSI. 3aMiCTh CyXux (pOPMYJI i CKIIaIHUX
00YMCIIeHb Ha JIONII YYHI MOXKYTh OauWTH TPOTEC PO3B’si3aHHsA 3ajad [2] y
JIMTHAMIT, eKCIIEPUMEHTYBATH 3 TTapaMeTPpaMu Ta CaMOCTIHHO POOUTHU BUCHOB-
ku. [le cipusie po3BUTKY JOCTITHUTIBKUX YMiHBb i pOPMYE CTIfIKY MOTHUBAITIIO
JI0O HABYaHHSI.

Y4auTreb, 3aCTOCOBYIOUN MYJIbTUMEIIHI TTpe3eHTallii, BigeodparMenTn, Cu-
MyJISIIT @00 iHTepaKTUBHI reomerpudHi cepejopuiia (Hanpukiaa, GeoGebra,
Desmos, Mathcad), Moke moKazaTu ydHsiM, sIK MATEMATHIHI 33KOHOMIPHOCTI
IIPAaIfOIOTh y peaJbHOMY KATTi. Taki IHCTPYMEHTH JOIIOMAaraloTh MOSCHUTH
CKJI&/IHI TeMU — HAIIPUKJIa I, rpadiku QyHKITI, TepeTBoOpeHHs diryp, mody10-
BY TiJ1 0OepTaHHS YN CTATUCTUIHNN aHa i3 Janux. OIHUM i3 HaflBaKINBIIIIX
HarpamiB Bukopuctanus IKT y mkosi € 3acTocyBanHis eJIeKTPOHHUX OCBITHIX
miardopm. Ilicas mammemii COVID-19 6inbIimicTh 3aK/IaIiB OCBITH AKTUB-
HO iHTerpyBaJin y HaBdajbHuii nporec cepsicu Google Classroom, Moodle,
Microsoft Teams, «Bceocita», «Ha ¥Ypok», mep:kaBHy miaardopmy «EmmHa
IIIKOJIAa», 30KPEeMa, y HaIlliil rpomaJii ocBiTHs iHdopMmarliitna cucrema «SMART
IITKOJIa.

Taki pecypcu 103BOJSAIOTH YIUTEIIO CTBOPIOBATH IHTEPAKTUBHI 3aBJIaHHSI,
TeCTHU, TPeHaKepu Ta KOHTPOJIIOBATH HaBYAJIbHI JOCATHEHHS YIHIB Y PEXKUMI
omraitn. Hanmpukiaa, Ha ypokax MaTeMaTUKN MOXKHA PO3MIIIyBaTH BiJIeOiH-
CTPYKIII /10 PO3B’si3yBaHHsI 3a/a49, CTBOPIOBATH BipTyaJibHi JOIIKA JIJIsI TPY-
OBOI pOoOOTH, TPOBOJIUTA MAaTEMATHYIHI MapaOHN Y1 3MaraHHs.

g ygaHiB 116 — MOXKJIWBICTH HABYATHUCSI Y BJIACHOMY TEMIIl, OTPUMYyBaTH
MUTTEBUI 3BOPOTHUN 3B’T30K, MMOBTOPIOBATU MaTepiaa y 3pydnuii gac. Kpim
TOTO, eJIEKTPOHHA IJIaTdopMa POPMYE y HMIKOJISIPIB IMUMPOBY KOMIIETEHTHICTH
— o/lHY 3 KJII0Y0BUX HaBUYIOK X XI crosmiTTs.
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BazknauBoio ckiiagoBo0 IH@pPOoBi3alil OCBITHBOIO IIPOIECY € eJIEKTPOHHI
JKYpPHaJIU Ta MIOJICHHUKU. BoHU 3a0e311e9yoTh Mpo30picTh OIIHIOBAHHS, 3PY-
YHICTH Yy CIIJIKYBaHHI MiXK y4YUTEJIeM, YIHAMU i OaTbKaMu. Y 9HI MOXKYTbH y
Oy/Ib-IKUIT MOMEHT MEPErJISHYTH CBOI OIIIHKU, MTOOAYUTH KOMEHTapl BUNUTEJIS,
repeBiputu npoiyineni Temu. Ile cupusie OinbIIiil BiAIOBIIAJBHOCTI 3a pe-
3yJIBTATA BJACHOTO HABYAHHS.

OIC «SMART mkosta» B:Ke aKTUBHO IIPAITIOE B 3aKJIa/1aX OCBiTH Y KpaiHu,
MTOETHYIOYH T1eJIaroTiKy 3 iIHCTPYMEHTaMU Cy9JacHOTO 1M POBOro MEeHEI2KMEH-
Ty. TakoX BOHA IIPOIOHYE CBOIM KOPHUCTyBadaM OCBITHIO IM(POBY ILIaTHOP-
My, sIKa MaKCHUMaJIbHO PO3KPHUE 1XHill OCBiTHiN moTeHIiaa. Boun npamyBaTu-
MYTbh HLISIXOM, Ha SIKOMY OyAyTb KPUTUIHO MUCJIATH Ta 3 JIETKICTIO J0JaTH yCi
BUKJIMKH CTaHJIAPTIB OCBITU CHOTOJIEHHS, TiABUILyBATH 3] SKICTH OCBITHBHOIO
IIPOTIECY.

SMART mxkoJia — 11e Oisbine, HixK KypHaJs. Lle:

eJICKTPOHHUI IOJIEHHUK 13 MOYKJIMBICTIO KOMYHIKaIlil 3 6aTbKaMu;
OHJIAMTH-KYPHAaJI, IO Bi/ImoBiae BuMmoraM Jlep:KaBHOTO cTaHAAPTY Ta
kourienirii HoBol yKpalHChKOI IIKOJIN;

® JKypHaJI JIJIsl TOYATKOBOI ITKOJU 3 IHTErPOBAHUMU OCBITHIMH TaJIy3s-
MU Ta 1HIUBIIyaJbHUMU XapaKTEePUCTUKAMU YIHIB;

® MOIYJIb AHAJITUKHU, IO JAO3BOJISIE aIMiHICTpaIil ryIulIe OIiHIOBATHI
OCBITHI1 ITpoIIEeC;

e crucrTeMa, IO TPaHCHOPMYE OCBITHIil IIPOCTIP BiAIIOBIIHO I0 3aIIUTIB
CyJacHOCTI.

YuuTesi XK OTPUMYIOTh MOXKJIMBICTD TIIBUJIKO aHAJII3YBaTU YCIIIIHICTD KJla-
cy, BusiBIATH [4] TpyAHOIII Y 3aCBOEHHI MaTepiasry, KOPUTYBATH TEMII BIKJIA-
nmanasd. Takum YMHOM, eJTEKTPOHHUM XKy PHAJI CTa€ He IMPOCTO 3ac000M dikcarril
OITIHOK, & eJIEeMEHTOM IIeJaroriaHol aHaJIiTHKH.

Ha npakTuri indopmariiiini TexHoJsorii MoxkHa, e(peKTUBHO 3aCTOCOBYBATHU
JIJIST:

e BizyaJizallii MaTepiajgy — cTBOpeHHS TrpadikiB QYHKIIIH 3a JOTOMO-
roio GeoGebra unm Desmos;

e caMOCTiifiHOI pobOTH — BUKOHAHHS iHTepaKTHBHUX TecTiB y (Google
Forms a6o na mrardopmi LearningApps;

® ITPOEKTHOI ISIIBHOCTI — CTBOPEHHS MIHIJOC/II/I?KEHb 13 BUKOPUCTAH-
usim Excel abo Google Sheets st aHai3y CTATUCTUIHAX JTAHUX.

Taki IHCTpYMEHTH HO3BOJISIOTh BPaXOBYyBaTH IHIMBiAyaJbHI 0COOJIMBOCTI
KOXKHOT'O y4HS, pOPMYBaTH KOMIETEHTHOCTI, IMTOTPiOHI Yy cydacHOMY ITU(PO-
BOMY CYCITLJTBCTBI.

Om:xe, BUKOpUCTaHHS iHMOPMAIINHAX TEXHOJIOTIH Ha ypOKaxX MaTeMaTu-
KM He € JIAHMHOIO MOJIi, 8 HeoOXiTHICTIO cyvdacHOI ocBiTu. BoHu momomaraioThb
3poOUTH TIPOTeC HABYAHHHA OIJIbIT ePEeKTUBHUM, MOTHBYIOYUM 1 BiJIKPUTHUM.
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EnekTponHi >KypHaJu, OCBITHI IL1aT(OPMH Ta iIHTEPAKTUBHI PECYPCU CTBOPIO-
I0Th YMOBH JIjId (POPMYBaHHSA MUMPOBOI I'PAMOTHOCTI, PO3BUTKY KPUTUIHOT'O
MUCJIEHHSI 1 CaMOCTIHOCT1 YYHIB.

MaitbyTHE MKIJIBHOI MATEMATUKHN — 38 TBOPYUM ITOETHAHHAM TP TUIIHHIX
METO/IIB 1 CyJaCHUX TEXHOJIOTIYHUX PIIMeHb, sIKl BIAKPUBAIOTDH JJIsI BUUTENS it
VIHS HOBI TOPU30HTH ITI3HAHHS.

JIITEPATYPA

[1] Bukos B. FO. Ta in. TexHosoril AucTaHmiifiHOro HaBYaHHS Ta BIPTYaJbHOI'O OCBITHBOI'O
npocropy: monorpadis / B. FO. Bukos, B. M. Kyxapenko, H. I". Cuporenko, A. M.
Pubanko, O. B. Ctuuuncekuii. — K. : Arika, 2008. — 324 c.

[2] Mopsze H. B., Jementiecbka H. II. Meronuka nasuanus indopmaruku : Hasu. noci6.:
VY 3-x gact. / 3a pen. akan. B. FO. Bukosa. — K.: Hapuanbua kaura, 2003.

[3] Cemepnikos C. O., Termunpkuii O. 1., Boskorpy6 B. I1. Ta in. Teopernuni ta meronuusi
3aCa 1 BUKOPUCTAHHS XMAPHUX OOYHMCIIEHb B OCBITHHROMY IPOIECI 3aKJIAJIB 3arajibHOl
cepenubol ocBiTu: mouorpadis. — K.: IIT30, 2017.

[4] ITapko B. /1. CygacHuii ypoK: TEXHOJOTIUHMIA acekT: moci6. 1yis BuuTenis i cryzn. / B.
. Hlapko. — K. : CII/I Bormamosa A. B., 2007. — 220 c.

BHY M. JIect YKPATHKHU, JIVIIbK, YKPATHA
Email address: Natalia.Mizyrniuk2021@gmail.com

197



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

IHTEPAKTUBHI METOAN TA IMN®POBI IHCTPYMEHTN ¥
BUKJIAJTAHHI TPUTOHOMETPII B CYUYACHIMN ITIKOJII

O.I1. OJIACIOK

Cy4vacHa ocBiTa 3a3Ha€ 3HAYHUX 3MiH 3aBIKH BUKOPUCTAHHIO IU(MPOBUX
TEXHOJIOTiHT Ta IHTepAKTUBHUX METO/IIB HABYaHHHA. | pUrOHOMETPid, IK OTUH 13
dyHIaMEHTAJILHIX PO3/ILJIB MaTeMaTUKU, BiJirpa€e BaxKJIUBY POJIb Y (DOpMY-
BaHHI MaTeMaTUIHUX KoMHeTeHmHiit yauiB. OgHak Tpaguiiiini MeToan BUKJIa-
JIaHHS 1HOJI He BiJITOBIaI0Th MOTpedaM CydacHOTO IMOKOJIIHHS, sIKe 3POCTaE B
yMOBaxX IIH@POBOI enoxu. 1ToMy BUKOPUCTAHHS iHT€paKTUBHUX TEXHOJIOTI Ta
U@APOBUX IHCTPYMEHTIB y HaBYAJIHLHOMY IIPOIIEC CTA€ HATraJbHOIO HEOOXiTHi-
crio [1].

BaBIgKN CyIaCHIM TEXHOJIOTISIM BIUTEI MOXKYTh CTBOPIOBATH iIHT€PAKTHB-
Hi yPOKH, IO JIOTIOMAaraloTh Kpallle PO3yMITH CKJIaIH1 MaTeMaTUIHI KOHIIETIITI].
Hocty1 10 mudpoBUX PEeCyPCiB PO3IINPIOE MOXKINBOCTI HABYaHHS SIK Y KJIACI,
TaK 1 1mo3a HuM. Bukopucrannas Bizyastizariiil, TMHaAMIYHIX MOJIe/ e Ta OHJIAITH-
1aTOopM POOUTH BUBUEHHS TPUTOHOMETPIil OLJIBII JTOCTYITHUM 1 IIKABUM JIJIsI
yaHiB [2].

1. InTepakTUBHI MeTOM Yy BUKJIAJIJAHHI TPUTOHOMETPil. [HTepakThB-
Hi MeTOJU HaBYaHHs MepeadavaloTh aKTUBHY ydacThb YYHIB y IIPOIleci HaBYa-
HH$I, IO CIPHUSIE KPAIIOMy PO3YMIHHIO Ta 3acBoeHHIO Matepiany [3]. Cepen
HaUO1IBINT e(DeKTUBHUX METO/IB MOYKHA BHOKPEMUTH:

e Meton nmpoekTiB — mnepegbdadae caMOCTiiiHy abo rpynoBy poOOTy HaJI
IIPOEKTAMU, TIOB SI3aHUMH 3 Tpuronomerpiero. Hanpukiama, yaHi mMo-
2KyTh CTBOPUTHU MaKeT MOcTa abo OydiBJI, BAKOPUCTOBYIOUN TPUTOHO-
METPUYHI PO3PaXYHKH /JIjIs1 BU3HAUYEHHS KYTIB HAXWJIY KOHCTPYKIIIA.

e IrpoBuil Imiaxism — BHKOPHCTAHHS irPOBUX €JIEMEHTIB y HaBYaJIbHO-
My Tiporteci. Hampuknam, yanTens MoXke OpraHi3yBaTh MaTeMaTHIHINA
KBECT, JIe YIHI ITYKaIOTh MPUXOBAaHI MiJIKA3KN y KJIACl, O3B’ A3yI0Un
TPUTOHOMETPUYIHI PIBHAHHS.

e /luckycii Ta mpobsieMHe HaBYaHHS — CIPsIMOBAaHI HA aKTUBI3AILIO MU-
CJIEHHSI Ta aHaJl3 CKJAAJHUX MaTeMaTudHuX Ipobsiem. Hampukiam,
VIUTe b MOYKe 3aIIPOTIOHYBATH 33/1a9y Ha BU3HAUEHHS BUCOTHU HEJO-
crymHOro ob’ekra (mepeBa 4uu Oy/iBJi) 3a JOMOMOIOKO TiHI Ta TPUTO-
HOMETPUYIHUX (PYHKITIH.
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2. lInudposi iHcTpyMeHTH AJis BUBYEHHS TpuroHomertpii. Cyuachi
U@ POBiI TEXHOJIOTI] BIIKPUBAIOTH MUPOKI MOYKJIMBOCTI JIJISI TTOKPAITIEHHS BU-
KjaagaHHs TpuronoMmerpii. Cepe1 HARIOMYIAPHIIINX TUAPOBUX iIHCTPYMEHTIB
MOXKHA BULIATH [4]:

e I'padiuni KanbKyssiTOpy Ta mporpamu s mobyrosu rpadikis (Geo-
Gebra, Desmos) — /103B0O/ISIIOTH Bi3yastizyBaTi TPUTOHOMETPUIHI Dy H-
KIil y Buras i rpadikis. Hanpukiaasm, yaHi MOXKYTH CaMOCTIMHO TIO-
OymyBaTu rpadiK CHHYCOIIU Ta JOCJIAUTH, 9K 3MIHIOIOTHCS 11 Hapa-
MeTPH ITPU 3MiHI KOe@iIi€HTiB.

e Omnaitu-miardopmu ta Hapdaabhi pecypcn (Khan Academy, Wolfram
Alpha) — Haj@0TH JOCTYT [0 iHTEPAKTUBHUX yPOKIB, TECTIB, Bijeo-
JIEKITill Ta TpaKTUIHUX 3aBaanb. Hanpukiasa, Ha Khan Academy y4mi
MOXKYTh MPONTU KypcC 3 TPUTOHOMETPil, BUKOHYIOUHM BIIPaBU 3 aBTO-
MaTUYIHOIO ITePEBIPKOIO BIIIIOBIIETH.

e IIporpamyBanus ta STEM-1iaxis — 3acTocyBaHHS MOB IIPOrpaMyBa-
uas (Python, Scratch) mist MmogemoBanHsT TPUTOHOMETPUIHUX TIPOTIE-
ciB. Hampukiia i, yaui MOXKyTh HAIIUCATH MPOTPaMy, dKa aHIMyE pyX
MadTHHKA ab0 MOJEJIIOE TIOMNPEeHHsT 3BYKOBUX XBUJIb Y IPOCTOPI.

Bukopucranus iHTepaKTUBHUX METOIB Ta IMUMPOBUX IHCTPYMEHTIB Y BU-
KJIaJaHHI TPUTOHOMETPIil 3HATHO TOKPAIILY€ AKICTh HaBYaJIbHOTO Tporiecy. 1lo-
€/THaHHS Cy4YaCHUX TEeXHOJIOTIH 13 TP IUIIIMHUMUA IT1/IX0JaMU CIIPUAE KPaIloMy
3aCBOECHHIO MaTepiaJjy, IIIBUIIEHHIO MOTHUBAIl] yYHIB Ta PO3BUTKY AHAJITH-
YHOI'O MUCJIEHHS. 3aB/SIKN IMUMPOBUM iHCTPYMEHTAM YIHI MAOTh 3MOIy He
JINIIIE 3aCBOIOBATH TE€OPETUYHI 3HAHHS, a I 3aCTOCOBYBaTH 1X Yy peaJbHUX CU-
Tyalisx.
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CTATUCTUYHUI AHAJII3 9KOCTI IIOKPOKOBUX
KOMII'IOTEPHUX TECTIB Y CUCTEMI STACK 3
MATEMATNYHNX AUCLHUIIJITH

I.B. OPJIOBCBHKUII, B.C. MUKUTEHKO

Y 1mudpoBiit ocBiTI ePeKTUBHICTL HaBYAHHS BU3HAYAETHCA HE JIUIIE JI0-
CTYTIOM JI0 OHJIAMH-TLIAT(OPM, & i IKICTI0O METOJIIB OI[IHIOBAHHS, OCOOJIMBO Yy
MaTeMATUYHUX AUCIUILIIHAX, Jle BayKJIUBO OIIHIOBATU He JIUIE KIHIEBUU pe-
3yJIbTaT, a 1 XiJT MIDKyYBaHb CTyJAeHTA.

ILitarcpopma Moodle — onmu i3 HalinomupeHimmux 3acobiB AUCTAHITIIHO-
ro HaBYAHHS, IO JA€ 3MOI'Y CTBOPIOBATU CTPYKTYPOBaHI KYpPCHU, ITPOBOJIUTH
KOHTPOJIbHI 3aX0/ii 1 aHAJI3yBaTH YCIIIIHICTH CTYAeHTiB. 3okpema, Moodle
MITPUMYE JIOCTATHBO IMUPOKHIT CIEKTP TECTOBUX 3aBJIaHb. BUKOPUCTOBYIO-
g Tun 3anmutands Embedded answer Ta moBy posmitku HTML, na kadeapi
MaTEMATUIHOTO aHaJi3y Ta Teopil IMOBIpHOCTEN (MATaTI7I) KIII im. Irops
CikopChKOTO pO3pODJISIIOTHCST TaK 3BaHi IIOKPOKOBI TecTu (Step-by-Step tests),

OBuncavw irerpan

/(z (e - )z

YBara!
|1OTPUMYPATeCt Takibe MPABWN YHECEHHA AaHHINE
« sanwcyiie sianosias 6es npobinie; B

 ApOGOBi UKCNa 3ANUCYFiTe 3BUUANHIM HECKOPOTHYM APOBOM, 6e3 BUAINEHHA L0 YacTUHM, ——
T ) u=in+ 3) | na +3) o= ((1xen | 25 )de
. — 5 (z+3)°-In(z +3)de — =
He 3MiHIOVTE NOPAAOK 3ANVCY AOAGHKIE B OCTAHHIM PIEHOCTI; f due ([X‘S]AS s 3y )dz v3rars | sy
« NPy 33nKci YHKLUT: 0
o CTeneH 3anvicyiTe 3a A0NIOMOIORO SHaky "A", Hanpykaan _
Bupss 3anucy kowipui = [+ 0310676 |
T — (x-] Your last answer reted as follows:
7 &N"3 P f
/25 X~(5/2) In(z +3) - (z +3)°
© BUKOPUCTOBYITE CTaHAAPTHI MO3HAUEHHA GYHKLIV, 32MMCYHOUM aPryMeHT y Ayxkax. Hanpuknaa 3
¥ Komipui The variables found in your answer were: [z]
erx
&
exp(x) - / (((M)As /6) )d:v =
mZ| 2
" - Your last answer was interpreted as follows:
 3HaK MHOXeHHA He 3aNVCYBaT 260, YPasi HeOBXIAHOCT], 3aMMCyBaTH AIK "*", a 3HaK AINEHHS 3anucyiTe uriastan Interp
57" Hanpuknag («+3)

Bapas  |3anucy komipui 6
e The variables found in your answer were: [z]
282 1 otgra0/i50-1x

zsinz X*sin () = [In0+3) * (< +3)76/ 6 - ((x+3)"6)/36 + C

Your last answer was interpreted as follows:

— bz+3)-(@+3° (=43
= 6 36
MpoiuTerpyemo uactunamu The variables found in your answer were: [C, z]
7= / @-T)n@—7de = | “7 "7 CEES < @@ | 2
du =| 1/67) © dov=| D22 ®
= | x-N"2/2INn6T) © - j( (77 2/201/0T) )d.z =
= | (x-1*2/2In(-T)-1/4(x-T)"2+C @ .

(a)

Puc. 1. Tlpukaanx nokpokosoro recry: (a) crangapruoro, (6) STACK

Y]

sK1 OIIIHIOIOTH HE JIWINEe KiHIEeBUIl pe3y/bTaT, a i IpoIec PO3B’si3aHHS 3a-
nau (Puc. 1a), o migsumniye 06’ eKTUBHICTL KOHTPOJIO. 1X po3pobKa moTpebye
aJIropuTMy, IKuil BpaxoBye Texaiuni Mmoxkausocti Moodle [1]. ¥V KIII raxi Te-
CTH CTBOPEHO JIJIsi BCiX TeM Kypcy «Buima maremarukas, 1 BOHU BXKe TTOHAT
ITIICTh POKIB YCHINTHO 3aCTOCOBYIOTHCS B OCBITHBOMY ITPOIIECI.
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[TokpokoBi TecTn TepeBipAIOTH HE JIUITE KIHIEBUN Pe3yabTaT, a i JIOTIKY
PO3B’d3aHH4 3a/1a4, 1[0 POOUTH OIIHIOBaHHs 00’€KTUBHIIINM 1 HAOJIMKAE HTOT0
710 TPAAUIIIHOrO MHCHMOBOTO KOHTPOJIIO. 1X CTBOPEHHS TOTpebye BPaxyBAHHS
rexHigHUX ocobsmBocTeit Moodle. OkpiMm KOHTpOJIIO, TaKi T€CTH MOYXKHA BU-
KOPHCTOBYBATHU SIK HaBYAJbHI TPEHaXKepHU JIjIsi BiAIpalfoBaHHS PO3B’SI3aHHS
TUTIOBUX 33789 — CTYJAEHTH OTPUMYIOTH 3BOPOTHUH 3B’s130K 1 (POPMYIOTH Ha-
BUYKH MOCJTITOBHOTO MUCJEHHHA. [0JIOBHOIO IEpeBaroio € MOXKJIUBICTH OITIHIO-
BaTH JIOTIKY MIpKyBaHb 1 3MEHIITyBaTU MMOBIPDHICTH BUIIQ/IKOBUX Bra/lyBaHb.
Henonikamu € 9yTaIUBICTD 10 CHHTAKCHIHUX ITOMUJIOK 1 CKJIQTHICTH BBEJICHHS
CKJIQJHUX MaTeMaTUIHUX BHUpa3iB. lle 3MyInye BuK/Iaa4iB CTBOPIOBATHU CIIE-
miaabHi paBua 3anucy Bianosizeir (Puc. 1a) i nepiognyno oHoBIIOBaTH 6a3y
MIPaBUJILHUX BapiaHTIB, IO IIiABUIILYE TPYIOMICTKICTH PO3POOKU TECTIB.

Jyist ycyrenHst ux obmezkerb kadenpa MAtaTll modasa BIpoBaKeHHs
mnarina STACK (System for Teaching and Assessment using a Computer
Algebra Kernel) — incTpymeHTa CHMBOJIBHOT IEPEBIPKHA MATEMATUIHIX BUPa-
3iB. STACK 3abesriedye aBTOMaTUIHY II€PEBIPKY PiBHAHDb, 00YUUCIEHD i Ipadi-
KiB Y peKUMI1 peaJbHOI'O Yacy, TeHepYye PI3HI BaplaHTU 3aBJIaHb Ta MIATPUMYE
ITIOKPOKOBe TecTyBaHHsi. CTYyAeHTH OTPUMYIOTh MUTTEBUIl 3BOPOTHUI 3B’ SI30K
i TOsSICHEHHsI, IO CIIPHUsI€ CAMOKOPEKIIil Ta IJIMOIIIOMY PO3YMIHHIO MaTepiaJy.
3aBIAKN MOXKJINBOCTI aHAJI3yBaTU He JIUIIIe KiHIEBY BiANOBiIb, a i IpoMixKHi
kpoku, STACK icrorHo migBuiiye o0’€KTHUBHICTE 1 3MEHIIIye pPyTUHHE HaBaH-
TaykeHHs BukJaaada (Puc. 16).

