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1. Ǳ¥à¥áâ ®¢ª¨

�¥å © ¬®�¨  A áª« ¤ õâìáï § n ¥«¥¬¥â÷¢ a
1

, . . . , an.
� æì®¬ã ¢¨¯ ¤ªã ¬¨ § ¯¨áãõ¬® A = {a

1

, . . . , an}.

�§ ç¥ï 1. �®§â èã¢ ï ¥«¥¬¥â÷¢ ¬®�¨¨ A ã ¯¥¢-

®¬ã ¯®àï¤ªã  §¨¢ õâìáï ¯¥à¥áâ ®¢ª®î.

�®�ã ¯¥à¥áâ ®¢ªã ¬®�  ®¤®§ ç® ¢¨§ ç¨â¨, ïªé®

§ ¯¨á â¨ ¥«¥¬¥â¨ ¬®�¨¨ A ã ¯¥¢®¬ã ¯®àï¤ªã,  ¯à¨-

ª« ¤ {ai
1

, . . . , ain}. �®¡ ¢¨§ ç¨â¨ áª÷«ìª¨ ÷áãõ à÷§¨å ¯¥-

à¥áâ ®¢®ª, § ã¢ �¨¬®, é® ùå áâ÷«ìª¨, áª÷«ìª¨ ÷áãõ à÷§¨å

¢¥ªâ®à÷¢ (ai
1

, . . . , ain), ã ïª¨å ¢á÷ ª®®à¤¨ â¨ à÷§÷ ÷  «¥-

� âì A. �®�¨ã â ª¨å ¢¥ªâ®à÷¢ ¯®§ ç¨¬® V . �®§£«ï¥-
¬® ®¯¥à æ÷î

(1) O = {¢¨¡à â¨ ¢¥ªâ®à § V } .

�î ®¯¥à æ÷î ¬®�  ¢¨ª® â¨ §  ¤®¯®¬®£®î ¯®á«÷¤®¢®áâ÷

â ª¨å ¤÷©:

(2)

Dk = {¢¨¡à â¨ ¥«¥¬¥â § A ¤«ï k-®ù ª®®à¤¨ â¨ ¢¥ªâ®à }

1 ≤ k ≤ n, â®¡â® O = D
1

⊗ · · · ⊗Dn. �áª÷«ìª¨ ª®®à¤¨ â¨

¢¥ªâ®à  (ai
1

, . . . , ain) ¥ ¯®¢â®àîîâìáï, â® m
1

= n, m
2

=

0
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n − 1, . . . , mn = 1. �  ®á®¢¨¬ ¯à ¢¨«®¬ ª®¬¡÷ â®à¨ª¨

(¤¨¢. à®§¤÷« 5.4) ®¯¥à æ÷î O ¬®�  ¢¨ª® â¨ n·(n−1)·. . .·2·1
á¯®á®¡ ¬¨.

�§ ç¥ï 2. �¨á«® 1 · 2 · . . . · (n − 1) · n  §¨¢ õâìáï

ä ªâ®à÷ «®¬ ç¨á«  n ÷ ¯®§ ç õâìáï n!. �¨ ¯®ª« ¤ õ¬®

â ª®� 0! = 1 â  1! = 1.

öè¨© à®§¢'ï§®ª. Ǳ®§ ç¨¬® ç¥à¥§ pi ª÷«ìª÷áâì ¬®�«¨¢¨å

¯¥à¥áâ ®¢®ª i ¥«¥¬¥â÷¢. � ¤ ç  ¯®«ï£ õ ã § å®¤�¥÷ pn.
�®�¨ã V ¢á÷å ¯¥à¥áâ ®¢®ª ¬®�  à®§¡¨â¨   n ¬®�¨

Vk = {  ®áâ ì®¬ã ¬÷áæ÷ áâ®ùâì ¥«¥¬¥â ak}, 1 ≤ k ≤ n.
�áª÷«ìª¨ æ÷ ¬®�¨¨ ¯®¯ à® ¥ ¯¥à¥â¨ âìáï, â® §  ¯à -

¢¨«®¬ ¤®¤ ¢ ï (3.2) ®âà¨¬ãõ¬® pn = |V
1

|+ · · ·+ |Vn|. �á÷
ç¨á«  |Vk| à÷¢÷ ¬÷� á®¡®î ÷ ¤®à÷¢îîâì pn−1

. �®¬ã

(3) pn = npn−1

, n ≥ 2.

