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PREFACE

The main aim of this tutorial is to present educational problems as well as
important definitions and theorems for successful study part of the course Higher
Mathematics during the first semester of study at 1st year. The content of work
corresponds to the curricula of higher mathematics of all technical specialties of NTUU
"KPI" full-time and part-time forms of education and contains section of the discipline
"Higher Mathematics™ — Linear algebra:

— Basic concepts about operations with matrices and their determinants;

— Solving systems of linear equations;

— Applications of matrices decomposition.

The purpose of the abstract is:

— systematic presentation of theoretical material, which frees the lecturer from

"dictation" and allows more explanation;

— effective preparation of the student for the colloquium and exam;

— selection of corner questions of mathematical analysis.
The proposed synopsis accompanies, but does not replace the live lecture, just as the
text of a dramatic work does not replace the performance.

The purpose of the abstract is:

— systematic presentation of theoretical material, which frees the lecturer from
"dictation™ and allows more explanation;

— effective preparation of the student for the colloquium and exam;

— selection of corner questions of mathematical analysis.

The proposed synopsis accompanies, but does not replace the live lecture, just
as the text of a dramatic work does not replace the performance.

Consideration begins with the property of a matrix and their determinants, which
allows you to easily go to the definition and solving of the systems of linear equations.
Operations with matrices is a fundamental concept in calculus. It is used when we
consider of the systems of linear equations, eigenvalues and eigenvectors,
diagonalization of a Quadratics Forms, matrix decompositions (Singular Value
Decomposition) and orthonormal transformations. There are many types of rules.
Students should notice that their definitions are similar. To help students understand
such similarities and to emphasize the differences, there were a lot of examples given.

There are questions at the end of the chapters, and the last chapter is a Standard
Calculation Assignments. Students are encouraged to do as many problems as possible.
Most of the exercises are simple exercises. Such exercises may not help students
understand the concepts; however, without practice, students may find it difficult to
continue learning the next sections. It is also convenient to calculate a rating for
teachers and students.

The tutorial is intended to help bachelor's students in the «Medical Engineering»
program study the «Biostatistics» course.



1. MATRICES AND OPERATIONS WITH THEM

1.1 Basic concepts

Usually, the matrix is denoted by capital letters of the Latin alphabet and square
or round brackets. The definition of the matrix is a rectangular array of elements in
rows and columns put in a large brace.

Definitions 1.1

A mathematical object that is an ordered rectangular table of numbers (matrix
elements) a;;,i = 1,m, j = 1,n, located in m lines and n_columns are called a matrix

A dimension m X n, and denote:

agq - alj o Aqp
Amsn = (aij)mxn = A1 - Aij - a.in —1i

alm cee am] cee amn
T
J
Each element a;; the matrix has certain indices ij, which show that the element
belongs to i — line and is in j — columns.
The matrix A dimension 1 x 1, which contains one element, identified with this
element.
Symbol a, denote i — and string (length n) matrix A4,,x,, j — and a column
(height m) A,,, denote a,. The matrix can be considered a row of columns or a
column of rows and A,xn = (@;j)mxn = (@7 az -+ a,). A matrix consisting of one

row (column) is called a row matrix or a column matrix:
a

Amx1 = (@) mx1 = | Ay yArxn = (i) 1xn = (A11°-@Q1j - A1y).
A1m

1.2 Types of matrices

There are performed linear and nonlinear operations with matrices. Here are a
number of definitions necessary for further presentation.

Definition 1.2 Matrix size m X n, all elements of which are equal to zero, called
zero matrix and denote 0,5,

Definition 1.3 If m = n, then the matrix A called the square matrix of order n.
Set of elements ai1, Az, **, Anpn forms the main diagonal, and the set
Qin, Q2n-1, ***, Qna- Side diagonal:



a1 QA2 - QAqq
A1 Az - Ay

Anxn -

Ap1 Qp2 - Ay

Definition 1.4 A square matrix, all elements of which are located below (above)
the main diagonal is zero, is called the upper (lower) triangular matrix.

Definition 1.5 A square matrix that is zero for all non-diagonal entries is called
a diagonal matrix.

Definition 1.6 If all elements of the diagonal matrix of order n are equal to one,
this matrix is called a single matrix and is denoted by E,,.

Definition 1.7 Square matrix A,, called symmetric about the main diagonal, if

for all its elements is fulfilled a;; = a;, V i,j = 1,n.
Definition 1.8 Matrices A and B are called equal if they are the same size and
have equal corresponding elements, thatisA =B & a;; =b;;, i =1,m, j =1,n.

1.3 Linear actions on matrices

To further consider the operation of matrices, it is necessary to introduce the
concept of linear and nonlinear actions on matrices.

Linear actions on matrices are called adding matrices and multiplying the matrix
by a number.

Consider matrices 4 = (aij)mxn ta B=(b;)

mxn’
ap;p QA2 - QAqq ap1 QA2 - Aqq
A _ [ @21 Qzz - Qzy B _ [ @21 Qzz - Az
nxn — H H ‘. H mxn — H H ‘. H
An1 QApz - Qpp An1 Qpz2 ° App

Definitions 1.9 The sum of matrices A and B each of size (m X n) is called the
matrix ofsum A+ B size mXxn, eachelementof which is equal to the sum of
the corresponding elements of the matrices-terms, thatis A+ B = (a;; + b;;)

mxn’
ai1 +byy Az + by o ay +byy,
Apn + By = azq + bz1  az; + b2 Azn + bz
Qn1+ b1 @Gz + by 0 Qun + byn

Definitions 1.10 The product of the matrix A size m X n to a real number « is
called the matrix a4 size m X n, each element of which is equal to the product of the
corresponding element of the matrix A on the number «, thatis aA = (aaij)mxn'

The difference of matrices A and B of the same size is called the sum of matrices
A+ (=B) = (a;—by) =A—B, where the matrix —B = (~1)B is opposite
matrix for B.



The notion of a matrix as a linear combination of several matrices of the same
size is important. Under a linear combination of matrices of the same size A and B
with coefficients a and £ understand the matrix C, where a4 + B = C.

Linear actions on matrices are subject to properties which are stated by the
following identities:
(for arbitrary matrices of the same size m x n and numbers a,  c R):

1. A + B = B + A (commutativity of adding matrices);
A+ (B+ C) = (4+ B) + C (associativity of adding matrices);
A + Oy = A (property of the zero matrix);
A+ (—A) = O,,xn (property of the opposite matrix);
1-4 =4,
(a+pB)-A=a-A+ B - B (distributive property of multiplication of a
matrix by a number concerning addition of numbers);

7. a-(A+B) =a-A+ a- B (distributive property of matrix
multiplication by a number relative to the addition of matrices);

8. a-(B-A) = (aB) - A (associativity of multiplication of a matrix by
number).

oo s wN

1.4 Nonlinear actions on matrices. Multiplication of matrices

Multiplication of matrices is nonlinear action. Matrix multiplication is a binary
operation that produces a matrix from two matrices. For matrix multiplication, the
number of columns in the first matrix must be equal to the number of rows in the second
matrix. The resulting matrix, known as the matrix product, has the number of rows of
the first and the number of columns of the second matrix. The product of matrices A
and B is denoted as AB. The matrix A called consistent with the matrix B if the number
of columns of the matrix A is equal to the number of rows of the matrix B ("Length"
of the matrix A equal to the "height" of the matrix B).

Definitions 1.9 The product of the matrix A,,; on the matrix B,,, called the
matrix C = A - B size m X n. The product AB = A,,«; " B;xn, Of two matrices A,,y;
and B;x, canbe computed by multiplying elements of the first row of the matrix A,,,«;
with the first column of the matrix B;y,, then, add all the product of elements. Continue
this process until each row of the first matrix A,,; is multiplied with each column of
the second matrix Bjyy:

Cixn = Amxt - Bixn = (Cij)mxn;

Cij = ailblj + aizsz + -+ ailblj: i=1m, Jj= 1,n,

a1 o Aq
e cee e bll E blj E bln C11 i c1n
ail e ail . E E E E E — e Cij cee .
ces ces e bl]_ : bl] . bln le . cmn
AQn1 " A

Example 1.1. Find the product of matrices AB and 4B, if:

9



= Be=( 230

Solution: The product of the matrix A,,, and B, there will be a matrix C,y,:

=5 ) ¢ 7 8)=(3 30 37 14

The product BA does not exist because the matrix B,,, Size 2 X4 not
consistent with the matrix A,,, size 2 X 2.

Matrix multiplication is not commutative. That is, the existence of the product
of matrices AB does not ensure the existence of the product BA and, if such a product
exists, they may be unequal. In the case of equality, when AB = BA, they are called
permutable (commutative).

Example 1.2. Find the matrix A-B — B - A, if:

1 2 2 4 1 1
A=<2 1 2), B=(—4 2 O>.
1 2 3 1 2 1
Solution:
1 2 2 4 1 1 4—-8+4+2 14+4+4 14+0+2
A-B=<2 1 2)(—4 2 0)=<8—4+2 24+2+4 2+0+2)=
1 2 3 1 2 1 4—-8+3 1+4+6 14+0+3
-2 9 3
=(6 8 4),
-1 11 4

4 1 1\/1 2 2
B-A=<—4 2 0)(2 2)
1 2 1/\1 2 3

7 11 13
=<o —6 —4).
6 6 9

A-B+B-A.

-2 9 3 7 11 13 -9 -2 -10
A-B—B-A=<6 8 4)—(0 —6 —4>=<6 14 8>.
-1 11 4 6 6 9 -7 5 =5

Single matrix E,, and zero matrix O,, order n adjustable with any square matrix
of the same order:
AE, =E,A=A 0,A =40, = 0,,.

—4+440 —8+24+0 —8+4+0
1+44+1 24242 24443

—_

<4+2+1 8+1+2 8+2+3>

1.5 Properties of matrix multiplication

For arbitrary matrices A4, B i C and numbers A € R true identities:

1. Apxn - (Baxi - Cixp) = (A-B)-C  (associative property of matrix
multiplication).

2. Cixm * (Apxn + Bmxn) =C-A+C - B,

10



3. (Amsn + Bmxn) * Cuxi = A - C + B - C (distributive property of matrix
multiplication with respect to matrix addition).

4, AMApmsn - Bnxi) = (AA) -B = A - (AB) (associative property of
multiplication of matrices with respect to multiplication by a number).

5. Apisxn * En = Ep - Apisn, = A (property of a unit matrix).

6. Apsn - Onxt = Omxis Oixm - Amxn = O (property of the zero
matrix).

The matrix A it can be multiplied by itself if and only if it is square. Natural
degree k square matrix A understand how A* =A-A-...- A, where the matrix A
multiply k- multiply.

Polynomial f(A4) from matrix A (matrix polynomial) is called an expression

f(A) = a A" + ) A+ + A+ agE, (ARxn = Ep)
Matrix powers: if matrix A is square, then product A - A makes sense, and is
denoted A2 more generally, k copies of A multiplied together gives A*:
Ak = AAA--- A
k 1
by convention we set A° = E, (non-integer powers like Az are tricky — that’s an
advanced topic) and A% - At = Ak,
Example 1.3. Find the value of the polynomial f(4) ,if f(x) =x3+3x%2+5

and matrix A = (_32 _11) .

Solution: Matrix polynomial: f(A) = A% + 342 + 5E ,E = ((1) (1))

Find A2 : A% = (_32 _11) (_32 _11) = (—46+—33 3_+31) - (_79 _43)

. 3. > (7 =3\(-2 1\ _(-14-9 7+4+3\ _
Find A3: A _(_9 4)(3 _1)_(18+12 _9_4)_
(_3203 _1103) Substitute the matrices into a polynomial:

f=y S3)+3( )56 D=6 )
1.6 Transpose of matrix.

Replace matrix rows A on its column, and columns - on rows, name
transposition of a matrix and designate the transposed matrix AT,

Definition 1.10 Given a matrix A, the transpose of A, denoted AT, is the matrix
whose rows are columns of 4, (and whose columns are rows of A4,). That is, if A =
(a;;), then AT = (b;;) where a;; = by;.

1
Example 1.4. Transpose matrices: )?=<2>, A:(g 3) and B =
3
(1 2 3 4)
5 6 7 8/

11



1\ ;

I ¢T — — T _ 2 7 T _ 1 2 3 4 _

Solutions. X —<§> =(123), A _(7 0), B _(5 i 8) _
1 5

= g ? so, after transposing the columns (rows) of the matrix B size 2 X 4
4 8

turned into rows (columns) of the matrix BT size 4 x 2. Matrix A has not changed.
Definition 1.11 (symmetric matrix) A square matrix A4,, is said to be symmetric
if A, = A}. In other words A, is square and a;; =a;, 1<i<n1<j<n,

exceptions may be element a;;: A3 = (a Z)

Cc
Definition 1.12 (skew—symmetric matrix) A square matrix A,, is said to be skew-
symmetric if —A,, = AT. In other words 4,, is square and a;j=-a;1<i<n1<

j < n, exceptions may be element a;;: A; = (Ccl _bc)

For example, any diagonal matrix is symmetric. If in definition of skew—
symmetric matrix to take a;; = —a;; and a; = 0 then: A3 = ((C) _OC)
SYMMETRIC MATRIX SKEW-SYMMETRIC MATRIX

-1 2 3 0 -2 3
A=<2 11 5) B=<2 0 —5>
3 5 12 -3 5 0

1.7 Properties of transposes matrix.

For any matrices A, B and the real number a c R:

1. (40 = 4;

2. A+B)T=4"+B"

3. (ad)” = a4’

4. (AB)T =BT - AT

5. (A, Ay, A)T = AL - ATAT.
6. (A—l)T= (AT)_I.

Proposition: For any square matrix A the matrices B = A47and ¢ = A4 + A"
are symmetric: A, n (dimxn)’ = Amxndnxm = Bmxm-

d
Proof: BT = (44")' = 44" Z 4'is symmetric.
a
CT=(A+4") =4"+4 2L Ais symmetric.

-1 2 3
Example 1.5. Consider the matrix A = ( 2 11 5 ) Matrix elements,
3 5 12

symmetrical with respect to the main diagonal are the same, ie it is symmetrical. For
such a matrix istrue 4 = 4.
The matrix A is called obliquely symmetric if a;; = —aj;, V i,j =1,n.

12



1 2 =3
A=(—2 11 —5>, —4=A".

3 5 12

Linear Algebra Questions

1. Square Matrix: What is the definition of a square matrix?

2. Diagonal Matrix: What characterizes a matrix as a diagonal matrix?

3. Identity Matrix: What is meant by an identity matrix?

4. Linear Operations on Matrices: Which operations on matrices are classified as
linear operations?

5. Properties of Linear Operations: What are the properties of linear operations on
matrices?

6. Nonlinear Operations on Matrices: Which operations on matrices are considered
nonlinear?

7. Compatible Matrices: What does it mean for matrices to be compatible?

8. Properties of Matrix Multiplication: What are the key properties of matrix
multiplication?

9. Matrix Transposition: What is the operation of matrix transposition?

10. Properties of Matrix Transposition: What are the properties associated with matrix
transposition?

2. DETERMINANTS

2.1 Determinants (determinants) of the 2nd and 3rd orders

For an arbitrary square matrix, a well-defined numerical characteristic is
introduced - its determinant. Determinant of the matrix A denote |A| = det A. If the
matrix consists of one element (a, ), then the determinant of this matrix is this element
itself.

In accordance with such a matrix, you can put a linear equation ax = b, possible

solutions of which are:
a

l.a#0, x=-;
b

2. a=b=0, x€R;
3.a=0, b#+0 x€0q.

Consider a system of linear equations with two variables:
{alx + bly =C(C

a,x + b,y =c, (2.1)

where the coefficients a4, a,, by, b, and free members c,, c, are arbitrary numbers.
The solution of such a system will be a pair of numbers (x;y). The corresponding
matrix of coefficients of this system is written in the form of a matrix of the 2nd order:

aq b1
(az b2>. (22)
The determinant of this matrix
13



a; by
a, b,

. (2.3)

Definitions 2.1 The determinant of the second order, for the matrix

b,\ . :
A, = (al 1) Is called a number equal to a, b, — a,b;. The determinant of a square

a, b,
matrix A,, are denoted by |A,,| or detA,, = A:
a, b
= aZ b; = a1b; —azby

For finding the solutions of the system of equations (2.1). Multiply the first
equation of the system by b,, second on —b; and add the obtained equations:
(a1b2 - azbl)x = b2C1 - b1C2. (24)

Similarly, multiply the equation of the system by —a, and a,, we get the
expression:

(a1b; — azby)y = a;¢; — azcy. (2.5)
Expressions in brackets by definition are determinants. Let's mark:
_lan by _lea by _ % G
A= a, b,l’ Ax = c, byl’ Ay = |a2 Cz|'

Then equations (2.4) and (2.5) can be written as
A-x=A, A-y=A,.

Determinant 4, composed of coefficients for unknown systems (2.1), called the
determinant of the system. Determinants 4, and 4,, obtained by replacing the first, or,
respectively, the second column in the determinant 4 column of free members.

To find the solutions of the system (2.1) we need to consider two cases:

1) the determinant of the system 4 not equal to zero;

2) A =0.

Consider the case first A # 0. Then from the equations (2.4) and (2.5) we obtain
formulas for the unknown, which are called Cramer's formulas:

X = AA—", y = %y. (2.6)

By substituting the solution (2.6) into the system (2.1) it is possible to make sure
that it rotates the equation into identity. Thus, if the system (2.1) at 4 # 0 has a solution
— a pair of numbers (x;y), then it is unique and uniquely determined by Cramer's
formulas (Cramer's rule, Gabriel Cramer (1704-1752)) (2.6).

If the determinant of the system 4 is zero, then there are two possibilities: a)
when at least one of the determinants 4, or 4,, not equal to zero and b) when both
determinants 4,and 4,, equal to zero. In case a) the system (2.1) will have no solutions,
because equations (2.4) or (2.5) will have an empty set of solutions - the left part is
zero, and the right - no. In case b) the system (2.1) will have an infinite set of solutions.
Indeed, with 4 = 4, = A, = 0 and the definition of the determinant implies equality

&= 21— % that is, one of the equations of the system is a consequence of the other

a b, C2

14



a,x + by =c
a,x + b,y =c,
a;x + b;y = c¢;. But one equation with two unknowns has an infinite number of
solutions. When at least one of the coefficients a, or b, is not equal to zero, and one
of the unknowns can be determined by arbitrary assignment of another unknown.

The conclusion of consideration of the system (2.1):

and in system (2.1) one equation with two unknowns can be left: {

o if the determinant 4 + 0 - the system has a single solution;
o if A =0, then, incase 4, =4, =0, the system has many solutions;
o if 4, #0 or A4, # 0the system has no solutions.

Consider a third-order matrix and define the determinant for such a matrix:
Definitions 2.2 Determinant of a square matrix of the third order

a11 @12 413
Az =|4az21 azz azz | isanumber thatis equal to
a31 daszz dass

detA = a11a5;033 + a1,053031 + A1303103; —

(2.8)
—QAq30a32031 — Q413021033 — A11023033.