Posrisin ocobsmBocTeit i (pyHKITIOHA/IBHE MOPIBHAHHS 000X THUINB TECTIB
HaBesieHO y [2]. V 1iit momoBiai 3ilicHEHO cTATUCTUYHUN aHAJI3 TX SKOCTI HA
ocHOBI Toy102KeHb Kitacmanol Teopil TecTiB. Pe3yabraTté 103BOIAIOTH TOPIB-
HaTn edexktuBHicTh MOKPoKoBux 1 STACK-TectiB, BusHaUnTH X CHUJIBHI Ta
cJIADKI CTOPOHU M HaJIaTH PEKOMEHIAIlil ITOA0 BJIOCKOHAJIEHHS OIIHIOBAHHSI.
Amnajis cupsiMOBaHUI Ha IIiABUINEHHS HAJINHOCTI KOHTPOJIIO Ta HMOMAJIBIINI
PO3BUATOK MUMPOBUX TEXHOJIOTI HABYAHHS y MaTeMAaTHYHIl OCBITi.
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RAISE SPECIFICATION LANGUAGE 4K ITHCTPYMEHT
OCBITHU B IIPUKJIAJHIN MATEMATUIII

O.I. IIICKYHOB, H.II. TVIIKO

BaxymBuMm acriekToMm y raurysi iHhopMaIitHuX cucTeM 1 TEXHOJOTIH € To-
Tpeba B ommci Ta IOsiCHEHHI ajropuTmiB. Pi3Hi aBTOpm BUPINIYyIOTH 1€ IIO-
pismomy. Hanpukian, Kayr pospobus Biacumii acembiep. Kopmen [1| ais
IILOI'O BUKOPUCTOBYE TCEBIOKOA. A MakkoHHE/T 2] BUKOpHCTAHHIO TICEBIO-
KOJ/Iy TIPUCBATUB OKPEMY TJIABY.

3 apyroro 00Ky icHYIOTH (bopMaJibHI METOM, IO BBaXKAIOTHCA KOPUCHU-
Mu Mg gac po3pobku 113. Oxnak y UMCIEeHHHX OIJIsgax, IMPUCBSIYEHUX I1X
3acTocyBanHiO (Hanpukiau, [laprac [3]), HarosomnyeTbes, mo X TpakTUIHe
BIPOBa2KeHHsI Jioci HegocTtaTHe. Cepel MpUIUH 1€l cUTyallil Ha3uBalOTh He
JIMIIE BiTHOCHY CKJIQIHICTh ITUX METO/IiB, ajie i BiICYyTHICTH IOTPIOHOI Kijlb-
KOCTI BIJIITOBIIHUX 1H>KEHEPiB.

Bazosum estemernToM Oyab-saKoro bopMabHOIO METO/LY € BiAIIOBiIHA MOBA,
0 OTpUMaJia Ha3By MOBU opMajbHUX clierudikariiit. Bapro BijznaunTn,
o Jjiuiiie b. Meitepy Brasiocs y itoro mosi Eiffel moemnatu moBy dpopmasbaol
crrermupikaliii 3 MOBOIO TPOrpaMyBaHHs. ¥ OLJIBIIOCTI K BHUIIQJIKIB MOBU (POP-
MaJIbHOI crrerikallil BiIpi3HSIIOTHCs BiJl MOB IpOrpaMyBaHHsI, 110 ITOTPeOye
JIOJIATKOBOTO Yacy Ha IXHe omaHyBaHHA. JIo Taknx MOB HaJjieXKaTh, 30KpeMa,
Z [4] ra Raise Specification Language (RSL) [5].

[Ipu npboMy cJtif 3ayBaKUTHU: ONIAHYBAHHSI MOBU € 3HAYHO IIPOCTIIINM, HiXK
3aCBOEHHSI MeToy opMaJibHOI po3pobku. Cama Taka MOBaA OIEPYE OHSIT-
TIMH aKCiOM, KBAaHTOPIB 3arajibHOCTI Ta iCHyBaHHSA, IPEIUKATIB, (DYHKIII,
obJiacTell BU3HAYEHHS TOIIO. 3 OIVIY Ha Iie, /IS CTYJIEHTIB MaTeMaTUIHUX
CIleliaJIbHOCTEH OIaHyBaHHSA MOBU (POPMAaJIbHOI crierudikallil He CTAHOBUTUME
CYTTEBUX TPYIHOIIIIB.

[Ticnsa anastizy 060X MOB /it HaBYaJbHUX ITieit Oysio obpano RSL. Bubip
11i€l MOBHU 3yMOBJIEHII HAsSIBHICTIO CTabiJIbHO IPAIFOI0Y0l YTUNTH I IIepe-
BIPDKM CHHTAKCUCY Ta Y3TOJI2KEHOCTI THUIIIB i BOY/IOBAHOTO THUITY JIMNCHUX YUCEJI.
30oKpeMa MOXKHA BiJI3BHAYUTH, I0:

(1) RSL migrpumye KinbKa cTuaiB hopmasibhol crierudikariii: Bix aberpa-
KTHOIO ajiredbpaidyHoro g0 iMmeparuBHOro. lle m03BoJIsie BUKOPHCTO-
ByBaTn 11 ajaga V-nomiouol po3podku II3, mo mobpe migxoauTsb i
HEeBEJINKNX HaBYAJbHUX ITPOEKTIB.
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(2) Anrebpaiunuii ctuiab m03BoJIsIe 3acTocoByBatn RSL jyist mosicHeHHsT
abCTpakKTHUX TUIIB JaHUX 3TiJTHO po3polIl mo KoHTpakTy b. Meiiepa
i, 3arajiom, poburh pobOTy MOIOHOIO 10 AisJIBHOCTI MaTeMaTuKiB [6].

(3) Takoxk ajrebpaldHuii CTUIIH JO3BOJISIE HA TIOYATKOBUX eTarax po3pob-
ku popmysoBaTu ymMoBu TectyBanHs [13. Ie j1ae 3Mory BUKOPUCTOBY-
BaTU MO0 JJIg KYyPCiB 3 TECTyBAHHS 1 KOPUCTYBATUCS OCOOJTMBOCTSAMU
pPO3pOOJIEHHS Yepe3 TeCTYBaHHS, YHUKAIOYN peaKTOPUHTY.

(4) MoxkuBicTh BUKODUCTAHHS PI3HUX OOJacTell BUSHAYEHHS 1 MHOKWIH
3HaYEeHb J03BOJIsAE€ LiocTpyBaTu Taki Baxkaubi misg OOII nousTTs, sk
KO- 1 KOHTpaBapiaHTHICTD.

(5) ImmeparuBHMIT CTHIIb JO3BOJISIE 3alUCYBATH OyIb-siKi AJITOPUTMU HA
piBHI 3BUYHUX ONEPATOPIB Ta BUKOPUCTOBYBATH IIi 3aIIUCU TK KOMEH-
Tapi B mporpamax (sik Iie mpOIoOHy€eThCst B [2]).

(6) Kpim Toro, yruiita Jjist IepeBipKU CUHTAKCHUCY JIa€ 3MOTY JI0JIATKOBO
IepeBIPATHA BiIIOBIIHICTD aJirebpaldHol Ta iMIepaTuBHOI ciernudika-
I,

[Ticast mpoxomKeHHsT KiTbKOX KypciB 3 Bukopuctanusim moBu RSL (30kpe-
Ma, 3 MmomaysabHoro tecryBants, OOII, merozis obunciens Toio) MaitbyTHi
PO3POOHUKHN 3MOXKYTb 3aCTOCOBYBATH eJIeMeHTH hopMmaabHux MeTosiB. Ile
CIIPUSITUME I ABUIEHHIO Ha aifiHocTi 113 Ta moxpalenso oro skocti. 3a3Ha-
YUMO, 1110 TAKUM YUHOM peaJiizyeThbes npomnosutiid . [Tapraca, ska mepepba-
Ja€ IIOCTYIIOBEe HaBUYaHHsI MeTomaM (POpPMaJIbHOI PO3POOKHN Ta HAOJIMKEHHST 1X
JIO TPAKTUYIHOTO BUKOpPUCTaHHA. Jlanuii migxis OyB BITPOBaKEHU B yIOOBUIA
IpoTIeC JJIs CTY/IEHTIB KiJTbKOX KypciB crerianbHocTi «[Ipukitaana maTemaru-
Kay.

JIITEPATYPA

[1] Cormen T.H., Leiserson C.E., Rivest R.L., Stein C. Introduction to Algorithms.— 3rd
ed.—Cambridge, MA, USA: The MIT Press, 2009.—1312 p.—ISBN 978-0-262-03384-8.

[2] McConnell S. Code Complete: A Practical Handbook of Software Construction.— 2nd
ed.—Redmond, WA, USA: Microsoft Press, 2004.—960 p.—ISBN 978-0735619678.

[3] Parnas D.L. Really Rethinking ’Formal Methods’ // Computer (IEEE Computer
Society).—2010.—Vol.43.—P.28-34.—DOI: 10.1109/MC.2010.22.

[4] Jacky J. The Way of Z: Practical Programming with Formal Methods.— USA, New
York: Cambridge University Press, 1997.—350 p.—ISBN 0-521-55041-6.

[6] Haxthausen A.E. Introduction to RAISE. Course 02263.— DTU Compute Technical
University of Denmark, 2020.—32 p.

[6] ITickynos O.I'.,; Tynko H.II., ITerpenko I.A. AnreGpalune npoeKTyBaHHS IIPOrPAMHOIO
3abesneuenns // Indopmariini TexHosoril Ta cycoinberso.—2024.—Ne5 (11).—C.50-59.

AYKAI, KuiB, YKPATHA
Email address: oleksii.piskunov@npp.kai.edu.ua

HAYKAI, KuiB, YkrPaiHA KuiB, YKPATHA
Email address: natalia.tupko@npp.kai.edu.ua

203



XX Mixknapojna HaykoBa KoHdepeHIlisd imeni akajgemika Muxaitia Kpasayka

CEKUIA 5
IcTopisa 1 MeToauKka BUKJIaJaHHSI MaTeMaTUKN Ta
1HPOPMATHKU

204



Cexirist 5. Icropist i MeToauKa BUKIaJaHHSA MaTeMaTHKN Ta IH(HOPMATHKN

FROM THE EXPERIENCE OF TEACHING MATHEMATICAL
DISCIPLINES IN MULTINATIONAL ACADEMIC GROUPS
OF KAI

O.W. KARUPU, T.A. OLESHKO, V.V. PAKHNENKO, V.K. REPETA

The State University “Kyiv Aviation Institute” (KAI) was formed on the
7th of November 2024 as a result of the reform of the National Aviation Uni-
versity, which was a descendant of the Kyiv Aviation Institute, established in
1933. KAI is a reputable international center for training specialists for avia-
tion and other industries, which enrolls both Ukrainian and foreign students.
Students from different countries study at KAI — Turkey, Nigeria, Egypt,
and others. Most students study on technical specialties, so the curricula for
training future specialists in all engineering and IT fields include the study of
mathematical disciplines.

Since 1999, the university has been implementing English-language edu-
cation, when all subjects are taught in English. Since English is one of the
official languages of ICAO (International Civil Aviation Organization), the
opportunity to receive professional education in English is very important for
future aviation specialists. Since 2007, we have been conducting research on
the methodology of teaching mathematical subjects to foreign and Ukrainian
students within the framework of the English Language Education Project
(see [1, 2]).

Methodological support of the educational process is provided by numerous
textbooks on mathematical disciplines authored by our university teachers, in-
cluding authors. In particular, we are the authors and co-authors of a number
of textbooks on mathematical disciplines in English, including mathematical
analysis, probability theory and mathematical statistics, and some other areas
(for example, English in mathematical practice), etc. (see [3, 4, 5]).

It should be noted that the work of a teacher in multinational academic
groups including both Ukrainian and foreign students, has certain peculiar-
ities. Certain features of teaching mathematical disciplines to students of
technical specialties in multinational academic groups were studied in (see
[6, 7]).

The specifics of using electronic resources in teaching mathematical disci-
plines was considered in (see [7, 8, 9]).
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DIDACTIC POTENTIAL OF THE SKEW LINES DISTANCE
PROBLEM IN THE CONTEXT OF TRAINING
ENGINEERING SPECIALISTS

B.S. TSYBAN, H.YA. TULUCHENKO

The problem of finding the shortest distance between skew lines is funda-
mental in the course of analytical geometry; however, its teaching is often
reduced to demonstrating purely computational methods. This approach di-
minishes the educational value of the topic and hinders students’ appreciation
of its engineering applications.

It is methodologically effective to introduce students to the key methods
for solving the skew lines distance problem (vector, parallel planes, common
perpendicular, projection, and geometric), with most of these methods suit-
able for independent study. This approach optimizes classroom time while
ensuring the development of essential professional competencies. The corner-
stone of this methodology is presenting each analytical method in the context
of its practical application.

The Vector Method (using the scalar triple product) is the fastest analytical
approach, where the distance is defined as the height of the parallelepiped
constructed on the lines’ direction vectors and the vector connecting them.
This formula is ideal for rapid calculations in space navigation and air traffic
control [1]. The method is used to calculate the minimum separation distance
between the linear segments of satellite or aircraft trajectories.

The Parallel Planes Method is based on a geometric principle: the distance
between skew lines equals the distance between two parallel planes that con-
tain these lines. This approach is applied in architecture and construction to
determine the minimum safe clearance between parallel structural elements,
such as bridge beams [2].

The Common Perpendicular Method is the most fundamental and the only
one that enables determining the coordinates of the closest points P and () on
the lines. Determining these points facilitates precise evaluation of whether
the movable links of a manipulator are at a safe distance, constituting the
basis for its design [3].

The Geometric Method (via projection construction) is based on projecting
space onto a plane perpendicular to one of the lines. The distance is reduced
to the distance from a point to a line on this plane. This approach is key in 3D
rendering algorithms and Collision Detection in computer graphics and games,
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as the transition to 2D projection significantly simplifies the calculation of the
minimum distance between objects [4].

The Vector Projection Method (Scalar Projection) provides the geometric
justification for the scalar triple product formula. The distance is considered

the length of the scalar projection of the vector connecting the lines (1@ ) onto
the direction of the common perpendicular 7. This method is widely used in
geodesy and cartography for calculating the shortest distance between two
non-intersecting utility lines (e.g., power lines) when designing mainline net-
works. It is also applied in the oil and gas industry to calculate the minimum
permissible distance between existing and new skew pipelines [5, 6].

An integrated approach, emphasizing the practical value of each analyt-
ical method, significantly enhances the quality of specialist training. This
approach fosters the development of systemic thinking, as students learn to
select the optimal mathematical apparatus based on the requirements of a
specific engineering problem. Structured exploration of diverse applications,
alongside analytical methods and visual tools, equips students to apply the
mathematical apparatus effectively in engineering.
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BUKJINKMU IT1I010 ®PYHIAMEHTAJIBHOI IIIITOTOBKU
CTVIEHTIB IH>XKEHEPHUX CIIEIIIAJILHOCTEH B
VKPAITHI

O.I. BAJIIHA, 1.C. BESKJIVBEHKO, O.B. BOI[JAHOB, IO.II. BYHEHKO

Y TexXHIYHUX BUIIAX 3MEHIEHHs KiJIbKOCTI HAOpaHUX Ha IEePIINUil Kypc CTY-
JICHTIB y OLJIBINIOCTI BUIIAJIKIB BUKJIUKAE, PA30M 3 IHITUMU OOCTaBUHAMMU, yPi-
3aHHS T'OJIMH, 10 BULIAIOTHCA Ha (pyHIAMEHTAJBbHY IIiJIIOTOBKY, 1 1€ 3a 00-
CTaBUH, KOJIU MEPIIOKYPCHUKHN BUSBJIAIOTHCA 3 KOYKHUM POKOM yce TipIre MO-
THUBOBAHI Ta ITiArOTOBJIEH] 10 HaBUYaHHsI! 3 BeJIMKUMU IIPOOIEMAaMU 1€ OMOJIO-
JIDKEHHST BUKJIJAIIBKO1 CIILIBHOTH, MOJIO/Ib He TIIBKU He BUABJISIE OCOOJIMBOTO
OarkaHHS TTOYMHATU 3aiMaTHUCh MEIAarOrigHOo0 JisJIbHICTIO, aJie i IPOCTO II0-
jgmrae 11 3a HaifiMenrmol Haroau. HeoOxigHicTh «30epekeHHsT KOHTUHTEHTY »,
BUKJINKAE CePHO3HI KOHMJIKTH Y BUKJIAJIAIMBKOMY CEPEIOBUIIL, HE KarKydn
BYK€ PO AKICTh Mi/ITOTOBKU Takwx (paxisiis. Ha mpomy ¢omi Hapasi mposis-
JITETHCS He TIAbKU AedinuT (haxiBIiB iHXKEeHEPHUX CHelliaJIbHOCTell, ajie it Ipo-
CTO OE3MOMIYHICTD Y 6araThoX BUITAIKAX MO0 MOXKJIMBOCTEH TX 3a/IydeHHsT —
BUITYCKHUKN OaKaJIaBpaTy BiJIMOBJISIOTHCS HaBITh BiJl ciiBOeci 3 cepito3HuMEI
POOOTOIABIIAMHI, OTHOYACHO BiJIMOBJISIIOUNCH BiJl HABYAHHSA y MaricTpaTrypi. Y
IIPOIIeCi 2K HaBYaHHs BCe OLIbINe CTYAEHTIB HaMaraloThCsd YXUJIUTUCH BiJ J10-
TPUMaHHs IIPUHIATIB akajaeMidHol goopodecHocTi. [Ipuwuman Takol curyarii
J00pe 3po3yMiJii: OLIBIIICTh CTYAEHTIB MalOTh IICJIS IIKiJI HEJIOCTAaTHIN pi-
BEHb 3HAHDL Ta YMiHb, IIEPEBAKHO BiJICYTHI HABUYIKH €(PEKTUBHOTO 3aCBOEHHS
HABYAJILHOTO MaTepiajy Ta TPaKTUIHOTO HOTo 3acTocyBaHHs. IcTOoTHY wac-
TKY 1X, JIO TOTO 2K, CKJIQJIaIOTh Ti, XTO TPaBMOBaHUI BUMYIIIEHUM MEPEIZIOM
3 MiCIlsl TIOCTIffHOTO TPOXKUBAHHSA a00 ICHYIOUOIO 3arpo30i0 JJId 1X PiTHUX Ta
6/IM3bKUX. Y BOEHHUIT Yac, TOMITHO 301/IBIMBCS BiICOTOK CTYJIEHTIB (HABITH
Ha MOJIOJINNX KypCax), siKi MOEIHYIOTh HABYaHHS Ha CTAIlloHApi 3 POoOOTOIO,
y TOMY YHUCJI Ha TTOBHUI pobOUMii JIeHb. YCi 11l 0OCTaBUHU HETATUBHUM YUHOM
BILIMBAIOTH Ha €(PEKTUBHICTH HABYAJIHLHOTO ITPOIIECY.

[TIo-ttepire, HaM BUIAETHCs Oe3abTEpHATUBHUM 30€peXKeHH sIK OIIIil -
cranmiitnol ¢popMu Hasdamus. VaeTses came mpo OMIiOHAJIbHAN XapaKTep Ta-
KOl (popMHU HaBYAHHS, PO3PAXOBAHUN HA MOXKJIUBICTH 30€peKEHHS Y CTY/I€HT-
CbKUX KOJIEKTUBAX THX, JIJisi KOI'O BOHA € 0e3a/IbTePHATHBHOIO Y 3B’S3KY 3
IeperiYeHnMU BUIIE OOCTaBUHAMMU.

[To-npyre, cTy/IeHTH MEPHIOKYPCHUKHN MOBUHHI MATH MOYKJ/IUBICTH HaJIeXK-
HUM YUHOM aJallTyBaTHCh JO BUMOT, sKi 3a0e31edyioTh HaJIeXKHUN piBEeHb
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3aCBOEHHSI HUMU (DPYyHIAMEHTAJbHUX JUCIUILIIH, OIPH, AMOBIPHO, HEI0CTAa-
THIO TIKIJBHY TiAroToBky. lle BuMmarae gk J10/IaTKOBUX I'OJWH Ha BUBYCHHS
TaKUX JUCIUILIIH, TaK 1 HASBHOCTI CHEMMlaJbHUX aJalTaIllliHUX KYypPCiB, MO-
JKJIWBO, MJIaTHUX. Taka IpakTukKa, Hanpukiad, xapakTepHa g KIII imeni
Iropst CikopcbKkoro.

[lo-Tpere, HaBITH 3a yMOBU peaJsii3allil mepIIux JIBOX 3aX0JiB, HEOJIMIHHO
Ma€ iCHyBaTH HNpaKTUKa HaJaHHsS CTyJAeHTaM MaKCUMAaJIbHO THYYKHUX 1HIWBIi-
JIyaJIbHUX TpapikiB HaBUYaHHS, IO TOTO K 13 KOPCTKUM 1X JTOTPUMAHHSIM.

Haperri, mo-gerBepre, miATpUMaHHS HAJIEXKHOTO PIBHS MOTHUBAIII Y CTY-
JIEHTIB HEMOXKJIMBe O€3 TICHOTO 3B’A3KY HaBYAJbHUX KYPCIB 3 TPAKTUKOIO 3a-
CTOCYBaHHsI HAOYTHX 3HAHDb, BiICYTHICTH YOI'O €, Ha HAII IIOIJIS, IPUHIIUIIO-
BHUM HEIOJIKOM IIKIJIbHOT ocBiTH B YKpaiHi. Il erbest He TibKHE PO KOHTAKTH
3 JTOCJIIHUIBKUME, IIPOEKTHO-KOHCTPYKTOPCHKUMH Ta BUPOOHUYIUMU IIi AIIPHU-
€MCTBaMU, aJjie i IIpo AKOMOTa MIBT/IIIIe BUKOPUCTAHHS BUBYEHOT'O CTYAeHTAMU
y HAaCTYIIHUX HaBYAJBHUX KypcaxX, HAITPUKJIAJ, HABUYIOK IIPOTPaMyBaHHS Ta
eKCIIJTyaTallil ImporpaMHuX ITPOJAYKTIB Yy Kypcax MaTeMaTUKu, Pi3uKu, Mpu-
KJIa/THOI TeOMeTpil TOIIO.

Awnorartiss. ¥V poboTi po3risiIaloThCs MUTAHHS (QYHIaAMEHTAJIBHOI IIiIro-
toBku y Texuitvnomy BH3 Vkpaiuu na cydacuomy erari. AHaji3y0TbCs Ipo-
OJ1eMU, TTPOTIOHYIOTHCA TTPUHITUATIOBI TTiTXO/IH JIO0 OpTaHi3allil HaBYaJILHOTO TPO-
IleCcy, OpPi€EHTOBAHI Ha IMATOTOBKY (DaxiBIB Yy HEOOXITHUX KITBKOCTAX Ta aJe-
KBaTHOI BUKJIUKAM YacCy SKOCTI.

Kuaro4osi ciioBa: npodopienrariiina podboTa, pyHIaMeHTaJIbHA I Ar0TOB-
Ka, JUCTaHIliiHa (popMa HABYAHHS, MOTHBAIlid.
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fHA
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SACTOCYBAHHA ITEPETBOPEHHS{A ®YP’E Y
MATEMATNYHOMY AHAJII3I HEITEPEPBHUX CUT'HAJIIB

K.}O. BAPAHOBA

[IeperBopennsa Dyp’e € ogHUM i3 HANWBaK/IUBIMIUX IHCTPYMEHTIB MaTeMa-
TUIHOI'O aHaJI3y, IO 3/ifiCHIOE IIepexina Bij dacoBol 00JacTi 10 YacTOTHOI.
[le mo3BOJIsIe TIOJATH JOBUIBHY iHTErpoBHY GYHKINIO f(t) sIK CyHneprosuIiio
HECKIHYeHHO! KLJIbKOCT1 TAPMOHIYHUX KOJIMBAHb PI3HUX YaCTOT:

+oo
F)= [ rwean,
— 00
e F(w) — crnekrpasibHa GyHKILsI, 0 XapaKTePU3ye€ YaCTOTHUN CKJIaJ] CHU-
CHAJLY.
ObGepHeHne 1epeTBOPEHHST Ma€ BULJISLI

+o0o
f(t) ! / F(w)e™? dw.

:% .

Axmo f(t) € L2(R), To Buronyerncs pisuicts [lapcesasts:

+o00 1 [T
| wera=g- [ ire)Pd,

— OO
IO BijoOpazkae 30epexKeHHs eHepril CUTHAJIy IPH MePeXoJli 3 4acoBol 00J1acTi
y 9acTOTHY.