�áª÷«ìª¨ p
1

= 1, â® ¬¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù «¥£ª®

¤®¢¥áâ¨, é® pn = n!. �

� ¤ ç  1. �¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù ¤®¢¥áâ¨, é® pn = n!.

�÷¢ïï (3)  §¨¢ õâìáï à¥ªãà¥â¨¬ à÷¢ïï¬ ¤«ï

ä ªâ®à÷ « .

� ¤ ç  2. � ç¥¬¯÷® â÷ ªà ù¨ § äãâ¡®«ã ¯à¨©¬ îâì ãç áâì 16

ª®¬ ¤. Ǳ÷á«ï § ª÷ç¥ï §¬ £ ì áª« ¤ õâìáï â ¡«¨æï, ¢ ïª÷© ª®-

¬ ¤¨ à®§â è®¢ ÷ §£÷¤® §  ùå÷¬¨ à¥§ã«ìâ â ¬¨. (a) �ª÷«ìª¨ ÷á-

ãõ à÷§¨å â ¡«¨æì à¥§ã«ìâ â÷¢ ç¥¬¯÷® âã? (b) �ª÷«ìª¨ ÷áãõ à÷§-

¨å â ¡«¨æì, ã ïª¨å ¯¥àè¥ ÷ ¤àã£¥ ¬÷áæ¥ § ©¬ îâì ¯¥¢÷ ¤¢÷ ª®¬ -

¤¨?

�÷¤¯®¢÷¤ì (§ ¤ ç  2). (a) 16!; (b) 14! (®áª÷«ìª¨ âà¥¡  ¢¯®àï¤ªã¢ â¨

â÷«ìª¨ 14 ª®¬ ¤).



�¥ªæ÷ï 6. �¯®àï¤ª®¢ ÷ ¬®�¨¨ 55

2. �¯®àï¤ª®¢ ÷ à®§¬÷é¥ï

� ¤ ç  3. (¯à®¤®¢�¥ï § ¤ ç÷ 2) �÷«ìª¨ ¯¥àè÷ ç®â¨à¨ ª®¬ ¤¨

®âà¨¬ãîâì ¯à ¢® £à â¨ ¢ õ¢à®¯¥©áìª¨å §¬ £ ïå. �ª÷«ìª¨ ÷áãõ

â ¡«¨æì ç¥¬¯÷® âã § à÷§¨¬¨ à®§¯®¤÷« ¬¨ ¯¥àè¨å ç®â¨àì®å ¬÷á-

æì?

�÷¤¯®¢÷¤ì (§ ¤ ç  3).

16!

12!

.

�®§¢'ï§ ï § ¤ ç÷ 3. �®�  â ¡«¨æï ç¥¬¯÷® âã ¯®ç¨-

 õâìáï § § ¯¨áã ª®¬ ¤, ïª÷ § ©ï«¨ ¯¥àè÷ ç®â¨à¨ ¬÷áæï,

â®¡â® (c
1

, c
2

, c
3

, c
4

), ¤¥ ci | æ¥ ª®¬ ¤ , ïª  ¯®á÷«  i-â¥ ¬÷á-
æ¥. �®à¬ã¢ ï â ª®£® § ¯¨áã õ ®¯¥à æ÷õî O,   ª÷«ìª÷áâì

á¯®á®¡÷¢, ïª¨¬¨ æî ®¯¥à æ÷î ¬®�  §¤÷©á¨â¨, õ ¢÷¤¯®¢÷¤-

¤î ¤® § ¤ ç÷.