Triangle rule to find the third order determinant:

French mathematician Pierre Frederic Sarrus (France, 1798 - 1861) proposed an
original method for finding a third-order determinant, now called his name: Sarrus's
rule:

a1 Q12 A13]411 412 ay1 412 a13]4411 412
+ [d21 dp2 AQz3|dz1 A —|dp1 Q2 dp3|d21 dp2
azq1 dzp dz3z|d3zqp Az d3q1 dzp dz3z|d3r d3zp

the first term with the sign "+" consists of the product of the elements of the main
diagonal, the second - of the elements parallel to the main diagonal, starting with a;,-
a,,0a,30a3, and the third begins with the element a- a,3a,,a5,. Additions with the sign
"-" are formed by the products of the elements of the side diagonal and the elements
located parallel to it.

There are a number of ways to define the determinant for an n X n matrix. Let
us use the so-called cofactor expansion using the product of complementary minor.

Consider an n X n matrix A,:
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det(4,) = |@1j - @j -~ Qi

o The minor (complementary minor) of element a;; of A, is the
determinant of M;;, where M;; is the matrix (n — 1) X (n — 1) defined by deleting
row i and column j from A,,.

o The numbers C;; = (—1)"+fMl-j are called cofactors of the element a;;
of matrix 4,,.

Here is another definition of the determinant using the product of
complementary minor M;; and element a;;, whenifi =1,1<j < 3:

a11 412 433
det(A3) = [421 22 43| =
azy dzz 4ass
- = " Az dz3 . = = dz1 dz3
My = (W | - |a32 aszzl’ Mz = - ‘ - |a31 a33|’
n ]
- - = a1 QA
Mz = .= |a31 a32|'
[
az; Qz3 az; Qz3 az1 Qzz
det (4s) = a1y as; 033| ~ M2 |qgy, a33| 913 |az, a32|'

Definitions 2.3. If given a matrix 4, the complementary minor Minor M;; is
determinant obtained from this matrix by removing i*"* row and j* column, when
1<i<nl1<j<n

Definitions 2.4 The determinant of the matrix A5 called a number |4| = det A,
which is calculated by the rule:

1)ifn=1,then |ay{| = aq;.

2) if n=2then detA=Y2_,a;,(—1)**M,,, where M, - determinant of
the order matrix 1, which we obtain from the matrix A, by deleting the one line and

ma=lg gl=d me=[C o=

d
Ma=|2 o= M= 3 B=a”

one column: if 4, = (CCL b) =

d |

|=a
|
detA == all(_1)1+1M11 + alz(_1)1+2M12 = ad - Cb.
3)ifn = 3,then det A = Y3 _, aj, (—1)1t*M,, where M, - the determinant of
the matrix of order 2, which we obtain from the matrix A, deleting one row and
alternately one column:

det A; = a11(—1)1+1M11+a12 (—1)1+2M12 + a13(—1)1+3M13, (2.9)
And
a a a a
_ _qn1+1 [922 23 _qv142 |21 23
det A3 = a;y (-1 |2 a33|a+a12c5 VR a33|
__43\1+3 22 23
+aq3(—1) as, a33|'
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And that is why this method of computing the determinant is called the cofactor
expansion.

In linear algebra, the Laplace expansion, named after Pierre-Simon Laplace,
also called cofactor expansion, is an expression of the determinant of matrix 4,, as a
weighted sum of minors M;;, which are determinants of some (n—1) X (n—
1) submatrices of matrix A,,. Using this concept, Laplace's theorem is formulated.
Specifically, for every i row:

n n
det(An) = Z(—l)i”ai}- MU = z CU
j j

Also, we can expand along a j column:
n

n
det(4,) = 2(_1)i+jaij M;; = z Cij-

i i
Laplace’s theorem: The determinant is equal to the sum of the products of the
elements of any row (column) multiplied by their cofactors:

Ay =apAjg tapdAp + -+ apdp,
AA = alelj + aZjAZj + ot anjAni'
or in other words:
_ +a,,det(Aq,) if nis odd,
det(4,) = ay1A11 + ay2413 + a43443 {—alndet (Ay,) if nis even.

For a 3 x 3 matrix, we get:

1 2 3
_ 4.5 6] _, |4 6 14 5] _
‘; g 8_1 o ol =217 ol*3:[; gl=0
It turns out that we did not have to necessarily use the first row. That is for any i:
1 2 3
_ .12 3 11 31 411 2] _c./0._ _
(7) g 8_ 0|8 9|+5 ; 9| 0|7 ol =5 (9-21) = —60.

Consequence (Cancellation theorem): The sum of the products of the elements
of one row multiplied by cofactors to the elements of another row is zero.

The application of Laplace's theorem allows when calculating the determinants
of the n-th order to proceed to the calculation of the determinants (n — 1) -th order.

3 X =X
Example 2.1. Solve the equation: 2 -1 3|=0.
x+10 1 1

Solutions. By the rule of the triangle we write down the value of the
determinant:—3 — 2x + 3x(x + 10) —x(x + 10) —2x -9 =0, x?>+8x—6 = 0.
Where do we get the roots of the equation: x = —4 + v22.

2.2 Properties of the determinant

1. Equality of rows and columns. If A,, is a square matrix then the value of the
Determinant is not altered by interchanging the rows and columns:
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. 7. |41 Q12| _ |G11 Q21
det A = det AT ; |a21 a22| = |a12 a22|. (2.11)

2. Linearity. If the column (row) of the determinant is the sum of two columns
(rows), then the determinant is equal to the sum of the two corresponding determinants
(detC = detA + detB, if C = A+ B):

a,; Qi3+ by ;1 Gz a;; by
Az1  Gpp +bypl |a12 a22| A1z baal (2.12)

3. Homogeneity. If one column (row) of a matrix is multiplied by a scalar, the
determinant is multiplied by the same scalar.:

_ n Jar kagp| _ 191 Az

det(kAy) = K" det A;| 1 2] = |a12 a22|. (2.13)

4. Antisymmetry (Switch two rows) When we switch two rows (columns) of a
matrix, the determinant is multiplied by (—1), but its numerical value is unaltered:

|a11 a12| _ |a21 a22| _ |a12 a11|. (2.14)

Az1 Qz2 aj1 Q12 Qzz2 Q21

5. Equality conditions are zero determinant. The determinant of the matrix is
zero if the matrix contains:

a) zero column (row);

b) two identical columns (rows);

c) proportional columns (rows);

a1 Q4gz aj; Qgz a,; kaqq
0 0ol~ |(l11 a12| - a,; kay =0. (2.15)

6. Cancellation theorem: The sum of the products of the elements of a column
(row) of the determinant on cofactors of the corresponding elements of another column
(row) is equal to zero:

k=1 QijMy =0, j#*k (2.16)

Conclusion: a;,41, + ay1A4,, =0, a;1411 + ay14,1 = det A.
7. Adding a scalar multiple of one row (column) to another does not change the
determinant of a matrix:
a1 +kay, aqp +kayy| |a11 a12|

a1 Ay

azq az;

8. The determinant of the matrix product is equal to the product of the
determinant values:
det(AB) = det A - det B.
For upper triangular or lower triangular matrix:
Let A,, be an upper triangular matrix. Then det A is the product of the diagonal
entries of A:
detA =ay1 Ay " Ay
If upper triangular or lower triangular matrix is given, the determinant for

triangular matrices is very simple to compute:
1 2 3

0 5 6

0 0 9
Consider the lower triangular matrix:

=1-5-9 = 45,

18



1 0 O
4 5 0

7 8 9
if we expand along the first row, we find that the determinant is 1 times the determinant

of the lower triangular matrix:
1 0 0

4 5 0
7 8 9

=1-5-9 =45,

=1 (- o] =4s.

So the deteriminant is just the product of the diagonal entries:
Example 2.2. Find the value of the determinant by the method of decomposition

2 -1 1 0
0 1 2 -1
by elements of a row or column: 3 1 2 —1l
3 1 6 1

Solution: It is convenient to calculate on a row or column that has the element
zero elements. Let's write the schedule by the second row using Laplace's theorem:

2 -1 1 0
0 1 2 -1f_ i
=2(-D¥" -1 2 -1|+
3 -1 2 -1 L e 1
3 1 6 1
0 2 -1 0 1 -1
+(-D(DM23 2 —1[{+ (D3 -1 -1 =
36 1 3 1 1

= 2(1(—1)1+1|2 _11| +2(_1)1+2|_11 _11| +(_1)(_1)1+3|_1 2 )+

1 6
+20m )] T+ EnEnf )
(o -enen | T) =
=2(8+8)+24—12 = —4.

a1 + b1X a1 - blx C1 a1 b1 C1
Example 2.3. Prove: [a, + b,x a, —b,x c¢,| =—-2x|ay, b, cyf.
a3 + b3x a3 - b3x C3 a3 b3 C3

Solutions. Let's use the linear property of determinant (2):

a; +b;x ay—bix ¢ a, a;—bix ¢ bix a;—bix ¢
a, +b,x a, —b,x ¢y a, a,—Dbyx ¢, b,x a,—b,x c,
as; +bsx az —bzx ¢ as; asz—bzx c3 bsx a; —bsx c;
then to each of the determinants apply the above property again:

+

aq aq C1 aq —blx 1 blx aq 1 blx —blx 1
A, a; Ca|l+|a, —byx cy|+|byx a, cy|+|byx —by,x cyl,
as as C3 a; _b3x C3 b3x a; C3 b3x _b3x C3

The first and fourth terms are equal to zero under the condition that the
determinant (5) is equal to zero. In the second term, you can take the minus sign as the
sign of the determinant, and in the third term switch two columns. The permutation of
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the second and third columns will change the sign of the determinant. Lastly, if you
add them, the proof will be finished.

2.3 The concept of the determinant of the n-th order.

Definitions 2.5 Determinant of matrix A,, will be called sum, which has n!
different terms  (—1)*a,4,az4, - Ang, Which will be formed of the matrix A,
elements. The multiplier (—1)~t , where t - the number of inversions in the second
indices a4, ay, ... a,, If the elements of the term are arranged in ascending order of
the first indices.

A1 A1z 0 Qp
Az1 Gz =+ dop
da=1.0 T .. L=
An1  An2 o Ann )
= (—1)n(@10200) = 1, s an even permutation,
-1, is an odd permutation .
— inv(04,03,...0
= detA = Z(O’l,d,...O'n)(_l) (2,02-0n) A16,%20, =+ Angy, - (2-17)

Here is another definition of the determinant with a minor M;; element a;;.

2.4 Permutations

In order to define the determinant function, we will need to understand some
simple facts about permutations. We begin with some definitions and very simple
properties.

Definition 2.6 Let S = {1,---,n} A permutation of S is a function o :

S — S such that the following two properties hold:

1. 1f i €S and j €S are different, then a (i) # o(j).

2.1f1 € Stheni = o(j) for somej €S.

One way to write a permutation is just to list what (1),0(2) ---o(n) are. The
result will be a rearrangement of the numbers from 1 through n, with every number
appearing at least once (by property 2 of Definition 2.6), and no number appearing
more than once (by property 1). For instance, for the permutation of {1,2,3} with
o(1) =2,0(2) = 3,0(3) = 1, we might talk about the permutation (2,3,1), or even
just the permutation 231 (note that this last way of writing things breaks down when
n = 10. When n is small, we can easily list all permutations of {1, ---, n}. For instance
for n = 3, there are 6 permutations:

(1,2,3), (2,1,3), (1,3,2),
(3,2,1), (2,3,1), (3,1,2).

Definition 2.7 S,, is the set of all permutations of the numbers {1, ---,n}.

Definition 2.8 Let S={1,-:-,n} and let 0:S - S be a permutation. An
inversion in g isa pair (a(i),o(j)) withieS,jeSandi < j, suchthat a(i) > a(j).

If we write our permutation as a rearrangement, we can easily count the number
of inversions, by counting how often a larger number precedes a smaller one. We count
the number of inversions in several permutations:
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n=>5 32451 S5inversions: (3,2),(3,1),(2,1), (4,1),(5,1).

n=15 13245 1 inversion: (3,2).

n=5 54123 7inversions (5,4),(5,3),(5,2),(5,1),(4,3),(4,2),(4,1).

n=4 4321 6inversions (4,3),(4,2),(4,1),(3,2),(3,1),(2,1).

Note how organizing the counting makes it easier to keep track of which
inversions have already been counted—we first count the number of inversions
beginning with a(1) (the first number), then those beginning with ¢ (2), etc.

Definition 2.9 A permutation is called even if it contains an even number of
inversions. It is called odd if it contains an odd number of inversions. If o is a
permutation, we will define sign(a) by the following rule:

. _(lifoiseven, , 4Nt
sign(o) = {_1 if oisodd, = sign(o) = (—1)".

Throughout this section, let A be an n X n matrix, and denote its (i, j) entry by a;;.
Definition 2.10 Let o € §,,. The elementary product associated to o is the
product: aq4(1)@24(2) *** Anem)- 1he signed elementary product associated to o is the
product:
sign(o) A16(1)A26(2) " Ane(n)-

One of the most significant facts about the elementary products of matrix A is
that each elementary product includes exactly one element from every row of A and
exactly one element from every column of A. This property plays a crucial role in
proving several fundamental facts about determinants. Let us examine three-by-three
determinants:

a1 412 413
a1 4azz dazs

azq, 4z dzs
= Q411032033 + Q12033031 + A13031033 —

—Qq30a32031 — Aq12021033 — A110230A33.

det(A3) - -

There are six permutations in S,,, giving the following signed elementary products:

o sign(o) elementary
products
123 1 11022033
132 -1 aq11a234a32
213 -1 12021033
231 1 aq2a930a31
312 1 a134214a32
321 -1 aq3do24a31
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Definition 2.11 Let A be an n X n matrix. The determinant of 4 is the sum of all
the signed elementary products of A (as o runs through all possible permutations). In
symbols,

det(A) = Z Sign(a)ala(l)aZJ(Z) " Apg(n) =

gin$,
— inv(o1,09,...0
= 2 (—1)"(O1o2-00) @y o @y, . g, .

(01,0,..00)
2.5 Calculation of the determinant by reduction to a triangular shape.

We can reduce the matrix to a triangular form and then just calculate the product
of the numbers down the diagonal.

Definitions 2.12 Elementary transformations of the matrix are called

1) rearrangement of rows (columns);

2) multiplication of a column (row) by a number other than zero;

3) adding to the column (row) another column (row) multiplied by some
number.

Matrix A and B are called equivalent if one of them is obtained from another
with a finite number of elementary transformations, and denote 4~B.

The method of reducing the determinant to a triangular shape using its properties
IS to convert the determinant to the form when all the elements located on one side of
the main diagonal are zero.

Scheme of the method of reducing the determinant to a triangular shape:

Consider the determinant A4, = det A, matrix A order n:

1. If all the elements of the 1st column are equal to 0, then det A = 0.

2. Let a,, # 0, (If this is not the case, you can achieve this by rearranging
the lines, remembering to change the sign).

Add the 1st line multiplied by the factor (— ﬁ) to the s-th line, s = 2,n:

a1
a1 A1z Qp
Az1 Az -+ d2p
detA=|"_" 7 .. |=
An1 QAnz  *° Qnpn
a11 12 A1n
az1 az1 az1
21 7 Q11 dpp Az = OQapn — — Qin| _
11 11 11 =
An1 An2 Ann
A1 Az 0 Qan
0 by by by w . —
=|.. U7 where by =a;—tayi=2m, j=2n

0 an bn3 '“bnn
3. For the determinant 4,,_, repeat paragraphs. 1 and 2.
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Example 2.4. Calculate the determinant by reducing it to a triangular shape:

2 -1 1 O
0o 1 2 -1
3 -1 2 -1
3 1 6 1

Solutions. Swap the first and second columns. After this action, the determinant
will change the sign. Let's rewrite the first line without changes. Add the first line to
the second line, write the result in the second line. Add to the third line the first line
multiplied by (-1). Write the result in the third line. Add the first and fourth lines and
write the result in the fourth line. Thus, using property (7), we obtained all zeros in the
first column of the determinant except the element a,, .

2 -1 1 0 -1 2 1 -1 21 0
0 1 2 1|2 |1 o0 2 -1/ lo 2 3 —1|_
3 -1 2 -1 = T |-1 3 2 -1 ~ -1 3 2 -1|"
3 1 6 1 1 3 6 1 1 3 6 1
-1 21 0 -1 21 0
R3_>IS_~11_R3 B 0 2 3 -1 R4—>I§_\_‘1+R4 _ 0 2 3 1
- o 1 1 -1 0 1 1 -1
1 3 6 1 0 5 7 1

Next, repeat the same steps with the second column. Because the third line has
an element a5, equal to one, swap the second and third lines:

i 21 Yfmmgmmld 21 G
0 2 3 -1 0 01 1
0O 5 7 1 0 5 7 1

Multiply the second line by (-2) and add to the third, write the result in the third
line. Multiply the second line by (-5), add to the fourth line and write the result in the
fourth line. It remains to get zero on the position of the element. To do this, rewrite the
first three lines without changes and multiply the third line by (-2) and add to the fourth
line:

R4-R2+(—5)+R4 -121°0 R4-R3%(—2)+R4 -121 0
o~ O 1 1 -1 = o 1 1 -1|_ _4
0 0 1 1 0 0 1 1 '
0 0 2 6 0 0 0 4
The determinant is equal to the product of the elements of the main diagonal.

2.6 Application of determinants. Cramer's formulas

Using the properties of determinants, we can write formulas for finding
unknowns in a system of n-linear equations with n unknowns, which were first proved
by the Swiss mathematician Gabriel Kramer (1750). We write a system of n-linear
equations:
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ai1Xq + Ai2Xy + -+ AnXn = b1
Az1X1 + A%y + -+ + ApnXy = by | (2.18).
An1X1 + ApaXp + 00 + App Xy = by

The system can be written in matrix A,«y, * X;,x1 = Bnx1, In the form where

A1 A1z o Qp X1
Az1 Qzz -+ A - i - X
A= " %% T coefficient matrix, X = "." |- vector column of
an1 QApz - App Xn
by
. = b2
variables, B =| ".° |- vector column of free members.

by,

Let the determinant of the coefficient matrix be nonzero. Multiply each of the
equations of system (2.18) by cofactors to the first column of the coefficient matrix
Aan:

a11%1411 + A12%2411 + -+ A1 Xp A1 = DAy

A21X1421 + QX451 + -+ AppXpAzr = DyAsg;
An1X1Anz + ApaXoAny + o+ AppXnApy = bpdp,
add the equation of the system and make identical transformations:

X1(a11411 + 1451 + -+ aniApq) + x2(a12411 + az451 + -+ apdpg) + *)
+xn(an1A11 + az2451 + -+ appAny) = byAyg + b Ay + -+ b Ay

Multipliers at x;, i = 2,n; will be equal to zero by the annulment theorem. The
coefficient at x; is a determinant of the matrix of coefficients A, by Laplace's
theorem. The right-hand side of the equality can be written by the determinant of the

coefficient matrix A,,».,,, in Which the first column vector a;,,, i = 1,n replaced by a

column of free members vector by,,, i = 1,n:

bl a12 aln

b, az; aon
L ,

bn ana2 Ann

Then the expression (*) can be written as follows: x1A4= A,,.
Multiply equation of system (2.18) by algebraic additions to the second column
of the coefficient matrix 4,,,,,:
x1(@11412 + 21425 + -+ A dng) + X%5(a12412 + Az245; + o+ apzdp) + (**)
+xn(A1nd12 + Agnday + -+ Anpdnz) = b1A1z + DA + -+ Dy Ap;

Now all the coefficients for the unknown, except the unknown, will be zero. We
write the right-hand side of equality (**) using Laplace's theorem:
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a
Xp04=A,,, where A, = 21 bZ B

QAin bn Ann

Continuing the multiplication of system (2.18) by algebraic additions to all
subsequent columns of the coefficient matrix 4,,.,,, and using the cancellation theorem
and Laplace's theorem, we obtain Cramer's formulas for solving a linear algebraic
system of n equations with n unknowns (2.18):

a12 cee b1 coe aln
Ay, . —_— a cee a
xp =4+ i=1nwhere Ay =|["2" by LM (219
A
a’lTL cee bn cee ann

Theorem (Cramer's formulas): If a system of n linear equations in n variables
has a coefficient matrix A with a nonzero determinant 4, + 0 then the solution of the
system

A11X1 + A1pX5 + -+ A1n Xy = by;
Ay1X1 + AypXy + oo+ Aypp Xy, = by;

A1 Xy + ApaXy + o+ AupXx, = by,

where the i-th column of A is the column of constants in the system of equations.