[TeperBopenns Dyp’e 9acTO BUKOPUCTOBYETHCA y 3aJadax aHaJi3y Helle-
PEPBHUX CUTHAJIB, OCKIJIBKN JO3BOJISE€ BUILJIUTH 1XHI 9aCTOTHI XapaKTepu-
ctuku. [le 0cobIMBO BazKJIMBO B €JIEKTPOHII, aKyCTHUIIl, TeJEKOMYHIKaI[iIX Ta
i posiit 06podbiti 300pazkensb. Hampukiia i, npu (gpiabTparliil CUIHAJIIB BUKOPU-
CTOBYIOTH BJIACTUBICTD, 110 3TOPTKA y YacOBiil 00JIacTi Bi/IIIOBiIa€ MHOXKEHHIO
Yy 9aCTOTHIN:

FAf gy =F{f}- Flg}.
Kpim Toro, neperBopentss Pyp’e nepeBoaUTh OIEePaIliio AU@EPEHIIIOBAHHS Y
MHOKEHHS:
F{f' ()} = iwF (w),
IIIO CIIPOIIYE PO3B’si3yBaHHs JU@EpPEHIaJIbHIX PiBHAHD i3 IMOCTIHHUMU KOe-
dimierTaMu.

Y MaTeMaTHYHOMY aHaJIi3i neperBopeHHs Pyp’e MiHHE TUM, IO JT03BOJISIE

He JIUIIIe BUBYATU BHYTPINIHIO CTPYKTYPY (PYHKINHN, ajle i aHasIi3yBaTl 1XHIO
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JUHAMIKY Ta BJACTHUBOCTI y YacTOTHOMY IipocTopi. ToMy BoHO € dyHIIaMeH-
TOM CHEKTPAJbHUX METO/IIiB, sIKi 3aCTOCOBYIOTHCH JIJIsI PO3B’A3aHHS KJIIOUYOBUX
PiBHSIHb MaTeMaTUIHOI (DI3UKH, IO ONKUCYIOTh, HAIIPUKJIAI, TEILJIOIPOBITHICTH
abo xBUJIbOBI Tporiecu. PaKTUIHO, BOHO CJIYT'YE OCHOBOIO JIJIS IIJIOTO Py
MEeTO/IiB PO3KJIafaHHs (DYHKIIIH 38 OPTOroHAJbHUMU Oa3ucaMu, Oyaydu TiCHO
OB’ sI3aHUM i3 KjacuaHumu psiaamu Oyp’e.

[TeperBopennst Pyp’e — 1ie yHiBepcaJbHUN MeXaHi3M JIjIsd aHAJI3y Helle-
pepBHEX cHrHAJIB. 10ro KIII0UoBa IIepeBara moJIsrae y 31aTHOCT] IepeBOINTH
JIaHl 3 1aCOBOI Y YaCTOTHY 00JIaCTh, 110 3HAYHO IIOJIETTIIyE€ poOOTY 3 audepeH-
IiaJJbHUMU PIBHAHHAMU Ta 3a0e31edy€e ryimboKe po3yMiHHS PO3IOILITY eHepril
B curuaJi. [leit meron ciryrye dyHaaMeHTaJIbHOIO 623010 sIK JIJIsT aKaIeMiIHIX
JIOCJIIJIPKEHb, TaK 1 JIjIsi YUCJIEHHUX IMPAKTUIHUX PO3POOOK y CydacHiil iHzKe-
Hepll Ta HayII.
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PO3B’A3AHHA NEAKNX KJIACIB ®YHKIIIOHAJIBHUX
PIBHAHb METOA0M IIIJICTAHOBOK

.M. BYIIEB

[Turanusa npo po3B’s3yBaHHs (DYHKIIIOHAJBHUX PiBHSIHBb — OJIHE 3 HalicTa-
piImux y MaTeMaTHII].

Judepentiajibai Ta iHTErpaJibHi PiBHIHHS BUBYAIOTHCS Y BiJITIOBITHUX KYP-
cax BuIol mareMaTuku. OyHKITIOHAJIbHUM PIBHIHHSAM, 9Ki He € audepeHIii-
AJbHUMHU Ta IHTErPaJbHUMHU, MPUJIIIAETHCI 3HAYHO MEHIIe yBaru, 9K y Kypci
MaTeMaTUIHOTO aHaJI3y, TaK 1 B Kypci (DyHKITIOHAJIHHOTO aHaJJi3y, XOod4a IIi
PIBHSHHS 9aCTO MPOMOHYIOTHCS JJI PO3B’A3yBaHHA Ha MATEeMaTUIHIX 3Mara-
HHSAX: OJIIMITia/1aX, TypHipax, KOHKypcax.

Metoa migcTaHOBOK — HAaMOIJIBIN MOMIUPEHUN 1 HAXOLIBII JIi€BUl crocid
pO3B’a3yBaHHs PYHKITIOHATLHUX PiBHAHD. BiH 1ae 3Mory po3s’a3yBaHHs QyH-
KITIOHAJIbHUX PIBHAHB 3BECTH JI0 PO3B I3YBaHHS PIBHAHD BiJIOMUX TUIIIB, 30K-
peMa ajaredpaldHuX piBHAHDb Ta iX cucreM. OIHAK KOHKPETHUX PEKOMEHIalliil,
KOJIN 1 9K MOT0 MOYKHA BUKOPHUCTATHU, HE ICHYE.

[Ipu po3s’sizyBanHi 6ararbox (pyHKIIOHAJIHLHUX PIBHSIHB METOJIOM IIi/ICTa-
HOBOK PO3B’SI3KH CIIOYATKY BT IyIOTh, a MOTIM IiA0NPAOTh MOTPIOHI IIijIcTa-
HOBKU /JIJId 1X OJiep2KaHHs. B JedKkux BUIaJIKaxX, HaBITh BraJlaBIN PO3B’ I3KH,
30BCIM HEIIPOCTO IiA0MPATH IIOTPIOHI i ACTAHOBKH IIO0 1X OJIepKaTh. YCIIIIIHE
PO3B’I3yBaHHs OJIHOI'O PIBHSIHHSI, aK HisIK HE TapaHTY€ yCIIXYy IPU PO3B SI3y-
BaHHi iHmoro. Hama pobora — crpoba 3MIHUTH cUTyalliio xo4a 0 s JIesIKuX
byHKIOHATBHUX PIBHSAHD (3PO3yMiJIO, 10 HE JIJTs BCiX).

CyTh MeTOJy IiJICTAHOBOK IIOJISITA€ y BUOOPI MOTPIOHUX ITiICTAHOBOK JIJIsI
pO3B’s13yBaHHs PYHKIIIOHAJILHOrO piBHsAHHS. OCKIJIBKE aJITOPUTMU BHOOPY II0-
TPIOHUX TiJICTAHOBOK JIJ1sT PO3B’sI3yBaHHs 0araTboX (PyHKITIOHAJTHHUX PIBHIHD
HEB1JIOMI, PO3IJIAHEMO PIBHSIHHS, 38 3araJbHUM BUIJISIOM IKNUX MOXKHA, 3aIlH-
caTyu MHOXKWHY BCIX floro po3B’si3KiB.

Bcranosseno, mo 10 TaKuxX piBHSIHB BiTHOCATHCS (DYHKITIOHAJIBHI PIBHSIHHS
sy a(u, 0) f(u) + b(u, 0) f(v) = 01 a(u, v) " (u) + b(u, ) f*(v) = gu, ),
ne a(u,v), b(u,v), g(u,v) — noBiabHi 3agaHi AificHi GyHKIT Bi 1BOX JificHIX
sminaNX, f(f) — HeBimoMi (DYHKIT Ta PO3B’SI3KM MUX PIBHSIHB B 3araJibHOMY
BUIIa/IKY, HA HAITY JIYMKY, IIPOTIOHYIOTHCS BIIEPIIIE.

[Mozuaunmo gepes My(f) = {f : a(u,v) f™(u)+b(u,v) f*(v) = 0} mHOKUHY
BCiX PO3B’SI3KiB OAHOPIIHOIO (DYHKIOHAJIBHOIO PiBHSIHHSI.

B [2] 6yna copmynboBana Teopema 1.
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Hacainok 1. /lasa mmootrcuru po3e’askie GynkuionasbHo20 PiéHAHHA

¢" (v) " (u) = ¢"(w) [ (v) =0

cnpasedausi meepdocenns (a)—(0), moomo (¢™(v) f™(u)—¢™(u) f™(v) = 0)A

(Mo(f) ={f:¢™(0)f"(u) —¢"(w)f™(v) =0}) = (a)-(d).

a. (n—m=20—-1)= (Mo(f) ={f() =0, f1(t) = ¢(t)}).

6. (n=2s—1+m=2l—-1)= (Mo(f) ={f(t) =0, f1(t) =
-—¢()})

6. (n 2s-|—m = 2I) (Mo(f)
O}U{E() 0,t € E,

2. (n—m -—25—]) (Mo(f) =1{f()

0. (n =m = 2s) = My(f) = {Kfe(t
D(¢)\ E}: (VE C D(¢))(K € R)}.

=y

Ko(t) : K € R}).
= {K¢(t),t € E,

¢(1), f2(t) =

— {f(t) = 0} UM = {f(t) =
(-0(0).t € DODE: (VE € DO)),
0

Hasenemo mpukJiaz 3acTOCyBaHHSI IIHOTO HaCHiKy. Po3B’ss3artu dyHKITIO-

HaJIbH1 PIBHSIHHS.

Ipuknag 1. v" f"(u) — u” f"(v) = 0. Ockinbku ¢(t) = t, To 3a HacaiAKOM 1

Ma€EMO:

a. (n—m=2l-1) = (Mo(f) = {f(t) =0, fr(t) = 1}).

6.(n;2s—1—|—m:2l—1) (Mo(f) ={f(t) =0,
—t7).

B. (n=2s4+m=2l)= (Mo(f) ={f(t) =0} UM = (M§°
0,fe(t) =t,te E,—t,t e R\ E: (VE CR)})).

r. (n—m=2l—-1)= (My(f) ={f(t) = Kt: K € R}).

g (n=m=2s) = (My(f) ={Kfe(t) ={Kt,t ¢ E,—-Kt,t
(VE CR)(K € R)}).

f ( ) = tvf2(t)

={/(®)

e R\ E}:

Matepiaa Hammx AOCTiIyKeHb TOKJIMKAHUI JOTOMOITA BYUTEJIO Y ITIPOBeE-
JICHHI TI03aKJIACHOI pOOOTHU 3 YUYHAMH, SIKi 0aKaloTh JOCKOHAJIO, ITOTJIUOJIEHO i
BCeOIYHO BUBYATH IMIKLIBHY MaTEMaTHUKY, JTOIMOMOI'TH PO3MIMPUTHU 1X MaTeMa-
TUIHUN KPYTO3ip, MiJITOTYBATH JIO yYacTi B MaTeMaTUYHUX 3MaraHasx. Bin
Oy/ile KOPUCHUI CTYJIEHTAM, YIHSIM, dKi 3aXOILTIOIOTHCA MATEMATUKOIO, a Ta-
KOYXK YUYUTEJSAM 3aKJa B 3araJbHOl CepeHbOl OCBITH, KEPIBHUKAM T'YPTKIB 1

daKyIbTaTUBIB.

JIITEPATYPA

[1] Pemak 1. B. Qynkyionasvni pienanna: Haswasvhuti nocibrhuk. (Budawwa dpyee). —

Isano-®pankiscrk: [IHY, 2018. — 144 c.

[2] Bymes 1. M. Bnazxodotcenns hopmyna 0asn po3s’askie 0eaxux Kaacié GYHKUIOHAALHUL
prenans. — Kuis: XIX MixuapoaHna HaykoBa KoHdepeHIlid iMeHi akagemika Mwuxaiina

Kpasuyka. Tesu momosimeit., 2023. — C. 221,222.

BHY M. JIect YKPATHKHU, JIVIIbK, YKPATHA
Email address: bushev-d@ukr.net
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AKAJTEMIK MUXANJIO KPABUYVK — 3AUNHATEJIb
OJIIMIIIATHOT'O PYXY 3 MATEMATHUKU B YKPATHI

H.M. 3AJIEPEN, I'JI. HE®GBOJJIOBA, T.J. CTAJHITIVK, M.O. XOXOTBA

Miit ckapb — 1ie 3Haiijgeni tTajganTu. [lomiTuTn X,
He JaTu 3iB’dHyTH — Xi0a I1e He YecTh Jijisl maTpiora’

M. II. KpaBuyk

Y 2025 pormi, mix vac Biftau, y crinax KIII imeni Iropst CikopcbKkoro Binoy-
BaeTbcad XX MixkHapoaHa HayKoBa KOHQEpeHIlist iMeHi akajiemika Mwuxaitia,
Kpasuyka. [Iepma Taka KoHdepeniiis 3 ininiarusu mpodecopa Kadeapu MaTe-
MaTUIHOTO aHaJ 3y Ta Teopil itMoBipHocTeit Hinm Bipuenko mpoimura y 1992
poTIIi.

Muxaitno Kpasuyk, BumaTHuii yKpalHChKUIT MaTeMATHK, HayKOBEIlb, 1e/1a-
ror, TPOMAaJICBKUl isd, 3aBimyBad Kadeapu surol marematuku KIII (1934
1938) HarxHEHHO PO3OYIOBYBaB YKPAIHCHKY HAYKY Ta OCBITY, JONOKHU HE OYyB
3HUINEHUN TOTaJITapHUM PaIdHChbKUM pexkumoM. ILminHa 1 Baroma JistabHICTD
Muxaitia Iunmunosrda B ocsiTHiil ramysi Tpusasa moras 20 poxis. Voro Hay-
KOBI1 Ta MeJIarorivyHi JIOCATHEHHS € MPUKJIAI0M BUCOKOI HAYKOBOI KYJIbTYPHU Ta
narpioru3amy. CJri 3a3HaYUTH, IO BaXKJIMBOIO CTOPIHKOIO OCBITHUIIHKOI JTisI/Thb-
HOCTI akajieMika Muxaitia Kpasayka Oysta opranisaliisi mepIiroi MaTeMaTHuIHOl
onimmiagau B YKpalni. [ls momis Biadysracs pisao 90 pokiB ToMy i 3amovaTKy-
BaJla MaTEMAaTUIHUI OJTIMIIIaTHUI PyX B YKpaiHi.

[Tepma KuiBcbka maTemaTudna ojiMiiaja Oysa mnposesiena B KuiBcbkomy
nepxkaBHOMY yHIBepcuTeTi imeni Tapaca IlleBuenka 4-5 vepBusa 1935 poky 3a
akTUBHOI ydacTi akajgemika Kpapuyka. Mwuxaitno IlumumoBua ogonmms xkypi
OJIIMTIia I Ta BUCTYIHUB Ha 11 BIIIKPUTTI Ilepes] YIHIMUA Ta BUYATEAMHU KUI1B-
CbKUX KT 3 gonoBiymio «IIpo 3aBmanng i MeToan MaTeMaTHIHUX HAYK>».
Ha xajb, monosigb He 36eperyiacs, OCKIJIBKH, 9K 1 yci poboTu BYEHOro, OyJia
BUJIyYeHa 3 ycix 0i0siorek micys apemty Muxaiiia Kpasuyka. MeToto ojtim-
mia i OyJ10 PO3BUHYTH Y TIKOJISIPIB iHTEpeC 10 CAMOCTIHHOrO MaTeMaTHIHOTO
MUCJIEHHS, BUXOBATHU JIIOOOB 70 HAYKU, BITIYTH CBOI TBOPYi MOYKJIUBOCTI.

Outimmiaai 3aBaanus Oyym cuiibauMu it yauiB 9-10 kiacis. Koxxkuaomy
YYaCHHUKY OJIIMITiaau OyJI0 3aIlpoIrloHOBaHO 13 3ajiad, 3 HUX TPU 00OB’SI3KOBI
i TecaTh 3aJa9 Ha BUOIp. 3aBHaHHS OXOILIIOBAJIN Pi3HI PO3IIIN MATEMATUKH.

Indopmaris po KiMbKiCTh YYACHUKIB Ta MiJICYyMKN OJIIMITIaan He 30eperyia-
cs [1].
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o

. OGuncniTe 3HAYEHHA BHPAa3y

. Poap’s:kiTh cuereMy piBHAHL {

Sasnanna nepmol Kuiscskol maremaTinunol oximmiaan (1935 p.)
] 2 2 a
b —a’b-b"c+ca

- ++d npu a:—l,
(b-e) 2

6=0,19, ¢=0,18, d=0,04.

. Posp’awiTe pisnamma 47 F ?7%0 = f3

x+y=4,
(x* + ¥ )x* + y*) = 280.

. HomaTHi 9McAa Uy, Uyy ey ¥, YTBOPIOIOTE apUdMeTHUHY MpOrpeciio.

HoseniTe, o
1 1 1} n-1

- =t ant =—= ’
A ol R il o a0

. Hexait a i b — karTeTH NpAMOKYTHOIO TPHKYTHHKA, ¢ — Horo rimo-

TeRyaa. Joseaith, mo
log, ,a+log, ,a=2log,  ,a-log, , a.

4 2 s
. Ilpn Axknx agadeHHAX a, b, ¢ MHOrouneH Xx +ax” +bx+c¢ Hanimo

Samaui osaimmaan 1935 po-
Ky € aKTyaJIJbHUMHU 1 JIOHUHI.
Hamnpuxkian, oxHi 3 HaWOiIbII
KBaJlipikOBaHUX IIearoriB-Ma-
remaTukiB Ykpalau A. Mep-
31K, . Homiposewhkmii, B. T1o-
Joachbkuit Ta M. fAxip posrisa-
JaJIA 31 MKOJIIPaMH JIESIKl OJTiM-
ma/ Hi 3371491 Ta IIOMICTIIN 1X B
OJIMH 31 CBOIX MiIPYy4YHUKIB [2].
[legarorn mpoOMOHYIOTH YYHIM

ninurbea Ha (x—-1)°7

cripoOyBaTH CUJIA y PO3B’s3aHHI
3aJ1a9 ITI€] OJTIMIIIAIN.

Axkaziemik Kpapuyk 3amodaTkyBaB TPaJIUIiI0 BUCOKOI'O PiBHSI BUKJIAIAHHSI
MaTeMaTUKN B KUIBCHKill MOJITEXHIiIl, BUYEHHUIl IMOEIHYBaB y cODi BUIATHOIO
HAyKOBIISI, TAJIAHOBUTOI'O II€Iarora, GJIMCKYdoro jekropa. Moro sexrii Biz-
3HAYAJIMCS YiTKICTIO, JIOTIYHICTIO, €CTEeTHYHOIO JIOBepIeHicTio. Bimomo, mo
Muxaitso [InmunoBud cupusiB po3BUTKY TaJIaHOBUTOI MOJIOJI, AKY 3aI1aII0BaB
cBOIM eHTy3iazmoMm. OuH 3 fioro TajganopuTux yuniB Osekcanap CMorop:kes-
cbKuii jurre 3aBagkn Muxaitry KpaBayKy oTpmMaB MOMKJIMBICTDH 3aliMaTHCH
Haykoio, HazaJi mpodecop O. CmoropzkeBchbkuii OyB 3aBizyBadeM Kadeapu
BUINOI MaTeMaTHUKH, a 3roaoM Kadenpu maremarnduol ¢izuku KIII (1944—
1967).

[Iepma KuiBchka MaremMaTmvHa oJniMiiaga y 1935 pori crama modaTkoMm
OJIIMITIaIHUX 3MaraHb 3 MaTeMaTHKN. ¥ KPAlHChKI MIKOJsSIPi 3/100yBaiOTh 3HA-
YHHUX J0CATHEHb Ha MixKHapomHux MaTeMaTuaHuX ojiMmianax. CyvacHwuii oJti-
MIIaIHUN PYyX, 30PIEHTOBAHUIT HA PO3BUTOK CAMOCTIITHOTO MUCJIEHHS Ta JOCJTi-
JTHUTIBKOTO ITJIXO/TY, IIPO/IOBIKYE CIpaBy, PO3MOYATy TeHIEM yKpaiHCHhKOI Ma-
remaTnku — Muxaitnom Kpasaykom.

JIITEPATYPA

[1] Muxaitno Kpasuyk. Bubpani npaui. Iemopis i memodura mamemamuky // Hanionaub-
Huil Texuiuunii yaisepcurer Ykpainu «KIIl», ITlenaroriuumit my3eit YKpalnu; ynops.:
Bipuenko H. O., T'aiineit B. O., Mixuo O. I1. — K.: HTVYY «KIII», IIMVY, 2014. — 252 c. —
(Cep. «Ilemaroriuni pecny6Gaikarii»; u. 1).

[2] Aurebpa i moyaTku aHasi3y: HOYATOK BUBYEHHS HA MMOrJIMO. PiBHI 3 8 KiI.: Ipod. piBeHb:

niapy4. aus 11 ki1 3akiaiB 3arajbHOl cepenubol ocsitu / A. T'. Mepsask, 1. A. Ho-

mipoecekuii, B. B. Ilosoncbkuii [ra in.]. — X.: ['imuaszis, 2019. — 304 c.
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MVY3EN MUXAMNJIA KPABUVKA VY CEJII YOBHUILS

H.M. 3AJIEPEH, I'.JI. HEOBOJIOBA, T.JI. CTAJHINYYK, M.O. XOXOTBA

Im’st akamemika Muxaitia Kpapayka 1mo-
ciytae ocobmBe Miciie B icTopil yKpalHCHKOI
maykn. Voro mpari 3 Teopii iMoBipHOCTEI,
OPTOT'OHAJILHUX ITOJIIHOMIB, aJiredpu, Teopil
dyHKIIIH, TudepeHITiaIbHIX PIBHIHD 3aK1a-
JIA THABAJIMHA OaraTboX HAIpsAMIB Cy9acHOI
MaTeMaTUKH.

Tparigna moj1d yKpalHCHKOTO BUYEHOTO —
penpecii, apemt 1938 poky, 3acy/2KeHHSI Ha
20 poKiB 9K aKTUBHOT'O YYaCHUKA HaIllOHAJII-
CTUYHOI opraHizallil, 3ac/IaHHdA Ta, 3arudesb
Ha Koaumi y 1942 porti — 1e IpUKJIa ] TOTAJTLHOIO 3HUMIEHHS 1HTEIEKTYa Ib-
HOI YKPalHCHKOI €JIITU B Yacu PaJIgHCHKOro ToTaiTapu3my. Peabimitaris Ta
ITOBEPHEHHsI iIMEH1 BYEHOr'0 3 HEOYTTS CTAJIM MOXKJIUBUMU 3aBJISAKU Oararopi-
YHUM 3YCWIJIAM YKPalHChKUX HAYKOBIIIB, OCBITSH Ta KPa€3HABIIIB, 30KpeMa,
Muxkosm Copoxu, Hinu Bipuenko, I'ayman Curo.

Myszeit akagemika Kpasuyka 6ysio Binkpuro 13.06.1987 p. y 3arajgbHOOCBI-
tHit mkosi [-III cryneniB cema Yosaung wa Bosawuni. Inimiaropamm crasm
qupexkTop mrosmm Cremnan Jlykaryk, fioro apyzkuna €Brenis Ta Jionbka Jlecs.
BriposioBak 6ararbox pokiB HUMHU 3/IifICHIOBaJIacSd 3HAYHA TOITYKOBa, HAYKOBO-
MIPOCBITHUIILKA Ta My3eitHa podoTa.

[TomroBxoM 10 3acHyBaHHS My3€l0 CTaJiO 3BepHeHHS y 1967 p. pemakTo-
pa XKypHaJly «3HaHHS Ta mparisgy Mwukoan Copoku 10 1e/1aroriB KON 3
IIPOXaHHSIM 3i0paTyu MaTepiajan Ipo YPOIKEHIls cejla JoBHUIST — aKaJeMiKa
Kpapuyka. [IIkosstpi pazoM 3 yunreabKoio icropil €srenieio JIykarnryk BiaTBo-
PN crioraiu 3eMJIsIKiB, 30kpema Annu COKOJIIOK, SIKy BUXOBYBaJia POIUHA,
Kpauykis. IlocTymoBo Bignryka/u poaudiB yIeHOTO, OTPUMAJIN Bij HUX (Do-
torpadil ta moxymentu. Ilieminaumnsg Buenoro Codiss MoMmoTiok mepenaJia
CBIT/IMHY XaTu, y sKiifi Hapomuca M. KpaBuyk, BkazaJja Micie i1 po3Tarnry-
BanHsi. HuHi Tam BcTaHOBJIEHO TTaM ATHUI 3HaK. [leprmM KepiBHUKOM MYy3€r0
oyB Creman Jlykarmryk, 3 2005 poky #ioro crpaBy IIPOJIOBXKUJIN JIPYKUHA Ta,
Jnonbka. €Brenia Jlykamyk npucsaruia myseto nona 40 pokiB, HUHI My3eit
ovoutioe Jlecs Jlykarmyk-CBuHOBEIA.
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®on my3ero Muxaitia Kpasayka nasmiaye 1205 opuriHaJabHIX €KCITOHATIB:
MIPUXKUTTEB] BUJAHHA MTpanb Kpasuyka, Hanpukiaad «IIpo geski meperBope-
HHSI KpaTHUX iHTerpasiB» (1927), pykomumcu, ocobucTi JOKYMEHTH, HAYKOBI
KHUTH (DPAHITY3bKOIO MOBOIO, SIKUMHU IIOCJIYyTOBYBaBCA BYEHUI, OpUTiHAJIbHE
dboro M. Kpasuyka i3 curom (08.01.1928) 3 gapuwmm mignucom Mapii lmen-
koBiit. Heabusky IiHHICTh CKJIQIaI0OTh MaTepiaJi 3 JOMAITHbOIO apXiBY ITH-
cobmenanka Mukomu Copoku, gkuil yce KUTTs 10 KPUXTi 30MpaB BiJOMOCTI
PO »KUTTHA 1 TBOPUICTh MaTeMaTuka. Ha moaBip’i MKOIM, TOPYY i3 My3€€eM,
BIIKpUTO mepmuii y cBiTi mamM’ aTHUK akajgeMiky KpaBuyky, a mepinumii 3aImc
y KHU31 BiATyKiB 3pobmia onyka BueHoro Ipmaa Kpapuyk.