�®¡ áä®à¬ã¢ â¨ â ª¨© § ¯¨á, ¥®¡å÷¤® §¤÷©á¨â¨ ç®-

â¨à¨ ¤÷ù D
1

, D
2

, D
3

, D
4

: i-â  ¤÷ï Di ¯®«ï£ õ ã ¢¨¡®à÷ ª®-

¬ ¤¨ ¤«ï i-£® ¬÷áæï. �à®§ã¬÷«®, é® |D
1

| = 16. �áª÷«ìª¨

¤÷ï D
2

¢¨ª®ãõâìáï ¯÷á«ï D
1

, â® |D
2

| = 15 (®¤  § ª®¬ ¤

¢�¥ ®¡à   ¤÷õî D
1

). � «®£÷ç®, |D
3

| = 14 â  |D
4

| = 13.

�£÷¤® § ®á®¢¨¬ ¯à ¢¨«®¬ ª®¬¡÷ â®à¨ª¨ (¤¨¢. à®§¤÷« 5.4)

|O| = |D
1

| · |D
2

| · |D
3

| · |D
4

|, â®¡â® |O| = 16 · 15 · 14 · 13. �¥
ç¨á«® ¬®�  § ¯¨á â¨ â ª¨¬ ç¨®¬

16!

12!

.

�§ ç¥ï 3. �¥å © ¬®�¨  A áª« ¤ õâìáï § n ¥«¥¬¥-

â÷¢,   r ≤ n. �ã¤ì-ïª¨© § ¯¨á (ai
1

, . . . , air) à÷§¨å ¥«¥¬¥â÷¢
§ A  §¨¢ õâìáï à®§¬÷é¥ï¬ r ¥«¥¬¥â÷¢ § ¬®�¨¨ A; ¤«ï
áª®à®ç¥ï ¬¨ â ª®� ª �¥¬®, é® (ai

1

, . . . , air) | æ¥ à®§¬÷-

é¥ï § n ¯® r.

Ǳ®§ ç¨¬® ç¥à¥§ V ¬®�¨ã ¢¥ªâ®à÷¢, é® ¬ îâì r (à÷§-
¨å) ª®®à¤¨ â, ª®�  § ïª¨å õ ¥«¥¬¥â®¬ ¬®�¨¨ A. �ª
÷ ã ¢¨¯ ¤ªã ¯¥à¥áâ ®¢®ª, à®§£«ï¥¬® ®¯¥à æ÷î (1) ( «¥ ¢�¥

¤«ï ÷è®ù ¬®�¨¨ V ) â  ¤÷ù (2),  «¥ ¢�¥ ¤«ï 1 ≤ k ≤ r. �®¤÷
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O = D
1

⊗ · · · ⊗Dr. �à÷¬ â®£®, m
1

= n,m
2

= n− 1, . . . , mr =

n− r+1. �  ¯à ¢¨«®¬ ¬®�¥ï, ®¯¥à æ÷î O ¬®�  ¢¨ª®-

 â¨ n · (n − 1) · . . . · (n − r + 1) á¯®á®¡ ¬¨. �à®§ã¬÷«®, é®

n·(n−1)·. . .·(n−r+1) = n!
(n−r)!

. �¨ ¯®§ ç õ¬® Ar
n =

n!
(n−r)!

.

öè¨© à®§¢'ï§®ª § ¤ ç÷ 3. Ǳ®§ ç¨¬® ç¥à¥§ p(i, j) ª÷«ìª÷áâì
¬®�«¨¢¨å à®§¬÷é¥ì j ¥«¥¬¥â÷¢ § ÷áãîç¨å i ¥«¥¬¥â÷¢.
� ¤ ç  ¯®«ï£ õ ã § å®¤�¥÷ p(n, r). �®�¨ã V ¢á÷å à®§-

¬÷é¥ì ¬®�  à®§¡¨â¨   n ¯÷¤¬®�¨

Vk = {  ®áâ ì®¬ã ¬÷áæ÷ áâ®ùâì ¥«¥¬¥â ak}, 1 ≤ k ≤ n.