To check the solutions found x;, you can substitute the found vector X into the
system.
3x1 +x, —3x3 =3,
Example 2.5. Solve the system by Cramer's method: { Xy +x, +2x3 =2,
—x1 + x5 +x3 =0.

3 1 -3
Solutions: Coefficient matrix A4=|1 1 2 |=—11. Wefind:
-1 1 1
3 1 -3 3 3 -3 3 1 3
Av=12 1 2|=-11,A,=|1 2 2|=-11,A,=|1 1 2|=0.
01 1 -1 0 1 -1 1 0 »
According to Cramer's formulas (2.20) we obtain the values of the x; = — =
1
=1,x, = :—i =1,x3 = -Lu = 0, then the solution column vector: X = <1>
0

By substituting into the system, we make sure that the solution is found correctly.
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2.7 The adjoint of a matrix

The matrix of cofactors of matrix 4 has the form:

Ciz Ciz =+ Cpp
Co1 Cop -+ Gop
A1n bn Ann

The transpose of this matrix is called the adjoint of and is denoted by adj That

IS,
C11 CZl Cnl
adj(A) = |Gz G2 7 Cne|
Cln C2n Cnn

The adjoint of a matrix is useful for finding the inverse of as indicated in the next
theorem.

If A is square, and (square) matrix B satisfies AB = E,,, then:

o matrix B is called the inverse of 4, and is denoted A™1;

o the matrix A is called invertible or nonsingular.

Definitions 2.13 Given a square matrix 4, the inverse of A, denoted 4" is
defined to be the matrix such that:

At 4=4-4""=E,

Matrix inversion is the process of finding the matrix 4~* that satisfies the prior
equation for a given invertible matrix A. Note that inverses are only defined for square
matrices. Not all matrices have inverses. If A is not invertible it is called singular.

From the definition it follows that the matrix A and A~! reciprocal and
permutable. For a single matrix £,E;* = E, ,and (E,)"' =E,.

Definitions 2.14 A square matrix is called non-singular (nondegenerate) if its
determinant is nonzero.

Theorem 2.1 The Inverse of a Matrix Given by Its Adjoint

. . . . -1 _ 1 ,
If is an n X n invertible matrix, then 4™~ = ot ) adj(A).

Y1 = Q11X T QX + 0+ Ay Xp;
Yo = Ap1X1 + AppXy + o+ Ay Xy,

Consider a linear system of equations:

Yn = Ap1X1 + QuaXy + 0+ AppXy.

By the condition of the theorem, the determinant of the matrix of coefficients
Ay # 0

a1 QA2 0 Qqn
Az1 QA -+ Q2pn

A= 0 .. =FO.
An1 Apz  ° Qnn

In matrix form, such a system be written: Y = A - X. Multiply the left equality
by A7 (use A~1A = E), then:
AL Y=A"1A-X =471 Y=X.
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To find x; through y; in the system we apply Cramer's formulas:

a11 “ee yl ses aln

Qz1 = Y2 v Qzn

x. _ ﬁ. i _ _1 n. x _ anl yn ann
| A’ - LY i — A .

We write the value of the determinant using Laplace's theorem:
_Ai= Y14y + yZAZi_+ et )_’nAm'» i=1n.
Then the solution of the system will look like:
A
(x1 =V Ve Tt o
A A Ana
Xy =ttt YT (2.20)
A n A n ATlTL
Xn = Y1t Y2 ot e
In matrix form, expression (2.20): X = A1 - Y and a matrix of coefficients of
this system:

A A A A11 A21 Anl
A1z Az Anz _ 1 A12 Azz Anz _
a A oA Tal s T E
A Aan | Ann A Az o Amn
A A A T
All A12 Aln
_1 A Az o Apg (2.12)
An1t Apz - Apn
Ajp Ay e A ' r
Soiat =3 Az Az A 1 (2.21)
Apt Apg 0 Amn

where A; ;- algebraic complement of an element a;;.

Matrix AT called the attached matrix to the matrix A. Let's check the correctness
of finding the inverse matrix obtained in (2.21):

A1n Az Am
ajr dqz  tt Aqn A A A 1 0 - 0
A1p dpp * dgp || 21z Az Az | [0 1 .. 0
A A A - e e e e e e e ﬁ
An1 Adnz2 *° dnn Ain A2z Amn o o0 - 1
A A A
= A

Condition A= - A = E is performed, i.e. for the matrix A 3 A# 0 an inverse
matrix was found that satisfies the criterion of matrix reversibility (Theorem 2).

Here are the properties of the rotation of matrices. For any reversible matrices
A and B the following statements are fulfilled:

1. If the inverse matrix exists, then it is unique.

2.4 ) =4
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3. (47 = @)L, k=012, ...

4, (AB)t=B"1.- 471

5. (4 = (4N

Here is the scheme of finding the inverse matrix using the determinant.

Step 1. OOuUMCHIOIOTH BUBHAYHUK MaTpuIll A.

Step 2. If det A = 0, then the inverse matrix does not exist. If det A # 0, then
build attached to A matrix: 4 = (4;;)".

For example, for a nondegenerate matrix of the 2nd order A = (Ccl Z

A7 = j(—dc _ab)'

) we have:

T

Step 3. The inverse matrix is found by the formula; 47! = ﬁﬁ :

1 1 -1
Example 2.6. Find the inverse of the matrix 4 = (2 1 2 ) matrix.
3 -1 1
Solutions . Calculate the determinant: 4, =14+6+2+3—-2+4+2 =12.
Because the matrix A non-degenerate, it is reversible. Calculate the algebraic
additions to all its elements and construct the inverse of A matrix:

__qy+| 1 2] _ _ 2. _ e |1 =1
An =D =142=3 A =D =1
1=0;
__avi+2|2 2\ oy — _a. __1e2+2 |l 1
3=4;
PPTY TS A o PSP __1e2+3|l 1)
A= (DS D |=—2-3=-5 An=(12; | =
—(—4) = 4
— (_ 3+11 _1_ — 2. — (— 3+21 _1__
A = (CDP] T =241=3 4n =], | =-@+
2) = —4;
1 1
A33=(_1)3+3|2 1 1-2=-1

~ 3 0 3
AT =| 4 4 —4|;
-5 4 -1

Write the inverse matrix:

/3 0 3

At=—(4 4 —4)
12

-5 4 -1

Let's check the correctness of the calculations:

L 1 1 -1 3 0 3 L 12 0 O
A-A'1=E<2 1 2)-(4 4 _4>:E(0 12 0).
3 -1 1 -5 4 -1 0O 0 12

In order to obtain the formula for finding the inverse matrix, we considered a
system of n-linear equations with n-unknown:
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Ay1X1 + Aq2%p + -+ a1n Xy = by;
Ay X1 + AyoXy + o+ Ay Xy, = by;
Ap1X1 + Apoxy + -+ appXx, = by,.
and recorded it in matrix form
Aan ’ anl = anl'
The matrix of coefficients A is consistent with the vector of unknowns X , so

there is a product of their vecto B. This matrix equation is solved by multiplying by an
inverse matrix:

Apin  Xox1 =By1 2 A A-X=A"1-B=>E-X=A"1-B,
If the equation is written in the form X - A = B, then to find its solution, multiply
the equality on the right by 47*:
A-X=B=>X-A-A'=B-A1'=>X=B-4"1
Example 2.7. Solve the matrix equation: X - A = B, where

A=<g _43 S),B=(2 1 5),X=B-A‘1.

6 —t 7 1 5 -1
Solutions. We find 4 = 112 — 126 — 150 — 144 + 140 + 105 = —63;
A = (_1)1+1 _45 ; = 63; Ay = (_1)2+1 |::§ s| =-9;
Ay =022 Tl=7 A=)t Y=
A= O 2 A= a0 =02t D=2
Ay = (%7 O =45 =1L O =2

Agy = (—1)3+3 |§ _43| - 31,

x=(2 1 5)_L<673 o _§5>=_1(—112 ~16 67
15 -V e\ L D &\ 147 51 —66

2.8 Applications of determinants

Determinants have many applications in analytic geometry. One application is
in finding the area of a triangle in the xy-plane:

1. Area of a Triangle in the xy-plane: The area of a triangle with vertices

(x1,¥1), (x2,¥2) and (x3,y3)

1 a b o
AREA = izdet (az b, c2>
az bz ¢
where the sign is chosen to give a positive area.
Proof: Prove the case for y; > 0. Assume that x; < x3 < x, and that (x3,y3)

lies above the line segment connecting (x;, y,) and (x,,y,), as shown in Figure 2.1:

Is
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v (x3,3)

(x2,¥2)

(x1.¥1)

— X
0] (x1,0)  (¥3,0) (%2,0)

Figure 2.1 Area of a Triangle in the xy-plane.

Consider the three trapezoids whose vertices are:
Trapezo!d 11 (%1, 0), (x1,¥1), (%3, ¥3), (%2, 0);
Trapezoid 2: (x3, 0), (x3,¥3), (x2,¥2), (x3,0);

Trapezoid 3: (x4, 0), (xq, 1), (x2,¥5), (x3,0).
The area of the triangle is equal to the sum of the areas of the first two trapezoids
minus the area of the third trapezoid. So,

1 1 1
AREA = E()’l +y3) (3 —x1) + E()’z + y3) (2 — x3) — E(}ﬁ +y2)(xz —x1) =

1
=5 (X172 + X¥3 + X3V — X1Y3 — X1 — X3Y2) =

1[¥r 1 1
=5 X2 Y2 1.
X3 Y3 1

If the vertices do not occur in the order x; < x; < x, or if the vertex (x3,y3) is
not above the line segment connecting the other two vertices, then the formula above
may yield the negative of the area. So, use + and choose the correct sign to give a
positive area.

Example 2.8. Finding the Area of a Triangle.

Find the area of the triangle whose vertices are (1;0), (2;2) and (4;3).

Solution: It is not necessary to know the relative positions of the three vertices.
Simply evaluate the determinant:

t, 2 1|-_3
24 3 1 2

and conclude that the area of the triangle is % square units.

2. Test for Collinear Points in the xy-Plane
Three points (x4, y,), (x5, y,) and (x5, y3) are collinear if and only if:

X1 N
X, Y2 1]1=0.
xg Y3 1

30



Example 2.9. Suppose the three points in Example 10 had been on the same line.
What would have happened had you applied the area formula to three such points? The
answer is that the determinant would have been zero. Consider, for instance, the three
collinear points (0;1), (2;2) and (4;3) as shown in Figure 2.2:

v
51 (4,3)
(22)
(0.1)
0O ' ; by
2 4

The determiné  Figure 2.2 Collinear Points in the xy-Plane.  1as these three points
as vertices is:

10 1 1
>z 2 1f=0
4 3 1

The test for collinear points can be adapted to another use. That is, when you are
given two points in the xy-plane, you can find an equation of the line passing through
the two points, as follows.

3. Two-Point Form of the Equation of a Line.
An equation of the line passing through the distinct points (x;,y;) and (x,y,)
Is given by:

x y 1
xl yl 1 = O.
Xy Yo 1

Example 2.10. Finding an Equation of the Line Passing Through Two Points
Find an equation of the line passing through the two points (2,4) and (-1;3).

Solution: Let (x1,y,) = (2,4) and (x5, y,) = (—1,3). Applying the determinant
formula for the equation of a line produces:

x y 1
2 4 1(=0.
-1 3 1

To evaluate this determinant, expand by cofactors in the first row to obtain the
following:

4 1 2 1 2 4]
N R I R I B
x—3y+10=0.
So, an equation of the line is x — 3y = —10.

The formula for the area of a triangle in the plane has a straightforward
generalization to three-dimensional space, which is presented without proof as follows.

4. Volume of a Tetrahedron.
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The volume of a tetrahedron with

vertices
(X1, Y1, 21), (X2, Y2, 22), (X3, V3, 23) and (X4, Ya, Z4) IS:
e
~6|(X3Y3Z31f
X4 Y4 Z4 1
where the sign =+ is chosen to give a positive volume.

Example 2.11.
Finding the Volume of a Tetrahedron.

Find the volume of the tetrahedron whose vertices are (0,4,1), (4,0,0), (3,5,2) and
(2,2,5) as shown in Figure 2.3.

Solution: Using the determinant formula for the volume of a tetrahedron
produces:

“

(2,2,5)

(04,1)

(4,0,0)
X (3!5)2)

Figure 2.3 The Volume of a Tetrahedron.

" 0411
_ (2251 _
V= 613521 12.
4001
The volume of the tetrahedron is 12 cubic units.

5. Test for Coplanar Points in Space

If four points in three-dimensional space lie in the same plane, then the
determinant in the formula for the volume of a tetrahedron is zero.

Four points (xy,y1,21), (X2, ¥2,25), (X3,V3,23) and (x4, Vs, z,4) are coplanar if
and only if:

x Y z 1
X1 Y1 %11
X2 Y2 %21
X3 y3 23 1
Example 2.12. Finding an Equation of the Plane Passing Through Three Points.
Find an equation of the plane passing through the three points (0,1,0), (-1,3,2) and
(-2,0,1).
Solution: Using the determinant form of the equation of a plane produces:
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x vy z 1

0O 1 0 1|_

-1 3 2 1/79=

-2 0 1 1

To evaluate this determinant, subtract the fourth column from the second column
to obtain:
x y—-1 Z 1
0 0 0 1|_
= 1 7 2 1 =0=
-2 -1 1 1
2 2 -1 2 -1 2|_
=>x_1 1|—(y—1)|_2 1|+Z|_2 _1|—0=>

= 4x—-3y+5z+3=0.

6. Linear algebra applied
According to Kepler’s First Law of Planetary Motion, the orbits of the planets
are ellipses, with the sun at one focus of the ellipse. The general equation of a conic
section (such as an ellipse) is
ax?+ bxy + cy?* +dx+ey+ f =0.

To determine the equation of the orbit of a planet, an astronomer can find the
coordinates of the planet along its orbit at five different points where 2, 3, 4, and 5, and
then use the determinant:

X xy oy
X1 X1y1 Y1 X1y,
X2 X2Y2 Yo X2 Y»
X3 X3¥Y3 Y3 X3 V3
Xz XaYa Vi Xq Y4
X¢ XsYs Y& Xs Ys

N e

Figure 2.4 According to Kepler’s First Law of Planetary Motion, the orbits of the planets
are ellipses.

Linear Algebra Questions on Determinants and Matrices
1. Determinant of Order Two: Provide the definition of the determinant of a second-

order matrix.
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2. Solutions When Determinant is Zero: What are the possible solutions to a system of
linear equations if the determinant of the system, 4, equals zero?

3. Determinant of Order Three: Define the determinant of a third-order matrix.

4, Minor of a Second-Order Matrix: Give the definition of a minor for a second-order
matrix.

5. Minor of a Third-Order Matrix: Provide the definition of a minor for a third-order
matrix.

6. Minor vs. Cofactor: What is the difference between a minor and cofactor of a matrix?

7. Sum of Products Involving Cofactors: What is the value of the sum of the products

of the elements of one column of a determinant and the cofactors corresponding to the elements of a
different column?

8. Even Permutation: What is meant by an even permutation of elements?

9. Non-Singular Matrix: What characterizes a matrix as non-singular?

10. Number of Inverse Matrices: How many inverse matrices can a non-singular matrix
have?

11. Criterion for Invertibility: What is the criterion for a matrix to be invertible?

3. LINEAR SPACES

3.1 The concept of linear space

One of the ways to model the physical processes of the surrounding world is to
find common properties in objects of different nature and the possibility of the same
actions with them. The concept of a certain space makes it possible to establish the
relationship between actions on the object and the result of these actions. Thus, in the
courses of mathematical analysis and linear algebra, the important actions are to add
objects and multiply the object by a number, and it is these operations that led to the
introduction of the concept of linear space. Linear space can be formed by objects of
completely different nature: real and complex numbers, geometric and arithmetic
vectors, matrices, etc., but all actions with them will be subject to the same laws.
Obijects of linear space are called vectors regardless of their nature and a number of
definitions and axioms are introduced for them.

Definitions 3.1 Plural L elements X and y of arbitrary nature is called a linear
space if three conditions are met:

1. For any items X and y € L you can match the item X + y € L which is
called the sum of the elements x¥ and y.

2.Foranyitem x € L and V A € R you can match the item Ax € R which is
called the product of a number A per item X.

3. These two operations are subject to 8 axioms:

VX, ¥y, ZEL and V A, u € R:

Axiom 1. Addition is commutative: X + y = y + X;

Axiom 2. Addition is associative: (X + y) + Z = X + (¥ + 2);

Axiom 3. There exists a unique element 0 € L called zero, for which: 3! 0: % + 0=

Axiom 4. There is an opposite (symmetrical) element #*: ¥ + #* = 0, ¥ = —&%*;

Axiom 5. 1-x = x (the existence of a neutral element 1);

Axiom 6. u(Ax) = (uA)x (action is related to the product of numbers);
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Axiom7. A(X + y) = Ax + Ay (action is distributive to the addition of vectors);
Axiom 8. (1 + w)x = AX + ux; (action is distributive to adding numbers).
Square matrices form a linear space.

Definitions 3.2 A linear combination of vectors p,, p,, ..., p, With coefficients
C1,Cpy ... Cp IS AVECIOr ¢;P; + CoP5+... +Cp Py

Definitions 3.3 A linear combination of vectors ¢,;p; + ¢c,p,+...+c,p, are
called trivial if ¢;p; + c,p,+... +c,p, = 0, where all the coefficients ¢, ¢,,...cp,
€12 + 2+ .+, #0arezero(c; =0, i=1,n).

Definitions 3.4 A linear combination of vectors ¢;p; + ¢c,p,+...+c,p, are
called linearly independent if there are non-trivial combination of these vectors equal
to the zero vector. That is, the vectors p,, p,, ..., b, are called linearly independent if
1Py + CoPot...+cyBy, = 0 iff (ifand only if ) ¢; = 0,¢, = 0,...c, = 0.

Example 3.1 Consider the vectors p; = (1;0), p, = (0; 1), these vectors is
trivial because of the equality c¢;p; + c,p, = 0 comes true only in the case ¢, =
0, ¢,=0.

Example 3.2 Let show that the vectors p, = (2;-1),p, = (6;—3) are
nontrivial.