Myszeit Muxaitna KpaBuyka craB BUBHAHUM IEHTPOM 30€pEKEHHS HayKO-
BOI ITaM’sITi Ta TMOITYJIApU3allil YKpalHChbKOI MaTeMaTUKH, BiH IIPUIHAB TOHA]T
10 Tucsta BigBimyBaduiB 3 pizaux KyToukis ceity (Ilosbmi, @panrmii, Ascrpil,
Ascrpasnii Ta immux). My3seit Mae Bi3HaAKYy BCeyKpPalHCHKOTO PiBHsI, 3BaHHS
«3pa3KoBUil My3eii», € IePeMOXKIIEM KOHKYPCY I'POMAJICBKAX MY3€iB y HOMi-
Hamil «BunarHuit 3eMiaK».

[Tonpn cknagHl yMOBH — 3aKpUTTS MOYATKOBOI ITKOJW, BOCHHUIT CTaH,
obMexkeHe (piHAHCYBaHHS — My3€ll IPOJIOBXKYE MPAIIOBATH 3aB/ISKN I'POMA,]I-
coKiii imimiaTtusi. /IupekTopka my3seto Jlecs JIykamyk-CBuHOBEl ITPOBOIUTD
€KCKYPpCil, OpraHi3oBy€ OHJIAIH-3aX0/IU Ta JIOJYYIaEThCA 10 KOH(MEPEHIIiil ime-
Hi akasiemika Mwxaitna Kpasayka y KIII.

Brim my3eit BKpait moTpedye MaTepiajabHOI MiATPUMKHI: OpaKye Ternia, eJje-
KTpoeHepril, obJaaHaHHs JIjisi OHOBJEHHsI €KCIIO3UINil i TeXHIIHMX 3aco0iB.
[Tpobsiemu GtaroycTporo TepUTOpPil Ta pecTaBpaliil 1maM’ sTHUKA, JIOCI 3aJIuIIa-
OTHCSI HEBUPIIIIEHUMU.

Myszeit Muxaitsia Kpapuyka B HoBHUII — I1e yHIKAJIbHUIT HAYKOBO-KYJIBTYP-
HUI ocepeJioK, MO MOEIHYE YKPalHChKY 1CTOPII0, OCBITY, HAIlIOHAJLHY CBiJIO-
MicTh. My3eil cipusie BUXOBaAaHHIO HOBOT'O MOKOJIIHHSI YKPAIHCHhbKUX HAaYKOBIIIB,
dopMye moBary JI0 BITUYM3HSIHOI HAYKU, € 3PA3KOM BITHOBJIEHHS CITPaBeIIU-
BOCTIi, 3pa3KOM MMOBEPHEHHS Y CYCITJIbHY CBiJJOMICTH HAIUX CIIBBITYN3HUKIB,
3HUIIEHNX TaHeOHUM PAJIAHCHKAM TOTATITAPHUM PEXKUMOM.

B ymoBax cydacHmX BUKJINKIB My3ell 3a/JUMAETHCA CHMBOJIOM CTIHKOCTI
YKPAIHCHKOI HAYKM 1 maM dTi, TPOIOBXKYE CIIpaBy, dKy cam Mwuxaitio KpaBayk
BBaykaB HAWBUINOIO YECTIO JJIS TTaTPioTa — «IIOMIYaTH TaJaHTH i HE JTaTh 1M
3B AHY TU>.

KIII im. Iropss CikorcbKoro, KuiB, YKPATHA
Email address: zadereynm@gmail . com
Emazil address: g.nefyodova@gmail.com
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METOJ/I0OJIOTIS BUKJIAJAHHS JTUCIUIIJITHNA
«KBAHTOBE ITPOTPAMYBAHHSI» ¥ CYYACHUX
VHIBEPCUTETAX

C.0. KIOCOBA, A.B. CUPOTEHKO

AxryanbHicTb. HajmorykHi KBAaHTOBI KOMIT'10T€pH 0OPOOJISIOTH BEJIUKI 00-
caru iHpopMallil edbeKTUBHIIIE i MIBU/IIIIE, 3aCTOCOBYIOThCA B Pi3HUX cdhepax
HayKd. AKTyaJIbHICTh T€MU 3yMOBJIEHA IOTPEOOI0 SKICHOIO HaIaHHSI OCBITH 3
€] TUCTIUTLIIHA B YHIBEPCUTETAX.

Meta pocJimxkenHs. MeToro JIOC/TiI?KeHHSI € aHaJIi3 Ta BUBHAYEHHS PE3YJ/Ib-
TATUBHUX ITIXO/IIB 1 METO/IB BUKJIQIAHHSA JUCIUILIIHT JIJIsI YCITIIITHOTO 3aCBO-
€HHA4.

CyTHicTb pocaigkennsa. KsanTtose nmporpaMmyBaHHS 3aCTOCOBY€E HOBI 004M-
CJIIOBAJIbHI MapaJInTMU, 3aCHOBaHI Ha 1/Ies1X KBAHTOBOI MeXaHIKW: KBAHTOBIH
3allIyTaHOCTI, iHTepdEepeHIlil, Cyepo3uIlil; MaTeMaTHIll, 30KpeMa Ha, JIiHii-
Hiil 1 BeKTOPHI#l aareOpi, Teopil IMOBIpHOCTE, TEH30PHOMY YHCJIEHHI; iHPOP-
maruri [1].

EdexkTuBaoto cTpareri€io € mapaJiesibHe KOMOIHYBaHHSA TMPAKTUIHUX 3aB-
JJaHb, CAMOCTIAHOTO OITpaIfOBaHHA MaTepiajgy Ta iHTepaKTUBHOI'O HABYAHHS.
Ha Bcix eramax o3HaifloMJI€HHS 3 KOHIIETITIEI0 KBAHTOBOI'O TPOrPaMyBaHHS 3a-
JIYYaIOThCs Pi3HI BUIU 1AM sITi, acOIlaTUBHE MUCJICHHS Ta Bi3yaJri3allid, ILs-
XOM JIOCJIi/I?KeHHsT KBAHTOBUX MPOIIECIB Ha MPUKJIAIHUX 3ajadax. /[1a 3akpi-
IJIEHHS TIPOMJIEHOTO MaTepiasty, HaJa€ThCd 3aBJIaHHs JIJIT JOMAITHBOTO CAMO-
omparnioBatus 3.

Ilix wac mpakTUYHUX Ta JEKIIWHUX 3aHSIThb BiJIOYBAETbCA IOTINOJIEHHS
3HaHb 3 PyHJAMEHTAJbHUX IIOHATH KBAHTOBOI MEXaHIKH, IT[0 BUCTYIIA€ OCHO-
BOIO IIPOIIECIB Y KBAHTOBUX KOMII' foTepax. IIporonyeTbest o3HaiioM/IeHHS 3 T10-
HATTAM KyOiTa [1].

BazkauBum po3ijioM € icTopist pO3BUTKY KBAHTOBUX OOYNCJIIOBAJIBHUX CHU-
creM. lIpemer Hajtae Kpalne po3yMiHHs iCTOPUYIHOI OCHOBU (DOPMYBAHHS Ta-
JIy3i, OCHOBHHUX HAIIPAMKIB Ta 337349 sIKi HOTPEOYIOTh BUPIIIEHHS.

Konmemnil MmaTpuilb Ta BEKTOPIB 3 JIHINHOI aJIredpu J03BOJISIOTH IIPEICTa~
BUTHU CTaH KyOiTiB y BUIVIAAI BEKTOPIB, OIUCATU JIHINHY CYIIEPIIO3UIIIIO Yepe3
0a3uCHI BEKTOPH, JTAI0THh PO3YMIHHS TOT'O, sIK ITPAITIOIOTh KBAHTOBI BEHTWUJIi, Ta-
Ki gk ogHoKy0OiTHI, 1BoKyOiTHI BenTmii CNOT, Axamapa, Toddoui Ta immmi.
Ile, HaaJIi, cTaHe OCHOBOIO JIJIsl PO3YMiHHSI TEH30PHOrO JI00YTKY |1, 2.
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BisoyBaeTbcs o3HaitOMIEHHS 31 CHENiaJIJbHUMI KBAHTOBUMU AJITOPUTMAaMU,
JK1 He € MPUTAMAHHUMU JIJII KJTACUIHUX KOMII FOTEPIB, TAKUMU K aJITOPUTMHU
[TTopa Ta I'posepa [2].

ITi;1 vac HaBYAHHS 3aKJIa/Ia€ThCd 0a3a MOHATDH 3 KJIACUIHOI'O IIPOTrpaMyBa-
HHsI, 30KpemMa: OyJjieBa JIOTriKa, apXiTeKTypa KOMII I0Tepa, OCHOBHU JIBIKOBUX
qrces. 3aBIAKU IIbOMY 3/100yTi 3HAHHSI KJIACHUIHOTO IPOrPAMyBaHHS TOJIEr-
IIYIOTh PO3YMiHHS KBAHTOBOI'O, OCKIJILKI HOBa iH(OPMAaIlisi IIOJAEThCA Y 3HA-
filomomy ceperosuii [1].

3100y TTd TPaKTUIHUX HABUYOK y KBAHTOBUX MOBAX IPOI'PAMYBAHHS Ta
6ibriorekax frameworks moxke posmodarucs 3 Takux Irardopm: Microsoft
Quantum Development Kit; Pennylane s ribpuiHoro mporpamyBaHHs, 110
IIOEJIHY€E MAIllMHHEe HAaBYaHHsI 3 KBAaHTOBUM IporpamyBaHusaM; Qiskit na IBM
Quantum Platform. IlepeBara moJssrae B MOXKJIUBOCTI peasii3yBaTu KBaHTOBI
Ko/Tu vepe3 mporpamu Ha Python, a Takox y 6e3kormrosaomy poctymi. Hamgasri
CTYJICHTHU IIPAITIOIOTH MPAKTUIHO 3 IEI0 MPOrPaMOIO, JTOCTIXKYIOUYN CTaHIaP-
THI KBAHTOBI CTPYKTypHi cxemMu Ta BeHTWI. CTyJIeHTU O3HAMOMJIIOIOTHCS 3
Open Quantum Assembly Language (openQASM), a TakoXK 3 KOMITLISIIIEIO
Koy |3].

Komu nmucnimmurina BukmataeTbed Ha 1 Kypel 3 ypaxyBaHHAM HU3BKOI TTOYa-
TKOBOI 00i3HAHOCTI y 1t cdepi, 3/100yTTd HABUYOK HA MEPIIUX eTalax po3-
MMOYMHAETHCS 31 CIPOIIEHUX MPAKTUIHUX 33/, siKi He TOTPeOYIOTh 3HAHD 3
KBaHTOBOI MEXaHIKH, aJie 3/IaTHi IIPOJIEMOHCTPYBATH KBAHTOBI OOYHMC/ICHHS Ha
npakTurl [1]. BaxkinBoro CKIaJ0BOIO € BUBYEHHSI allapaTHOrO 3a0e3edeHHs
KBAHTOBUX KOMII'IOTEPIB [3].

BucuoBku. Kypc noeanye napaJjiebHe BUBUYEHHS SIK TEOPETUIHOrO, TakK i
MMPaKTUIHOTO MaTepiaay 3 JeKLIbKOX TouHnX Hayk. lle crae KiaodoBUM 1
SIKICHOI OCBITU 3 JIUCIUILJIIHA «KBAHTOBE IMPOT'DAMyBaHHSI».

JIITEPATYPA
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springeropen.com/articles/10.1140/epjqt/s40507-024-00271-9

[2] Majid Haghparast. Innovative Approaches to Teaching Quantum Computer
Programming and Quantum Software Engineering — https://arxiv.org/abs/2501.
01446v1

[3] Prashanti Priya Angara. Teaching Quantum Computing to High-School-Aged Youth: A
Hands-On Approach — https://ieeexplore.ieee.org/document/9613752
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IIET M. II. KPABUVKA ITI10/10 BJOCKOHAJIEHHI
MPO®ECINHOI MIATOTOBK MANBYTHIX YUUTEJIIB
MATEMATUKHN

O.M. KPABYVYK

Bpaxkae majieKorJisiiHiCTh 1 MEepCHeKTUBHICTD izieit akajiemika KpaBuyka,
SIKUI MafiOyTHE Jiep2KaBU TOB’3yBaB i3 AKICTIO MiJITOTOBKU MOJIOJIONO ITOKO-
JIIHHS. Y BCTYIIHOMY CJIOBi, ke BiH Burojocun y 1930 pori nHa 3acizanai Ma-
TEeMaTUIHOI KOMicil, cTBepKye: «/lep:KaBa, IIiIHICIIN... OCBITY i HayKy... Ha
BUCOYiHb, HE3PIBHIHHY 3 IIOMEPETHIMU TIepioIaMu, Ma€ ITPaBo 1 MiJICTaBA CIO-
mBaTUCA Y OIMKIOMY MaiiOyTHHOMY... TAKMX HAYKOBUX KaJIPiB, IO 3PO0JISATH
HaITy TIKOJY OCEPEIKOM CBITOBOTO 3HAYUEHHS ».

ITlizroroBka MaiibOyTHHOIO BUMTE s MaTeMaTHUKNA Ha (haKyabTeTi indopma-
MIITHUX TEXHOJIOTIH 1 MaTeMaTuKN BOJMHCHKOTO HAIIOHAJBLHOTO YHIBEPCUTETY
imeni Jleci YKpaluku 31IICHIOETHCS y TICHOMY 3B’I3KY 3 MEeJIarOrivHOI0 CIa]I-
MIIUHOIO HAWBU3HATHINIOINO YKPAIHCHKOTO MaTeMaThka XX CTOpidds, BCecBi-
THBO BiJJOMOI'O BUEHOT'O, aKaJieMiKa, HaIoro 3eMjsdka Muxaitia [Inmunosuya
Kpasuyka.

[Tornamn Muxaitna Kpasayka Ha mpodeciitie cTaHOBJIEHHS MaliOyTHIX yIu-
TeJIIB MJITBEP/ZKYIOTHCS 1X BIJIITOBIIHICTIO 3MICTY CyYacHOI OCBITHBOI I1apa/Iu-
I'MHU, JOMIHAHTOIO sIKOI BU3HAYEHO OCOOUCTICTH CTYIEHTa sIK CyD’€KTa HaBYaH-
Hd. [aauBixyansaunii ctuab megarorignol B3aemosii M.I1. Kpasayka 3i cTynen-
TaM# XapaKTepru3yBaBCs BIIKPUTICTIO, IMMUPICTIO, IIOBATrOI0, JIOBIPOIO, T ATPUM-
KOIO MOJIOJI, CIPUUHSTTAM CTY/IeHTa 9K HaWBUINOI MIHHOCTI. BiH J0CcKOHaJIO0
BOJIOJIIB ITe/Iarorikoro criBpobiTHuiTsa |1, c. 334] Ta [4].

Muxaiino KpaBayk, Sk MeTOINCT-MaTeMaTHK BiI3HAUYaB HEJIOIIKT Y TPaIU-
IMITHOMY ITIXO/1 M0 BUKJIaJaHHd MaTeMaTHKI: HEJIOCTATHIN PO3TJISAI MIZKITpe-
JMETHUX 3B’s3KiB, AyOJIIOBaHHA OKPEMUX TEOPETUIHUX IIOJIOKEHb Yy PI3HUX
MaTEeMATHIHUX JIUCIHUILIIHAX, HeJOpedHe IOJIPiOHeHHsT MaTepialy B MeyKax
OJTHOTO TIpeIMeTy. 3a yMOB iH(OPMAIIITHOTO TIepEeBAHTAXKEHHSI CYyJIaCHOTO Ha-
BYAJILHOT'O ITIPOIECY TAKW IMiJIXiJT 3aCIyTOBY€E Ha yBary y mpodeciitaiii mijaro-
TOBIII MafiOyTHIX TeIaroris.

M.II. KpaBuyk po3yMiB, IO CTYJAE€HTH CHPUHAMAIOTH Ta OIHIOIOTH HOro 3
o3uIlil MaifOyTHROI IIpOoeciitHOT MiAIbHOCTI, TOMY HaMaraBcsd OB SI3aTHU BU-
BUYEHHsSI MaTEeMaTUIHUX JUCIUILIIH i3 mpodiseM MaitbyTHbOrO daxisis. Ha-
BYaroun MareMaTukiB, Mmxaitio IluinnoBuya BuKIamaB yci MATAHHS TaKUM
YUHOM, MO0 CTYAEHT MIil BHKOPHCTATH Iieil mMarepias (xoda 6 9acTKOBO) y
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CBOIMl mejaroriuniii pobori: Ha ypokax abo 3aHATTAX IMIKIJILHONO MaTeMaTH-
YHOTO TypTKa [3].

Ha dakyabreri indopmaniiinnx texnosoriit y BHY mnpaittoe ryprok «Ilo-
craTh akajieMika Mwuxaityia KpaBuyka Kpishb npusmy HayKOBO-II€IATrOTivIHOL
JSIIBHOCTI», SIKU#l cipusie€ 30aradeHHio 3HAHHIMEI Ta (POPMYBaHHIO IIPOdeciii-
HUX AKOCTell MailOyTHBOTO BUMUTE/S MATEMaTUKN, BUKOPUCTOBYIOUHM OaraTuii
OCBITHBO-IIEJIATOTTIHAN CHa 0K BUIATHOT'O BUEHOIO.

Ax nmemaror, Muxaitno [Iumumosuya npuBYas CTY/IEHTIB 6aUUTH Y KOKHOMY
IIKOJISIPEBI TBOPYIY OCOOMCTICTh, BMITH OPraHi3oByBaTH HaBYAJbHY dislJIbHICTH
3 TAJaHOBUTUMH JITbMU, BUSBIAATH obOmapoBanux. Came 3 itoro iHimiaTrwBu
BimOysacs nepina B YKpaini maremarnasa omimmiana (1935 p.) [2, c¢. 179].

Y JlynbKy IOpigHO TPOBOIUTHCS MaTeMATHUYHA OJIIMIIiaja, MPUCBAYEHA
M.II. KpaBuyky. ¥ 3aKjajax 3arajbHOl CepeIHbOl OCBITU CHOTOJIHI BYNUTEJII
MaTeMaTUKW, HAIlll BUITYCKHUKH, IMTTPOKO BUKOPUCTOBYIOTH METOJIMIHI TTPUIIO-
Mu, iportoHoBaHi M. KpaBaykoMm, BUSBIISIOTH TAJTAHOBUTUX YYIHIB, TPOBOIAIN
MaTeMaTH4Hi irpu Ta po3Bard (PaHOK XUTPOMYJPUX 3aJad, TOJUHA I[KABOI
MaTEeMATHKN) 3 PO3B’s3aHHAM 3a7ad4, ckiaajgennx M. Kpapaykowm, dmranbka
koHdepenriss — 3a pomanom M.O. Copoku «Muxaitiio KpaBayks.

Suauny ysary takoxk npuaiigs M. II. KpaBuyk nurtanaaM JIUIaKTUKA:
OHOBJIEHHS 3MICTY MaTeMaTUIHOI OCBITH; yIOCKOHAJEHHS MPOIeCy HaBYaHHSI;
MEeTOUIHE 3a0€e3IIeYeHHs ITPOTIeCy HABYAHHS; TIOMY/IIPU3allisd MaTeMaTHIHIX
3HaHb 13 MEPCIIEKTUBOIO Ha 1X BUKOPUCTAHHS JIJII MPUCKOPEHHST €KOHOMITHOTO
PO3BUTKY J€pPKABU.

Buxkopucranusg jocsigy i meroguanux mopag M.II. Kpasuyka cupustume
IIATOTOBII TBOPYOTO BUMUTEJIsI, SIKUM HE JINIIEe BOJIOJAIE MpodeciiiHuMy 3HAH-
HSIMHU, & ¥ BIAPISHAETHCS CTIMKOIO MOTHUBAIIIEIO 0 HeJaroriaHol JistIbHOCTI Ta
CTIAKUM TIparHeHHsIM JI0 CAMOB/IOCKOHAJIEHHSI.
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IIEI HAIIIOHAJIBHOI ITEHTUYHOCTI B OCBITHIN
MISIJIBHOCTI M. KPABUYKA

O.M. KPABYVK, O.B. I'HEITA

Y CKpyTHI Jjis1 YKpalHu YacHu 3aBKIU OyJiM NaTpioTH, IPOMAJICHKI isidi,
HAyKOBIIl, IeJaroru, Kl BiJCTOIOBAJIM HaIllOHAJILHI 1HTEpeCcw HaIlol JeprKa-
Bu. Cepes HUX ocobuBe Micie 3aiimae Muxaitio KpaBuyk, sikuil J0KJ1a/1aB
YUMAaJIO 3yCHUJIb J0 PO30y/I0BU HAIIOHAJIBHOI OCBITH Ta HAYKH.

[Tepiomx 1917-1920 pokiB XapaKTepU3yEThCA BU3HAYAJIHLHUMHA IO TUIHUMUI
3MiHAMH Y »KUTTI HAIIIOTO HAPO/LY, 00POTHOOIO 38 CTBOPEHHS BJIACHOT JICPYKABH.
Y 6epesni 1917 poky 3 MeTOIO OpraHizaliil yKpalHChKOI'o MKIiJTbHUIITBA ¥ Kueni
OyJs10 cTBOpeHe IrpoMaJichbke ToBapuCTBO MIKiIJIBHOI OCBITH. 5—6 KBITHSI IIOI'O K
poky THIO opranizysaJio Ilepinit BceykpalHCbKUN yINTEIbCHKUI 31311, Ha,
sIKOMY OyJi0 cTBOpeHO BceykpalHChKY yUUTE/bChKY CIHJKY. Y YacHUKU 3’1371y
nopyumym TIIO BumanHsS yKpalHOMOBHHMX MHiIPYYHUKIB, HepPErJisdl HASBHUX
i po3pobKy ykpaincbkoi Tepminosiorii. [Ipu TIHIO mparroBasa MaTeMaTUIHa,
KOMicCisd, Jie BaxKJUBY POJIb BijmirpaBaB Kpapuyk. Buenwnit momaB Ha pO3IJIsI
KOMICiT TTPOEKTU TE€OMETPUIHOI Ta aaredOpaldHol TepMIiHOJOTII, K1 Oyan ormy-
oaikoBani y 1917 pori BumasaunreoMm TIIO. 14 cepuus mboro xk poxy Kpas-
4qyK 3BepHYBcs y ['enepanbunit Cekperapiat OCBiTH 3 TPOXaHHSIM IIPO TTOCATY
BUHUTEJIs] MATeMATUKH B YKpaiHchKiil mkooi [1]. HeBnossi Bin orpuMas 103811
Ha poboty y kuiBchbKux llepmriit Ta /Ipyriit ykpaiHCbKUX TiMHAa3igX. YKpall-
CbKI IIKOJIM, IiATPUMYIOUM Ta IIPONATryI0YN HAIlIOHAJBHY izeio, dpopMyBaJn
Ta PO3BUBAJIM HAIIOHAJBLHO CBIJIOMY MOJIOIL — MAaiOyTHIO iHTEINeHITiIO.

JIITEPATYPA
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BHECOK M.II. KPABYVYKA ¥ BUBYEHHA KPUBUX
JPYI'Or'O IIOPAJIKY B AHAJIITUYHIN TEOMETPII

O.M. KPABYVYK, O.C. MATAIIYK

AnajliTndHa TeOMeTpis — YacTUHA MaTEeMATUKH, sIKa, 3aCTOCOBYIOYN KOOP-
JUHATHUI METOJI, TOC/IiI>KY€E reoOMeTpUYIHI 00’ €KTH 3acobamMu aJredopu.

M.II. KpaBuyK akKIleHTyBaB Ha TOMY, IO aHAJITUIHE PIBHAHHS HE MOYKHA
pPO3IJIsIaTU JIUIIIE sIK CYKYIHICTb KOedillieHTiB i cuMBOJIiB. BoHO € Hociem
FeOMETPUYHOIO 3MICTY, IKUI PO3KPUBAETHCS Yepe3 IePeTBOPEHHS KOOP/IMHAT
1 JIOCJII2KEHHSI 1HBaplaHTIB PIBHSIHHS.

Bin zayBaxkyBaB, 110 3HaUYE€HHSI BU3HATHUKA, CKJIAJIEHOTO 3 KOEdIiIi€HTIB
IIPU CTAPIIUX WIEeHAX 3araJbHOTO PIBHAHHSA KPUBOI JIPYTOTO MOPSAIKY Ha TLIO-
IIWHI Ma€ He JIMIITe aHAJITUIHe, a if TJIn0OKe reoMeTpUYHe 3HAUEeHH, BiJ100pa-
»Ka€e (popMy Ta BIACTUBOCTI KPUBUX JIPYTOrO IMOPSJIKY, Ja€ 3MOI'y T€OMETPY
«baunTH> PIBHSHHS — TOOTO YSIBJIATH, SIK PO3TaIloBaHa Kpusa [1].