�áª÷«ìª¨ æ÷ ¬®�¨¨ ¯®¯ à® ¥ ¯¥à¥â¨ îâìáï, â® §  ¯à -

¢¨«®¬ ¤®¤ ¢ ï (3.2) ®âà¨¬ãõ¬® p(n, r) = |V
1

| + · · ·+ |Vn|.
�á÷ ç¨á«  |Vk| à÷¢÷ ¬÷� á®¡®î ÷ ¤®à÷¢îîâì p(n− 1, r − 1).

�®¬ã

(4) p(n, r) = np(n− 1, r − 1), n ≥ 2.

�áª÷«ìª¨ p(i, 1) = i ¤«ï ¡ã¤ì-ïª®£® 1 ≤ i ≤ n, â® ¬¥â®¤®¬

¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù «¥£ª® ¤®¢¥áâ¨, é® p(n, r) = Ar
n. �

� ¤ ç  4. �¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù ¤®¢¥áâ¨, é® p(n, r) =

Ar

n
.

Ǳà¨ª« ¤ 1. �¡¨à õâìáï Miss World. � §¬ £ ÷ ¯à¨©-

¬ õ ãç áâì 30 ãç á¨æì, á¥à¥¤ ïª¨å Miss Ukraine. �£®«®-

èãîâìáï ¯¥àè÷ 6 ¬÷áæì. (a) �ª÷«ìª¨ ÷áãõ à÷§¨å à¥§ã«ì-

â â÷¢ §¬ £ ì? (b) �ª÷«ìª¨ ÷áãõ à÷§¨å à¥§ã«ìâ â÷¢, ã ïª¨å

Miss Ukraine § ©¬ õ ®¤¥ § ¯¥àè¨å è¥áâ¨ ¬÷áæì? �÷¤¯®¢÷¤ì

¤® (a): A6

30

=

30!

24!

. �÷¤¯®¢÷¤ì ¤® (b): A6

30

− A6

29

(§ § £ «ì-

®ù ª÷«ìª®áâ÷ ¬®�«¨¢¨å à¥§ã«ìâ â÷¢ ¢÷¤÷¬ õ¬® â ª÷, ã ïª¨å

Miss Ukraine ¥ § ©¬ õ ®¤¥ § ¯¥àè¨å è¥áâ¨ ¬÷áæì).
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3. �¥ ¢¯®àï¤ª®¢ ÷ à®§¬÷é¥ï

öáãõ ¡ £ â® § ¤ ç, ¤¥ ¯®àï¤®ª, ¢ ïª®¬ã § ¯¨á ÷ ç¨á« 

{ai
1

, . . . , air}, ¥ ¬ õ �®¤®£® § ç¥ï.

� ¤ ç  5. � ¡÷¡«÷®â¥æ÷ ÷áãõ ®¡¬¥�¥ï, é® ª®�¨© áâã¤¥â

¬®�¥ ®âà¨¬ â¨ ¥ ¡÷«ìè¥ 5 ª¨�®ª. �¯¨á®ª à¥ª®¬¥¤®¢ ®ù «¥ª-

â®à ¬¨ «÷â¥à âãà¨ áª« ¤ õâìáï § 8  §¢. �ª÷«ìª¨ ÷áãõ á¯®á®¡÷¢ ¤«ï

áâã¤¥â  ¢¨¡à â¨ 5 ª¨�®ª § 8  §¢? (�à®§ã¬÷«®, é® ¯®àï¤®ª, ¢

ïª®¬ã ª¨�ª¨ ¡ã¤ãâì ¢¨¤ ÷ áâã¤¥âã, �®¤®£® § ç¥ï ¥ ¬ õ).

�÷¤¯®¢÷¤ì (§ ¤ ç  5). C5

8

=

8!

3!5!

= 56.