Solution:

c1p, +cp, =0 @cl( 21) + ¢, (_63) =0 {Eccll-l__gcczz =(()) = ¢; = —3c,.

That is, there are many solutions of the equation c¢;p; + c,p, = 0, and by
definition 3.3 these vectors are nontrivial.

We can show that columns e;, i = 1, n unit matrix E,, nontrivial and any column
a high n is a linear combination of columns of a single matrix. The coefficients of the
linear combination are the elements of the column a:

a 1 0 0

a > > ->
:2 == a1 (:) +a2 % +"'+an ? = alel +a292 +"’+anen_.
dn 0 0 1

3.2 Properties of linearly dependent and linearly independent vectors

Theorem 3.1 If the set of vectors (span) py, p,, ..., B, linearly dependent, then
after joining it a finite number of other vectors, the system remains linearly dependent.

Proof: Let set of vectors p,, p,, ..., P, - linearly dependent. Then, by definition,
there are set c¢;,c,,...c, not equal to zero at the same time that c¢;p; +
Cyp,+...+c, P, = 0 and at least one ¢; # 0. Attach k more vectors to the set of
vectors: Pi,P2,---» Prs Pns1s - Prsk, then equality will be observed c¢;p; +
CoPot...+CpPn + 0 Ppyq + -+ 0 Py = 0. The theorem is proved.

Theorem 3.2 (criterion of linear dependence of vectors) For linearly
dependence of a set of vectors p,,p,,..., P, itisnecessary and sufficient that at least
one of the vectors be a linear combination of other set of vectors.

Proof:
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a) necessity: let the set of vectors p;, p,, ..., B,- linearly dependent, then exist
set of constants ¢y, ¢,,...c, not equal to zero at the same time that equality ¢;p, +
C,P.+. .. +c,p, = 0is performed. Let the nonzero coefficient be ¢;,c; # 0 then:

1
p1 = _C_1 (C2P2 + C3P3+... +CpB),
that is the vector p,; is a linear combination of other vectors;

b) sufficiency: let p; = ¢;p; + c,p,+... +¢, P, , than p; is a linear combination
of vectors py,py,...,0,, then c¢;p; + cp,+...+c, P, — p; = 0 and since the
coefficient at p, equal to one the set of vectors is linearly dependent. The theorem is
proved.

There is a special notation for a set of elements that form linear spaces, they are
called linear spans. The span of a set of vectors, also called linear span, is the linear
space formed by all the vectors that can be written as linear combinations of the vectors
belonging to the given set. Let us start with a formal definition of span.

Definitions 3.5 Let L be a linear space. Let p;, p,,...,p, € L, be n vectors. The
linear span of p,, p,, ..., By, denoted by span(p,, by, ..., P,) is the set of all the linear
combinations

P = c1P1 + P2+ Henbp,
that can be obtained by arbitrarily choosing n scalars c;, ¢y, ... c,.

Theorem 3.3 The system of vectors, which includes the zero vector, is linearly
dependent.

Theorem 3.4 If the set of vectors p;, p,,..., p,- linearly independent, and the
set of vectors p;,p,,...,0,, P - linearly dependent, the vector p is a linear
combination of vectors gy, Dy, .. ., Pn.

Proof:

Let, set of vectors gy, p,, ..., P,, P -linearly dependent, then true:

1P, + Pyt Py +cp =0,
and in this equation at least one coefficient is nonzero, because by the theorem
c1P1 + ¢oPa+... +c, Py = 0 wWhere everyoneis ¢; = 0,i = 1,n. Then ¢ # 0, and

1
p=- c (c1D1 + c2P2+- .. +cnbn),
that is p linear combination of other vectors.

Theorem 3.5 If the vectors p,, p,, ..., P,- linearly independent and p cannot be
represented as a linear combination of these vectors, then p,, p,, ..., B,, P is a linearly
independent system of vectors.

A very simple example of a linear span follows.

Example 3.3 Let X; and %, be 2 x 1 column vectors defined as follows:

= 1 = 0
X1 = (0)'x2 = (1)
Let X be a linear combination of xX; and X, with coefficients ¢; and c¢,. Then
.7? - lel + szz.
. -2 - - = 1 O —_ C1
Solution: X = ¢, + X, > X =¢; (0) + cy (1) = (Cz)
Thus, the linear span is the set of all vectors x that can be written as:

> €1
X = (Cz)'
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where ¢, and c, are two arbitrary scalars.

Example 3.4 Check whether the vectors  p; = (1;0;3), p, = (2;1;-1),
ps = (0;1;2), p,=(—1;2;1) are linearly independent.

Solution: The vectors are linearly dependent, since the dimension of the vectors
smaller than the number of vectors.

Example 3.5 Check whether the vectors p;, = (1;1;1),p, = (1;2;0),p; =
(0; —1; 1) are linearly independent.

Solution: Calculate the coefficients in which a linear combination of these vectors
Is equal to the zero vector:

1P, + C2p, +c3p, = 0.

This vector equation can be written as a system of linear equations:

1 1 0 0 c1+c; =0,

c1<1)+cz<2>+c3(—1>=(0><:> c1+2c;,—c3=0>
1 0 1 0 1 + C3 = 0,

Solve this system using the Gauss method:

1 1 0]0 1 1 0]0 1 1 0]0

=>(12—10~0 1 -110)~{0 1 -1|0])=
1 0 110 0 -1 110 0 0 o0Ilo0

This solution shows that the system has many solutions, ie exist nonzero
combination of numbers c;, c¢,, c; such that the linear combination of p,,p,,ps is
equal to the zero vector. It is means vectors p,,p,,p; are linearly dependent

15)2 = ﬁ3rﬁ1 = _ﬁ3-

3.3 Geometric interpretation of linear dependence

If the span of one vector is a line, what about the span of two vectors? The
obvious answer might be a plane, but the answer depends on whether or not the vectors
are dependent or independent. Also, if the vectors are coplanar, they are linearly
dependent on the plane.

Linearly dependent vectors properties:

For R? and R3 Two linearly dependent vectors are collinear (collinear vectors
are linearly dependent);

For R? Three linear dependence vectors are coplanar. (Three coplanar vectors
are linearly dependent);

For n-dimencional vectors, n + 1 vectors always linearly dependent.

Assertion:

1. In a straight line f there is a nonzero vector €. Any vector d , collinear
nonzero vector €, can only be linearly expressed through this vector: a = xe.

2. There are two nonlinear vectors on the plane é; and e,. Any vector da,
coplanar with vectors €; and é,, only linearly expressed through them:

a=x,e; + x,€,.
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3. There are three noncoplanar vectors in space €;, €, and é;. Any vector d
space is uniquely expressed through noncoplanar vectors e, €, and é5:

a - xlgl + ngz + X353.
3.4 A Basis for a Vector Space

Let P be a subspace of R™ for some n. A set P, = {p;,Dy,..., P} Of vectors
from P is said to be a basis for P if P, is linearly independent and spans. If either one
of these criteria is not satisfied, then the set is not a basis for P. If a set of vectors spans
P, then it contains enough vectors so that every vector in P can be written as a linear
combination of those in the set. If the set is linearly independent, then it doesn't contain
S0 many vectors that some become dependent on the others. Intuitively, then, a basis
has just the right size: It's big enough to span the space but not so big as to be
dependent.

Definitions 3.4 The basis for vector space L is called any linearly independent
system with the largest possible number of vectors.

The vectors that form the basis of space are called basis. The number n of vectors
D1, D2, .-, Py Of the basis space is called its dimension R™.

Definitions 3.5 The set of linearly independent vectors p;, p,, ..., p, called the
basis of linear space L, if for any vector X there is a set of numbers x, x5, ... x,, € R,
such that the vector X can be presented as a linear combination:

X = X101 + XyPp+. .. +Xp0n

— such equality is called the decomposition of the vector X in the base.

Definitions 3.6 A linear space is called n-dimensional if it exists n-linearly
independent vectors, and any (n + 1) the vector is linearly dependent.

Theorem 3.6 Any orderly system n-linearly independent vectors n-dimensional
space is its basis (ie the basis in linear space is not unique).

Linear Algebra Questions on Vector Systems and Bases

1. Linearly Independent Vector System: What conditions characterize a system of
vectors as linearly independent?

2. Criterion for Linear Dependence: What is the criterion for a system of vectors to be
linearly dependent?

3. Inclusion of the Zero Vector: Can a system of vectors that includes the zero vector
be linearly independent?

4. Linear Span: What is the definition of the linear span of a set of vectors?

5. Coplanar Vectors: What are coplanar vectors?

6. Collinear Vectors: What are collinear vectors?

7. Basis of R™: What is meant by a basis of the linear vector space R"?

8. Number of Bases in R3: How many distinct bases exist for the three-dimensional
space R3?

9 Number of Vectors in a Basis for R3: How many vectors are required to form a basis

for the space R3?
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4 RANK OF THE MATRIX

4.1 Basic concepts

What is the Rank of a Matrix? The rank of a matrix is equal to the number of
linearly independent rows (or columns) in it. Hence, it cannot have more than its
number of rows and columns. For example, if we consider the identity matrix E5 of
order 3 x 3, all its rows (or columns) are linearly independent and hence its rank is 3.

Definitions 4.1 The rank of a matrix A is defined as the order of a highest order
non-vanishing minor of the matrix A. It is denoted by the symbol rank(A) = r. The
rank of a zero matrix is defined to be 0.

Let us consider a non-zero matrix A. A real number r is said to be the rank of
the matrix A if it satisfies the following conditions:

o every minor of order r + 1 is zero.

. there exists at least one minor of order r that is non-zero.

The matrix rank can be found in the following ways:

. Minor method;
o Using echelon form;
o Using normal form.

1. Finding Rank of a Matrix by Minor Method

Here are the steps to find the rank of a matrix A by the minor method.

o Find the determinant of A (if A is a square matrix). If det(A) # 0, then
the rank of A = order of A.

o If either det(A) = 0 (in case of a square matrix) or A is a rectangular
matrix, then see whether there exists any minor of maximum possible order is non-
zero. If there exists such non-zero minor, then rank of A = order of that particular
(submatrix) minor:

011 012 013 dqa a1, Oy
A=|021 0G2 033 0 | > A, = ( )
031 03 033 d3q4

o Repeat the above step if all the minors of the order considered in the above
step are zeros and then try to find a non-zero minor of order that is 1 less than the order
from the above step.

Definitions 4.2 A basic minor of a matrix is the determinant of a square
submatrix that is of maximal size with nonzero determinant.

There can be several basic minors. Rows and columns in which the elements of
the basic minor are located are called basic rows and columns.

Example 4.1 Find the rank of the matrix A:

1 0 2 O
A=<O 0 O O).
-1 0 3 0
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Solutions: All 3rd-order determinants of matrices are zero (degenerate). Among
the minors of the 2nd order is the non-degenerate minor:

(—11 g) —11 §|=5¢0'

So, rangA =2. The basic minor is formed by elements that stand at the
intersection of the 1st and 3rd rows with the 1st and 3rd columns of the matrix A. There
Is a relationship between the rank of the matrix and the linear dependence of its
columns (rows).

A non-vanishing basic r-minor (r X r submatrix with non-zero determinant)
shows that the rows and columns of that submatrix are linearly independent, and thus
those rows and columns of the full matrix are linearly independent (in the full matrix),
so the row and column rank are at least as large as the determinantal rank; however,
the converse is less straightforward. The equivalence of determinantal rank and column
rank is a strengthening of the statement that if the span of n vectors has dimension r,
then r of those vectors span the space (equivalently, that one can choose a spanning
set that is a subset of the vectors): the equivalence implies that a subset of the rows and
a subset of the columns simultaneously define an invertible submatrix (equivalently, if
the span of n vectors has dimension r, then 7 of these vectors span the space and there
Is a set of r coordinates on which they are linearly independent).

The criterion for the degeneracy of a matrix is the statement that a square matrix
A,, of the n-th order is degenerate if and only if its rows (columns) are linearly
dependent. And, accordingly, the determinant of the square matrix A,, n-th order is
zero only when its rank is less than n.

2. Methods of calculating the rank of the matrix by Minor Method:

1. Find a minor of the 1st order other than zero;

2. Consider 2nd order minors that contain this minor. If they are all zero,
then the rank is 1; if there is a nonzero minor of the 2-nd order, then consider the 3rd
order minors that contain it.

3. If they are all zero, then the rank is 2, if there is a non-zero among them,
then consider the 4th order minors that contain it, and so on..

Example 4.2 Find the rank of the matrix A by the method of minors:

2 -2 1 0 3

4 -4 2 0 1

3 -1 2 -1 0
-2 2 -1 0 -3

Solutions: Let's find a minor of the 1st order other than non-zero:

1. M, =1=0.

Let's find a minor of the 2nd order other than non-zero:

A=

112 =2l _ @ w212 Y_a w312 3|__
2.M2—|4 _4|_0, M2_|4 )| =0 M2—|4 J| = -10.
2 3 =2
3. Mj=|4 1 —-4|=-2-36+6+12+0.
3 0 -1
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2 3 -2 1 2 3 -2 0
4 1 -4 2 4 1 -4 0

1 _ — - 2 _ —
AMi=ls o g 2|TO Mi=|5 o 4 4|T0
-2 -3 2 -1 -2 -3 2 0
The determinants are zero because the first and last lines are proportional.
SorangA = 3.

3. Rank of a Matrix Using Echelon Form

In the above example, what if the first minor of order 2x2 that we found was
zero? We had to find all possible minors of order 2x2 until we get a non-zero minor to
make sure that the rank is 2. This process may be tedious if the order of the matrix is a
bigger number. To make the process of finding the rank of a matrix easier, we can
convert it into Echelon form. A matrix A4 is said to be in Echelon form if it is either in
upper triangular form or in lower triangular form. We can use elementary row/column
transformations and convert the matrix into Echelon form:

ai1 Q12 Q13 - Ain

O a’ZZ a23 vee vee azn

a=| 0 7GsG
\0 0 0 o Grp—1 Gin

0 0 0 0 0 0

As matrix A is now in upper triangular form, it is in Echelon Form. Number of
non-zero rows in A is r, thus rangA = r. A row (or column) transformation can be
one of the following:

o Interchanging two rows.
o Multiplying a row by a scalar.
o Multiplying a row by a scalar and then adding it to the other row.

Here are the steps to find the rank of a matrix:

o Convert the matrix into Echelon form using row/column transformations.

o Then the rank of the matrix is equal to the number of non-zero rows in the
resultant matrix.

Example 4.3 Find the rank of the matrix by the method of elementary
transformations (Gaussian method):

1 1 3 5
A= (1 -5 1 —3).
2 -1 5 6
Solutions.

Step 1. We rewrite the first line without changing. Since the leaders of the first
and second lines are the same, we subtract the first line from the second line and write
the result in the second:
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1 1 3 5

A= (0 —6 -2 —8).
2 -1 5 6

Step 2. Subtract the first row multiplied by 2 from the third row and to write
result to the third row:

1 1 3 5

A= (0 —6 —2 —8).
0 -3 -1 -4

Step 3. Now we got zeros under the leader. The second and third rows are
proportional, so the equivalent matrix look like Echelon Form:

1 1 3 5
A=10 -6 -2 -8
0 O 0 0

Therefore, the rank of the matrix rangA = 2.
The rank of the matrix in Echelon Form is the same as the quantity of
independent rows present in linear form and this independent row is not a combination

of rows.

4. Using normal form (for square matrix)

Example 4.4 Find the rank of the square matrix A =

WN R
N W
BwW N R
OB NN

converting it into normal form.

~ ~

1 2
) 0 0
Solutions. 0 0

oo RN
O R
oo oON

1
0
0
0

m_O RN
=

1 2
1 3 2 2
2 4 3 4
3 7 4 6 0 0
Rz—)RZ—Rl,R3—>R3—2R1,R4—>R4—3R1 R4—)R4—R2
I. 0 1 2 1
=>(3 ),13= 0 1 1|=rank(A) =3.
00 0 0 1

4.2 Scheme for Computing the Inverse Matrix Using Elementary Transformations

The permissible Elementary Operations of rows are:
. Swapping two rows.

. Multiplying a row by a non-zero scalar.

. Adding a multiple of one row to another.
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The method of Elementary Transformations, also known as Gaussian
elimination with augmentation.

The method of Elementary Transformations provides a systematic approach to
compute the inverse of a square matrix A € R™", if it exists, by leveraging row
operations to transform an augmented matrix. Below is the step-by-step procedure:

Step 1. Construct the Augmented Matrix: Form the augmented matrix (A|E,,),
where:

e A s the given n X n matrix.

e In E, is the n X n identity matrix. The augmented matrix has dimensions
n X 2n, with A on the left and E,, on the right.

Step 2. Apply Elementary Row Operations: Perform elementary row operations
(row swaps, row scaling, or adding a multiple of one row to another) on the augmented
matrix (A|E,,) to reduce the left part (originally A) to row echelon form or reduced
row echelon form. Simultaneously, apply the same row operations to the right part
(originally E,)). The goal is to transform the left part into the identity matrix E,,, if
possible.

Step 3. Analyze the Resulting Matrix: Let B denote the matrix obtained from A
after row operations (the left part of the augmented matrix).

Case 1: Non-Invertible Matrix: If B contains any zero rows, then A is singular
(non-invertible), and no inverse exists. Terminate the procedure.

Case 2: Invertible Matrix: If B has no zero rows and can be further reduced to
the identity matrix E,,, then A is invertible. Continue applying row operations until the
augmented matrix is of the form (E,|A™1), where the right part is the inverse matrix
AL

Step 4. Extract the Inverse Matrix: The right part of the final augmented matrix
(E,|A™1) is the inverse matrix A~1. Write A™1 as the result.

2 -3 1
Example 4.5 Compute the inverse matrix for matrix A = (4 -5 2>.

5 -7 3
Solution. We write down the extended matrix:

2 =3 1|11 0 O
(AIE3)=B=(4 -5 2|0 1 o).
_ 5 =7 310 0 1/ _
We reduce the extended matrix by elementary transformations of lines to a step

form. Further:

2 =3 1|11 0 O\ |b, « b, —2b,

4 -5 210 1 o). . s5.|~

5 -7 310 0 1/ [ps<bs—5h

2 -3 1|1 0 0

o 1 o-2 1 o0\l - 1-

0 1 1| 5 0 1 b3‘_b3_§b1~
2 21 2
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1 o0 o .
—2 1 0\ |b, « b, —2b;
1

1 53 «— 253

3
2 2

coN
o R
_ O R

The step matrix does not contain zero rows. Thus, the matrix A is reversible.

2 -3 04 1 -2\ . _
(0 1 0/-2 1 0 )|b1 « by + 3by|~
0o 0 11-3 -1 2
10 0-2 4 -2y . /10 0-1 2 -1
~<o 1 ol-2 1 o>|b1<—§b1|~(o 1 ol-2 1 0).
00 11-3 -1 2 00 11-3 -1 2

-1 2 -1
Write the inverse matrix: A1 = -2 1 0o )
-3 -1 2

Verification: To confirm correctness, AA™1 = A™1A = E,,.

Singularity Check: The presence of zero rows in A1 indicates that A has a
determinant of zero, confirming non-invertibility. The next scheme efficiently
computes the inverse matrix when it exists and provides a clear diagnostic for non-
invertible matrices, making it a valuable tool in theoretical and computational linear
algebra.