Muxaitno Iummmosna KpaBuyk 3amporionyBaB epeKTUBHI METOIN BU3HA-
YeHHs TUIY KPUBOI 3a 11 pIBHSIHHSIM, 3aCTOCOBYIOUN IIEPETBOPEHHS KOO/ IMHAT
i BUKOPUCTOBYIOUM CHUMETPIIO PIBHSIHB JIJIsl CIIPOINIEHHsI O0UHC/IeHb [2].

Bin BopoBaguB MeTOINKY 3BeJeHHSI PIBHSIHB JAPYTOro MOPAAKY 10 KaHOHI-
YHOTO BUIJISTY, siKa I'PYHTYBaJacd Ha ifel odepTaHHA Ooceil KOOpJWHAT s
yCYHEHHS djeHa 3 J00yTKoM Xy. lle m03BOMMIO 3HAYHO CHPOCTUTH ITPOTIEC
Kjacu@ikKallil KpUBUX 1 JTaJI0 MOYKJIUBICTH PO3TJISJIATH 1XHI BJIACTUBOCTI B YHi-
dikoBaniit popmi. Meroauanuii ebeKT mojsirae y TOMY, 10 Ha, KOXKHOMY €Talli
BUKOHAHHS 3aBJIAHHS HE JIUITEe PO3B’I3YIOTh PIBHAHHS, a i yCBIIOMJIIOIOTH HO-
o0 TeOMETPUIHUN 3MICT.

Muxaitno [Innmunosrma KpaBuyk 3poOuB BaroMuii BHECOK y PO3BUTOK aHAJIi-
TUIHOI reomeTpil. MeToaudHi 1iIX0/u BUEHOIO0 e(PEKTUBHO 3aCTOCOBYIOTHCSI,
30KpeMa, MPpU BUBYEHHI KPUBUX JIPYTOrO MOPSAIKY.

JIITEPATYPA
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V3ATAJIBHEHHS TA BAPIAIIII IHTEPIIOJILITIMHMX
OOPMYJI HBIOTOHA

C.0. KYXAPVK

[HTepnONAIiA € OMHUM i3 KJIIOYOBUX METOIB YHCEJTHHOIO aHAJIi3y, 10 3a-
Oe3Ireuye BiTHOBJIEHHSI HEIIEPEPBHOI 3aJI€2KHOCTI 38 OOMEXKEeHUM HaOOPOM JTUC-
kpeTHux JanuX. llicas nmossu dpopmysn Herorona i Jlarpanka, ski 3akJaJjm
OCHOBY TIOOYJIOBH IHTEPHOJISAIIAHUX MOJIHOMIB [1], po3BUTOK 11i€l Teopil po-
JIOBYKHUBCsI Y HAIIPsIMi BJIOCKOHAJIEHHsI TOYHOCTi, CTaOLILHOCTI Ta cuMeTpil 00-
qncjenb. ¥ XVIII-XIX cromiTrsax 0yso 3ampornoHOBaHO HU3KY Bapialliil Kiia-
CUYHUX ITiJIXO/TiB, TKi 3pOOMJIN IHTEPIOJISII0 e(DEKTUBHUM 1HCTPYMEHTOM JIJIsT
IPaKTUIHAX PO3PaXyHKIB y (isurl, acTpoHoMil Ta reomesil [2].

[Ticns yzarasbHeHHd iHTepHosiiinol ¢popmynu Icakom HbioroHoM 3’siBU-
mucst 11 ancaenni mogudikarii [3]. Oxniero 3 HaiiBimoMimux cramga dhopMmysia
Hriorona—Crepiinra, cTBOpeHa Ha OCHOBI METO/Y CKIHUYEHHHUX Pi3HUID:

M)+ A0 =T) | Laaiyy

+ %g?(g? C1)AY (g — 2T) + ...

flzo +&T) = f(xo) +¢

_|_

ne A f(xg) — pizanmi k-ro mopanky, a T — Kpok Tabmuii. CuMeTpudHicTh
OOy I0BH Psi/Ty BiJIHOCHO IEHTPAJILHOTO BY3Ja 3MEHIITYBaJIa TOXUOKY IPU PiB-
HOMiPpHOMY PO3TallyBaHHI By3JIiB, 10 3pO0OMIO (hOPMYITY 3PYIHOIO JIj1sT TaOJIu-
YHUX OOYMCJIEHb Y MPAKTUIHUX 3aJa9aX.

BaxxkmmBum Kpokom ymepen craau gochaimkenns Kapmaa ®@pinpixa [ayca,
sakuii y 1812 porii po3pobuB BJIACHY IEHTPAJbHY (DOPMYJTYy IHTEPITOJISIII:

F(mo +€T) = F(wo) +EAf(z0) + E(E ~ 1A (o — T)
+ (€ +DEE - DA f(wo ~ T)

F (6 DEE —1)(E— A% (g —2T) + ..

Bomna 3abe3neuyBaJsia JIBOCTOPOHHIO TTOOY/I0BY IHTEPITOJSIITHOTO PsITy 1 BUCO-
Ky TOYHICTH BiJIHOBJIEHHSI (PYHKITI Ha PIBHOMIPHHUX CITKaX, IO MaJIO 3HAYEHHS
JIJIsT 0OPOOKM aCTPOHOMIYHUX CIIOCTEPEYKEHD.
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Y XIX cToaiTTi pO3BUTOK MUX /el TpoaoBXKuBcs y mpargx Ppigpixa bec-
ceJisg, akuii y 1824 porii 3ampononyBaB BJacHy (popMyJy IEeHTPaJIbHOI IHTEp-

TIOJISAIIIT:

o) = fle)+ea flaoyt a2 plag) + EDEEE D p iy
Bowna BijgHavasacs miIBUIMEHOIO TOYHICTIO i 3PYYHICTIO JIJIsT TPAKTUIHUX 00-
qHCJIeHb y reojiesil, acTpoHoMil Ta Hasirarii. Hesasexxuo Bix Beccesns momiony
KOHCTPYKIIIO 3aIpOIoHyBaB JIiJICTOYH, AKUIl yTOYHUB CTPYKTYPY IEHTPaJIb-
HUX PI3HUID JIJIsi KPAIIOl 3012KHOCTI PsiJIy.

Hanpukinmni XIX — #Ha moyarky XX CTOJITTS 3 SIBUJIMCSI HOBI MOAuIKaILil
inTepriosisniitaux dopmyst. Cepen Hux ocobaupe mictie nocigae miaxin le-
napa (abo Eseperra) (3], sikuit onmcyBaB 1eHTpaIbHO-CAMETPUYHY IHTEPIIO-
JISITIIIO JIPYTOTO TOPSIJIKY:

f(@o+&T) = F(§0)f(wo +T) + F(1 =&, 6)f(xo),

Jie

F(6,0) = €+ (8 — 15 + £ — 1)(€ )5 + ...
[eit miaxing BpaxoByBaB JIMIIE IMapHI pi3HUIN (DYHKIIII, 110 3MEHIITYBaJIO HAKO-
NUYIeHHs MOXUOKU i 3a0e3MevyBaJio YNCe/IbHY CTaOlIbHICTD.

3acTocyBaHHS IEHTPAJIBHUX PISHUIIL TAPHOTO HOPSIKY CTAJIO OCHOBOIO JIJIsT
CTBOPEHHSI METO/IY MOPOJXKYBaJIbHUX (DYHKIII, 3aIIPOIIOHOBAHOIO JlamiacoMm y
1820 pori [3] [eit mmiaxin JaB 3MOTy KOMITAKTHO ONUCYBATH PI3HUAIIEBI CITIBBII-
HOIIIEHHS y BUTJIs I (DYHKIIOHAJBHUX 3ajieykHocTeit. Ha #ioro ocHoBi 3rojiom
Oysim po3pobJIeH] y3arajbHEHI 1HTEPHOJAIiHI MeToau: iHTeproJsAiia Epwi-
Ta, 0 BPAXOBYE 3HAYEHH IOXIIHUX y BYy3JIaX, Ta 1HTepHoJdris Jeburrena,
CIIPSIMOBAHa, Ha 3MEHIIIEHHSI MaKCUMAaJIbHOI ITOXUOKH allPOKCHMAITIl.

Takum gunoMm, Bapiarii ¢opmynu Herorona — Big CrepJrinra go I'ayca, Bec-
cens, Jlimcroyna ta Illemrapga — craam IpoMizKHOIO JITAHKOIO MizK KJIACHIHUMUT
AHAJITUIHUMU Ta CYYACHUMH YHCETHHUMU MeTOoaMu. BoHU 3aKjia/ii OCHOBY
JIJIsT PO3BUTKY iHTeprosiii Epmita, Yebuiesa Ta IMOJaJIbIINX CILIAHHOBUX
AJTOPUTMIB, IO TTOETHYIOTH TOYHICTD, IVIQIKICTh 1 BUCOKY €(PeKTUBHICTH 00-
qUCJIEHb.
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IHTEI'PAJIBHI ITEPETBOPEHHA{ I'lJIBBEPTA TA
®PEHEJIA, IX 3BACTOCYBAHHMI

I.C. IACKIH, O.I. BI/INN

Y kypci «Buma maremarukay B ocBiTHbOMY KommoHeHTi MA-3 B KIII Ha
bararbox dakynprerax, Hanpukiaia, PT®, OEJI, IC33I ta iHmmx, 10CcUTh
IIOBHO I JIeTaJIbHO PO3IJISIAE€ThCA TeMa iHTerpajbHuX IepeTBopeHb Pyp’e Ta
Jlammaca: ix 3acrocyBaHHs, IlepeBarn Ta Hemoikud. OgHakK Ha CHEiaJbHIX
JIUCIIATLIIHAX HE MEHIN aKTWBHO BUKOPHUCTOBYIOTHCH U 1HIMI 1HTErpaJibHI IIe-
PETBOPEHHS, O3HAMOMJIEHHSI CTYIEHTIB i3 sikuMmu OyJio O Jy»Ke KOPUCHUM i B
zarajgbHOMy Kypci MA-3. Posrisimemo mesiki iHTerpaJibHI I€pEeTBOPEHHS Ta,
IIOKaKeMo, Jie i IK BOHU e(peKTUBHO 3aCTOCOBYIOTHCS.

1. InrerpassHae neperBopeHHd I'inbbepra. [IpogemMoncTpyemo itoro 3a-
CTOCYBaHHS Ha MPUKJIAJ] aHaJJI3y JIHCHOTO MOJIYJIHOBAHOI'O CUTHAJLY, 3HAXO-
JIDKEHHsT Or0 aMILTITYJIHUX, (Pa30BUX Ta YaCTOTHUX XapakKTepucTuk. Hexait
ui(t) — mificHU MOMYJIbOBAHUIT CUTHAJ 31 CIIEKTPAIBLHOIO MIIbHICTIO G (W).
[ToOymyemo BimmoBigHMI TOMY KOMILIEKCHUI CUTHAJT

u(t) = ui(t) + ius(t) = % /0C>o G (w) €™t dw,

ClleKTpaJibHa MIbHICTD gkoro G(w) = 2G;1(w)n(w), ae n(w) — omunutdHa
dyukuis Xesicaitna. Tyt Ga(w) = 2G1(w) (n(w) — ) = 2G1 (w)y(w), xe y(w)
— dyukuis crpubka. Ockinpku bynkmil Gp(w) Bimnosimae curuan uq(t), a
s y(w) BiITOBiZAaE CHTHAT 5, TO 3a TEOPEMOIO PO 3rOPTKY MAEMO, IO

27t
. ) . . _ 1 (o0 ui(7)
minerOCTI G (W) BiAnoBizae curnam up(t) = + [C <222 dr

rojiopHoro 3uadents). Lle i € inTerpanbue mepersopents ['inpbepra curHasy
ui(t). Ame Gy (w) = Ga(w) - T%w) = G2(w) - 2v(w), Tomy

MO L P

T t—T T) ot —T

(imTerpan y cemci

— obepHere neperBopenHs ['inmbbepra. Takum umnom, u(t) = uy (t) + ius(t) =
lu(t)] - e, ne A(t) = |u(t)| — ammniryna, ¢(t) = argu(t) = arctan Zi—g% —
daza, w(t) = dolt) _ gacrora.

dt
Y Bumnajky, sKkmo ui(t) = Smt—‘”ot, Ma€EMO JIJIs CIIEKTPaJILHOI IIIJIBHOCTI

Gi(w): Gy(w) = [T 2ot o=t gt = (n(w+wo) — n(w —wp)). Toxi obepue-

He neperBoperas Pyp’e Bin G1(w) Jaumre no JoaTHUX dacToTax gae u(t) =
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T2 (w4 wo) — n(w — wp)) edw = [ etdw = %, TOOTO
u(t) = Sinfot +1 1_C(;S‘”Ot = % sin ‘*’Tot einOt, seimku A(t) = Ju?(t) + ui(t) =
2‘—Sin (wtot/2) ‘, ©(t) = arctan —Zigg = <l w(t) = —dflgt) = “0 — 3HAliIEHO OCHOB-

Hi CHEKTPaJIbHI XapaKTepUCTUKHU CUTHATY. 10010 u(t) Oymyemo Tak, mo g (t)
— JiificHa floro yacTuHa, a ysiBHA 4aCTUHA Usg(t) — 1€ iHTerpaJibHe mepeTBo-
penns ['inpbepra i€l mificHOT YaCTUHU.

2. InrerpanbHe neperBopeHHs PpeHesnsa. Busnauaerbca HACTYITHUM
YITHOM:

B(x) = / F©) e S dg fla) = o / () 5 e

:% .

Ile inTerpaJibae ITIEPeTBOPEHHS 3aCTOCOBYETHCA Y PAIIOOITHIN TAKOXK TacTO it
edeKTUBHO 9K 1 nepeTrBopenns Dyp’e nid po3B’d3aHHS PI3HOTO POy 3a71ad.

Peanbunit dizununuii mpocTip B3a€MOII€ 3 XBUJIAMH, IO PO3IMOBCIOIXKY-
IOThCsI B HbOMY, CaMe Y3TOJI2KEHO 3 IUMU iHTerpaJbHUMU TePETBOPEHHIMU.
K10, HAIPUKIAI, Ha IJIACTUHKY B IIPOCTOPi y BuOpaHiit miommuai X OY ma-
JTa€ ILJIOCKA eJIEKTPOMAarHiTHA XBUIA B HaIPsIMKy (7, TO IPOCTip 3a ILJIaCTh-
HOIO II0 KOOpAMHATI /Z MOXKHA po3mianTu Ha a8l yactunu. OgHa, OIm>Kda 10
IJIACTUHH — Tie 00J1acTh Ppeness, i TYT eJIeKTPOMAarHiTHE MOJIe MiC/IT B3aEMO-
Jil 3 TJIACTUHKOIO OIMMCYEThCs ITepeTBOpeHHsaM Ppenestd, a J1aJi, Mc/Isd TeBHOT
MeKi, e obaactb PpayHrodepa, Jie moJie gie 3riaHo 3 neperBopeHuaM Dyp’e.
st onucy nudppaxiiil Ha 1IiInHI a00 Ha Kpaio eKpaHa 3aCTOCOBYIOThCS TAKOXK
sin- Ta cos-iHTerpaaun Ppeness Ta cruipajb Kophio. IleperBopenns Openest
Mae OaraTo IiKaBUX IMMPUKJ/IA/IB 3aCTOCYBAHHS 1 B IHINMUX Taly3dX HAYKH Ta,
TEeXHIKU.
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ICTOPISI TEOPII MMOBIPHOCTEMN B ICITAHIL

T.B. MAJIOBIYKO

Xyan Kapamyens i Jlookosir (1606—-1682), mucrepiiianenb, ayke ocBiYeHa
JIIouHa, Mo 3HaB 20 MOB, BKJIIOYUB y CBOIO JIBOTOMHY poboty «Mathesis bi-
seps (vetus et nova)» (1670) rpakrar «Kybeia, quae comhinatoriae genus est,
de alea et ludis fortunae serio disputans» nHa 24 cropinku. ¥ IIbOMYy TPaKTaTi
BiH 3a JIOTIOMOT'OI0 KOMOIHATOPUKU PO3B’si3yBaB 3a/iadi, 1TOB’sI3aHi 3 a3apTHU-
MU irpaMu, Ta pilllyde HAIOJIATaB, IO BCi irpW HEOJMIHHO MalOTh OyTH ue-
cunmu. Kapamyenb onmcye pis3Hi irpu, po3rysiia€ pO3MOIiJI CTABOK, KOJIA T'Pa
IIePEPUBAETHCA J10 11 3aBEPIIEHHS, & TaKOYK BCTAHOBJIIOE TTPABUJIO MHOXKEHHSI.
Ha ocrannix 10 cropinkax BiH BiiTBOproe pobdory ['toiirenca, Xo4a TOMUITKOBO
upunucye 11 Jloaromonrany [1].

Ockinbku Kapamyeib MOMIINBCS B 331841 PO PO3MOIIT CTABKU MiXK TPhO-
Ma rpaBIgMH, y JucTi 10 Monmopa M. Bepryiiii 1y»ke cyBopo KpUTUKYE fOr0:
«€3yiT Ha iM’'ss Kapamyesb, sIKOro s IUTYBaB y CBOIN JIMCepTallil, XOTiB 3a-
IJIMOMTHUCH B Il IUTAHHS 1 HABITH KpUTUKYBaB ['1ofireHca B TpakTaTi, SKUii BiH
HasuBae Kybeia...; aje ocKiJIbKI Bce, 1110 BiH HABOAUTH, — IIe JIAIIEe Maca I1apa-
J0ri3MiB, s fioro 3o0BciM He posymito» ([2], c. 387). IIpore amasoriuny 3amady
JIJIsT JTBOX T'PABIIB 1 Jiedki immmi 3a1a4i Kapamyenab po3s’sa3aB mpaBUIbHO.

Tazeo Jlome i Arimap (1753-1800), BiiicbkoBHit i mpodecop MaTeMaTnKu, B
1795 p. orybustikyBaB sipyruit Tom «Kypcy MaTemMaTukms, Mo MiCTUTb TPAKTAT
3 Teopil fimoBipHOCTelt Ha 118 cropinkax. OKpiM O3HaUYEeHb MOHSATH WMOBIp-
HOCT1, He3aJIe?KHUX MO/, BIH MICTUB HMOHATTS MaTEMAaTUIHOT'O CIO/IBaHHSI,
00YMC/IeHHsT MOBIPHOCTI CKJIQIHUX IIOMINA Ta IOIiil, sIKi IIOBTOPIOIOTHCS B N
BUIIPOOYBaHHsIX. TaK0XK PO3IJIAIAJINCH aHYITeTH Ta CTpaxyBaHHs KUTTs [1].

Bewnito Baitnc (1730-1797) y cBoemy Kypci MaTeMaTHKU BHCJIOBIIIOE 3aX0-
IJTEHHST 1IHO3EMHUMHI JOCTIITHIKAMUI Teopil IMOBIpHOCTEMH, ajie caM IIPUCBIIYE
iit e 7 cTOpiHOK 3 Jy2Ke mpoctuMu BipaBamu. Xoce Mapiano Baexo (1779—
1846) B 1819 p. Brutouns g0 «Compendio de Mateméticas» Teopito iiMoOBip-
HocTelt 1 Ha 12 cTopiHKax po3ryistHyB 11 OCHOBHI MOHATTS [1].

Y 1867 p. Arycrin Maprinec Anbcibap myoaikye miapyaauk «EiaemenTn e-
opil IMOBIpHOCTEIT», JiIe JeMOHCTPYE UyJI0BE 3HAHHS IIpallb 3 Teopil TMOBIPHO-
CT1 Ta CTATUCTUKHU MPAKTUIHO BCIX €BPOIENCHKIX aBTOPIB 1 IMiC/I BUKJIaIEHHS
OCHOBHUX TMOHSATH aHaJI3ye€ OaraTo azapTHHUX irop, 0OrOBOPIOE 3aCTOCYBAHHS
3aKOHY BEJIMKUX YUCEJI 1 BBOJIUTDH MOHSITTS MATEMAaTHIHOTO CIojiBaHHs [1].
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Y 1879 p. Hdiero Osbepo Kapmona (1839-1907), aprusiepuct ta mpodecop
Axkanemil aprmiepii, onyosikyBap «Tratado de Célculo de Probabilidadess
— MNepHImii CydacHU# MJIPYYHUK 1CIAHCHKOIO MOBOIO 3 TeOopil HMOBIPHOCTEM,
IO BUKOPHUCTOBYE JaudepeHItiajbie uncjaeHds. [ligpydnnk mae 5 po3iijiB.
Ilepmmit MicTuTh iHGOpMAaIifo, HeOOXiAHY Hazasi: dopmyay Basurica, dop-
mysy Cripiinra, Teopemy @yp’e, M0CTi2KEeHHS BayKJINBUX 1HTErpaJiiB TOIIO.
Jlpyruit mpucBs9eHU OCHOBHUM MOHATTSM i popMysiam Teopil iMoBipHOCTE
(dbopmysa ToBHOT HMOBIpHOCTI TOIITO), TpeTiit — Teopemi Bepryiui, eTBepTuii
— Teopil MOMWJIOK, TI'ITUIl — MeTOJy HaliMeHINX KBajpaTiB [3].

Y apyriit monoBurai XIX CT. cTarmcTMKa BUWKJIQJIAJIach B YHIBEPCHTETAX
OJTHOYACHO 3 IOJIITeKOHOMIEI0 Ta/abo reorpadiero. Kadeapu mosmituaHoi eko-
HOMII Ta CTATHCTUKH MMOYAJU 3’ ABJIATUCI B IOPUJIUYHUX IIKOJIAX, a Kadeapu
reorpadil Ta craTucTuku B Oi3Hec-mKoax. Pe3ynbraToM 1poro craJja myo.ri-
Kallisi HU3KN PoOIT 31 CTaTUCTUKU, IPOTE CTOCOBHO TeOpil IMOBIpHOCTE!l BOHU
MICTUJIN JIUITIE JTy2Ke PO3MJINBYACTI Ta MPOCTI JIeTaJIl.

Y 1909 p. KopoutiBcbka akajieMiss TOYHUX, (DI3UIHUX Ta TPUPOTHIINX HAYK
Masipusia mpoBeJia KOHKypC 3 Teopil iiMmoBipHocTeii. [Tpemil Oysi0 mpucyzKeHO
[abpiemio l'anany Pyicy Ta Manyemio Bemracko ne Ilanmo. ['anan mpeacraBus
JIOCUTh BUYEPIHUI OTJISJT CTaHy CIPAB Ha TOW Yac 3 OCODJMBHUM aKIIEHTOM
Ha 3aCTOCYBaHHA Teopil WMOBIpHOCTEH JI0 aKTyapHHUX PO3paxXyHKiB. ¥ poboTi
Benacko ge Ilapmo TakoxK pos3risgacTbcd TeOopis MMOBIpHOCTEM, ajie IiJImit
PO3/IiT IPUCBSYEHO CTPAXyBAHHIO, a TAKOXK OOI'OBOPIOETHCS 3aCTOCYBAHHS Te-
opil iiMOBipHOCTEI J10 aHaMi3y onepariiit Ha (HOoHIOBOMY PUHKY [1].

[Tporsarom 1930-x i 1940-x pokiB Ha paKyabTeTax TOYHUX HAYK OYJIM CTBO-
peHi Kadeapn MaTeMaTHIHOl CTATUCTUKHU. BUeHi mmodaan BUSBIATH 3alliKaB-
JIEHICTH y Teopil imoBipHOCTeit. Y 1945 p. 3’aBuBca migpyuauk OJierapio @ep-
naHjieca bBanboca «Tratado de Estadisticas, 1o oxorroe onmcoBy cTaTUCTUKY
Ta TEOPilo WMOBIpHOCTEH i MICTUTD Jay:Ke BeJuKy Oibsriorpadiro.

PozBuTtok Teopii iimoBipHOCcTeit B Icnanil BiiOyBaBcst 3 3aTPUMKOIO Maiike
Ha CTOJITTS 1 mpuckopuBcs Jjutie micas 1930 p. Xova g0 Toro icHyBaJIu icIIaH-
CHhK1 MaTeMaTUKH, 9Ki 3aiiMaJINCh IE€I0 HAYKOIO, aJie CTBOPUTH HAYKOBY IITKOJTY
i 3a0e31eYn T MOTYKHUIT PO3BUTOK TeOpil IMOBIPHOCTI BOHM HE 3MOTJIN.
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IHTEJIEKTYAJIBHUN AHAJII3 JAHUX I
CUHEPTETUYHUM IIIAXIT 10 MATEMATUYHOT O
MOJOEJIIOBAHHSA EBOJIIOIIIL 3HAHB YV BEJIMKNX

OCBITHIX CUCTEMAX

K.}IO. MAMCA, M.M. IIEPECTIOK

Bcryn. VY cyyacHux ymMoBax CTPIMKOTO PO3BUTKY TEXHOJIOTIH IMIITYyYHOTO iH-
TEeJIEKTY, aHAJITUKA JAaHUX 1 CHCTEMHOIO aHaJi3y (POPMYETHCA HOBA HAayKOBO-
IPAKTUYHA TAPAIATMa YIIPABJIIHHS OCBITHIMH IpoIiecaM. Ii cyTHICTD mossirae
Yy CTBOPEHHI KOHIIENTYaJIbHUX OCHOB YIIPABJIHHS 3HAHHAMH, 110 I PYHTYIOTHCH
Ha iHTesjeKTyaJbHOMY anajisi manux (Data Mining), mMeromax crCTeMHOTO
aHaJI3y Ta IHTerpallil IHCTPYMEHTIB MITYYHOTO 1HTEJIEKTY, 30KpeMa BEJIMKUX
moBaux Mozeneit (LLM). Take moeqsanHst BiIKpuBae MOXKJIUBOCTI JIJTsT TI00Y-
JIOBU CAaMOHAaBYAJILHUX OCBITHIX CHCTEM, IO 3JIaTHI 0 aIaITallil, IPOrHo3yBa-
HHSI Ta ONTUMI3allll HaBYaJbHUX CTPAaTeTiil Ha OCHOBI BEJINKUX MaCHUBIB JaHUX
1 KOTHITUBHOI'O MOJEJTIOBAHHSI.