�®§¢'ï§ ï § ¤ ç÷ 5. �«ï à®§¢'ï§ ï æ÷õù § ¤ ç÷ à®£«ï-

¥¬® á¯®ç âªã § £ «ì¨© ¯÷¤å÷¤. �¥å © r ≤ n. � £ «®¬

÷áãõ Ar
n à®§¬÷é¥ì. �¥à¥¤ ¨å ÷áãîâì â ª÷, ïª÷ ¢÷¤à÷§-

ïîâìáï â÷«ìª¨ ¯®àï¤ª®¬ § ¯¨áã ¥«¥¬¥â÷¢. �®§÷¡'õ¬® ¢á÷

à®§¬÷é¥ï   £àã¯¨  áâã¯¨¬ ç¨®¬. �¯®ç âªã ®¡¥à¥-

¬® ¤®¢÷«ì¥ à®§¬÷é¥ï ÷ ¤® ¯¥àè®ù £àã¯¨ ¢ª«îç¨¬® ¢á÷ â÷,

ïª÷ ¢÷¤à÷§ïîâìáï ¢÷¤ ì®£® â÷«ìª¨ ¯®àï¤ª®¬ ¥«¥¬¥â÷¢. �

à¥èâ¨ à®§¬÷é¥ì ®¡¥à¥¬® â¥¯¥à ¤®¢÷«ì¥ à®§¬÷é¥ï ÷ ¤®

¤àã£®ù £àã¯¨ ¢ª«îç¨¬® ¢á÷ â÷, ïª÷ ¢÷¤à÷§ïîâìáï ¢÷¤ ì®£®

â÷«ìª¨ ¯®àï¤ª®¬ ¥«¥¬¥â÷¢. � ª  ¯à®æ¥¤ãà  ¬ õ áª÷ç¥ã

ª÷«ìª÷áâì ªà®ª÷¢.

� ¤ ç  6. � ª®�÷© £àã¯÷ § å®¤¨âìáï r! à®§¬÷é¥ì.

�®¬ã ÷áãõ Ar
n/r! à÷§¨å £àã¯ à®§¬÷é¥ì.

�§ ç¥ï 4. �®¬¡÷ æ÷õî  §¨¢ õâìáï ¡ã¤ì-ïª  § ¯®-

¡ã¤®¢ ¨å £àã¯ à®§¬÷é¥ì. �÷«ìª÷áâì ª®¬¡÷ æ÷© § n ¯® r
¯®§ ç õâìáï Cr

n. � õ¬® Cr
n =

n!
r!(n−r)!

.

�¥ ®§ ç õ, é® § £ «®¬ ÷áãõ Cr
n à÷§¨å ª®¬¡÷ æ÷© r ¥«¥-

¬¥â÷¢ § n (à÷§¨å ®§ ç õ, é® áª« ¤ ¥«¥¬¥â÷¢ ®¤÷õù ª®¬¡÷-

 æ÷ù ¢÷¤à÷§ïõâìáï ¢÷¤ áª« ¤ã ¥«¥¬¥â÷¢ ÷è®ù ª®¬¡÷ æ÷ù).
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4. �÷«ìª÷áâì ¯÷¤¬®�¨ § ¤ ®ù ¬®�¨¨

�¨ª« ¤¥¨© ã à®§¤÷«÷ 3 ¬ â¥à÷ « ¬®�  ¯®¤ â¨ ã  áâã¯-

®¬ã ¢¨£«ï¤÷.

�¥®à¥¬  1. �¥å © ¬®�¨  A áª« ¤ õâìáï § n ¥«¥¬¥-

â÷¢, r ≤ n. öáãõ Cr
n ¯÷¤¬®�¨ A, ïª÷ áª« ¤ îâìáï § r

¥«¥¬¥â÷¢.

� áª÷«ìª¨ � § £ «®¬ ÷áãõ ¯÷¤¬®�¨ ã A?

�¥®à¥¬  2. �¥å © ¬®�¨  A áª« ¤ õâìáï § n ¥«¥¬¥-

â÷¢. �®¤÷ ã A ÷áãõ 2

n
à÷§¨å ¯÷¤¬®�¨. (�¥à¥¤ â ª¨å

¯÷¤¬®�¨ ¢à å®¢ ÷ ∅ â  á ¬  A).