Linear Algebra Questions on Matrix Rank and Transformations

1. Basic Minor of a Matrix: What is the definition of a basic minor of a matrix A?

2. Methods for Finding Matrix Rank: What are the methods available to determine the
rank of a matrix A?

3. Order of a Non-Zero Minor: What is meant by the order of a non-zero minor of a
matrix A?

4. Rank of a Singular Square Matrix: If the determinant of a square matrix 4,, is zero,
what possible values can its rank take?

5. Elementary Transformations: What transformations of a matrix are classified as
elementary?

6. Purpose of Echelon Form: Why is a matrix reduced to echelon form?

7. Purpose of Elementary Transformations: What is the purpose of applying
elementary transformations to a matrix?

8. Rank and Linear Independence of Rows: How is the rank of a matrix related to the
linear independence of its rows?

9. Effect of Column Swapping on Rank: Does the rank of a matrix change if its

columns are permuted?
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5. SYSTEMS OF LINEAR EQUATIONS

5.1 Basic concepts

Equation a,X; + a,X,+...+a,X, = b relatively variables x;, x,, ..., x, kind is
called linear algebraic. Given numbers a;,i = 1,n, called the coefficients of the

equation, and the number b — constant term.
System n linear algebraic equations (SLAR) with n variables x4, x,, ..., x,, iS:

ai1X1 + A12Xo + -+ A1pnXn = bl’
alel + a22x2 + -+ aann == bz, (51)

Am1X1 + AmaXe + -+ ApnXn = by

can be represented as a single matrix equation AX = B where A = [qa;;] is called the

coefficient matrix
ayr t Qqp
A = [ajjlmxn = A = (aj)n-

Am1 " Amn

X4 b,
X = ( : )and B = ( : )are single-column matrices.

Xy, b,

Let's build a matrix consisting of a matrix of coefficients and a column of
constants, it is called the augmented matrix and denoted by A:

~ Ay aln
A: . ..

Am1 amn

b;) @5), = (4181,

where b = (b;)m- single-column matrice. The system of linear equations (5.1) can
also be represented as a vector equation:

laxidi=bo x| P |+x| P |+etxg|l FO=]
Am1 Am2 Amn b,,

Which means we are trying to find coefficients to express B as a linear
combination of columns of A. This can only be done if
span{C4,C,, ...,C,} = span{C,,C,, ...,C,, B}.
The matrix with columns C;, C,, ..., C,, and B is called the augmented matrix of
the system (5.1) and is denoted by[A|B]. The solution of the system is written as a
column ¢ = (c;) .
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A system of linear algebraic equations is called compatible if it has at least one
solution, and incompatible if it has no solutions. A compatible system is called definite
If it has a single solution, and indeterminate if it has more than one solution.

Two systems are called equivalent if each solution of the first system is a solution
of the second, and vice versa. All incompatible systems are considered equivalent.

Definitions 5.2 A system of linear algebraic equations is called homogeneous if
the constant terms of all equations are zero.

Definitions 5.4 Any solution of the system is called its partial solution. The set
of all partial solutions is called the general solution of the system.

5.2 Gauss elimination

Gauss elimination, in linear and multilinear algebra, a process for finding the
solutions of a system of simultaneous linear equations by first solving one of the
equations for one variable (in terms of all the others) and then substituting this
expression into the remaining equations.

Consider the system (5.1). The method is to gradually eliminate system
variables. The first step is to exclude the variable x; of all equations starting from the

second, for this purpose the first equation is multiplied by a factor — ? and add to the
second equation. Then multiply the first equation by the coefficient

aszq

——, add to the third equation, and do the following with all equations of the
11

ai1X, + A12Xo + -+ A nXy = bly
system. We get the system in the form: a22x2+‘" ,?,Z,Tf,xf.: by;

AmaXy + o+ ApnXy = by,

Next, we exclude the variable from the system x, , starting from the 3rd

aszz

equation. To do this, multiply the second equation by a factor ——= and add to the

azz

third equation, so in turn repeat the steps with all other equations, get the system:

A11X1 + A1pXp + Ag3X5 -+ + Ay X = Dy;
AzpXy + Ag3Xy -+ Ay Xy = by;

a33X3 + -+ a3nxn = bz,'
AmzX3 + -+ AQpnXn = b

We continue this procedure r once, where r — rank of the matrix of coefficients.
Then the system will look like:
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( a11x1 + alzxz + a13x2 e alnxn - bl'
A%y F Q35+ + AgpXy = by;
r—1 r—1 r—1
{ a7(‘r )xr + -t a7(”n )xn = bﬁ );
_ 3,
0= br+1’
\ 0=pI*h,

1) n =r, the system has a single solution; in this case the system can be
solved by Cramer's formulas.

2) 7> mn, the system has no solutions; at least one of b, ", ..., b0~ % 0,
that is, the system is incompatible.

. -1 -1
3) r < n,the system has many solutions; all bﬁil ), b,(,f ) = 0.
Variables x4, x,, ..., x,- called basic variables. Variables x,, 1, X4, ..., X, called

free they are transferred to the right and find through them the basic variables.

Example 5.1 Solve the system of equations:
X1+ 2x, + 3x3 = 4;
{3x1 — X, + 2x3 =5;
4x, + x5, + 5x3 = 0.

Solutions:
1 2 3|4
Step 1. We write down the augmented matrix of the system: |3 —1 215 |;
4 1 519
Step 2. With the help of elementary transformations we reduce it to a stepped
form:
1 2 3|4 1 2 314 1 2 314 1 2 3|4
(3 -1 2 5>~<0 -7 -7 —7)~<0 -7 =7 —7>~(0 1 1 1>;
4 1 519 0o -7 -71-7 0 0 o010 0 0 0I0

Step 3. The rank of the coefficient matrix and the augmented matrix are equal:
rang(A) = rang(A,) = 2. Number of variablesn = 3, thatis r < n it means system

has infinite number of solutions. The basic minor of the coefficient matrix M = |(1) i :

respective variables x;, x, basic, x5 - free variable. Then writing the equivalent system
of equations:
X1+ 2x5 + 3x3 = 4,
{ X, +x3 = 1.
Let's solve it leaving basic variables x;, x, to the left, and we will transfer a free
variable to the right:

{x1+2x2+3x3=4; =>{x1+2(—x3+1)+3x3=4;=>{x1=2—x3;
Xy =_X3+1 Xy =_x3+1
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Step 4. We write down the solution of the system in the form of a vector:

2—c
X: 1_C; CER:
c

which is called the general solution of the system.

The Gaussian method is a universal method for solving systems of linear
equations, since it can be applied to systems n of linear equations with an arbitrary
number of unknowns.

21 +x, —3x3 =3;

Example 5.2 Solve the system of equations: {xl + x, + 2x3 = 2;.

—x1 + x5, +x3 = 0.
Solutions:
Step 1. We write down the augmented matrix of the system:

2 1 -3]|3 1 1 22 1 1 2|2 1 1 2|2
1 1 2|12)~{2 1 -313)]~{0 1 7|]1|~|0 1 7|1/
0 -1 1 110 0 2 312 0 0 1110

-1 1 1
Step 2. Use of elementary transformations, the matrix of the system is reduced
to a stepped form and has three non-zero rows. The rank of the coefficient matrix is
equal to the rank of the augmented matrix rangA = rangA = 3. The corresponding
system of equations:

X, +7x3 =1;
11x; = 0.
Step 3. From the third equation we obtain x3 = 0, then from the second x, = 1,
from the first x; = 1.

{X1+XZ +x3=2,

1
Step 4. That is, the solution of the given system is vector X = (1)

0
You need to pay attention to when rangA = rangA = n matrix is equal to the

rank of the extended matrix and is equal to the number of unknowns - the system of
linear equations has one solution.

5.3 Rouché-Capelli’ theorem

For a linear system (with any number of equations and variables) there are only
three possibilities as regards the solutions:

1. the system can have no solution at all: in this case it is called inconsistent;

2. the system can have only one solution;

3. the system can have infinitely many solutions.

A system having solutions (one or infinitely many) is called consistent. To check
the consistency of a linear system with m equations and n variables we must consider

the coefficient matrix, A, and the augmented matrix A = [A|B], obtained from A by
adding the (column) vector B of the constants to the right.
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~ a1 -t Qip

Am1 " Qmn

b, )
by,
Separating the last column with a vertical bar helps to write in a compact form
both the coefficient matrix and the augmented matrix.
The consistency or inconsistency of the system can be checked by means of the

following theorem.
Theorem (Rouche-Capelli’ theorem). A linear systrem of m equations in n

unknowns is consistent iff the coefficient matrix A and the augmented matrix A have
the same rank, called the rank of the system: rangA = rangA.
The basic theorem of the theory of linear equations:

Let's write down the system Ax = b in vector form:
alfl + azfz‘l‘. . +anfn = b, (52)

Consequences of the Theorem (Rouché-Capelli’ theorem):

As the all examples and theorem shows, to check the consistency of a system we
must find a non zero minor of the greatest possible order that is a minor both of the
coefficient and the augmented matrices. After this check, the resolution of the system
can proceed as follows:

1. Erase all the the equations (if any) corresponding to the rows that have not
been used for the found minor.

2. Move to the second member all the terms (if any) that contain variables in
columns not used for the found minor: these variables will remain arbitrary and are
called parameters.

3. In this way you obtain a square system that can be solved by Cramer’s rule,
or using the inverse matrix strategy, or by substitution.

If the system is consistent and there is no parameter, then it has only one solution.
If there are parameters, the system has infinitely many solutions and, if there are k
parameters usually we say that the system has infinite solutions.

It will be easier to say:

1) If the rank of the matrix of the system is equal to the rank of the extended
matrix and is equal to the number of unknowns, then the system has a single solution.

2) If the rank of the system matrix is equal to the rank of the extended matrix,
but less than the number of unknowns, then the system has many solutions.

X1 — 3%, + 2x3 — x4 = —1,

2x1 +x, —x3+x4 =2,

3x1 — 2x, +x3 =1,

X1 +4x, — 3x3 + 2x, = 4.
Solutions. We write down the augmented matrix of the system and have to find

rangA and rangA with elementary transformations:

Example 5.3 Solve the system of equations:
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1 -3 2 -1]-1 1 -3 2 -1]-1
2 1 -1 1|2)_{0 7 -5 3[4]_
3 -2 1 0]1 0 7 -5 3|4
1 4 3 214 0 7 -5 315
1 -3 2 -1]-1
(0o 7 -5 3|4
0 0 0 o]0
0o 0 0 o0l1

Example 5.4 The system with augmented matrix:

Ranks are not equal rangA =2, rangA=3, therefore, the system is incompatible.
~ 3 2 -1
A =[A|B] = ( 4 3 -1
-2 -1 1

1
2.
_ 0
Solutions: Given augmented matrix has rank 2:

3 2 —1]1 -1 2 3|1 -1 2 3|1
4 3 112 |~{-1 3 4 12|~ 0 1 11|
-2 -1 110 1 -1 =210 0 1 111

while the submatrix obtained by taking the intersection of first two rows and columns
has a determinant:

i ﬂ=9—8¢a

If we erase the third equation and move to the second member all the terms
containing the third unknown, we obtain:

(3 2 1+x3)
4 312+ x3
Using Cramer’s rule we obtain:
1+ x5 2| 3 1+x3
2+x3 3 4 2+4+x
x1=3—32=x3—1,x2=3—23=2—x3.
|4 3 |4 3

While x5 remains arbitrary: let’s call it t. The solutions are:
t—1
X = (2 — t).
t

Definition 5.6 A system of equations AX = B is called homogeneous iff vector
B =0:

5.4 Homogeneous systems

ai1XxX1 + A12Xo + -+ AipnXn = U,
a,1X1 + ar,-,Xy + -+ aann - O,
Am1X1 + ApaXy + -+ X, = 0.
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Every homogeneous system of linear equations has a solution, namely x; =
0,x, = 0,--,x, = 0. Any other solution (if there is one) is called a non-trivial or non-
zero solution.

The following properties can be written for such a system:

1. Homogeneous system is always compatible

(always has a trivial solution X = 0).

2. The sum of solutions of homogeneous system is also its solution.

3. The product of the solution of a homogeneous system by any number is
also the solution of the system.

4, Any linear combination of solutions of homogeneous system is also a
solution of this system.

Since system is always compatible, it is appropriate to ask about the conditions
for the existence of nonzero solutions.

Assertion 6.1 If the rank of the matrix 4,,x, homogeneous system is equal to r
then the system has n — r linearly independent (and, consequently, nonzero) solutions.

Theorem 6.1 A homogeneous system of linear equations has a unique trivial
solution, if rangA = n, that is, n is the number of variables. In other cases, the system
has many solutions.

Definitions 6.1 Any combination of n — r of linearly independent solutions of
homogeneous system is called the fundamental system of solutions (FSR).

Theorem (structure of the general solution of homogeneous system)

If {e,,é,,...,e,_,} is FSR homogeneous system the general solution of this
system is a linear combination of solutions €, &,, ..., &,_,:

-

- - -
Xsaz.00n — C1€1 + CZeZ + et Cn—’ren—’rr

ay B W1
> 2] W>
Xsaz.00n — Cl : + CZ + IBZ + et Cn—r :

The general solution of the inhomogeneous system consists of the general
solution of the corresponding homogeneous system plus the partial solution of the
inhomogeneous system.

Example 5.5 Solve the system of equations “step by step”:
X1 — 3%, + 2x3 — x4 = —1,
2x1 +x, —x3+x4 =2,
31 — 2xy +x3 =1,
xq +4x, — 3x3 + 2x, = 3.
Solutions:
Step 1. We write down the extended matrix of system and reduce it by means of
elementary transformations to a step form:

1 -3 2 -1|-1 1 -3 2 -1|-1 1 -3 2 -1|-1
2 1 -1 12| (o 7 -5 3[4) [0 7 -5 3|4
3 -2 1 0]1 0 7 -5 3|4 0 0 0 0]0
1 4 3 213 0 7 -5 314 o0 0 o0lo
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Step 2. The ranks are equal: rangA = rangA, = 2, therefore, the system is
compatible. The rank of the matrix is less than the number of unknowns, so the system

will have many solutions. Minor, located in the upper left corner |(1) _73| Is the basis

for this matrix. Consider a corresponding homogeneous system:
X3—2X
{x1—3x2+2x3—x4=0; {x1—3x2=—2x3+x4; X1 = 37 *

7x2 - SX3 + BX4_ = 0, 7x2 = 5x3 - 3x4, X, = 5X3—3X4 .

7
X1, X, — basic variables, x5, x, — free variables.

We will give arbitrary values to free variables C;, C, and then the solution of the
system:

C1—-2C, [ -2C,
7 7 7
5C1—3C2 5C1 -3C,
X=|"7 |=|-5|t| 7 | where C,C, ER.
o C, 0
C, 0 C,

Step 3. If the FSR consists of two solutions n =4, r =2, 4 —2 = 2. Let's
write them down. To do this, we provide variables x5, x, values x; = 1,x, = 0, we
will have one solution. Further x; = 0,x, = 1, we will have a second solution. The
fundamental system of solutions is their linear combination:

O O A T 1 W A
\;/ \2) \;) \;’/

Step 5. The general solution of homogeneous system X,, is a fundamental
system of solutions of homogeneous system.
Let's return to the inhomogeneous system:
X1 — 3Xy + 2x3 — x, = —1; X1 — 3%y = =1 —2x3 + xy;
{ 7x5 — 5x3 + 3x, = 4, { 7x5 = 4 + 5x3 — 3y,

5+x3_ZX4
X1 = )
N 7
4+SX3_3x4
X2= 7 .

Step 6. Partial solution of the system X, ,, can be obtained by substituting in (5.3)
the values of parameters x; = 0, x, = 0. Then we write the general solution of the
system in the form:

5+C1—2C2 5 Cq —-2C,
7 7 7 7
4+5C,—3C; 4 5C, -3C,
Xan = 7 = |+| 5 |+]| 7 [ whereCy,C, €ER.
Gy 0 C, 0
C; 0 0 C,
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1 -2
5 -3
X3.H. = X3.0. + X‘-I.H = Cl ; + CZ 7 + ) Where C]_, CZ € R
1
0

\2/ \
1
Example 5.6 A factory manufactures 3 products, P;,P,, P,. Each product

undergoes a working cycle in 3 different departments, A, B, C , with the following
working times, in hours:

S ONIRNln

A B C
Py 2 1 1
P, 5 3 2
P, 3 2 2

If for a specific production the 3 departments have worked for 104 hours, 64
hours and 55 hours respectively for the departments A, B and C , we ask how many
pieces of each product have been produced. If the quantities we are looking for are
X1, X2, X3 We must have:

X1 + 3X2 + ZX3 - 64‘,

{le + 5x, + 3x3; = 104,
X1 + 2x5 + 2x53 = 55.

We need to solve a linear system with augmented matrix:
2 5 3|104 R 7
(1 3 2 64>=>X=<9>.
1 2 2155 15

As the determinant of the coefficient matrix is 1, the system can be solved using
Cramer’s rule and we obtain: x; = 7,x, = 9, x3 = 15.

5.5 Geometric interpretation of 3-dimension system:

Systems that have a single solution are those which, after elimination, result in a
solution set consisting of an ordered triple (x,y, z). Graphically, the ordered triple
defines a point that is the intersection of three planes in space.

¢

Figure 5.1 (a) Three planes intersect at a single point, representing a three-by-
three system with a single solution. (b) Three planes intersect in a line,
representing a three-by-three system with infinite solutions.

Systems that have an infinite number of solutions are those which, after
elimination, result in an expression that is always true, such as 0=0. Graphically, an
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infinite number of solutions represents a line or coincident plane that serves as the
intersection of three planes in space.

b

a C

Figure 5.2 All three figures represent three-by-three systems with no solution. (a) The
three planes intersect with each other, but not at a common point. (b) Two of the planes
are parallel and intersect with the third plane, but not with each other. (c) All three planes
are parallel, so there is no point of intersection.

Systems that have no solution are those that, after elimination, result in a
statement that is a contradiction, such as 3=0. Graphically, a system with no solution
Is represented by three planes with no point in common.

Linear Algebra Questions on Systems of Linear Equations

1. Augmented Matrix: What is the definition of an augmented matrix for a system of
linear equations?

2. Homogeneous System: What characterizes a system of linear equations as
homogeneous?

3. Particular Solution: What is meant by a particular solution to a system of linear
equations?

4, General Solution: What is the general solution of a system of linear equations?

5. Gauss Elimination: What method for solving a system of linear equations is referred
to as Gauss elimination?

6. Basic Variables: Which variables in a system of linear equations are called basic
variables?

7. Rank of a System: How is the rank of a system of linear equations determined?

8. Infinite Solutions: Under what conditions does a system of linear equations have
infinitely many solutions?

9. No Solutions: Under what conditions does a system of linear equations have no
solutions?

10. Rouché-Capelli Theorem: What is the significance of the Rouché-Capelli theorem
in the context of systems of linear equations?