MaTteMmaTuyHa MOeJIb €BOJIIOIII KOJIEKTUBHUX 3HaHb. Po3pobiiena
MO/IeJTb OIMCYE JIMHAMIKY PO3MOJILIY PiBHS 3HAHb y BeJUWKIiit OCBITHIilT cucTemi
3 ypaxyBaHHAM B3a€EMOJII] YOTUPHOX OCHOBHUX KOMIIOHEHTIB: CTYJI€HTCHKOTO,
COIiaJIbHOI'0, BHUKJIQJAIILKOTO CEPEJIOBUII I CUCTEMU MOHITOPUHIY 3HAaHbL. ¥
MaTeMaTUIHOMY BUPaXKeHHI 111 B3aEMO/II1 TIOJIAHO CUCTEMOIO PIBHSIHb y YaCTKO-
BUX IOXIJIHUX, K& OIMCYE <«IOTIK 3HaHb» Ta PEaKIlio CUCTEMHU Ha 30BHIMTHI
it BHyTpinHi BiimBu. Mozesb BpaxoBye HellepepBHI Ta JUCKPETHI (phakTopwH,
110 (POPMYIOTH HEJIHIfIHY, HECTAI[IOHAPHY CUCTEMY 3 BJIACTUBOCTSIMU CAMOOP-
rarizarii. [loBeminKy cucTeMn MOXKHa OIMCATHU Uepe3 MOHSITTs IJI00AJIbHOI'O
aTpaKTOpa — MHOYKHHU MOXKJIMBUX CTaHIB KOJIEKTUBHOI'O 3HAHHSI.

Iarenexryanpamii anasi3 ganunx i LLM y MmoHiTOpuMHTY 3aJ/uInko-
BuX 3HaHb. Merogu Data Mining BucTymamoTh iHCTPyMEHTOM €KCIEepUMEH-
TaJIbHOI Bepudikalil Mojesi Ta aHAJITUYIHOI HiATPUMKH yIIPABIIHCHKUX Pi-
menb. Ha ocroBi 6araropiunoro mouitopunry B HT'VY «KIII im. Iropst Cikop-
cproroy» (monast 50 000 peecrpariiit) 6ysi0 BusiBiIeHO (DEHOMEH CaMOOpraHizarii
CHUCTEM KOJIEKTUBHUX 3aJIMIIKOBUX 3HAHBb. 3aCTOCYBaHHs KJIACTEPU3Allil, KJia-
cudikarii, perpecifiHux i IPOrHOCTUIHUX AJTOPUTMIB JO3BOJIMJIO: BUIIJIUTU
CTIfiKI TPYyIU CTYJIEHTIB 3a PIBHEM 3aCBOEHHSI MaTepiajy Ta MOTHUBAIIITHUMUI
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podisigMu; BUSBUTU (PAKTOPH, IO 3HMKYIOTH SIKICTh 3HaHb; OOYIyBaTHU iH-
TeJIEKTyaJIbHI IIPOTHOCTUYHI MOJIeJIl PIBHS 3aJHUITKOBUX 3HAHb, 3/IaTHI OHOB-
JIOBATHCS B PeKUMi peasibHOro dacy. Besuki moai mogeni (LLM) Bucty-
IMaI0OTh HOBUM KOTHITUBHUM IITApPOM ITI€] CUCTEMU: BOHU AHAJI3YIOTH HE JIUIIIE
KUJTbKICHI JTIaHl, a I CEeMaHTUYIHI ITaTE€PHU OCBITHIX TE€KCTIB, BIINYKIB CTY/IEHTIB,
quckyciit y LMS i comiasibanx Mepexkax. Ile mo3Bosisie hopmyBaTu OHTOIOTIT
OCBITHIX 3HaHb, BUSBJISITU TPUXOBaHI KOTHITUBHI 3B’SI3KW MiXK TeMaMU KYPCiB
1 TIepcoHaJIi3yBaTN HaBYaJbHI TPAEKTOPII.

ExcniepumenTasibHi pe3yJsbraTu. IlopiBHSIHHS eKCIIEpUMEHTAIbHOI KPH-
BOI TMHAMIKHI 3aJINTITKOBUX 3HAHD 13 KJIACUIHOIO «KPUBOIO 3a0yBanHs FO0iHTa-
y3a» IOKa3aj0 edeKT CTIMKOI maM’dTi: o0CAT 3aJUNIKOBUX 3HAHDb IIEPEBUIILYE
ITPOTHO3 KJIACUYIHOI MOJIETi, IO CBIIYUTH IMPO HAABHICTH MEXaHI3MIB caMOOp-
raHizallil Ta B3a€MHOT'O MiJCUJIeHHHA 3HaHb y TPYIOBii B3aeMosil. JlogaTkoso,
aHaJI3 TeKCTOBUX 1 MOBEJIIHKOBUX JaHUX 3a goromoror LLM BusiBus, 1o cu-
Heprig KOJEeKTUBHOI MOTHUBAIII #I KOTHITUBHUX CcTpaTeriii HaBdYaHHs (DOPMYE
HeJTIHIITHI TeTJIi 3BOPOTHOTO 3B’g3KY, sKi CTabLIi3yIOTh CUCTEMY Ha PiBHI BU-
COKUX 3aJTUNTKOBUX 3HAHb.

Bucuosku. [loenanasa cucTteMHOTO aHAJI3Y, MATEMATUIHOTO MOJIETIOBA-
HH¢I, iHTeIeKTyaIpHOro anatizy ganux (Data Mining) i TeXHOIOTI IITY9HOTO
inTesekty (LLM) cTBOpIOe HOBY HAYKOBY MapajUrMy JIOCJIiIKEHHsT OCBITHIX
cucteM. Ileit mimxin: 3abe3redye mepexij Biji iHTYITUBHOTO JI0 HAyKOBO O0-
I'PYHTOBAHOTO YIIPaBJIHHSA OCBITOIO; BIIKpUBAE IIJIAX IO CTBOPEHHS IHTEJIe-
KTYaJIbHUX CHCTEM ITJITPUMKHU YIPABJIIHCHKHUX PillleHb, 3JIaTHUX aJallTyBaTU
HaBYAJILHUI IPOIIEC J0 IOTPed 0COOMCTOCTI, PUHKY ITpalll Ta CYCHiJIHLCTBA.
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MATEMATNYHN BEBKBECT
SIK IHHOBAIIIMHA ®OPMA OIIITHIOBAHHS
HABYAJIbBHUX NJOCATI'HEHD YYHIB

FO.A. TIOY)KAPCHKUI, O.JI. IIBAI1

AmnaJtiz cyvacHUX JOC/IIZKeHb 1 myOJriKaliiil 3acBiIay€e MMOCUJIEHY yBary Ha-
VKOBIIIB 1 TPAKTUKIB /IO CTBOPEHHSI HOBITHBOT'O 1HCTPYMEHTAPIIO OIIHIOBAHHSI,
OCHOBHE TTPU3HAYEHHS sIKOTO — BYACHO 3’sCYBAaTH 1HJIWBITyaJIbHI ITPOOJIEMU B
3aCBOEHHI MIKOJIAPEM MATEMATUIHOTO 3MICTy Ta 3alo0irTH iX HalllapyBaHHIO
Ha TIOJIAJIBINNX eTarnax HaBYaHHd. KdekTuBHe OIiHIOBAHHS MOBUHHE BUXOJIH-
TH 3a MexKi (ikcallil pe3y/abTaTy, BAKOHYIOYN POJIb IHCTPYMEHTY MiJITPUMKHI
IHTeIeKTyaIbHOTO 3pocTanust yuHis [1, 2].

YpaxoByoUun iHTEpeCc CydJacHUX JMITell IO PI3SHOMaHITHUX iHTEPaKTUBHUX
3aHATh, HAMHU JIOCJIJIZKEHO JIOIIJIbHICTh ITPOBEJIeHHsT BEOKBECTIB Ha yPOKaX aJl-
rebpu Ik 0cobMBOI POPMU OpraHizallil KOHTPOJIIO i OIiHIOBaHHS HaBYAJIbHUX
JIoCATHEHDb YUHIB 8-9 Kjacis.

MatemaTuaamii BeOKBeCT — Iie 0coOIMBa popMa HABUYAIHLHOI TisTIbHOCTI,
IO TOEIHYE TPOOJEMHE 3aB/IAaHHS 3 MaTeMaTUKW, €JIeMEHTH POJbOBOI I'pU
Ta BUKOPUCTAHHS IHTEPHET-PECypCiB JJId CaMOCTIiffHOTrO momIyKy indopmariii,
PO3B’g3aHHd 33/1a4 1 3HAXO/[2KEHHs KJIIOYIB JIJIsd JTOCATHEHHS METH.

[IpoBesieni maremaTndHi BEOKBeCTH, gKi Oy/iu cTBOpeHi Ha miaTdopmi Bee-
oCBiTa, HAJAAJU IIHHY 1HMOPMAIIIO IS ITOAAJIBIIOI OITUMI3aIll mearoriauol
JistbHOCTi. MoXKHa 3poObUTH BUCHOBOK, IO POOOTa B KOMAH/II aKTHUBI3yBaJIa
Mi3HABAJIbHY aKTUBHICTH yuHIB. CTBOpEHHS aTMOcdepr CyIIepHUIITBA MOTUBY-
BaJIO yYHIB BUKOHYBATHU 3aBJIaHHS MIBHUJIIIIE Ta sIKOMOTA TOYHIINE, aJ7Ke CaMe
TaKa CTpaTeris J03BOJISIE€ MIBU/IIIE BiIMYKATH MOTPIOHUI €JIeMEHT <«KJII04a»
JIJTST 3aKIHIYEHHST KBECTY.
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MUXAMJIO [INJINIIOBNY KPABUYUVK — I'OPIICTbH
VKPATHCHBKOI MATEMATUKIN

JI.C. CBUHOBEM

Axanemik Muxaitio [Inmunosua Kpapuyk — BUeHnii-mareMaTuk, yKpaiH-
CHKUII METOJIUCT, ITOJIBUKHUK B HAYI[l MATEMATUIli, aBTOP OaraTboX HayKOBUX
KHUT PijiHOI0 MOBOIO. Ilepmmmvu BunTenasmu MoBu Muxaiianka Oy 0aTbKO
Hunun Mocunosua ta matu Anenndina @pinpixisra. I xoua B riMuasil x10-
IMYUK HiI B OJITHOMY KJIacl He BUBYAB yKPalHCHKOI MOBH, IIPOTE BCE ITOIAJILIIIE
JKUTTS IPUCBATHB TOMY, 06 MATEMATHKY BHBYAJH PiIHOIO MOBOI. Moro 38i-
TU BiJ] HAYKOBUX IIOI3/I0K — TBOPHU TAJIAHOBUTOT'O MMMCHbMEHHUKA.

[Ile ma mepmux Kypcax yHiBepcuTeTy KpaBayk mobpe ycBiIOMUB, IO MO-
Ba € OCHOBOIO HayKu. I B:Ke CTapIIOKypCHUKOM IIPAITIOBAB HaJl CTBOPEHHIM
YKpalHChbKOI MaTeMaTudIHol TepMiHosorii. Muxaitmo KpaBuyk BuKJ/IagaB yKpa-
THCHKOIO MOBOIO MpeIMETH B HOBOCTBOPEHWX IIEPIIiil 1 JAPyTiit YyKpalHChKUX
rimaazigx Kumepa, pi3ai MaTeMaTudHi Kypcu y BUIIUX HABYAJIHBHUX 3aKJ/Ia1aX.
Bin unen YkpalHCHKOrO HayKOBOTO ToBapucTBa y Kuesi, criBpoOITHUK CTBO-
penoi y 1918 pori Ykpalucbkol akajiemil HayK, a 3 modaTky 20-X pokiB — 4jieH
KOMicil MaTeMaTn4IHOI TepMiHOJOril npu IHcTuTyTi HaykKoBol MoBu Bceeykpa-
incpkrol Akasemii mayk (BYAH).

Yuenunit — 1epmuii KOpiHHNN yKpaiHelb, KOTPUil YCIIITHO Penpe3eHTyBaB
BITUM3HAHY MaTeMaTHKy Ha MiKHapogaHoMmy piBai. Pons Muxaitma Kpasuyka
B icTOPil YKpalHChKOI HAYKU TOJISATAJIa He TIIbKU B 1OT0 OCOOUCTUX JTOCSTHEH-
HAX, & 1 Yy TOMY, IIIO BiH CTBOPUB OCHOBY JIJII PO3BUTKY MaTe€MaTUYIHOI JIyMKH
Ta HAYKU B IIIJIOMY Yepe3 BHOPSJIKYBAHHS TEPMIHOJIOTII Ta MiArOTOBKY HOBOT'O
MTOKOJTIIHHS HayKOBIIIB.

Ax anern HTII y «36ipauky» ToBapucTBa OIy0/iKyBaB 17 HAyKOBUX ITPAITh.

Y 1935 pori opranizyBaB 1epnry B YKpalHi MaTeMaTHYIHY OJIMIIIaIY s
IITKOJISIPIB.

3 1916 poky rypToK KHIBCbKUX MaTeMaTuKiB-yKpalHIiB, ogoaoBannx M.II.
KpaBuykomMm, mpoBOAUB IIiArOTOBYY POOOTY 0 BUKJIQJIAHHS B YKpPalHCHKiil
MIKOJIi. 30UpaJsn Ta YHOPSAKOBYBAJIN HAPOHY JIEKCUKY, 3aIlICyBaJd MOBY Pi-
3HUX IIPAIIBHUKIB, BUIABAJINCH HEBEJUKI TAJy3€Bl CJIOBHUKH.

ToBapucTBO MKIJIBHOI OCBITH CIJIBHO 3 YKpPalHCHKUM HAayKOBHM TOBapPU-
CTBOM BHJAJIO IIPOEKT aJiredpaldyHol Ta T'eOMETPHUYIHOl TepMIiHOJIOril poboTu
M.II. KpaBuykKa.
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Bunano minpyvnumk ykpalHChKOIO MOBOIO «MaremaTwka Jjisl CLIBCHKOTO-
crioapcbKux mpodikiay M. Kpapuyka i [. Binmka.

Kinbkapiuna nparg mig romoByBanasMm Muxaitna Kpasayka 3aBepruiiach
BUJIAHHAM TPUTOMHOIO MaTEeMaTUYIHOrO CJIOBHUKa. [Ipo pobory BYeHOrO pe-
1eH3eHT nuie: « TepMiHoJIOriss HaWKpaIle yJIoyKeHa: 3HaTU PYKY (DaxoBUKa».

Y 1925 pormi Bumano «CIoBHEK MaTeMaTHIHOI TepMinosorily @. Kaannosu-
4Ja, HaJ| gkuM mparoBaB Muxaitno Kpasuyk. Ilg nmparig yBiuHIOE YKpPaIHCHKY
MaTeMaTHUYIHY TEPMIHOJIOTIIO Ta CIIpUd€E 11 yHOpMYyBaHHIO. Mae Besmke icTopu-
YHe 3Ha4YEHHS, OCKIJIbKU BOHA BiJIOOparka€ MOIIyKH Ta 3HAXiJKU B PO3BUTKY
YKPaIHChKOI HayKOBOI MOBHU y 20-T1 pOKA MUHYJIOTO CTOJIITTSI.

Muxaiiio [TunmunoBud po3poduB MaTeMaTUYHI KypPcu YKPalHCHKOIO MOBOIO,
0 3a00POHSIJIOCH 3aKOHOM.

I'eomerpiro B Casapiii BoryciiaBcbkoro paitoHy BHUKJIa/IaB 38 BJIACHUIM ITiJI-
PYIHUKOM.

1920 poky Buitnu 3a iforo y4dacti «l'eomeTpist jis1 ceMUPIIHUX TPYIOBUX
mKiT» (96 pyKOIMMCHUX CTOPIHOK ), «Pobodi kKumKKY 3 MaTemaTuku s V—VII
POKIB HaBUYAHHSI.

1926 pik. KpaBuyk ckjaB nporpamy Kypcy «EjeMenTn BHUIOI MaTeMaTUKN
B MPUCTOCYBaHHI JIO0 CiIBCHKOTO TocmogapcTBay, «IIporpamm 3 maremarukm
JIJIsT CLIBCHKOTOCTIOAPCHKHUX TTPOMIIKiI POCTMHOZHABCTBA Y.

1932-1934 poku. Bunani nigpyuynunku «BeTytr 10 BUmmol MmareMaTukmy, «HJ-
€MEHTHU Teopil BUSHAYHUKIB», «/lndepenttianbai piBHIHHS Ta 1X 3aCTOCYBaHHS
B IIPUPOJ/IO3HABCTBI 1 TexHiIi», « Bubpani nmuranus 3 OCHOB aHaJII3y HECKiHYEeH-
HUX MaJIuX», ocioHuk «Burma maremarnkas.

Binmomo, mo akagemik Kpasuyk manucas monas 180 HaykoBUX IIpallb 3 Pi-
3HUX Tajiy3eil MaTeMaTnKH, 9Ki BiJoMi He jJuIle B YKpaiHi, aJje i 38 KOPIOHOM
y HAyKOBOMY CBITI.

Jska 1 mana TUM HayKOBIIEIM, KOTPi BIANIYKYIOTh MaTepiajad PO BYEHOTO
i BiICTOIOIOTH YeCcHe iM’sl HAIIOro 3eMJIsIKa akaaeMika Muxaitia Kpasayka.

CroBa BujaTHoro ykpaincbkoro suenoro Isana Ilymos «Hemae Ginbioro
TOHOPY JJTA IHTEJIITEHTHOTO Y0J/I0BiKa, K OEpEerTH CBOIO i HAITIOHAJIbHY Y€CTh
Ta 0€3 HaropoJIi BiPHO IPAIIOBATH JIJIsI JIOOpa CBOTO HAPOLY, 100 3a0€31enTHI
foMy KpaIry JI0JIf0. 3a TUM HAPO/IOM IIepeMora, B KOT'O BUIIA OCBiTa» HAIPAMY
BiTHOCATHCH 710 akajieMika Mmuxaitia Kpasayka, ToMmy 1110 #Ioro >KUTTEBE KPEI0
— «Mog m060B — YKpalna i MaTeMaTHKa.

Myvy3Ell AKAZEMIKA KPABUvKA, BonmuHcbka OBJIACTB, CEJIO YOBHUILS
Email address: m.kravchuk@ukr .net
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IHBAPIAHTU B KYPCI AHAJIITUYHOI TEOMETPII.
ICTOPIA TA METOJNYHI ACIIEKTN

H.IT. CEJIEBHBOBA, T.B. ABJI€EE€BA, T.O. PYIUK

B anasrituuniii reomeTpil Bigomi adinHa Ta MeTpUYHA KJIacU@IiKaIlisd Kpu-
BUX JIpyroro nopsiyiky. Kjacu KpuBux xapaKTepu3ylOThCs IIEBHUM HaOOPOM
inBapianTiB. [HBapianTy B aHAJITUYHIN reoMeTpil — BEJIUYIUHU, STKi 3aJIUIIAI0-
ThCA HE3MIHHUMHA IIPU ITEBHUX T'€OMETPUIHUX MEPETBOPEHHAX, TAKUX K ITapa-
JIeJIbHE TIePEeHEeCeHHs, TTOBOPOT. FjieMeHTapHuMY iHBapiaHTaMU €, HAIIPUKJIA]I,
BiJICTaHBb MiXK JIBOMa TOYKAMU, ILJIOIIA IJIOCKOI (birypu Ta 06’em Tina. B pobori
|1] mpoBenero Kitacudikaliito TPUKYTHUKIB 3 TOUYKH 30py MPOEKTUBHOI reoMe-
Tpil, MJIAXOM BBEJIEHHS IIEBHOTO ITPOEKTUBHOTO 1HBaplaHTa, IO XapaKTePU3ye
TPUKYTHUK. BU3HaueHO JIOBLIbLHUI TPUKYTHUK Ha €BKJIJIOBIN ILJIONIWHI Yepe3
1HBaplaHT TPOEKTUBHOTO IIEPETBOPEHHS — CKJIQ/THE BIJIHOIIIEHHS YOTUPHOX TO-
JOK Ha MpsiMiii. 3HaliIeHo 3HaYeHHsI TAKOTO IHBapiaHTa B 3araJbHOMY BUTJISA I
JIJIsT JIOBLIIBHOTO TPUKYTHHUKA Ta B OKpeMuX BuUIaIKax. OTpuMaHi pe3y/ibTraTu
MOXKHa 3aCTOCOBYBaTH, BUKOPUCTOBYIOYUH MPUHITAII JIBOICTOCTI /I BU3HATEH-
Hel IHBapiaHTIB OIJIbIN CKJIAIHUX 00’ €KTIB.

B xypci anajgiTuIHOl reoMeTpil KPpUBUMHU JIPYTOro IMOPSIKY HA3UBAIOTH Ta-
Ki JIiHiT, piBHIHHSA SKUX B JIEKAPTOBUX KOOp/uHaTax OyayThb piBHIHHAME I
cTelneH. 3arajbHe PiBHSIHHSI KPUBOI JPYTroro IMOPSAKY BiJHOCHO 3MIiHHUX X
Ta Y MA€ BUTJISI:

a1 T? + 2a122Y + a2y® + 26137 + 2a23y + azz =0 (1)

(TyT x0ua 6 ofuH i3 KOoedIIEHTIB a1, a12, Age BimMiHHMIA Bi Hyss1). s 3a-
rajpbHOrO piBHsAHHs (1) JIiHIT APYroro mopsiaky BiTHOCHO TEpPeTBOPEHHS Jie-
KapTOBOI CHCTEMHU KOODJAMHAT HazBeMo GyHKI0 (a1, a12,a22,a13, 23, a33)
1HBaplaHTOM, AKIINO, 11 3HAUEHHsI He 3MIHIOETHCS MPU MEPEXOJIl IO HOBOI Jie-
kapToBol cucremu. Jjist piBHsiHHEs (1) BizoMmi 0’Th iHBApiaHTIB IEpETBOPEHHS
HOBOPOTY OCeM KOOp/IUHAT:

ailp aiz2 a3
;I3 = a1 a2 assl;
a31 az2 as3

ailp a2
I, =

I = a11 + a9
as1 Qa2

2 2, _

3Bokpema, koedirientu B piBHsiHHI (1) € iHBapiaHTaMu EpETBOPEHHS TIa-
paJsiesibHOTO TIepeHecennst. Otike, I1, Is TakoX € iHBapiaHTaMU ITePEeTBOPEHHS
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IapaJiesIbHOI'O IIepeHeCceHHsI. 3a JOIOMOI0OI0 1HBaPiaHTIB JIETKO PO3B’sI3yE€THCS
3a/1a9a BU3HAUYEHHs] TUIYy Ta KJacy JIHil, 1o 3a/aHa 3araJbHUM PIBHAHHIM
(1), Ta Bu3HaUEHHS KOMIIIEHTIB 3BE/ICHUX PIBHSIHB IUX JIHIMH.

Busnadenns tumy JedknX KPUBUX 3a JOTIOMOTOIO BUINE BKa3aHWX iHBAPI-
aHTIB:

I, >0, 1 - I3 <0 — eninc; Io > 0, I; - I3 > 0 — yaBHUI eJiric;

I, > 0, Is = 0 — BupoKenwuii einc (mapa ysiBHUX TPSIMUX, 110 TepeTHHA-
I0ThCsI B JIIHACHIT TOYIT );

I, <0, I3 # 0 — rinepbona; I = 0, I3 # 0 — napaboa;

I, <0, I3 =0 — mapa JificCHUX IPAMUX, IO ITePETUHAIOTHCS.