�®¢¥¤¥ï. Ǳ®§ ç¨¬® ç¥à¥§ qi ª÷«ìª÷áâì ¯÷¤¬®�¨ ¬®-

�¨¨, é® áª« ¤ õâìáï § i ¥«¥¬¥â÷¢. �á÷ ¯÷¤¬®�¨¨ à®§¤÷-
«¨¬®   ¤¢÷ £àã¯¨: ¤® ¯¥àè®ù £àã¯¨ ¢å®¤ïâì â ª÷ ¯÷¤¬®-

�¨¨, ïª÷ ¬÷áâïâì a
1

,   ¤® ¤àã£®ù | â ª÷, é® ¥ ¬÷áâïâì

a
1

. � ¯à¨ª« ¤ á ¬  ¬®�¨  A  «¥�¨âì ¯¥àè÷© £àã¯÷,  

∅ | ¤àã£÷©. � ã¢ �¨¬®, é® ¤àã£  £àã¯  áª« ¤ õâìáï § ãá÷å

¬®�«¨¢¨å ¯÷¤¬®�¨ ¬®�¨¨ {a
1

, . . . , an}, â®¬ã ª÷«ìª÷áâì
â ª¨å ¯÷¤¬®�¨ õ qn−1

. � ª®î � õ ª÷«ìª÷áâì ¯÷¤¬®�¨ ã

¯¥àè÷© £àã¯÷, ®áª÷«ìª¨ ¬÷� æ¨¬¨ £àã¯ ¬¨ ÷áãõ ¡÷õªæ÷ï. �

á ¬¥, ¡ã¤ì-ïª  ¯÷¤¬®�¨  § ¯¥àè®ù áª« ¤ õâìáï  ¡® â÷«ìª¨

§ a
1

,  ¡® ¬÷áâ¨âì a
1

â  ¤¥ïª÷ ¥«¥¬¥â¨ § {a
2

, . . . , an}, â®¡â®
¤«ï ¤®¢÷«ì®ù ¯÷¤¬®�¨  B § ¯¥àè®ù £àã¯¨ ¯÷¤¬®�¨ 

B \ {a
1

}  «¥�¨âì ¤àã£÷© £àã¯÷. �®¬ã ¡÷õªæ÷î f ¬÷� ¤¢®¬ 

£àã¯ ¬¨ ¬®�  ®§ ç¨â¨ â ª: f :B → B \ {a
1

}.

� ¤ ç  7. �®¢¥áâ¨, é® f ¤÷©á® õ ¡÷õªæ÷õî.

�  ¯à ¢¨«®¬ ¡÷õªæ÷ù 5.1 ¤¢÷ § § ç¥÷ £àã¯¨ ¬ îâì ®¤ ª®-

¢ã ª÷«ìª÷áâì ¥«¥¬¥â÷¢ ÷ â®¬ã qn = 2qn−1

. �¢÷¤á¨ ÷ ¢¨¯«¨¢ õ

â¢¥à¤�¥ï â¥®à¥¬¨.
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� ¤ ç  8. �®¢¥áâ¨ §  ÷¤ãªæ÷õî, é® qn = 2

n
.

�

� á«÷¤®ª 1. C0

1

+ C1

1

= 2. �¥å © n ≥ 2. �®¤÷

C0

n + C1

n + · · ·+ Cn
n = 2

n.

5. �÷®¬÷ «ì÷ ª®¥ä÷æ÷õâ¨

�¨á«  C0

n, . . . , C
n
n  §¨¢ îâìáï ¡÷®¬÷ «ì¨¬¨ ª®¥ä÷æ÷õ-

â ¬¨ áâ¥¯¥ï n. �ï  §¢  ¯®ïáîõâìáï â¨¬, é® ¢®¨ õ

ª®¥ä÷æ÷õâ ¬¨ ¡÷®¬  �ìîâ®  (1 + x)n.