11. Properties of Linear Systems: What are the key properties of a system of linear
equations?

12. Fundamental System of Solutions: What is a fundamental system of solutions for a
homogeneous system of linear equations?
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6. APPLICATIONS OF MATRICES DECOMPOSITION

6.1 Quadratic Forms

In analytic geometry, the theory of quadratic forms provides a powerful tool for
analyzing second-degree curves and surfaces. Let us consider a symmetric matrix:

ai1 Aqz2 Qg3
aq1 Qg
A= a, ar; ar3 = A = )
A1z Ay
i3 QAz3 A3z ~.
Quadratic Forms

Definition 6.1 An expression of the form a;;x? + 2a,,xy + a,,y? is called a
quadratic form in the variables x and y, where the term xy is cross-product term. The
matrix A is called the matrix of the quadratic form.

The symmetric matrix A of a quadratic form defines a corresponding linear
transformation:

Y = AX.

An ordered pair of numbers x, y, can be interpreted as the coordinates of a vector
X € V2 in some orthonormal basis {e;, e, }:

X =x,e; +x,e,.

Then, the quadratic form Q(x,x,) = a;1x + 2a,,x,x, + a,,x3 is a scalar-
valued function of the vector argument X, defined throughout the vector space V2. For
example, the expression Q(x,y) = 2x? — 3xy + y?, is a quadratic form in the
variables x and y:

3 2 -3
a11=2,a12=—§,a22=1=>A 3
-2 1

2

matrix of the quadratic form

A gquadratic form is said to be in canonical form (or diagonal form) in a chosen
basis if the matrix of the quadratic form is diagonal in that basis. That is, all off-
diagonal elements must be zero: , , , etc.

Theorem 6.1 Every quadratic form can be reduced to a diagonal (canonical)
form in some basis.

This is achieved by diagonalizing the symmetric matrix of the quadratic form.
Since symmetric matrices are orthogonally diagonalizable, there always exists an
orthonormal basis in which the quadratic form becomes a sum of squares:

Q(x1, x3) = Lu® + 2,07,
Where u, v are coordinates in the new basis and 4,, A1, are eigenvalues of matrix A.

Definition 6.2 A nonzero column vector X is called an eigenvector of a square
matrix A € R™ ™ if there exists a scalar such that: Ax = 1x.

The scalar A is called an eigenvalue of the matrix A corresponding to the
eigenvector x.
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The matrix equation Ax = Ax is equivalent to the homogeneous system:
(A—AE)% = 0.
where is the identity matrix E,, of size n. According to the rank theorem, this system
(and thus the matrix equation) has nontrivial solutions if and only if:
rang(A— AE,) <n = |A— AE,| = 0.

This determinant condition defines the characteristic equation of the matrix and
allows us to compute its eigenvalues.

Definition 6.3 The matrix:

a;p — A 2V Ain
a oy — A o+ a
A—AE, = 12 22 2n
An1 an2 **t Qun — A

is called the characteristic matrix of matrix A, and the determinant |A — AE,,| is called
the characteristic polynomial of matrix A.
Theorem 6.2 The eigenvalues of matrix are the roots of its characteristic
polynomial:
|A — AE,| = 0.
The eigenvectors are the non-zero solutions of the corresponding homogeneous
linear system:

(a11 - /1))61 + a12X2 + -4 alnxn - 0,
az1 %1 + (az — Dxy + -+ azpx, =0,

An1X1 + ApaXxy + -+ (A — Vx, =0

Remark 1. The number of eigenvalues of a matrix is finite (equal to the degree
of the characteristic polynomial), while the number of eigenvectors is infinite, since
the solution set of a degenerate homogeneous system is an infinite set — and it is
precisely this set that constitutes the collection of eigenvectors.

6.2 Spectral Theorem in Linear Algebra

The Spectral Theorem is a cornerstone of linear algebra, providing a powerful
framework for diagonalizing a specific class of matrices — normal matrices in the
complex case or symmetric (or Hermitian) matrices in the real or complex case. The
theorem is stated in two primary forms:

1. Complex Case (Normal Matrices)
Let A € C™" be a normal matrix, meaning it satisfies AA™1 = A71A, where
A~ is the conjugate transpose of A. Then there exists a unitary matrix U € C™" (i.e.,
UU~! = U~'U = E and a diagonal matrix A € C™*" such that:
A=UAU1,
The diagonal elements A;; = A; are the eigenvalues of A, and the columns of U
are the orthonormal eigenvectors corresponding to these eigenvalues.
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2. Real Case (Symmetric Matrices)

Let A € R™ be a symmetric matrix, meaning A=AT. Then there exists an
orthogonal matrix Q € R™" (Q™Q = QQ' = E) and a diagonal matrix 4 € R™"such that:
A=0QAQ L.

The diagonal elements A;; = A; are the real eigenvalues of A, and the columns
of Q are the orthonormal eigenvectors corresponding to these eigenvalues.

Clarifications:

In the complex case, normality (AA~1 = A=1A) ensures diagonalizability via
unitary similarity. Normal matrices include Hermitian (4 = A™1), unitary (A4A™! = E),
and scalar matrices. In the real case, symmetric matrices are a special case of normal
matrices, with the additional property that their eigenvalues are always real, and their
eigenvectors can be chosen to be orthonormal. In both cases, the eigenvalues A; form
the spectrum of A, giving the theorem its name.

Example 6.1: Diagonalization of a Quadratic Form.

Let us consider the quadratic form: Q(x,y) = 2x% — 3xy + y2.
3

2 —=

We associate it with the symmetric matrix: A= ,

-2 1
2

matrix of the quadratic form
Step 1: Find the eigenvalues
To find the eigenvalues A, solve the characteristic equation: |A — AE,| = 0.

3
2—=4 -3 9 7
2| _ _ 2 _
=0=2-HVA-1)——-=0=21"-31+-=0=
3 4 4
—3 1—-21

Thus, the eigenvalues are: A, , = 3i2—\/§
Step 2: Find the eigenvectors

Substitute each A back into (A — AE,)Xx = 0 to find corresponding eigenvectors.
For example, with 1, solve:

[2 —1,5]_3+\/7[1 M\z—G
-15 1 2 lo )7~

(This step leads to solving a homogeneous linear system — you can simplify
using symbolic math or numerical approximations.)

Step 3: Diagonalization

After finding orthonormal eigenvectors matrix 71) and 72) we form the
orthogonal matrix P = [71) 72)] and then: PTAP = D, where D is the diagonal matrix
of eigenvalues — this is the canonical form of the quadratic form.

Example 6.2 Find the eigenvalues of the matrix A = (; 323)

Step 1: Find the eigenvalues. We begin by writing the characteristic equation

for A:
5—-1 2 | _ 2 _
5 8_/1—0=>A 134+ 36 = 0.
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Solving this quadratic equation gives the eigenvalues: 4, = 4,1, = 9.

Step 2: Find the eigenvectors. Let us now find the corresponding eigenvectors.
For A1=4, we solve:

{2x+4y o> "= ( 1 ) C; = constant.
For/12—9,wesolve.{ 2x—y =0 =V, =0, (2) C, = constant .

Step 3: Diagonalization. Construct the matrix P of eigenvectors: P = (_2 1)

1 2
1 _ 102 -1 ]
Then, P~ = 5(_1 _2).Then.

I 1,—2 1n/5 2y/2 -1\_ 1,8 4N\/2 -1\ _
p=apP=b= 5(1 2)(2 8)(—1 —2)_ 5(9 18)(—1 )=
1,20 o0y (4 O
__E( 0 —45)‘(0 9)'

From the property of matrix multiplication P"*AP = D = PDP~! = A:

1. L2 1N o0ys2 -1y 1,8 9y\/2 -1\_
PDP = 4: 5(1 2)(0 9)(—1 —2)_ 5(4 18)(—1 —2)_
_1,-25 —10y_ (5 2

_ _ ___E(—w_ —40)_(2_ 8)'
Alternatively, using a different eigenvector basis:

2, _ 2(_g 2 _
PDP‘1=A:—§( 12 ois)(g 8)(_11 _Oés)=_§( 8 2)(_11 _025)

= _2 2 -5 | _ (5 2)
5 _g o) 2 8/
If using the orthonormal basis formed by normalizing the eigenvectors:

. 1 ,_ 1 _
P=(? P=r=r (P Jier=-2(4 3)
1,_ — 1/ -
P_IAP:>_§( 12 ;)(g g)(_zl —;):_5(98 148)(—21 —;)z
1,20 o0\ _ /4 0
—_E( 0 —45)_(0 9)' 4 o 1
Example 6.3 Find the eigenvalues of the matrix A = (—1 3 —1>.

1 -2 2
Step 1: Find the eigenvalues. We begin by writing the characteristic equation
for A:

4-2 -2 -1
1 3-1 -1|=0=>U-DB-D2-1)-9+31=0=
1 —2 2-2
= (3-1)(A2—61+5) = 0.

Solving this quadratic equation gives the eigenvalues: 1, = 1,4, = 3,43 = 5.
Step 2: Find the eigenvectors

Let us now find the corresponding eigenvectors. For A; = 1:
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4-1 =2 -1 2 -2 -1 2 =2 -1\ /% 0
-1 3-1 -1 |={-1 2 -=-1]={(-1 2 -=1||X2])=({0].
1 -2 2-1 1 -2 1 1 -2 1 X3 0

1
3x1—2x2—x3=0, _ _ _ — _
{—x1 + 2x, —x3 =0, =>{3x1 2% =% =0, {xl — e =064 (1>
x1 - 2x2 + X3 == O x2 - x3' 1
x1—2x2+X3=0. C1€]R

ForA, = 3:

4-3 =2 -1 1 -2 -1 1 -2 -1\ /% 0
-1 3-3 -1 |={-1 0 -1)J={(-1 0 -=1||X2)=({0]
1 -2 2-3 1 -2 -1 1 -2 -1/ \X3 0

{xl _ZXZ — X3 = 0,

1
_ _ _ xl—ZXZ—X3=0, X1 = X, V2=Cz<1)
1= % =0, :{ x1 +x3 =0. =>'{xz =_9C3-:> -1/’
x1—2x2—X3=0. CzeR

ForA; = 5:

4—-5 =2 -1 -1 -2 -1 -1 -2 -1\ /* 0
( -1 3-5 -1 ) = (—1 —2 —1> = <—1 —2 —1> (xz) = (0)
1 -2 2-5 1 -2 -3 1 -2 =3/ \X3 {)
—X1 - 2x2 - X3 - 0, _ _ _ _ — _
—X; — 2X; —x3 =0, =>{ X~ 26— X3 =0, - { X1_ _xg; = Vs = (s <_1>.
2y —3xs = 0 X, — 2x5 — 3x3 = 0. Xy = —X3. 1
X1 Xy x3 = 0. C; ER.
Step 3: Diagonalization
Construct the matrix P of eigenvectors:

1 1 1 0o 2 2
P:<1 1 —1>.Then, P‘1=% 2 0 —2>.Then:
1 -1 1 2 =2 0
1/0 2 2 4 -2 —-1\/1 1 1
P‘IAP:D=>Z<2 0 —2)(—1 3 —1><1 1 —1>=
2 =2 0 1 —% 2/\1 -1 1

0 05 05\/1 1 1 00
=<1,5 0 —1,5)(1 1 —1>=<0 3 0).
25 —-25 0 1 -1 1 0 0 5

1/1 1 1\/1 0 0/ 0 2 2
PDP—1=A:—(1 1 —1)(0 3 0)(2 0 —2>=
N1 -1 1/V o0 5/\2 =2 o

1/1 3 5\/0 2 2 4 -2 -1
=71 3 —5)(2 0o -2]=(-1 3 -1}
1 -3 5/\2 =2 0 1 -2 2

Example 6.4 For each given matrix A and all the eigenvalues and the
corresponding eigenvectors and determine if the matrix is diagonalizable. If so, find a
diagonal matrix D and an invertible matrix P such that A = PDP1,

44 2 -3 0 5 0 0
1)(2 1) 2)(-1 0 0 3)(—1 2 3)

-1 1 1 3 0 5

[N

Solutions:
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Step 1: Find the eigenvalues

A= NAa-aE=a-aE=("

o 1-21 4)

2 1=

Let's solve the characteristic equation: det(A—AE) =(—1—-A)(1-1)—-4-2=0.
(—1-2D)1-21)—-8=22-1-8=22-9=(1+3)1-3)=0
Find eigenvalues: 1, =—-3 and A1, =3.
Step 2: Find the eigenvectors

For each ), solve (A — AE)X = 0 to get eigenvectors.

For A, = —3:
A—/11E=A—(—3)E=A+3E=(_12+3 113)= (g i),
solving (g j) (;) = 0. From the first line:

2x+4y=0=>x+2y=0 = x =—2y.
Let's take the parameter t = y and get the eigenvector:
X\ (=2t\ _ (=2 (-2
(y)_( t )_(1)t’ t¢0’v1_(1)'
Geometric multiplicities and algebraic multiplicities: m,(—3) = 1 = m,(-3).
For A, = 3,

4 A _(-1-3 4 \_(—4 4 —4 4N\ /X _
A=21E=A-3E = , 1_3)_(2 _2)=>(2 _2)(y)_0.
From the first linewe get: —4x +4y =0 = —x+y=0=> y=x.

Let's take the parameter t = x and get the eigenvector:

()= =ee=02=(3)
my(3) = 1 =m,(3).

Step 3: Diagonalization
Since my, = 1 =m, for both, and 1+1=2, then A is diagonalizable and

1= D=2 DE G D =por

with
(-3 0 (-2 1
D_(O 3)’ P‘(1 1)'
2 -3 0
2)A=<—1 0 0)
-1 1 1
2—-1 =3 0
Step 1: Find the eigenvalues A—AE=<—1 0—4 0)
-1 1 1-2
2—41 =3 0
det(A—AE)=det< -1 -2 0 >=(1—)L)det(2__1)L :i):o.
-1 1 1-2

A=-D(C-DED-(=3)ED)= A-HA*-24-3) =
=1-)VDA+1D)A1-3)=—-U+1)A-1)A-3)=0
Eigenvalues: A, = —1,4, =1, 13 = 3.
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Step 2: Find the eigenvectors
For A, = —1:

2+1 =3 0 3 =30
A—/11E=A+E=<—1 0+1 0 )=<—1 1 0>,
-1 1 1+1 -1 1 2
3 =3 0\ /x
(—1 1 0) (y) =0.
-1 1 2/ 3z
Subtract row 2 from row 1 = (4, -4, 0). Row 1 and row 2 are multiples, simplify:

_ _ x—y=0
4x —4y+0=0 = {zisfree

X t 1 1
t = x = y and get the eigenvector: (y) = <t> = (1) t,t#0,vy = <1>
z 0 0 0

my(—1) =1 =m,(-1).
ForA, = 1:

2—1 -3 0 1 -3 0
A—/12E=A—E=<—1 0—-1 0 >=<—1 -1 0),
—1 1 1-1 -1 1 0
1 -3 0\ /x
(—1 -1 0)(}7):0.
-1 1 0/ \z

= fromlst: x=3y; from2nd: —3y—-y=0 =

x =1y, z=0. Let's take the parameter

{x —3y=0
—x—y=0
= y=0 = x=0; zisfree. Let's take the parameter t = z and get the

X 0 0 0
eigenvector: (y) = (0) = (0) t, t#0, v, = (0)
A t 1 1

my(1) =1 =m,(1).
For A; = 3:
2—3 =3 0 -1 -3 0
A—/13E=A—3E=<—1 0—-3 0 )=<—1 -3 0),

-1 1 1-3 -1 1 =2

-1 -3 0\ /x
(—1 -3 0 )(y) = 0.
-1 1 =2/ 'z
Subtract row 1 from row 2: row 2 becomes (0, 0, 0). Add row 1 and row 3: row
3 becomes (-2, —2, —2).
Fromrow1l: —-x—-3y=0=x=-3y.
Fromrow 3: —2x—2y—2z=0.

Substitute x = —3y:
—2(-3y)—2y—2z=6y—2y—2z=4y—-2z=0 = z=2y.

So: x =—-3y, y=y, z=2y. Let's take the parameter t =y and get the
X -3t -3 -3
eigenvector: <y> = ( t >= ( 1 )t, t#0, v3= ( 1 )
z 2t 2 2
my(3) =1 =m,(3).
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Step 3: Diagonalization
The matrix A is diagonalizable. Let’s build matrices P and D. Collect

1 0 -3

eigenvectors v, = (1) v, = (0),173 = ( 1 ) as columns of matrix P (in the same
0 1 2

order as eigenvalues in D):

1 0 -3 -1 0 0
P=<1 0 1>andD=<0 1 0).
0 1 2 0 0 3
2 -3 0 1 0 =3\/-1 0 0\/1 0 —-3\!
A=<—1 0 0>=<1 0 1)(0 1 o><1 0 1) = PDP 1,
-1 1 1 0 1 2 0 0 3/\0 1 2

5 0 0
3)A=<—1 2 3)
3 05

Step 1: Find the eigenvalues

5-1 0 0
det(A—/lE)=det( ~1 2-1 3 >=(5—/1)2(2—/1)=o.
3 0 5-12

Eigenvalues: A, = 2, 4, = 5 (multiplicity 2).
Step 2: Find the eigenvectors
For A, = 2,

5-2 0 0 3 0 0 3 0 0\ /x
A-2E=| -1 2-2 3 =|l-1 0 3|=[|-1 0 3 <y>=0=>
3 0 5-2 3 0 3 3 0 3/ \z

06 o0 )

my(2) = 1= mg(2).
FOI’ 12 == 5,

5-5 0 0 0 0 O 0 0 0\ /x
A—5E=<—1 2—5 3 )=<—1 -3 3)=> (—1 -3 3><y>=0.
3 0 5-5 3 0O O 3 0 0/ \z
X 0 0 0
z t 1 1

Step 3: Diagonalization The matrix A is not diagonalizable.
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The conclusion from the above examples is that a nondegenerate square matrix
can be represented as a product of three specific matrices. One of the other ways to
represent a matrix as a product of several specific matrices is the Singular Value
Decomposition method.

Example 6.5 Let find the matrix A* = (% —41)

100

1) Let find the eigenvalues:
(1 -1 1-42 =1 |_4a942_ _
A—(Z 4)=>| 5 4_/1|_0,/'1 5A+6=0.

Solving this quadratic equation gives the eigenvalues: 4, = 3,1, = 2.
2) Let us now find the corresponding eigenvectors.

_ _ 1
F0r7\1=3 { ZX1 xz_O’:xZ=_2x1:>V1_Cl (_2)’
le‘l'xZ:O. C1€]R
_ _ 1
For, = 2: { 1 x2_0’=>x2=—x1:>V2_C2(—1)'
2xq + 2x, = 0. C, €R

3) Construct the matrix P of eigenvectors:
-, D= =G D)

-2 -1 2 1 -1
a=port= (0 )@ 9C 2

=5, D6 296G 1)

A=PDP 1= A? = (PDP"V)(PDP))=PDP'PDP 1 = PQBP‘l

= PD?*pP~1. ’ ”
100 , _
e 26 D) G, DT
- (—2 —1)( 0 2100)( 2 1 ) - (_2 . 3100 _2100)( 2 1 ) -
2101 _ 3100 2100 _ 3100
= (_2101 +2- 3100 _2100 +2- 3100)'

Significance of the Spectral Theorem

The Spectral Theorem is a profound result with far-reaching implications in both
theoretical and applied mathematics. Its importance stems from the following aspects:

Diagonalization of Matrices

The theorem guarantees that normal (or symmetric) matrices can be
diagonalized using unitary (or orthogonal) similarity transformations. This reduces the
action of A to scaling along the directions of its eigenvectors, greatly simplifying the
analysis of linear transformations.