IcTopist BinKpuTTs iHBapiaHTiB KPUBUX JIPYTOr0 MOPSJIKY TICHO MOB’si3aHa
3 JMOCJI?KEHHSIMI CAaMUX KPUBHX, sIKi BUBYAJINCH IIe 3a daciB CTapogaBHBOL
['permii. Tak, Amnosutoniit Ileprepkuit kitacudikyBaB iX siK mepepizm KOHYyca.
Ioro mociimzkeHHsT 3aK/aJi OCHOBY /Il BHBUYEHHS BJIACTUBOCTE]l KDPUBHX,
sIKi He 3MIHIOIOTHCS MPU IEPETBOPEHHSX, IO 30€piratoTh MEBHY CTPYKTYPY.
[Tiznime Kaps @piapix Fayce (1777-1855) B mpami Disquisitiones Arithmeti-
cae (1801), mo crocyBasacs OIHADHUX KBAJIPATUIHUX (HOPM, OTPUMAB JESKi
pe3yJIbTaTh IMoA0 ajrebpalynux iHBapianTiB. 11 pe3ysbraTu cTaym OJHIEO 3
Bi/IMpaBHUX TOYOK JIJI TTOJIAJIBIIIOTO PO3BUTKY TeOPil iHBapiaHTiB. TakoxK cJri
BI/I3HAYUTH BHECOK HACTYITHUX MATEMATHKIB Y PO3BUTOK TeOpil iIHBapiaHTIB.
>xopazx Byab (1815-1864) ta iioro my6iikarmii y 1841 porii BBayKarOThCS TO-
JaTKOM cydacHol Teopil imBapianTiB. Ili poboru mamuxuyau Aptypa Keitri
(1821-1895), y crarti sikoro 1845 poKy 3al04aTKOBAHO KJIACHIHY TEOPitO iH-
BapiaHTiB. TakoxK BiH JIaB Ha3By <«iHBapiaHTH» aJjreOpaldHuUM BHUpas3aM, IO
He 3MIHIOIOThCS TIpH JiHITHUX nepeTBopenusx. /xeiimc /Ixxo3zed CusrbBectp
(1814-1897) 6yB ofHUM i3 KJIFOYOBUX OPUTAHCHKUX MATEMATHKIB, IO PO3BU-
BaJIM Teopito imBapianTiB. ¥ 1850-x pokax BiH pazoMm 3 Keiini ta Jxxopaxem
CamoHOM chOpMYJTIOBAIN OCHOBHI HOHSITTsI Teopil iHBapiaHTiB.

Cuaig 3a3HaYIUTH, 10 iHBapiaHTH KPUBHUX JPYrOro IMOPAIKY ITIPOKO BUKO-
PHUCTOBYIOTbCS B KOMII' FOTEPHi rpadilti, MexaHiri, (i3ull Ta iHIMIX HayKax.
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METOJIUYHI ACIIEKTU BUKJIATAHHA
TEMU «TPAHUILSI TIOCJIIIOBHOCTI»
V 3AKJIAJIAX BUIIIOI OCBITU

O.I1. TOMAIIVK, I1.®. CAMYCEHKO, O.JI. JIEIINHCHbKUN

g KypciB BUITIOI MaTEMATUKN Ta MATEMATUIHOTO aHAJII3Y KJIIOYOBUM I10-
HSTTSIM € HOHATTS I'PaHUIll. TakKi BaXKJINBI MOHATTA MUX JUCIUILIIH SIK I'DaHU-
g (QYHKIII1, HEllepepBHICTh (DYHKITII, TOXiTHA (DYHKINT, pi3Hi BUU iIHTErpaJIiB
BBOJISITHCSI, CIUPAIOYNChH caMe Ha OIlepalliio I'paHundHoro mnepexoay. Popmyna-
HH$ y CTY/JEHTIB MOHATTS TPAHUII Kpallle 3/TICHIOBATU Ha MPUKJIAI TOHATTS
IPaHUII ITOCJIIIOBHOCTI.

[caytoTh KijTbKa O3HAYEHBb MOHATTS T'PAHUIN YHUCJOBOI IOCIIJIOBHOCTI: Ha
OCHOBI TTOHATTS HECKIHUYEHHO MAJIOl BEJIMINHU, MOBOIO OKOJIIB, MOBOIO «E—1(»,
Ha OCHOBI MTOHATTS YaCTKOBOI TpaHuIll, akciomatndre 3a Dpermre. Y 3amporio-
HOBAHOMY HAMU JOCTiKeHH] [1| mpomonyeThest MeTonuka (bOpMyBaHHS IO~
HATTS TPAHUIT TOCIIJIOBHOCTI, O I'PYHTYETHCS Ha BUKOPUCTAHHI JIBOX O3Ha-
JeHb: MOBOIO OKOJIIB 1 MOBOIO «£—ng». [locmiioBHICTE O3HailOMJIEHHS CTY/I€HTIiB
3 UMW O3HAYEHHAMHU MOXKe OyTHu pizHoro. Po3risgHemMo BapiaHT, KO CIIOYa-
TKY OyJie BBEJIEHO ITOHATTS I'PAHMUIIL ITOCJIiJOBHOCTI MOBOIO «E—T1g», & IIOTIM —
MOBOIO OKOJIIB.

[TonsaTTa rpannIli MOCIiTOBHOCTI JOIIJIHLHO BBOJAUTHA KOHKPETHO-IHIYKTHUB-
HUM METOJJIOM, PO3IVISSHYBIIH IIPU IIbOMY HIPHUKJIAIN KiTHKOX MOCJIiJIOBHOCTEIA.
Hanpukiiaa, MoxKHa BUOPATH IIOCJIIIOBHOCTI i3 3araJbHUMU YIEHAMH X, = 27N,
Yn = %, Zp = Q"n_l, gn = (—1)". 006pa3uBIy WiIeHU [UX MOCIJIOBHOCTEH Ha
KOOP/JIMHATHUX MPAMUX, TTOTPIOHO 3BEPHYTHU yBary CTYIAEHTIB Ha IOCJIiIOBHO-
cTi (Y ) 1 (2,) Ta 3apPOITOHYBATH TM BUSIBUTH TY BJIACTUBICT, sIKa IIPUTAMAHHA
IIFIM ITOCJITOBHOCTSIM, 1 IKOT HE MAIOTh HOCJiI0BHOCTI (X4,) 1 (gn ). Kepytouncs
LIrocTpallisiMi, CTyAeHTH MOMIiYal0Th Ty OCOOJIMBICTb, IO “JI€HU IOCJIiJIOBHO-
cti (Y, ) 31 3pocTaHHsM TX HOMEDIB BCe GuimKdYe 1 OmKae HAOIUKAIOTHCS 0
qucsa 0, a 9IeHH TOCTiOBHOCTI (2,) — 70 4ucaa 2. Y 3B's13Ky 3 UM He-
00X1THO HArOJIOCUTH Ha HEOOXITHOCTI «IepeBeIeHHsI» BUSBJIEHOI BJIACTUBOCTI
nocsigoBaocteit (y,) i (z,) HA MaTeMaTHIHYy MOBY, TOOTO Ha HEOOXiIHOCTI
chOopMyTIOBATH CTPOre O3HAYEHHS I'PAHMUII ITOCJIiJOBHOCTI.

Y MOJIAJIBIINX BUKJIAIKAX JIOIIBHO IIEPEUTH 10 PO3TJISLY JIUIIE OJTHIET TT0-
CJIITOBHOCTI, HAPUKJIA, (Y, ). Te, 110 31 3pocTaHHIM HOMEPIB YJICHU TII€T 1MO-
CJILIOBHOCT1 Bce Oymkde i OJmKde HabOJIMKaThes 10 duciaa () o3HAYaE, 1o
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BijicTaHb BiJ Y, 0 0 cTa€ BCe MEHIIIO0, TOOTO 31 3pOCTAHHSIM HOMEPIB 3HATEH-
HsT BUpasy |y, — 0| crae Bce mermmm. Tomy 11ie 3HAYEHHST MOXKe OyTH MEHIIIM,
Hanpukiaa, 3a € = 0.1; ¢ = 0.01. Bubupatoun KOHKpeTHI 3HaUeHHs £ (Ha-
npukyald, € = 0.1; ¢ = 0.06) BuK/Iaa9 MOKA3ye, IO JJIsT KOXKHOTO BHOPAHOTO
3HAYEHHST € MOYKHA BKa3aTu HOMep ng (BimnosimHo ng = 10 i ng = 16) Takwit,
O IS BCIX M > M BUKOHYBaTUMETbCsS HepiBHICTH |y, — 0| < . Ili daxkru
JIOIIJIBHO IIPOLTIOCTPYBATH rpadivHo, HAIIPUKJIIA/IL, 38 JOIOMOIOI0 TaOJIMIHO-
ro mportecopa Microsoft Excel. Iliciia nmporo Bukiagasd GopMysItoe O3HAUEHHS
TPaAHUII TOCJIIIOBHOCTI MOBOIO «E—T1( .

YBIBIIN TOHSTTS OKOJIY CKIHYEHHOI TOYKM Ta OKOJIY ILTIOC (MiHYyC) HECKiH-
YeHHO-BIJIAJIEHOl TOUYKHU, MOXKHA IEPEXOIUTH IO BBEJIEHHA IMOHATTS I'DaHUII
IOCJILIOBHOCTI MOBOIO OKOJIiB. Bukajad 3a3uaqdae, 1o HepiBHICTD |y, —a| < €
MOKH& 3aITUCaTh TakK: —€ < Y, —a < €. OTke, a — € < y, < a + € Jyid BCiX
n > ng, TOOTO YJIEHU TOCJIiTOBHOCTI ¥,, HOMEPH SIKUX € OLIBIIUMHU 3a Ny,
MOTPAILIAIOTh B €-0KiJT Touku a. [Ipudomy me cupaBenmuBo mjig Bcix € > 0.
[eit bakT JIOMITBHO ITPOJAEMOHCTPYBATH Ha BiJIOBITHOMY PHUCYHKY.

Ha ocHOBI nipoBejieHUX MipKyBaHb CTYJIEHTUA CAMOCTIIHO ab0 3a JJOTIOMOT'OI0
BUKJI1a9a 3MOXKYTh COPMYJIIOBATH TaKe O3HAYECHHsI I'PAHUII TTOCJIiTIOBHOCTI
MOBOIO OKOJIIB: YHCJIO ¢ HA3WBAIOTh I'PAHUIICIO TOCJIIOBHOCTI (Y, ), SKIIO B
Oy Ib-IKOMY OKOJIi TOYKHU @ MICTSITbCS BCl WJIEHHU ITi€]l TOCJIiJOBHOCT, ITOYNHA-
109U 3 JIETKOTO HOMEpPA, TOOTO B OY/Ib-TKOMY OKOJIi TOYKU @ MiCTUTHCSA HECKiH-
YeHHA KITBKICTh WIEHIB MOCJIIOBHOCTI (Y, ), & 38 MeXKaMé KOYKHOTO TaKOTO
OKOJIy 3HAXOAUTHCS He OLIbINe, Hi2K CKiHYeHHa 1X KiJIbKIiCTbh.

OcobMBOCTSIMEI 3aIIPOIIOHOBAHOI METOAUKHN (POPMYBAHHS HMOHSITTsI IPAHU-
Il TIOCJIIJIOBHOCT1 € Te, IO MPUIIYIIeHHs, BUCYHYTlI Ha OCHOBI MIpKyBaHb Ha-
OYHOCTi, OJEPKYIOTh BiIOBiIHE aHAJITHUYHE OOI'DYHTYBaHHS, CTYJIEHTH Ca-
MOCTIWHO HPUXOJIATH 10 (POPMYJIIOBAHHS PI3HUX O3HAYEHb MOHSITTs T'DAHUIL
riocstizioHocTi. [le 3abe3mnedye cBiome onaHyBaHHS CTYJIEHTAMU IIUX HOHSATD.
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MODEL OF INFORMATION DISSEMINATION WITHIN A
NETWORK LIMITED BY A QUADRANT OF THE PLANE

M.E. DUDKIN, O.Y. DYUZHENKOVA, O.M. DUDKIN

We establish a connection between the dissemination model of informa-
tion within a plane-parallel network, which is located in a quadrant of the
real plane and the real two-dimensional moment problem. The real two-
dimensional moment problem on the plane is associated with two block tri-
diagonal Jacobi-type matrices (the size of the blocks increases). The plane-
parallel model of information dissemination leads to two matrices, which are
a special case of the matrices corresponding to the real two-dimensional mo-
ment problem. A generalization of the model with additional communication
channels is also considered. Thus, the study of the information dissemination
model can now be carried out using appropriate methods of moment prob-
lems, that is, using the studied objects: block matrices, measures on real
planes and associated polynomials of two variables.
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AHAJII3 ®AKTOPIB, III0 IMOBIPHO CIIPUSIOTH
BVMHVNKHEHHIO IITCP

€.A. BYJIAT, P.P. AH/IPIEBCBHKUI, O.B. MYJIUK

Axkryanbuicte. [locrrpaBmarnanuii crpecosuit poznan (IITCP), mo 3a-
Jinae >KiHOK PENPOJIyKTUBHOI'O BiKY, € BATOMOIO COITIOMEIUYIHOI0 TPOHIEMOIO.
Brtus IITCP ma xinode 310poB’st, 0COOINBO Ha 3aTHICTH [0 JITOHAPOIZKE-
HHsI, JIOCi He OTPHMMAaB HAJIEXKHOI'O HAayKOBOIO ocMucJeHHs. [l 3’scyBaHHS
norennifinnx ynaauKiB popmyBanns [ITCP Oymm BixiOpani BimgmoBimi >KiHOK
BikoM Bim 18 mo 50 pokiB 3 aHKeTYBaHHH, dKe OYJIO IPOBEICHO cepes JIIAei
31 3BlJIbHEHUX TepuTopiit YKpainu. Becboro yuacHukiB onutyBanus Oysio 1101,
BIK PECIIOHIEHTIB KOJIMBaBcA B 16 10 72 pokiB, onmuTyBaHl Biamosiim Ha 100
3allUTaHb, 3 AKNX JJIsI JOCJIIzKeHHs BigiOpaJn 54 3armTaHHsI.

Mera Ta mMetoa gociimkeHHsi. Buznauntu dakTopu, ski HaiOiabIe
BILIMBAIOTH Ha WMOBIPHICTH PO3BUTKY ITOCTTPABMATUYHOIO CTPECOBOTO PO3-
JIaAy YV KIHOK PENpOIYKTUBHOI'O BiKY 3a JIOIMOMOTOI0 aJITOPUTMY MAITMHHOTO
HapianHss Random Forest. Bei cratuctuyni anasisu ta mobdyaoBa rpadikis B
JIOCJIIZKEHH] IIPOBOAMINCH 3 BUKOPUCTAHHSIM CTaTUCTUIHOL ardopmu JASP
0.19.3.

Y Machine Learning craructmanol miardopmu JASP 0.19.3 6ymo 3acto-
coBano moxaysib Random Forest Classification. Hapuaabauit Habip maHux pos-
nogiieno sk 64% —16% — 20% (mus. Tabu.1.) Koudiryparis momesi mi-
OupaJiach 3 YMOBHU MHOIEPEIHHO OTPUMAHUX PE3YJIbTATIB JOTICTUIHOI perpecii
Ha Jjaniii Bubipmi (Accuracy 70%). Haiikpaiia TodHicTb MOe/I JIOCSTAIACDH
mpu KiJabKocTi JiepeB 190-350, mpudyoMy Ha eTalri KOKHOTO MOy BUIIAIKOBO
BHOMPAJINCA D IPOTHOCTUIHAX 3MIHHUX, KOXKHE IePEeBO HABUAJIOCS Ha BUIIAI-
KOBiil migmuoxkuHi (63.2%) TpeHyBaIbHUX NaHUX 3 MOBepHEHHsAM. Posrmmpe-
HHsI HaBYaJIbHOI BUOIPKH 3a JOIIOMOI'0OI0 OyTCTpEIl-PeCceMILIIHTY IIPU3BEJIO 10
3MEeHIIIeHHS PO3KUIY KPUBUX 1 MiABUIIEHHS 1X Y3TOJI?KEHOCT1 BCEPEJINHI TPYII.
Ile cBimuuTh PO IMOKpPAIIEHHS CTA0LILHOCTI MOJIEJI Ta JiTKiIe BigoOpaKeHHsI
BiamirHOCTEH MixK Tpynamu PTSD=0 ta PTSD=1.

Haiiguma 3araipua Togicts Mogei oysa 75.2% (AUC = 0.79) na recrosiii
Bubipri (n = 121). Mogesb kpaire BusiBjisie Heratusauii Kiaac (0): 9y TiuBicThb
89%, F1 = 0.81, Toxi sk Jyis mosuruBHOrO Kiacy (1) — uymiusicTs Jnrire
54.2%, F1 = 0.634. Ile cBimunTh mpo moMipHy 3JATHICTL MOJAEN J0 PO3Pi-
3HEHHsI KJIaciB, 3 mepeBaroio y susiBjenHi BijcyTHocti [ITCP. ITlo macupasmi
HENPUHAHSTHO JJII KJIIHITHOI'O CKPUHIHTY — BUCOKHIT PU3UK IPOILYCTUTH THUX,
xT0 norpedye gonomorn. Ilokasank OOB Accuracy susBusca na pisni 49%,
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TabJ1. 1. Model Summary: Random Forest Classification

Trees F n(Tr) n(Val) n(Test) Val Acc Test Acc OOB Acc
192 5 388 97 121 0.711 0.744 0.490

Note. The model is optimized with respect to the out-of-bag accuracy.

1110, IMOBIpHO, MOYKe CBIITYUTU TPO MEBHY MIHJIUBICTD YU CKJIAQJIHICTH CaMO-
ro HabOpPy JIAHUX, aJie BOJHOYAC HE CHPUYUHSIE O3HAK OUYEBUIHOTO €(deKTy
HaIMIPHOT'O TIePEHABYAHHS.

159 PTSD
Perfect separation PTSD 46A
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15 08-
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a) Kpusi EHgproca ansa rpyn i3 Ta 6e3 MNTCP 6) ROC Kpwusi ans rpyn i3 Ta 6e3 NTCP B) BaxvBicTb npeAnkTopiB 3a
cepefHiM 3MeHLIEHHAM TOYHOCTI

5 -

Puc. 1. Xapakrepuctuku mozesi Random Forest

BucuaoBknu. IIposesiennii anasiisz 3a jgonomororo ajropurmy Random Forest
Classification y cepemoBuii JASP HaBoanTh JOIIIBHICTH PO3IIMPEHHST CTaH-
mapTHOro onutyBaabHnKa s miaraoctuku [ITCP. JomaBanas 3MiHHEX, IO
Bi/I0OpazKaroTh 0COOJIMBOCTI XapdOBOI MOBEIIHKN Ta SIKiCTh CHY, MOXKE IIiIBU-
IIUTU TOYHICTh KJIacudikallil Ta CipugaT IJIHOIIIOMY PO3YMIHHIO B3a€MO3B’ 3Ky
MiK COMATUIHUMHU Ta IICUXOJIONTIHUMHE (PAKTOPAMU IIOCTTPABMATUIHOI'O CTPE-
COBOT'O PO3JIAJLY.
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IIEPETBOPEHH{A I'A®A VY IIUTAHHAX AHAJII3Y
OPIEHTAIIII CTPYKTYPHIX KOMIIOHEHT HA
ITPUKJIAJI CTPYKTYPU METAJIY

1.1O0. KOPOJIEHKO, O.0. LITO®EJIb, B.B. 'OJIOBKO, T.B. ABJIEEBA

g anasrizy 300pakKeHHs Ha OPIEHTAINI0 CTPYKTYPHUX KOMIIOHEHT OYJI0
zacrocoBano Standard Hough Transform (SHT) mia BusBienus mex 3epen
Ha 300pakeHHsIX MiKpocTpyKTypu Ta Principal Component Analysis (PCA)
— JIJTsl BUBHAYEHHSsT OpieHTAIlil KOKHOTO OKpemoro 3epHa [1]. SHT nepesoauts
300paXKeHHsI 3 X,y MPOCTOPY MKCETB y mapaMeTpu30BaHuii mpoctip p, 0 (e
p — BiJCTaHb BiJI TOYATKy KOOPJMHAT JO0 JIiHil, § — KyT HaXWIy Mix x i
[EePIIEH UK Y/ISTPOM )

p = xcosf+ ysinf.

st koxxHOT TouKM oTo i KokHOTO 6 orpumyemo Kapry A(p, ) Haitbiab
BiporigHmux JiHil, sIKi «IIPOMaJIbOBYIOThb» I'DAHUII ITOBEPTAIOIN 300parKeHHsT y
JAEeKapTOBI KOOPJIMHATH.

st momryKy opienraril BuKopucroByeThess meron PCA:

{<$17 yl)? <x27 y2)7 E (:ljm yn)}

Cepenire moJtozkeHHsI (IEHTP Mac) KOHTYPY:

n

1 & 1
fZE;JI%; @ZEZ%»

1=1

e T,y — CepejHl KOOPAWHATH, IO BiIOBIIAIOTH MEHTPY Mac (IeHTPOITy)
KOHTYPY 3€pHa, BIJTHOCHO SIKOT'O JIaJIll 3/IIAICHIOETHCS IIEHTPYBaHHS TOYOK JIJIsI
BUKJIIOUYEHHSI BILJIUBY TOJIOZKEHHS Ha TIJIOITUHI.

Bci Toukm 3cyBaroThCs BiITHOCHO ITHOTO IEHTPY MAac:

/ — / —
T, =% =T Y; =Y — Y.

Ha ocHoBi 3cyHeHUX KOOp/IMHAT OOYMCIIIOETHCS KOBapialliiiHa MaTpUIld —
BOHA BiJioOparkae, HAaCKIJIbKH 3MiHH B30B2K OC1 T OB sI3aHi 31 3MiHAMU B3JI0BXK
ocl y:

2[5 B

n—1
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me Var(z') i Var(y') — ne aucnepcii o koxwiit oci, Cov(x’,y’) — xoBapia-
I[isd, IO IMOKa3ye, HACKIJIbKHM 3MiHU 10 X 1 Y «y3rojpekenis. Ilicia mobymnoBu
KOBapiaIliifHol MaTpUIll Y BUKOHYETHCS 11 BJACHUN PO3KJIIAI;

det (X — ) = 0,

ne I — onumHWYHA MaTPUIlA, a A — BJACHI 3HAYEHHS, IO OIMUCYIOTHh CTYIiHb
Bapiarliil JJaHUX y3/I0B¥K BIJIIOBITHUX HAITPAMKIB.

Jnst KosKHOro 3HaAiIeHOT0 \; OOYUHMCIIIOETHCA BiJIIOBITHUI BJIACHUN BEKTOPD
v;, IKUH 3a0BOJILHSIE PIBHAHHSI:

E Vi = AV,

Jie v; — BJACHI BeKTOpHU (HAIIPSIMKH ), A\; — BJIACHI 3HAYEHHS (CTYIIHb PO3KUTY
JAHUX Y TIHOMY HAIPSIMKY ).

Kyt opienTtarii 3epHa BU3HAYAETHCA K KyT MiXK TI'OJIOBHOIO BiCCIO ¥, IO
Bi/IoBiae HaMOLIBIIIOMY BJIACHOMY 3HAYEHHIO A1, Ta BiCCIO I:

6 = arctan Q(Ulya ’le),

e U1y 1 V1, — KOMIIOHEHTH TOJIOBHOTO BEKTOPA.
Jtst 3pydHOCTI KyT HOpMaJTi3yeThest f0 inTepBasy [0°,360°):

0 =60 mod 360.

Hauwnit Mmeros [2] Ta orpuMaHni pe3ysbTaTi JI03BOJIAIOTH KiTbKICHO OIIHIOBATH
CTPYKTYPHY OJIHOPI/THICTH 3BapHOI'0 MeTaJly Ta HOTEHIIIITHO 3aMIHUTH YaCTUHY
dyukmniit EBSD-anasisy.
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BIIJINB JUCKPETU3AIIII TA OBMEKEHOCTI
MACIIITABY HA TOYHICTDHb OBUYNCJIEHHA
®PAKTAJIBHOI PO3MIPHOCTI 30BPAXKEHDb

C.JI. MAPKOBCBKA, [0.I0. BOHIAPEHKO, 0.0. IITO®E/DL, I'B. CAMAP

B poboTi po3risiiaeTbest 3acTOCyBaHHA METOIy (DPaKTaJIbHOIO aHaJIi3y 10
306pazkenb. [eomerpuuna iHTeprperaris po3mipuaocri [1]:

_ log (M)

D= o) .

ne D — poamipuicts, M — wmipa, L — po3mip.
Ha npuknani kpmxkuaku Koxa, dopakrasbHa po3MipHICTD JJj1s1 Hel 3a reo-
MeTpudHuM Miaxoaom (popmyiia (1)) i anamizom po3mipHOCTI:

._.
@)
o
Yy
N
N—"

= 1.2619.

D kp.Koxa — )

3a xkomm’orepHM MeTonoM |2, meromom Minkoseskoro [1| (dbopmyra 2)
(abo Box-counting method): mokpuaemMo (pakTal CiTKOI 3 KBaJapariB (KO-
pob6oK) po3mipom €. Paxyemo kimbkicTh KOpobok N (€), siKi MIiCTSTH YaCTHHY

dpakTay.

W~

log (

log N
DKp.Koxa = lim —Og 1(6)
e—0 log =

: (2)

me N(€) — miHiMaIbHe YHCJI0O MHOXKWH JiaMeTpa €, SIKHMH MOYKHA TTOKPUTH

MHOKHHY.
DY Koxa = 1.2195.
Pesysnbrar nokasye jieaKy posOiKHICTD Dyp Koxa > D%D.Koxa, orxke A =
0.0341.
@pakKTaJIbHINE 00’ €KT D Posmip 306pazkenna | DV A
Kunnum Ceprnuncskoro | 1.8928 (122 x 122) 1.7713 | 0.1215
Kumamm Ceprimacskoro | 1.8928 (729 x 729) 1.8456 | 0.0472

BigmiTuMo npudnHu po36i2KHOCTI B TeOMETPUIHOMY I IX0/I1 Ta B KOMII I0Tep-
HOMY aHaJIi3i:
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(1) ObmexkeHiCTh PO3IITHHOI 37ATHOCTI Ta MacIITaby (IUCKpeTH3aliis):
YumMm MmeHIIa JOCTiKyBaHa JTUISHKA PpakTaay ado 9YuM MeHIIe iTe-
parliit 0yJ10 BUKOHAHO JIJIsI fI0ro o0y 0B, TUM OiJbIuM Oyae Biaxu-
JeHHst obumcsieHol poamipaocti (tabs. 1. Ipuknan Kumum Ceprun-
CBHKOT0).

(2) Teopernunuii hpakTag Mae CAMOTOMIOHICTh HA HECKIHIEHHOMY JTiara-
30H1 MacTabiB. KoM’ toTepHe peicTaBieHHd 0OMeXKeHe CKIHIeHHOIO
PO3IILHOIO 3MATHICTIO (TIKCEIsIMU, BOKCEJISIMU) Ta CKIHIYEHHUM Y-
cJIoM iTepariii abo remepariii dpakrasa. Ile obpizae camoroaibHicTD
Ha JIy2Ke MaJuX 1 JykKe BeJUKHX MacmrTadax. [Ipu obuvucaenmi, Ha-
npukaad, memodom boz-counting, diana3on po3mipie «Kkopoboks (Ko-
MIPOK) 0OMmedtcenuti, i ye 8NAUBAE HA TOYHICND ANPOKCUMAUT.

Pizni uncenbui meronu (Hampukitam, box-counting, method of capacity, me-
TOJT pajiiyca TOIIO) MOXKYTb JABATH JIEIIO BiAMiHHI 3HaYEHHST (DPAKTAIBLHOI
PO3MIipHOCTI, 0COOJIMBO SKIINO (ppaKTasl He € CTPOro CAMOIOIIOHUM ab0 Ma€
CKJIQJIHY CTPYKTYPY.

TakuMm YrmHOM, TEOpPETUIHA PO3MIPHICTH — Il ijleabHe 3HAYEeHHs JIJId He-
CKIHYEHHOI'0 00’€KTa, a KOMII IOTePHO O0YHC/IeHA — aIllPOKCHUMAallisi, OOMezKeHa
PO3/TIIBHOIO 3/IATHICTIO, MACIITAOOM Ta METOJIOM aHAJII3Y.
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3ACTOCYHKU JJOIIOBHEHOI PEAJILHOCTI Y HABYAHHI
MATEMATUKN YYHIB 3AKJIAJIB CEPEJIHBbOI OCBITHU

H.B. PAITIEBCbHKA

[Iporec HaBYaHHS B 3aKj1a/aX 3araJbHOI CEpPEeHHOI OCBITH B OCTaHHI POKHN
BCe YacTille 3iiCHIOEThCS Y IUCTAHIIIHHOMY ab0 3MimaHoMy dopMarax, 110
He 3aBXK/IU CIIPUSIE IKICHOMY OIIaHYBAaHHIO HaBYAJIHLHOTO MaTepiasry. OcobuBo
1Ie BIJTIyTHO I1iT YaC BUBYEHHS TAKUX MIPEJIMETIB, K ajaredpa Ta reoMeTpis, dKi
BUMAaraloTh BHCOKOT'O PiBHS IPOCTOPOBOIO MUCJIEHHs, YMiHHS abcTparyBaTH,
aHaJIi3yBaTU CIIBBIHOIIEHHS MiXK 00’ €KTaMu, Oy IyBaTH MOJIEJI Ta ONEPYBATH
CUMBOJIIYHUMHU CTPYKTypamu. JlocBiz megaroriB 3acBiadaye, Mo y9IHI 9aCTO Ma-
I0Th TPYJ/HOII 3 YSIBJEHHSIM TPUBUMIPHUX (DIryp, 1moOyI0BOI0 NeOMETPUIHIX
TiJI Ha TJIONMIMHI, PO3YMIHHAM (PYHKITIOHAJIBHUX 3aJIE€XKHOCTEN Ta rpadidHuM
IIOJAHHAM MaTeMATUYHUX 00 €KTIiB.

OpHuM i3 TEepCIeKTUBHUX HAIPSMIB PO3B’SI3aHHS O3HAYEHUX ITPOOJIEM €
BUKOPHUCTAHHS y IIPOIleCl HaBYaHHS IMEPCUBHUX TEXHOJIOTIHI, 30KpeMa JIOTOB-
uenol peasbuocti (AR). Texnosorii AR 3abe3nedyiors moegHaHas BipTyasib-
HUX 00’€KTIB i3 peaJIbHUM CEpPeIOBUINEM, IO CTBOPIOE edeKT 3aHyPEHHS Ta
T JICUJTIOE HAOYHICTh. Y MaTeMaTH4YHill OCBITI I1e 03HAYAE MOXKJIUBICTH «OXKH-
BUTHU» a0CTPAKTHI MOHATTS — M0OOAYUTH, SIK (POpMyJsia TEPETBOPIOETHCA HA,
reoMeTpudHy Qirypy, a piBHsSHHs — Ha peajbHuil rpadik y mpocrtopi. Take
Bi3yaJIbHO-IHTEPAKTUBHE IIOJIAHHS CIPUSAE PO3BUTKY HPOCTOPOBOTO MUCJIEH-
HsI, ITiIBUIIEHHIO MOTHBAIIl Ta 3MEHIIEHHIO KOTHITUBHOTO HAaBAaHTAaXKEHHS Ha
VIHIB.

Bunaiyistiors 1B OCHOBHI I'pynu MOOLIBHUX Ta BeO3AaCTOCYHKIB JIJISI BUKJIA-
JIaHHS MaTeMaTuKu 3 BUKOpucTaHHaM 3D-sisyasizarii ta AR:

1. Bacrocynku mjis Bizyasizanil dyuxiit (Math3D, FunctionGraphsPlot-
ter, 8D FunctionsPlotter, 8D GraphingCalculator, CalcPlot3D). 11i
iIHCTpYyMEHTH OpI€HTOBaHI Ha IMEepeBeIeHHsI CKJIAIHUX aJIre0paidHmx
KoOHIIeMIi#t y HaouHuit ¢popmar. Hampuknan, FunctionGraphsPlotter
30cepeiKeHnil Ha JBOBUMIPHUX I'padikax, JO3BOJSIOUN JOCIIIKYBa-
THU BILJIUB KOeMiIi€HTIB HA KPUBY, To i 9K 3D FunctionsPlotter ta 3D
GraphingCalculator HagalOTh MOXKJIUBICTH OyayBaTh (YHKIINI IBOX
3MIHHUX Yy PI3HUX CHCTeMaX KOOPJAWHAT Ta JIOCJIKYyBaTU CKAa HI 3D-
noBepxHi #1 BekTopu. CalcPlot3D nomaTKoBO HiATpUMyE€ HaBYAHHS,
3a0e3I1euy0vn TPOCTOPOBI 0OePTaHHs Ta MACIHITAOYBaHHS MOJIEJIEH.
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2. 3aCTOCYHKH JIJIsI CTEpeoMeTpil Ta PO3BUTKY IIPOCTOPOBOI ysiBU Ha Oa3i
AR (Geometria RA, RA AugmentedPolyhedrons, Sélidos RA, Geomet-
riaRealidadAumentada). 11 iHCTpyMEHTH BUKOPHCTOBYIOTH MapKepu
(QR-komm) mrst BipTyasizarii reomerpudHUX Tin (mpusMu, mipami-
1, Tima obepranHsi) y peajbHOMY cepemosuiii. Hanpukiaz, Sdlidos
RA mae posmupennit dyHKITIOHA, IO BKIOYae Moy «IlranyBan-
Hst» (JI)1s1 BUBYEHHSI PO3TOPTOK Tiji), «CTBOpeHHsI» (11151 KOMOiHYBaH-
Hs reoMeTpuvaHuX TiT y 3D-cucremi koopauuat) Ta «MomemoBaHHs >
(mu1st mepeTBOpenHst mtockux (iryp y 6ararorpannuku). lle namae mo-
JKJIUBICTH KOMITEHCYBATHU BiJICYTHICTH (PISUYHUX MAKETIB Ta 3abe3Ire-
YUTU IHTEPAKTUBHY POOOTY yuHiB i3 3D-00’ekTaMu. 3aCTOCYHKU THUITY
Arloon Geometry NpoOIOHYIOTH KOMILIEKCHI ILJIATHI PIllIeHHS 3 JTUHA-
MIYHUMU MOJIEJISIMU, (POPMYJIAMUA Ta TECTOBUMU 3aB/IAHHSIMU.

Metromuuna inrerpamis AR-3acrocyHkiB mepembadae X BUKOPUCTAHHS Ha,
BCIX eTanax ypoKYy: BiJl HAOYHOI JIEMOHCTPAIll HOBOI'O MaTepiajy Ta aHiMaIlil
ITPOIIECIB 710 3aKpillJIeHHd 3HAHb Yepe3 iIHTEepaKTUBHI eKcliepuMeHTH. BoHu €
e(eKTUBHUMHU IHCTPYMEHTAMU JJIA 1HJUBIyaJbHOI Ta TPYHOBOI poOOTH, BU-
KOHAHHS JOCJITHUIBKIX 1 TPOEKTHUX 3aBIaHb.

Takum vrHOM, BUKOPUCTaHHS MOOLIBHUX 3aCTOCYHKIB 3D-Bizyastizarii Ta
JIOTIOBHEHO! peaJIbHOCTI:

® IIOKPAIIy€ PO3YMiHHSI CKJIQIHUX 1 aOCTPAKTHUX MaTEMATHIHUX KOH-
TIETIITIiT;

® CIIPUSIE PO3BUTKY MPOCTOPOBOIO MUCJIEHHSI, KPUTUYHOTO aHAJI3y Ta
HAaBUYOK BI3yaJIbHOT'O MOJIC/TIOBAHHS;

® IIiJIBUIIYE 3aIliKaBJIEHICTb 1 MOTUBAIIIIO YUHIB, POOJISTIN ITPOIIEC BUBYE-
HHS CTepeoMeTpil Ta aHaJji3y (PYHKITN OB 3aXOILIIOI0YUM 1 3Po-
3YMIJIIM.

TnctutyT meroBI3AlLll ocBITU HAITH Ykprainu, KuiB, YKPATHA
Email address: nvr1701@gmail. com
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MOHITOPVHI' PAKTOPIB IIOB’4A3AHUX 3 IITCP
METOJAMM MAIIIMHHOI'O HABYAHHAA

J.II. PO2KEHKO, O.B. MVJIMK, T.I. IIPUTAJIITHCHKA

Axkryanbuicte. [locrrpaBmarmanmii crpecosuit poznan (IITCP) e onwi-
€10 3 HAMOLIBIN TIOMMUPEHNX TICUXITHUX PEAKIIiHl y JIIoJIeil, siKi 3a3HaJIN BILIUBY
BOEHHUX Jiif. 3a JaHUMU MeTaaHaJi3y, BiacoTok ocib i3 cummuromamu [ITCP y
30Hax 6oitoBuX it csirae Bix 23% mo 30% [1, 3]. B ymoBax Tpusasioro 36poitHo-
ro KOH(MJIIKTY B YKpaiHi 3HaYHO 3POCJIO HABAHTAXKEHHs Ha IICUXiTHE 3710POB s
HACEJIEHHSI, 30KpeMa Ha JKiHOK pernpoayKTuBHOro Biky [2]. Ile 3ymoBiroe HEOO-
XigHiCTh rymbIIoro anajizy dakTopis, o Bu3HaYaoTh HagBHicTh [ITCP, misa
VJIOCKOHAJIEHHSI CKPUHIHTY Ta MiIBUIIEHHS TOYHOCT1 MPOTHO3YIOUUX MO/IEIEN.

MeTta. BugBuTu KJ1040Bi JIaTeHTHI (DaKTOPH, IO 3YMOBJIIOIOTH PO3BUTOK
I[ITCP y xKiHOK PenpoyKTUBHOI'O BiKYy, Ta HaJIaTU IMPAKTUYHI PEKOMEHIaIlil
III0/I0 ONITHUMIi3allil ONMUTYBaJLHUKIB.

Metomu. 3acrocoBano Metos rojiopanx KommoneHT (Principal Component
Analysis, PCA) y cratuctuanomy cepenosuiii JASP (momyns Factor). Ilpu-
JATHICTh JaHUX JIJ1sI PaKTOPHOIO aHaJIi3y OyJIa OIliHEHA 3a JOIIOMOI'OI0 KPUTe-
pito Kaitzepa—Meitepa—Ouikina (KMO). Orpumane 3aranbhe 3nadentas KMO
0.737 € TpUHATHUM TTOKA3HUKOM 1 CBI/TIUTH MIPO HASABHICTH JIOCTATHBOI KOpe-
nsnil Mk 3miranmu (> 0.7).

Pesyabraru. /ns ananizy Oyio BukopucTtaHo BuOipky 3 606 >KiHOK 3i
3BLILHEHNX TepuTopiil Ykpaluu Bikom Bix 18 no 50 pokis, cepen sxux 36.6%
Busibuin o3Haku [ITCP. OnuryBaibHuK MicTuB 54 1MOKA3HUKH, IO OIUCYIOTh
coltiaJIbHO-IeMorpadivHi XapaKTePUCTUKH, ITOBEIIHKOBI 3BUYKH, CTaH 3JI0PO-
B’s, OCOOJIMBOCTI CHY Ta MCUXOEMOIIMHUI CTaH.

3a gomomororo dgakropuoro anaizy (PCA) BusiseHo 8 KOMIIOHEHT 3 BJia-
CHAUMU YHUCJIAMU OLTBITUMHU 38 OJUHUITIO.

Unrotated solution
Eigenvalue Proportion var. Cumulative

Component 1 5.854 0.107 0.107
Component 2 3.862 0.070 0177
Component 3 3288 0.060 0.237
Component 4 2788 0.051 0.288
Component 5 2 556 0.046 0.334
Component & 2259 0041 0375
Component 7 2.156 0.039 0.415
Component & 1.883 0.034 0.448

Puc. 1. XapakTepuCTUKH IOJIOBHUX KOMIIOHEHT 3a& Pe3yJIb-
taramu dpakToproro anamizy (JASP)
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Bunineno sekisbKa TOJOBHHX KOMIIOHEHT, SKi ITOSICHIOIOTH 3HAYHY Yac-
TKYy 3araJjbHOl jaucrepcii. 3okpema, HAHOIIbIN BJIACHI 3HAYEHHS MA€ IEePIIa,
(5.894, 10.7% nucnepcii), npyra (3.862,7.0%), Tpers (3.228,6.0%) Ta gerBepra
(2.788,5.1%) xommonenTn. BoHn HaAWBILIMBOBIII, OCKIIbKU arperyrb Haii-
OLIBITY KiJIBKiCTh iH(MOpPMAIIT 3 TOYATKOBOIO HAOOPY 3MiHHUX.

Komnonent | Ha3zBa dakTopa 3minHi 3 BucokuMm HaBaHTa- | OGrpyHTYBaHHS 3HAYYINOCTI
KEHHSIM
PC1 Comaruune ta indexmniii- | 76-82 Covid Bimobparkae comaTuuHi CHUMIOITOMHU — TCTS
HE HABAHTAXKEHHSI COVID-19
PC2 Qizuune 3p0poB’st, dys- | 51 Hv (camooninka disuuanoro | Busnavae saranpumit disuunnii pecypc Tta
KI[IOHY BAHHSI 3/10pOB’s1) CXWJIBHICTD 710 CTPECOBOI BTOMU.
51 V (piBens nparesgaraocti)
PC3 ConjasibHo-eMoriiiHa ajga- | 8 Binobpaxkae emoriiiiay ajarraiiito Ta coriajib-
nraris, craryc BIIO VPO Hi HACJIIKM BUMYIIIEHOT'O II€PEMIIIeHHs.
PC4 Tlenxodiszionoriuni nposi- | 46 Sleep (nopymienHs cHy) Binobpaxkae mcuxodizionoriuni mopyieHHs,
BU 46 A (BucHazkeHmHst) xapakrepui s [ITCP: posnann cuy ta Bu-
CHaZKEeHHS.

TABJI. 1. IaTepuperaliiss TOJTOBHUX KOMIIOHEHT (PaKTOPHOTO
aHaJizy 3Mminuux, nos s3anux i3 [ITCP

Hocmimkeno naitbinbm indopmarusai gotupu xommonentu (PC1-PC4),
SIK1 OXOILTIOIOTH moHat 28% Bapiarii ganux. [ami komnonenTu (PC5-PC8) ma-
I0Th HE3HAYHY YaCTKY JUCIIEPCil Ta MiCTATH 3MiHHI, IO TyO/II0I0TH ab0 caabo
KOPEJIIOIOTH i3 KiiHiuauMu nokasuukamu [ITCP.

BucnoBku. ®akropunii ananiz (PCA) 54-x 3MiHHUX y CTATHCTUIHOMY
cepenopuii JASP 103B0IMB BUILIMTH 8 KOMIIOHEHT, SIKi OXOILTIOIOTEH K IICH-
XiuHy, TaK 1 MOBEIIHKOBY/coMaTn4Hy cdepu. 3pobieHuil aHasi3 JOMOMOKe
YIOCKOHAJIUTH OIUTYBAJbHUK BUJILIEHHAM KJIIOUOBUX OJIOKIB, JI€ JIesTKi KOM-
MMOHEHTH MOXKYTh OyTM BUKJIIOUeHi 6e3 BTpaTu indopmarmBHOCTI. OnTnmi-
30BaHUM ONMUTYBAJBHUK JIO3BOJIUTH €PEKTUBHIIE 3AIMCHIOBATA MOHITOPUHT i
nodysoBy ML-Mmozesteit pusuky Ta panuboro Bussjiaenus [ITCP.
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IN®EPEHIIIMOBAHUM IIIXIJI Y HABYAHHI
MATEMATUKU B 3AKJIAIAX CEPE/JIHBOI OCBITU

10. B. HIBUUK

HudepenniitoBanuii miaxi; B OCBITHOMY IIPOIECi 3 MaTEeMaTHYIHOI OCBITH
ITOC1JTa€ BayKJIMBE MICIle B CyYJaCHI IeJIaroriiii, a/iz>ke BUMara€ BUCOKOTO PiBHHA
abCTPAaKTHOIO MUCJIEHHS, JIOTIKH, aHAJITUIHUX 3M10HOCTEll I HEPIAKO BUKJIU-
Ka€ TPYJIHOI y 3/100yBadiB ocBiTu. BoaHodac 1ie oOrpyHTOBY€E HEOOXiTHICTH
BIIPOBaJ2KEHHsI AU epeHIfoBAHOrO i IX0Ay B OCBITHBOMY IIPOIIECi JIjIsi Bpa-
XyBaHHsI PI3HOTO PiBHS 310HOCTEl yIaCHUKIB OCBITHBOI misiibHOCTI [1, c. 12].

Y 3aKiagax cepeaHbOl OCBITH BUBYEHHsSI MATEMAaTHYIHOI OCBITHBOI raJry3i
BXO/IUTH JIO0 PI3HUX HAIIPSIMIB — MaTeMaTUIHOrO, TYMaHITAPHOTO, TPUPOTHA-
qoro. [le oOrpyHTOBYEThCSA HE JIUIIIE CYCILJIbHOI 3HAYYIIICTIO MaTeMaTUIHOL
ocBiTH, a ¥ 11 posurio y popMyBaHHI JIONIYHOIO MHCJIEHHS, i3HABAJBHOI Ca-
MOCTIHOCTI Ta 3arajbHOI KyJbTypu 3700yBadiB ocsitu. Jocmigauku (A. ITo-
kycaii |2|, JI. [llexecroBa [3|) mpomonytoTh cucreMmy pi3HUX PIBHIB CKJIaIHOCTI
y HaBYaHHI MaTeMaTUKN B 3aKJaJIaX CEPEeIHbOI OCBIiTH: I — 3araJibHOKYJIBTYP-
uuii, II — npukiagaoro cupamysanss, 11 — moryubaenmii.

I manpsam opienToBaHmii Ha 3;7100yBadiB OCBITH, JJI IKUX OCBITHS TajIy3b
«MaremaTnkas € eleMeHTOM 3arajpHol ocBiTh. Joro mera — PO3BUTOK 1HTEJIE-
KTyaJbHUX 3I0HOCTEN, pO3YMIHHA POJII MATEMATUKU B YKUTTI Ta ONaHyBaHHS
06a30BUX yMiHb JIJIs1 Opi€HTalil y cydacHomy cBiti. Il mampsm ajpecoBanwmit
3/100yBadYaM OCBITH TPUPOJIHUYUX 1 T'yMaHITAPDHUX TPOMIIiB, Jie JUCITUTILITI-
Ha BUKOHYE JIOIOMIiXKHY (DYHKIIIO, 320€311eUyI0Un OIIaHyBaHHs iHCTPYMEHTIB
JIJIsT BUBYEHHSI 3aKOHOMipHOCTell y BiamoBimanx Haykax. III mampsam — wmaii-
CKJIQIHIIINH, IPU3HAYEHU /17151 MAfi0Oy THHOTO I'PYHTOBHOI'O BUBUEHHS (Di3UKO-
MaTeMaTHYHIX Ta TEXHIYHUX HanpaMiB. BiH mmependadae cucTeMHe 3aCBOEHHS
MaTEMATHIHUX 3HAHB 1 (POpMyBaHHsI iHTEIEKTya bHOI Kyabrypn [1, c. 13].

3MicT HaBYaJIbHOI JUCIUAILIIHA Ma€ BPAXOBYBATH Pi3HUIT piBeHDb 3i0HOCTE
3/100yBadiB ocBiTu. [Ijis THMX, XTO IIBHUIIIE OIIAHOBYE aOCTPaKTHE Ta JIOTiTHE
MUCJIEHHS, JIOIIJIBHO Iepeadadar OiJIbII CKJIAIHI 3aBIaHHS 3 aJreOpu Ta reo-
MeTpil, a JJisd TUX, XTO IIOTPedye JI0JIaTKOBOI I ATPUMKN — OiJIbII HAOYHI Ta
MMPAKTUIHO OPI€HTOBaHI BIIpaBW. Takwil Mi/IXiJT JTO3BOJISIE AJAITyBATH OCBI-
THIH IIpoIec A0 iHAUBIAyaJbHUX MOXKJINBOCTEI 3700yBatiB OCBITH Ta CIIPUSIE
bopMyBaHHIO TXHIX KOTHITUBHUX 1 aHAJITHYHUX HABUYOK |2, c. 45].
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[IpakTuka audepeHIiioBaHOrO INJAXOAy BKJIIOYAE: PIBHEBY IndepeHIlia-
11110, IO PeaJTi3yeThCA Yepe3 pi3Hi (GOPMU: MOIIJT 38 PIBHAMHI MiJITOTOBKU, OpTa-
Hi3allifo IPyHoBHUX i IHAWBIAyaJIbHUX 3aB/IaHb, BAPiaTUBHICTH METOIB POOOTH.
[Tomupenoro € piBHeBa audepeHIriallis, Mo Jae 3MOTYy KOXKHOMY 3J100yBady
OCBiTH OOMpaTH 3aBIaHHS BiIIIOBIIHO 0 CBOIX MOXKJ/INBOCTE; mudepeniia-
ITiI0 38 CAMOCTIMHICTIO, KOJIU OJIHI ITPAITIOIOTh IIiJ KEePIBHUIITBOM IIeJarora, a
iHIITI BUKOHYIOTH 3aBIAaHHS CAMOCTiiiHO; JudepeHIriallio 3a CKJIaIHICTIO 3aB-
JIaHb, IKa Iepeidadac MOCTYIIOBE YCKJIaIHEHHA BITPAB 3aJ1€2KHO BiJl JIOCATHEHD
3100yBadiB ocBitu 3, c. 234].

BaknuBum acmekToM edeKTUBHOI JudepeHIlialil € opraHizalliss KOHTPO-
Jifo 3HaHb. CucremMa mepeBipKU Ma€ BiJIIOBiIaTH 0OpaHOMY PiBHIO HaBYaHHSI,
OCKLJIbKM KOHTPOJIb BUKOHYE KePIBHY (DYHKITI0 y ocBiTHhOMY mporieci. [Ipa-
BIJIBHO IIOOYO0BaHUT KOHTPOJIb He Jiuile (iKCy€e HOCATHEHHs 3/100yBadiB ce-
PEeHBOI OCBITH, & I CIIPUs€ PO3BUTKY IXHBOTO JIOTTYHOTO MUCJIEHHS, CAMOCTI-
HOCTI Ta BiAIIOBIJAJIbHOCTI.

Omrxe, qudepeHItiioBaHnil MaXi B OCBITHROMY IIPOIECi BUBUYEHHS MaTe-
MaTUIHOI OCBITHBOI TaJIy3i BUCTYIAE JI€EBUM 3acCO00M peaJizallil ocoOucTicHO
Opi€HTOBAHOrO HaBuaHHS. 110ro BIPOBA/KEHHS B 3aKJIa/1aX CEpPeIHBOI OCBITH
CTBOPIOE YMOBHU /IJI¢l TMJIBUIIIEHHS SIKOCT1 OCBITH, PO3BUTKY 1HTEJIEKTYaJIbHOTO
MTOTEHTIIAJTY 3/I00yBaviB OCBITH Ta 3a0e3MevYeHHsT HACTYITHOCTI Mi2K 3araTbHOIO
Ta TPOMIILHOIO Mi/ITOTOBKOIO.
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