�¥®à¥¬  3. �¥å © n ≥ 1. �®¤÷ Cr
n õ ª®¥ä÷æ÷õâ®¬ ¯à¨ xr

ã à®§ª« ¤÷ (1 + x)n §  áâ¥¯¥ï¬¨ x.

�®¢¥¤¥ï. �®§£«ï¥¬® ¤®¡ãâ®ª

(1 + x)(1 + x) . . . (1 + x) (§ £ «®¬ n ¬®�¨ª÷¢ 1 + x).

�®§ªà¨¢ îç¨ ¤ã�ª¨, ¬¨ ®âà¨¬ãõ¬® ¡ £ â® à §÷¢ ¤®¤ ®ª

xr
. �÷«ìª÷áâì â ª¨å ¤®¤ ª÷¢ ¤®à÷¢îõ ª÷«ìª®áâ÷ á¯®á®¡÷¢,

ïª¨¬¨ ¬®�  ®¡à â¨ r á¯÷¢¬®�¨ª÷¢ x ÷ n − r á¯÷¢¬®�-

¨ª÷¢ 1. �ï ª÷«ìª÷áâì ÷ õ Cr
n. �

�¢¥à¤�¥ï â¥®à¥¬¨ 3 ¬®�  § ¯¨á â¨ â ª¨¬ ç¨®¬:

(1 + x)n =

n∑

r=0

Cr
nx

r.
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� ¤ ç  9. �®¢¥áâ¨, é® (1 − x)n =

∑
n

r=0

(−1)

rCr

n
xr
, (a + b)n =

∑
n

r=0

Cr

n
arbn−r

.

� ©¡÷«ìè ¢ �«¨¢÷ ¢« áâ¨¢®áâ÷ ¡÷®¬÷ «ì¨å ª®¥ä÷æ÷õâ÷¢

¢ª«îç¥® ¢  áâã¯¨© à¥§ã«ìâ â.

�¥®à¥¬  4.

(i) Cr
n = Cn−r

n , n ≥ 0, 0 ≤ r ≤ n;
(ii) Cr

n = Cr−1

n−1

+ Cr
n−1

, n ≥ 2, 1 ≤ r ≤ n− 1.

�®¢¥¤¥ï. (i) �®�  ª®¬¡÷ æ÷ï § n ¯® r ¢¨§ ç õ ¥ â÷«ì-
ª¨ r ®¡à ¨å ¥«¥¬¥â÷¢,  «¥ ÷ ÷è÷ n − r ¥«¥¬¥â÷¢. �®¬ã

ª÷«ìª÷áâì ª®¬¡÷ æ÷© § n ¯® r õ â ª®î �, ïª ª÷«ìª÷áâì ª®¬-

¡÷ æ÷© § n ¯® n− r.
(ii) � ª®�÷© ª®¬¡÷ æ÷ù § n ¯® r ¥«¥¬¥â a

1

 ¡® ¯à¨áãâ÷©,

 ¡® ÷. �÷«ìª÷áâì ª®¬¡÷ æ÷©, ¤¥ ©®£® ¥¬ õ, ¤®à÷¢îõ Cr
n−1

.

�÷«ìª÷áâì �¥ ª®¬¡÷ æ÷©, ¤¥ ¢÷ õ, ¤®à÷¢îõ Cr−1

n−1

. �¢÷¤á¨ ÷

¢¨¯«¨¢ õ (ii). �

� ¤ ç  10. �®¢¥áâ¨ â¥®à¥¬ã 4 § ¢¨ª®à¨áâ ï¬ ®§ ç¥ï 4.