For a symmetric matrix A, the transformation x — Ax can be interpreted as
scaling in the basis of eigenvectors with factors A;.

Orthonormal Eigenvector Basis

The theorem ensures that the eigenvectors of a normal matrix form an
orthonormal basis. This allows any vector in the space to be expressed as a linear
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combination of eigenvectors via projections, a property central to many computational
techniques.

Real Eigenvalues for Symmetric Matrices

In the real case, the theorem guarantees that symmetric matrices have real
eigenvalues, making them particularly suitable for modeling physical systems (e.g.,
stress tensors or inertia matrices) where real-valued outputs are expected.

Applications in Science and Engineering

e Quadratic Forms: Symmetric matrices often appear in quadratic forms (e.g.,
xTAx). The Spectral Theorem expresses these forms in terms of eigenvalues,
simplifying tasks like determining positive definiteness.

e Data Analysis: In methods like Principal Component Analysis (PCA), the
theorem is used to decompose covariance matrices, identifying principal directions of
data variance.

e Quantum Mechanics: Hermitian operators (analogous to symmetric matrices)
have real eigenvalues corresponding to measurable physical quantities, with
eigenvectors representing quantum states.

e Numerical Methods: The theorem underpins algorithms for computing
eigenvalues and eigenvectors and solving linear systems efficiently.

6.3 Singular value decomposition as simply as possible

The singular value decomposition (SVD) is typically presented in the following
way: any matrix A,,., can be decomposed into three matrices: A = UXVT. Singular
Value Decomposition is a fundamental matrix factorization in linear algebra,
particularly useful for analyzing the structure of a matrix and its range, null space, and
rank.

Theorem 6.2 (Singular Value Decomposition)

Let be A real m X n matrix. Then there exist orthogonal matrices U € R™™
and V € R™", and a diagonal matrix £ € R™*™ with non-negative real numbers on
the diagonal, such that

A=UzVT
U —orthogonal matrices, UTU = E,, (columns of U — eigenvectors of the matrix AA7),
V —orthogonal matrices, VTV = E,, (columns of V — eigenvectors of the matrix AT A),
¥ — diagonal matrix, the diagonal entries o, 5, ... ¢, of Z are the singular values of 4,
where r = rank(A):

0610...0
0020
| >0, > >0, > 0.
X 00 "a, ,00 =09 2=20,2>0
(‘)(‘)...(‘)

Explanation: Because of AAT is symmetric m X m matrix:
(ATAT = AT(ANT = ATA.
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Thus, by Spectral theorem, ATA has n real eigenvalues A (with algebraic
multiplicity). If A is an eigenvalue for matrix ATA, then A > 0. Let's make proof:

assume (ATA)# = AB, where V = 0 is eigenvector for A, then:

AU = ((ATA)D) -0 = |(ATA)T = ATA| = (ATAD) 5 = 3T (ATA)TD =
= DTATAV = (AV)TAV = (AV)(ADV) =0 = A1 > 0.
Also, if A = UXVT, then ATA = (UZV))TUZVT = V3T @ZVT = sz_szT.

Em nxn

In the Singular Value Decomposition (SVD) of a matrix A € R™ ", it is
customary to arrange the singular values in non-increasing order:
0y 2 03 = *** 2 Opin (m,n) > 0.
These appear as the diagonal elements of £, i.e. X;; = o; fori = 1,2,---, min (m, n). If
r = rank(A), then the first r singular values are non-zero (o4, g5, -, 0, > 0), and
any remaining singular values (0,41, 042, ***, Omin (m,n)) are Zero.

Definition 6.4 The singular values of a matrix A € R™"are non-negative scalars
that arise in the Singular Value Decomposition (SVD).

If the SVD factorizes A as: Amxn = Umxm Zmxn (Vnxn) T, Where:
U € R™™ is an orthogonal matrix whose columns are the left singular vectors;
Y € R™ ™ js a diagonal matrix with non-negative entries o, =0, = - >0, =0
(Where r = min(m, n)) along the main diagonal, known as the singular values:

01 =+A1,07 = \/A’—Z»""Gn = \/Z;

where A — eigenvalues for AT A.
¥V € R™™ is an orthogonal matrix whose columns are the right singular vectors.

The singular values g; quantify the "scaling" effect of A along specific directions
defined by the singular vectors. The singular values a; are the square roots of the
eigenvalues of A7A (or AAT, depending on dimensions):

o Compute ATA € R™", which is symmetric and positive semi-definite.

. Find the eigenvalues A; > 0 of AT A.

e  Thesingular values are g; = \/2;, ordered non-increasingly.
Alternatively, the singular values are also the square roots of the eigenvalues of
AAT  but AT A is typically used when n < m.

Properties and Interpretation of singular values:

1. Geometric Interpretation:

« Singular values describe how A transforms vectors. Applying A to the unit
sphere in R™ produces an ellipsoid in R™, with semi-axes lengths given by o;.

« The largest singular value g; indicates the maximum "stretch,” while the
smallest non-zero o, indicates the minimum.

2. Algebraic Properties:

« The number of non-zero singular values equals the rank of 4 .

« Zero singular values correspond to dimensions lost in the transformation.
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1 2
Example 6.6 Find the singular values of matrix (0 1).

1 0
1 0 1 L2 2 2
Step 1: Compute ATA: (2 1 0) (O 1) = (2 5).
1 0
2—A 2

Step 2: Eigenvalues of ATA: det(
6, }\.2 = 1.
Step 3: Singular values: o, = V6 ~ 2,449,0, = V1 = 1.

= )2 — = =
St )= -TAve=0n

1 1
Example 6.7 Compute the SVD of matrix A = ( 0 1) = A =UxVT,
-1 0

Step 1: Calculate: ATA = (i 2 _11)( (1) 1) = ((2) (3))
-1 0

Step 2: Find the eigenvalues. Solve the characteristic polynomial:

det(ATA — A1) = 0 = |g (3)| — 0=, =3, =2

oy = — _c (0
Fork1=3:{0x1+0 x, =0, :{xl_o,vl_cl(l),lplz_
"x1+0-x, =0. x, = 1. C. R
1 .
: e = — —c (1
For7\1=2:{0 X +0 x2_—0,2>{x1:1,V1—Cz(0),
0'x1+x2—0. xz—O. C ER
2 .
. . . _ O 1 -1 _ 0 1 — T
Construct the matrleofelgenvectors.V—(1 O)=>V —(1 0)—V.

Step 3: Consider the matrix £ = X5,,. Rank of matrix rank(X) = rank(V) =
r is number non-zero eigenvalues. Also, 25, is diagonal matrix with diagonal entries:

o1 =\ =30, = /A, =V2:

V3 0
Y= 0 \/f
0 0

Step 4: Compute U. Consider the matrix AAT. Find the eigenvalues and

eigenvector.
1 1 2 1 0
T _ 1 0 -1\ _
AA _<o 1)(1 : 1)—(1 1 1>=>

-1 0 0 1 2
To find the eigenvalues A, solve the characteristic equation: |A — AE,| = 0:
2—-2 1 0
1 1-2 1 |=0=X83 -, 3+,A—]3=0,
0 1 2—-2A
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Ji=a1+a,,+a;zs=2+14+2=35, )
]2=M11+M22+M33=|} ;|+|(2) (2)|+|i 1=6, AL =3,
b= A, =2,
di1 Q12 Q13 2 1 0 \. =0
J3=1[q21 Q2 az3|=|1 1 1|=0. 3 '

az; Qzz Qaz3 01 2 /

Step 5: Let us now find the corresponding eigenvectors.

Remembering that A; > A, > A3,

1
—1 1 0 X1 0 X, =X, Vl = Cl (1);6‘1 € R:
= 3: — X =
ForA, =3: (1 2 1 xi 0 =>{x2=x3=> 1

0 1 -1 0 o_ 1
e-s(l)
1
1
0O 1 0\ /%1 0 X = x, V, =0 01 ,C ER,
Fory =2: (1 -1 1)(%]=(0]={]_ 7= 1
0 1 0/ \x3 0 ; po =L 0
2 > 1-

2 1 0\ /%1 0
22X = —X
Fora;, =0:|11 1 1f[X2)=(0]= v ‘= 1
xZ—_ZX3 1
0 1 2/ \X3 0 Vo — 2
3_ .

Step 6: Construct U:
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Example 6.8 Compute the SVD of matrix B = (

5=( 3

B=AT=(

E*QW§0

0 V2 lei

|4 5T

1 0

_1 . T
L. 1)=B—UW.

PR

1 1 1
Im Vs Vg
_1/
\/E.
1 2 _1
e Y ~Yr

Applications and Significance of the Singular Value Decomposition:
. Data Compression: Truncating small g; in SVD approximates A, used in

Image compression.

« Principal Component Analysis (PCA): SVD identifies principal directions

in data.

« Numerical Stability: Condition number assesses sensitivity in linear

systems.

« Recommendation Systems: SVD decomposes user-item matrices.

=Y

Step 1: Original Data

The dataset is plotted in the
original coordinate system.
The data points are scattered,
and the axes do not align
with the directions of
maximum variance.

u,
Step 2: Rotation (Matrix U)

An orthogonal transformation rotates

. Panel 1: Original

Data in

u
Step 3: Scaling (Matrix 1)2

The data is stretched or compressed
along the new coordinate axes
according to the singular values.

X, represents the magnitude of u>v
variance captured along each
principal component.

v
Step 4: Principal Components
(Matrix V)

High-Dimensional  Space

The data points are spread out in multiple dimensions, possibly with correlations

between variables.

. Panel 2: Centering

and Computing Covariance

Matrix

The data is centered (mean at zero), and the covariance matrix is computed to capture

relationships between features.



. Panel 3: Applying Singular Value Decomposition (SVD)
Using SVD, the covariance matrix is decomposed into orthogonal directions (principal
components) and associated singular values (which indicate variance).

. Panel 4. Projection onto Principal Components
The data is projected onto the principal axes, achieving dimensionality reduction while
preserving maximal variance.

6.4 LU Decomposition

In linear algebra, LU Decomposition, i.e., lower—upper (LU) decomposition or
factorization of a matrix, can be defined as the product of a lower and an upper
triangular matrices. This method can relate to the matrix form of the Gaussian
elimination method of solving a system of linear equations.

Definition: LU Decomposition is a matrix factorization technique that expresses
a square matrix A € R™" as the product of a lower triangular matrix L and an upper
triangular matrix U:

A=LU.
where:

. L € R™™ is a lower triangular matrix (all entries above the main
diagonal are zero, i.e., L;; = 0 for i < j):

10 \ / .. 00
01 00

L=|:: - S
00 - ~ 160
oo a0 an o)
. U € R™™ js an upper triangular matrix (all entries below the main
diagonal are zero, i.e., U;; = 0 for i > j).
. Typically, L is chosen to have ones on the main diagonal (L;; = 1) to

ensure uniqueness, though other normalizations are possible.

The decomposition is particularly useful for solving linear systems, computing
determinants, and inverting matrices.

Conditions for Existence.

. LU decomposition exists for any square matrix A that can be reduced to
row echelon form without row swaps, such as matrices with non-zero leading principal
minors.

. If A is non-singular (invertible), the decomposition is unique under the
normalization L;; = 1.
. For matrices requiring row swaps (e.g., when pivoting is needed), a

variant called LU decomposition with partial pivoting is used, expressed as PA =
= LU, where P is a permutation matrix.
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Construction. LU decomposition is typically computed using Gaussian
elimination:

1. Start with A4 and perform row operations to eliminate subdiagonal entries,
transforming A into an upper triangular matrix U.

2. Record the multipliers used in these row operations as entries in L.
Specifically, if a multiple m;; of row j is subtracted from row i to zero out 4;;, set
Lij = ml]

3. SetL; = 1andL;; = 0fori < j,ensuring L is lower triangular.

For example, for a 3 x 3 matrix A, the process involves:

. Eliminating entries below the pivot in the first column to form U's first
column.

. Repeating for subsequent columns, storing multipliers in L.

Applications

LU decomposition is a cornerstone of numerical linear algebra with wide-
ranging applications:
Solving Linear Systems: For AX = b, rewrite as LUX = b Solve via:

. Forward substitution: Ly = b for .
. Backward substitution: Solve Ux = y for X. This is efficient, especially

for multiple right-hand sides b,as L and U are triangular.
Determinant: The determinant of A is the product of the diagonal elements of U:

det(A) =det(L)-det(U) =[x, Uy, since det(L) =1,if L; = 1.

Matrix Inversion: Compute A1 by solving Ax, = e, or each standard basis
vector e, using the LU factors.

Numerical Stability: With partial pivoting (PA = LU), LU decomposition is
robust for numerical computations, avoiding issues with small pivots.

LU decomposition is a powerful tool in computational mathematics, enabling
efficient and stable solutions to linear systems and related problems.

2 1 1
Example 6.9 Consider matrix A = ( 4 1 0) :

-2 2 1
We aim to compute its A = LU decomposition, A € R3*3, where: L € R3*3 isa

lower triangular matrix with ones on the main diagonal and U € R3*3 is an upper
triangular matrix. The primary focus is on how the matrix L is formed, as the
construction of U is understood to be straightforward via Gaussian elimination. We
will detail the process of obtaining L by tracking the multipliers used during
elimination.

Step 1: Gaussian Elimination to Form U: To obtain U, we apply Gaussian
elimination to to transform it into an upper triangular matrix by zeroing out the
elements below the main diagonal. We proceed column by column.
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2 1 1 2 1 1 2 1 1
First Column: (4 1 0>~< 0o -1 —2>~(0 -1 —2>.
-2 2 1 -2 2 1 0 3 2
R2-2R1-R2 R3+R1-R3

The goal is to eliminate the elements a,; = 4, a;; = —2 below the element a,; = 2.

Compute the multiplier m,, = 22 = 2 = 2, then multiplier ms, = 2 = =% = —1.
a1 2 aq 2
2 1 1 2 1 1
Second Column: {0 -1 -2]~(0 -1 -=-2|
0 3 2 0O 0 -4
R3—-R1-R3
Now, eliminate the element a;, = 3 below the element a,, = —1in the second
column. Compute the multiplier m3, = ? = 11 = —3. Subtract m5, = 3 times the
22 -

second row from the third row (i.e., add the second row). The matrix is now upper
triangular:

2 1 1
Resulting Matrix: U = (0 -1 —2).
o 0 2
This is the matrix U, obtained via Gaussian elimination. The multipliers m,,, ms,, and
ms,, are key to forming L.
Step 2: Constructing the Matrix L. The matrix L is a lower triangular matrix that
records the multipliers used during Gaussian elimination. For a 3x3 matrix L, has the

form:
1 0 O
L= (L21 1 0).
L3, L3 1
e Diagonal Elements: Set L;; = 1, fori = 1,2,3 (i.e., L;; = Ly, = L33 = 1)
to ensure uniqueness of the LU decomposition.
e  Subdiagonal Elements: The elements L
to eliminate a;; (L;; = my;).
e  Superdiagonal Elements: Set L;; = 0,i < j as no operations affect entries

above the diagonal.
From the elimination process: L,y = 2,L3; = —1, L3, = —3 thus, the matrix L is:

1 0 O
L= ( 2 1 0).
-1 -3 1

Step 3: Why L Contains These Multipliers?
The matrix L represents the inverse of the sequence of elimination matrices applied
during Gaussian elimination. Each step of elimination can be expressed as

ij, L > j are the multipliers m;; used
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multiplication by an elimination matrix E}, , which zeros out elements below the pivot
in column k.

Elimination Matrices

First Column Elimination: To zero out —myq = Loy = —2,—-m3; = L3; =1

We use.
1 0 0 1 0 O
E] = (—m21 1 0) = (—2 1 O).
—mgq 0 0 1 0 O

R2-2R1-R2,R3+R1-R3

This matrix performs: R2 — 2R1 - R2,R3 + R1 — R3.
Second Column Elimination: To zero out —ms, = L3, = 1 we use:

1 0 0 1 0 O
E; = (O 1 0> = (0 1 0)_
0 —ms, 0 0O 1 0

The Gaussian elimination process can be written as:
E;E3A=U= A= (E3)"Y(E)U.
The matrix L is the product of the inverse elimination matrices:

1 0 0\/1 0 O 1 0 0
L=EDYEDT=(2 1 o]lo 1 0)= 2 1 0]
-1 0 1/\0 -3 1 -1 -3 1

L
This confirms that L is formed by placing the multipliers m;; in the subdiagonal
positions of L.

1 0O 0N/2 1 1 2 1 1
Step 4: Verification LU = A: ( 2 1 0> <0 -1 —2) = ( 4 1 O)
2

-1 -3 1/\0 0 -4 -2 1

The decomposition is correct.
2 1

Example 6.10 Consider matrix Az(4 c

) to find L and U for LU

Decomposition.
Matrix A must be able to be reduced to row-Eshelon Form, U, without
interchanging any rows.

Step 1. Eliminate a,, = 4: (i é) — ((2) ;) = m;; = my; = 2.

Subtract Row2<Row2-2-Row1l

UERZXZ:Uz((Z) %)

Step 2: Using the opposites of the multiplies used in the row operations to obtain

U, wecanbuild L. FormL: L e R¥?? = [ = ( 1 O) = L = (1 0).
m21 1 2 1

Step 3: Verify: LU = (% (1)) ((2) 313) = (i é)
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6.5 Using LU decomposition to solve systems of equations

The motivation for an LU decomposition (A = LU)is based on the observation
that systems of equations involving triangular coefficient matrices are easier to deal
with. Indeed, the whole point of Gaussian elimination is to replace the coefficient
matrix with one that is triangular. The LU decomposition is another approach designed
to exploit triangular systems. Consider a system of linear equations with three

variables:
a1 Qg2 Qq3\ /X1 b, L L
A1 Gz A3 || X2 |=(|b,| = AX =B = (LU)X = B.
i3 Qz3 0433/ \X3 b4
1 0 0\ /uyq Ugp Ugz\ /X b,
l3p I3 1/\N0 0 uszz/\x; bs
U1 U2 U3 X1 b,
= | lp1uyy Liuqgp + Uy, [uq3 + uy;3 X2 |=1[b, | =
[31u11  Il31uq + I35y l3quq3 + I3pup3 + U33/ \X3 b
U11 Uq2 Uq3 ay1 Aq2 Qg3
= | lp1uyy Lquqgp + Uy, l1uq3 + uy; =[(ai2 az; azs|.
[37u17 Il31uqp + I35y l3quq3 + I3pup3 + Uss i3 QA3 0z

It turns out that we need only consider lower triangular matrices L that have 1s
down the diagonal.

2 1 1
Example 6.11 Consider matrix A = ( 4 1 0).
-2 2 1

Step 1. Multiplying out LU and setting the answer equal to A gives:

U1 Uq2 Uq3 2 1 1
lLyuyy  lugp +uy; [uq3 + U3 =4 1 0|=
l33ug17  l31uqp + l33uy;  I3qUq3 + I3pUp3 + Us3 -2 2 1

Step 2. Now we use this to find the entries in L and U. Fortunately this is not

nearly as hard as it might at first seem. We begin by running along the top row to see
that:

Uy = 2, U5 = 1, uy3 = 1.
Step 3. Now consider the next:
[ U =2,up = Luz =1
(Laug1) = 4,15 = 2;
(l1ugz +uzp) = Luy, = —1;
= (l1Uq3 + Uz3) = 0,uy3 = —2; =
31U = —2,13; = —1;
(3112 + l3pUpp) = 2,15, = =3;
L(l31uq3 + l32Up3 + us3) = 1us; = —4.
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Notice how, at each step, the equation being considered has only one unknown
In it, and other quantities that we have already found.

1 0 O 2 1 1
Step 4. Write down the results: L = < 2 1 0>,U = <0 -1 —2).
-1 -3 1 0O 0 2

This is the LU decomposition of matrix A:

1 0 0\/2 1 1 2 1 1
A= 2 1 0J{0 -1 -2)=14 1 0
-1 -3 1/\0 O 2 -2 2 1

Once a matrix A has been decomposed into lower and upper triangular parts it is

possible to obtain the solution to AX =B in a direct way. The procedure can be
summarised as follows:
- Given 4, find L and U so that A = LU. Hence (LU)X = B.
« LetY = UX sothat LY = B. Solve this triangular system for Y.
- Finally solve the triangular system UX = Y for X. The benefit of this approach
Is that we only ever need to solve triangular systems. The cost is that we have to solve
two of them. Here is an example:
Example 6.12 Solve the system of equations by LU decomposition method:
X, + 2xy + 4x3 = 3,
{3x1 + 8x, + 14x3 = 13,
2xq + 6x5 + 13x3 = 4.

Step 1. The first step is to calculate the LU decomposition of the coefficient

matrix:
1 0 0 1 2 4
L=<3 1 O),U=<O 2 2).
2 1 1 0 0 3
V1

Step 2. The next step is to solve LY = B for the vector ¥ = <}’z>. That, we
Y3

1 0 0\N/N 3 y1 =3,
310 (YZ) = 13) = 3y; +y, =13,
2 1 1 Y3 4 2y1+y2+y3=4

which can be solved by forward substitution. From the top equation we see that
y, = 3. The middle equation states that 3y; + y, = 13 = y, = 4. Finally, the

bottom line says that 2y, +y, + y; =4 = y, = —6.
3

Step 2. Now that we have found vector ¥ = ( 4 ) we finish the procedure by
—6

consider:

solving UX =Y for X:

1 2 4\ /X1 3 X1 + 2xy + 4x3 = 3, 3
0 0 3/ \Xx3 —6 3x3 = —6, -2
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Step 3. Verification: We have found that the solution to the system of

simultaneous equations:
1 2 4\ /%1 3
(3 : )()(3)
2 6 13/ \X3 4
Notes

« Pivoting: For numerical stability, partial pivoting is often necessary,
introducing a permutation matrix

. Variants: Variants like Cholesky decomposition (for symmetric positive
definite matrices) are special cases of LU decomposition.

. Software: LU decomposition is implemented in libraries like LAPACK,
NumPy (numpy.linalg.lu), and MATLAB (lu).
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2 3

1
8

N N on v

2 3
-3 5

-1
2

7. STANDARD CALCULATION ASSIGNMENTS

1
-1
1

0
-2
0

3
1
2

5.

1. Find the product of the matrices.

4 .
-2
—4

1
3

-1
—3

-1
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2. Calculate the determinant.

- o — . a - N .~ M v .~ oM N
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NN <X o oM o M N <X M N <X < on N
NN A NN [ [ NN _ - ™M N _ _
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3. Find the inverse matrix A~ for A.

e PTGl = o 7| T oo Tleaw ' oon| N ea Fen| 7y
__3 5_2 51_

(Q\] (Q\] i — N AN LN i
A A N NPTV L Rt B Y R Y DB AN CHY D I I en & —
(@\] i LN L N o N o
[ I I [ I [ [ [ I I
< < < < < < < < < <
(9\] < O o0 — — — — — [@\]
-~ 12%1344%2\ N |7 /4341%31341%1_‘

P 235431

<+ on N _ [

(a9] (ap) — (ep) — |\ N AN MM
NS A A R ST L R N A
_ _ 1| _

i o - (ap) (@\] n i
=N 1AL B A N LS CHR N Py MR R AP A S N S C R s N L R Al L NS
I I I [ I I I [ I I
< < < < < < < < < <
— o Lo N~ (@)) — — — — —

4. Solve the matrix equation and verify the solution.

)

10 2

—2
—4

3
5

-2 7

6

5

3

-2
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) x=(3 2) 0.5 g)x=( 33
(—41 51’) (_51 _62 :(121 —73)

( _33 _4)2(111 12
—73 _42)2(—13 §

; D= 2

27 il3)')(:(_31 4

. Solve the system of linear equations.

3x + 2y —3z =—4,;
—x—y+2z=3;
S5x+y—-2z=1.

2x+2y—3z=-1;
Ix+y+2z=1;
x—3y+5z=-2.

3x — 2y + 3z =-5;

3x +3y—2z=-12;

xX+y—2z=6; —2x+y+ 2z =10;

S5x—y+z=2 —x+ 3y —z=4.
x—5y+3z=-12; 2x — 3y + 3z = 6;

2x—y+z=0; 3x — 2y —z =15;

3x +4y — 5z = 25.

x+y—3z=7.

3x+2y+3z=-7;
2x —y+2z=-7,
x—2y+4z =-8.

5x +y—3z=-23;
3x + 2y +z=—4
x—3y+2z=0.

7x—3y+2z=09;
—x + 2y —3z=10;
2x+y+2z=>5.

x—5y+4z =21,

A3x =2y —z=11;

2x + 4y —3z=1.

—-3x+7y—2z=-17;
x+2y+z=-7;
x — 3y + 3z = 10.

x+y—5z=-16;
3x —2y+z=15;
—2x+4y+3z=-7.

2x — 3y + 3z =3;

2x+y—5z=09;

A=5x+y—z=12; 3x + 2y — 2z =4;
x—2y+z=1 x —4y + 3z = —20.
3x —2y—3z=3; 4x + 3y — 2z = —5;
2x+y+2z=3; 4 —=3x+2y—2z=09;

—x—3y—z=-8

x+4y—-3z=1.

2x — 3y + 3z = —5;
x—2y—z=-9;
3x+y—2z=—4

—2x+y+5z=-2;
x—2y+2z=10;
3x +4y — 3z = -9.




S5x —y+3z=20;
194—x —y + 5z = 14;
2x+y—z=0.

]

2x + 5y —z = —4;
x+2y—2z=—6;
—3x+4y+3z=-1.

6. Determine whether the system of equations is consistent.

4x + 3y — 2z = —5;
1. —2x — 8y + 6z = —2;
x+4y—-3z=1.

2 |

3x —6y — 3z =-27,
XxX—2y—z=-9;
3x+y—2z=—4.

—3x + 6y — 6z = —30;

S5x —y+ 3z =20;

3.{ x—2y+2z=10; 4.{ —x —y+ 5z =14;
3x +4y — 3z =-9. 5x + 5y — 25z = —70.
2x + 5y —z = —4; 3x +2y —3z=—4;

5. { x+2y—2z=-6; 6.{—x—y+22=3;

2x+4y —4z = —12. 3x+3y—6z=-9.

6x + 2y +4z = 2; —5x — 5y + 10z = —30;
7.3 x+y+2z=1; 8. | xX+y—2z=6;

x—3y+5z=-2. S5x—y+z=2.

3x+3y —2z=-12; 6x —3y+3z=0;

9.8 —2x+6y—2z=28; 104 2x—y+z=0;
—x+3y—z=4. 3x +4y — 5z = 25.
2x — 3y + 3z =6; 3x +2y+ 3z =-7;

114{—6x +9y — 9z = —18; 12.{4x—8y+16z= —32;

x+y—-3z=7. x—2y+4z=-8.
—3x+9y — 6z =0; 7x—3y+2z=09;

134 3x + 2y + z = —4; 144 —x+ 2y —3z=10;

x—3y+2z=0. 5x — 10y + 15z = =50.
4x + 8y — 62 = 2; 5x + 10y + 5z = —35;

1543x — 2y —z =11, 164 x+2y+z=-7;

2x+4y—3z=1.

x — 3y + 3z =10.

x+y—>5z=-16;
174—2x — 2y + 10z = 32;
—2x+4y+3z=-7.

s

2x —3y+3z=3;
—Sx+y—z=12
6x —9y +9z =0.

6x +4y — 4z = 8;
3x + 2y — 2z =4;
x —4y + 3z = —20.

19,5

]

3x +9y + 3z = —24;
2x+y+z=3;
—x—3y—z=-8.

7. Find the general solution of the nonhomogeneous system.

2x1 + 5x,+x3 + 3x, = 2;
4x; + 6x,+3x3 + 5x, = 4;
4x, + 14x,+x3 + 7x, = 4;
2x1 — 3x,+3x3 + x, = 2.

1.

2.

2x1 + 5x,+x3 + 3x, = 2;
4x; + 6x,+3x3 + 5x4 = 4;
4x, + 14x,+x3 + 7x4 = 4;
2x1 — 3x,+3x3 + x, = 2.

80




X1+ Xo—x3 +7x, = 14;
2x1 + Xy—X3 + 14X4 == 23,

X1+ 2x,—3x3 +x, =1;
2x1 - x2+X3 — BX4 == 2,

3+ )3, + 2x,—2x5 + 20x, = 37; 4 33x, + xy—2x5 — 2%, = 3;
X1 + 2x,—2x3 + 8x, = 19. X1 — 3x,+4x3 — 4x, = 1.
X1 + 2x,+4x3 — 3x, = 1; 8x1 +3xy—x3 + x4 = 1;
c 3x1 + 5x,+6x3 — 4x, = —1; 6 4x, + 12x,—9x3 + 8x, = 9;

X1+ Xy—2x3 + 2x4 = —3; 12x; + 15x,—10x3 + 9x, = 10
2x1 + 3xZ+ZX3 — X4 = —2.
5 X1 + 3x2+SX3 + 5x4 = _1,

2x1 + 6x,+5x3 + 6x, = 1;

4x; — 9x,+8x3 — 7x, = —8.
X1 — Xo+X3 — X4 = —2;
X, + 2x,—2x53 — x4 = —5;
3x1 +9x,+8x; + 11x, = 0; 2X1 + Xy—X3 — 2x4 = —7;
\5x; + 15x,+14x; + 21x, = —2. 4x, — x+x3 — 4x, = —11.

( 2x1 - x2+3x3 + Xy = 3, { le - xZ+3.X3 + 4‘x4 = 5,

—2x1 + 2x5+x3 + 4xy = 2; 10 4x) — 2x,+5x3 + 6x4 = 7;
6x1 — 5x,+x3 — 7x, = —1; ") 6x1; — 3x,+7x3 +8x, = 9;
\4x; — 3x,+2x3 — 3x, = 1. 2x1 — X+2x3 + 2x, = 2.
(2X1 + 7Xx,+3x3 + x4, = 6; 2X1 — Xy+X3 + 2x4 = 2;
3x1 + 5x,+2x3 + 2x, = 4; 6x1 — 3x,+2x3 + 4x, = 3;
Ox1 +4x,+x3 + 7x4 = 2; 4xy — 2x,+x3 + 2x4 = 1;
\ 6x; — X,—Xx3 + 5x, = —2. 4x, — 2x,+3x3 + 6x4 = 7.
(9x; — 3x,+5x3 + 6x, = 4; X1 — Xo+2x3 — x4 = 1;
6x; — 2x,+3x3 + x4, = 5; 3x; — 3x,+4x3 — 3x, = 1;
3x; — Xp+2x3 + 5x, = —1; 3x; —3x,+8x3 —3x, = 5;
\15x; — 5x,+8x3 + 7x, = 9. Xy — X;+6x3 — x, = 5.
((3x1 — 2x,+5x3 + 4x, = 2; 2X1 — Xo+2x3 — x4 = 0;
9x; — 6x,+9x3 + 7x, = 5; X1 + 5x,+4x3 + 3x, = 1;
3x1 — 2x,—X3 — x4 = 1; 5x1 + 3x,+8x3 + x4, = 1;
\3x; — 2x,+11x5; + 9x, = 3. 3x1 + 4x,+6x3 + 2x, = 1.
(X1 +X,—2x3+x, = 1; X1 — Xp+x3 +4x4 = 3;
X1+ Xy—2x3 — x4 = —1; 2x1 — Xp+x3 +9x, = 10;

11.4 12.

13.4 14.

15.4 16.

17 Xy +x,—2x3 +5x, = 5; 18. 3x; — 2x5+2x3 + 13x, = 13;
\3x; + 3x,—6x3 + 7x, = 7. 5x; — 3x,+3x3 + 22x, = 23.
(X1 + 2x,+3x3 + x4 = 1; X1 + X;—=5x3 + x4 = 5;

19 . 2x1 + 5x,+7x3 + x4 = 3; 20 2xq + 3x,—9x3 — 2x, = 9;

") 3xq + 7x,+10x53 + 2x4 = 4; ") 3xy + 4x,—14x3 — x, = 14;
\ X1 + 3x,+4x3; = 2. X1 + 2x,—4x3 — 3x, = 4.

8. Prove that the vectors p,q,7 form a basis, and express the vector d in terms of this
basis.

No 7 i 7 i
(1,2,-3) (2,5,4) (-2,-1,3) (—6,—4,—1)
(3,1,2) (—2,-5,4) (-1,4,-3) (11,21,-8)
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3 (3,2,1) (2,1,—4) (—2,-5,3) (4,9,—20)
4 (3,2,1) (-2,-3,1) (-1,3,-3) (15,6,7)
3 (1,3,2) (-2,1,-3) (-1,-2,3) | (-9,—4,-5)
6. (-1,3,2) (-3,-2,1) (-1,-3,1) (-8,3,3)
7 (1,3,2) (-5,4,—1) (3,-5,1) (—12,25,0)
8 (1,-2,3) (-3,1,3) (1,2,-2) (—4,10,3)
9, (3,1,5) (2,-3,1) (1,2,-3) (—4,0,—23)
10| (2,-1,3) (-3,—-1,-2) (33,1) (6,—7,15)
11] (1,5,2) (1,-1,1) (-5,3,-1) (—14,20,0)
12]  (1,4,-3) (4,3,2) (-3,-2,—1) (1,-5,9)
13]  (13,5) (1,2,1) (—2,-3,-2) (—-3,—4,1)
14  (1,3,-2) (-2,2,1) (4,3,-2) (—8,—7,7)
15  (1,-2,3) (-3,-2,1) (5,3,2) (-2,1,1)
16] (1,1,3) (—3,2,—7) (3,1,2) (10,—7,17)
17]  (5,3,1) (-1,-2,1) (1,3,-2) (2,-5,6)
18] (1,7,2) (—2,-3,1) (3,2,1) (-10,9,5)
19/  (1,5,2) (—2,—1,-3) (1,1,3) (1,-12,3)
20|  (1,2,3) (1,—4,-2) (=5,—3,1) (-16,7,15)

9. Reduce the following quadratic form to canonical form using an orthogonal
transformation.

6x% + 5x% + 7x35 — 4x,x, + 4x,X3;

5x% + 6x7 + 4x35 — 4x,x, — 4x,X3;

11x2 + 5x% + 2x% + 16x,x, + 4x,x3 — 20x,X3;
3x% + 4x2 + 5x35 + 4x,x, — 4X,X3;

x? — 5x% + x2 + 4x,x, + 2%, %3 + 4x,X3;

2x% 4 4x2 + 6x5 + 2x,x5 + 4x1X3;

X2+ x2 + x5 4 4x,x, + 4x,x3 + 4xy%3;

3x% + 6x7 + 3x5 — 4x,x, — 8x1x3 — 4XyX3;
4x? + 3x2 + 2x2 — 4x.x, + 6Xx,X3;

| 5x2 + 5x% + 5x% + 2x,X, — 6x1X3 + 2X,X3;
| 7x2 + 4xZ + x2 — 2xyx, + 4x,X3;

J3x2 + 2x2 + x2 + 6310y — 2X,X3;

L xE + x5 4 x2 + 2x,%3 — 4xX, + 2X,%3;

| 6XZ + 2x5 + x5 — 2x,%, + 4x;X3;

| 6xZ + 3x5 4+ 5x% + 2x,%3 — X1 X — XpX3;
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16.| 8x% + 7x2 + 6x2 — 6x1x, — 4x,x3 + 2X1X3;
17.] 5x% + x2 + 4x3 + 6x;x, — 4x;X3;

18.] 9x% + 3x2 + 2x2 + 4x,x3 — 8x,X,;

19.] 6x% + 2x2 + 3x2 + 2x,x, + 6x1X3 + 4x,%3;
20.| x2 + 2x5 + 3x% — 2xyx, — 2x,X3.

10. For each given matrix A find the eigenvalues and corresponding eigenvectors and
determine whether the matrix is diagonalized. If so, find the diagonal matrix D and the
inverse matrix P such that A= PDP~1.

-~

N O RPN gW =
=
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N——
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N O
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—_
\._/
=
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Il
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3 a=(% T1) 4. Ay =
1 1 =3 -2 3
1 -1 5 2 -1
3 =2 —5
> Al:(z —2)‘ 6 Al:( 1);
0 1 0 3 1 1
Az = (3 0 1). A2 =|—-4 =2 _5>
2 0 0 2 2 5

—4 -6 1 3
7A1:(3 5); 8A1=(0 2);
2 1 1 1 0 0
A2:<0 1 0). A2=(1 2 3).
1 -1 2 1 4 1
1 -1 2 -2
9 A1=(1 1); 10.A1=(1 3),
1 3 2 2 3 -3
A2:<—1 2 1) A2=(1 0 —1).
4 -1 -1 11 -2
1 1 41
11.A1=(0 1); 12.A1=(0 2);
3 0 1 —1 -1 -2
A2=(0 2 3) A,=|2 3 2)
3 1 -1 3 2 5
3 —1 1 2
13.4, = (4 —1); 144, = (2 1)’
4 0 1 00 -2
A2=(—2 1 0) A2=(1 2 1)
—2 0 1 1 0 3
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EJ'ICKTpOHHe MCPCKEBEC HaBUAJIbHC BUJJAHHS

APPLICATIONS
of MATRICES

HaBYyajibHUH MOCIOHUK

(AHTIHCHKOI0 MOBOIO)

ABTOpHU:
Myauk OJsiena BacwiiBHa, kanj. ¢i3.-MaT. HAyK
Hpuranincska Tersna I'puropiBHa, kana. nmea. Hayk,

Y HaBYaTbHOMY MOCIOHHMKY BUKJIJICHO OJHY 3 OCHOBHHX T€M KypCY BHILOI MaTeMaTHKH 1-T0 Kypcy.
OcHoOBHa yBara npuJuII€TbCSl METOJJaM 1 TEOpeMaM, HEOOX1THUM JJIs TOAAJIBIIOTO0 BUBUEHHS KypCy
«Buma maremaruka JliHiitHa anredpa. HaBeneHno 6araTo po3B'si3aHMX MPUKIIAJIIB Ta 3aIPOITOHOBAHO
3aBJaHHs s caMmocTiifiHoro BupimeHHs. [lociOHUK po3poOieHo ans GakanaBpiB 3a OCBITHBOIO
nporpamoro «MeanuyHa imkeHepis», 3a cnenianbHicTio 163 biomenuuna imkenepis (G22).
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