6. �à¨ªãâ¨ª Ǳ áª «ï

�à¨ªãâ¨ª®¬ Ǳ áª «ï  §¨¢ õâìáï ¥áª÷ç¥  âà¨ªãâ-

  ¬ âà¨æï, n-¨© àï¤®ª ïª®ù áª« ¤ õâìáï § ç¨á¥« Pnr, 0 ≤
r ≤ n. �¢ � õ¬®, é® ¬ âà¨æï ¯®ç¨ õâìáï § àï¤ª , ïª¨©

¬ õ ®¬¥à 0. �¨á«  Pnr, n ≥ 0, 0 ≤ r ≤ n ¢¨§ ç îâìáï

 áâã¯¨¬ ç¨®¬:

P
00

= 1(5)

Pn0 = Pnn = 1, n ≥ 1,(6)

Pnr = Pn−1,r−1

+ Pn−1,r, 0 < r < n− 1, n ≥ 2.(7)
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�¨�ç¥ §®¡à �¥® ¯¥àè÷ àï¤ª¨ âà¨ªãâ¨ª  Ǳ áª «ï § ¢¨-

ª®à¨áâ ï¬ á¨¬¢®«÷¢ Pnr ¤«ï ©®£® ¥«¥¬¥â÷¢:

P
00

P
10

P
11

P
20

P
21

P
22

P
30

P
31

P
32

P
33

P
40

P
41

P
42

P
43

P
44

�¢ � îç¨   à÷¢®áâ÷ (5){(6), § ¬÷¥¬® ªà ©÷ ¥«¥¬¥â¨

âà¨ªãâ¨ª  Ǳ áª «ï   ®¤¨¨æ÷:

1

1 1

1 P
21

1

1 P
31

P
32

1

1 P
41

P
42

P
43

1

�£÷¤® ¤® ¯à ¢¨«  (7), ª®�¥ ç¨á«® Pnr, é® § «¨è¨«®áì

ã âà¨ªãâ¨ªã Ǳ áª «ï ¥¢¨§ ç¥¨¬ ã àï¤ªã n, ¤®à÷¢îõ
áã¬÷ ¤¢®å ç¨á¥« ã ¯®¯¥à¥¤ì®¬ã àï¤ªã, ¬÷� ïª¨¬¨ à®§â -

è®¢ ® Pnr. �®¬ã âà¨ªãâ¨ª Ǳ áª «ï ¯®ç¨ õâìáï â ª:

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

�¥®à¥¬  5. Pnr = Cr
n ¤«ï ¢á÷å 0 ≤ r ≤ n â  n ≥ 0.

�®¢¥¤¥ï. �¥§¯®á¥à¥¤ì® § ®§ ç¥ï ¢¨¯«¨¢ õ, é®

P
00

= C0

0

.
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� ª¨¬ ç¨®¬ â¢¥à¤�¥ï â¥®à¥¬¨ ¢¨ª® ® ¤«ï ã«ì®¢®£®

àï¤ª  âà¨ªãâ¨ª  Ǳ áª «ï. �ª®à¨áâ õ¬®áì â¥¯¥à ¬¥â®¤®¬

¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù. Ǳà¨¯ãáâ¨¬®, é® Pnr = Cr
n ¤«ï n-

®£® àï¤ª , â®¡â® ¤«ï ¢á÷å 0 ≤ r ≤ n. �®¢¥¤¥¬®, é® Pn+1,r =

Cr
n+1

¤«ï ¢á÷å 0 ≤ r ≤ n+1. �áª÷«ìª¨ §  ®§ ç¥ï¬ Pn0 =

Pnn = 1 â  C0

n = Cn
n = 1, â®

Pn0 = C0

n, Pnn = Cn
n ,

â®¡â® ¥®¡å÷¤  à÷¢÷áâì ¢¨ª®ãõâìáï ¤«ï ªà ©÷å ç«¥÷¢

(n + 1)-£® àï¤ª . �®¢¥¤¥¬® ùù ÷ ¤«ï 0 < r < n + 1. � 

¯÷¤áâ ¢÷ ¯à¨¯ãé¥ï ÷¤ãªæ÷ù â  ¢« áâ¨¢®áâ÷ (ii) â¥®à¥¬¨ 4

¬ õ¬®

Pn+1,r = Pn,r−1

+ Pnr = Cr−1

n + Cr
n = Cr

n+1

.

�


