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PREFACE 

 

The main aim of this tutorial is to present educational problems as well as 

important definitions and theorems for successful study part of the course Higher 

Mathematics during the first semester of study at 1st year. The content of work 

corresponds to the curricula of higher mathematics of all technical specialties of NTUU 

"KPI" full-time and part-time forms of education and contains section of the discipline 

"Higher Mathematics" – Linear algebra:  

− Basic concepts about operations with matrices and their determinants; 

− Solving systems of linear equations; 

− Applications of matrices decomposition. 

The purpose of the abstract is: 

− systematic presentation of theoretical material, which frees the lecturer from 

"dictation" and allows more explanation; 

− effective preparation of the student for the colloquium and exam; 

− selection of corner questions of mathematical analysis. 

The proposed synopsis accompanies, but does not replace the live lecture, just as the 

text of a dramatic work does not replace the performance. 

The purpose of the abstract is: 

− systematic presentation of theoretical material, which frees the lecturer from 

"dictation" and allows more explanation; 

− effective preparation of the student for the colloquium and exam; 

− selection of corner questions of mathematical analysis. 

The proposed synopsis accompanies, but does not replace the live lecture, just 

as the text of a dramatic work does not replace the performance. 

Consideration begins with the property of a matrix and  their determinants, which 

allows you to easily go to the definition and solving of the systems of linear equations. 

Operations with matrices is a fundamental concept in calculus. It is used when we 

consider of the systems of linear equations, eigenvalues and eigenvectors, 

diagonalization of a Quadratics Forms, matrix decompositions (Singular Value 

Decomposition) and orthonormal transformations. There are many types of rules. 

Students should notice that their definitions are similar. To help students understand 

such similarities and to emphasize the differences, there were a lot of examples given.  

There are questions at the end of the chapters, and the last chapter is a Standard 

Calculation Assignments. Students are encouraged to do as many problems as possible. 

Most of the exercises are simple exercises. Such exercises may not help students 

understand the concepts; however, without practice, students may find it difficult to 

continue learning the next sections. It is also convenient to calculate a rating for 

teachers and students. 

The tutorial is intended to help bachelor's students in the «Medical Engineering» 

program study the «Biostatistics» course. 
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1. MATRICES AND OPERATIONS WITH THEM 

 

1.1 Basic concepts 

 

Usually, the matrix is denoted by capital letters of the Latin alphabet and square 

or round brackets. The definition of the matrix is a rectangular array of elements in 

rows and columns put in a large brace.  

Definitions 1.1 

A mathematical object that is an ordered rectangular table of numbers (matrix 

elements) а𝑖𝑗 , 𝑖 = 1,𝑚,  𝑗 = 1, 𝑛, located in 𝑚 lines and 𝑛  columns are called a matrix 

𝐴 dimension 𝑚 × 𝑛, and denote: 

𝑨𝒎×𝒏 = (𝒂𝒊𝒋)𝒎×𝒏 =

(

 
 

𝒂𝟏𝟏
⋮
𝒂𝟏𝒋
⋮
𝒂𝟏𝒎

 

⋯
⋱
⋯
⋱
⋯

 

𝒂𝟏𝒋
⋮
𝒂𝒊𝒋
⋮
𝒂𝒎𝒋

 

⋯
⋱
⋯
⋱
⋯

 

𝒂𝟏𝒏
⋮
𝒂𝒊𝒏
⋮
𝒂𝒎𝒏)

 
 
← 𝒊 

                                                                       
↑
𝒋
 

Each element 𝑎𝑖𝑗 the matrix has certain indices 𝑖𝑗, which show that the element 

belongs to 𝑖 − line and is in 𝑗 − columns. 

The matrix 𝐴 dimension 1 × 1, which contains one element, identified with this 

element. 

Symbol 𝑎𝑖⃗⃗  ⃗ denote 𝑖 − and string (length 𝑛) matrix 𝐴𝑚×𝑛, 𝑗 − and a column 

(height 𝑚) 𝐴𝑚×𝑛 denote 𝑎𝑗⃗⃗  ⃗. The matrix can be considered a row of columns or a 

column of rows and 𝐴𝑚×𝑛 = (𝑎𝑖𝑗)𝑚×𝑛 = (𝑎1⃗⃗⃗⃗  𝑎2⃗⃗⃗⃗ ⋯  𝑎𝑛⃗⃗ ⃗⃗ ). A matrix consisting of one 

row (column) is called a row matrix or a column matrix: 

𝑨𝒎×𝟏 = (𝒂𝒊𝒋)𝒎×𝟏 =

(

 
 

𝒂𝟏𝟏
⋮
𝒂𝟏𝒋
⋮
𝒂𝟏𝒎

 

)

 
 

 , 𝑨𝟏×𝒏 = (𝒂𝒊𝒋)𝟏×𝒏 = (𝒂𝟏𝟏⋯𝒂𝟏𝒋⋯𝒂𝟏𝒏). 

 

1.2 Types of matrices 
 

There are performed linear and nonlinear operations with matrices. Here are a 

number of definitions necessary for further presentation. 

Definition 1.2  Matrix size  𝑚 × 𝑛, all elements of which are equal to zero, called 

zero matrix and denote 0𝑚×𝑛. 

Definition  1.3  If 𝑚 = 𝑛, then the matrix 𝐴 called the square matrix of order 𝑛. 

Set of elements 𝑎11, 𝑎22, ⋯ , 𝑎𝑛𝑛 forms the main diagonal, and the set 
𝑎1𝑛, 𝑎2𝑛−1, ⋯ , 𝑎𝑛1- side diagonal: 
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𝑨𝒏×𝒏 = (

𝒂𝟏𝟏 𝒂𝟏𝟐 ⋯ 𝒂𝟏𝒏
𝒂𝟐𝟏 𝒂𝟐𝟐 ⋯ 𝒂𝟐𝒏
⋮ ⋮ ⋱ ⋮
𝒂𝒏𝟏 𝒂𝒏𝟐 ⋯ 𝒂𝒏𝒏

) 

Definition 1.4 A square matrix, all elements of which are located below (above) 

the main diagonal is zero, is called the upper (lower) triangular matrix.  

Definition 1.5 A square matrix that is zero for all non-diagonal entries is called 

a diagonal matrix. 
Definition 1.6  If all elements of the diagonal matrix of order 𝑛 are equal to one, 

this matrix is called a single matrix and is denoted by 𝐸𝑛. 

Definition 1.7  Square matrix 𝐴𝑛 called symmetric about the main diagonal, if 

for all its elements is fulfilled  а𝑖𝑗 = 𝑎𝑗𝑖 , ∀ 𝑖, 𝑗 = 1, 𝑛. 

Definition 1.8  Matrices 𝐴  and 𝐵 are called equal if they are the same size and 

have equal corresponding elements, that is 𝐴 = 𝐵  ⇔ 𝑎𝑖𝑗 = 𝑏𝑖𝑗 ,  𝑖 = 1,𝑚,  𝑗 = 1, 𝑛. 

 

1.3 Linear actions on matrices 

 

To further consider the operation of matrices, it is necessary to introduce the 

concept of linear and nonlinear actions on matrices.  

Linear actions on matrices are called adding matrices and multiplying the matrix 

by a number. 

Consider matrices 𝐴 = (𝑎𝑖𝑗)𝑚×𝑛 та  𝐵 = (𝑏𝑖𝑗)𝑚×𝑛: 

𝑨𝒏×𝒏 = (

𝒂𝟏𝟏 𝒂𝟏𝟐 ⋯ 𝒂𝟏𝒏
𝒂𝟐𝟏 𝒂𝟐𝟐 ⋯ 𝒂𝟐𝒏
⋮ ⋮ ⋱ ⋮
𝒂𝒎𝟏 𝒂𝒏𝟐 ⋯ 𝒂𝒎𝒏

)  𝑩𝒎×𝒏 = (

𝒂𝟏𝟏 𝒂𝟏𝟐 ⋯ 𝒂𝟏𝒏
𝒂𝟐𝟏 𝒂𝟐𝟐 ⋯ 𝒂𝟐𝒏
⋮ ⋮ ⋱ ⋮
𝒂𝒎𝟏 𝒂𝒏𝟐 ⋯ 𝒂𝒎𝒏

) 

 

Definitions 1.9 The sum of matrices 𝐴  and  𝐵 each of size (𝑚 × 𝑛) is called the 

matrix  of sum 𝐴 + 𝐵   size    𝑚 × 𝑛,    each element of which is equal to the sum of 

the corresponding elements of the matrices-terms, that is  𝐴 + 𝐵 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗)𝑚×𝑛: 

 

𝑨𝒎×𝒏 +𝑩𝒎×𝒏 = (

𝒂𝟏𝟏 + 𝒃𝟏𝟏 𝒂𝟏𝟐 + 𝒃𝟏𝟐 ⋯ 𝒂𝟏𝒏 + 𝒃𝟏𝒏
𝒂𝟐𝟏 + 𝒃𝟐𝟏 𝒂𝟐𝟐 + 𝒃𝟐𝟐 ⋯ 𝒂𝟐𝒏 + 𝒃𝟐𝒏

⋮ ⋮ ⋱ ⋮
𝒂𝒎𝟏 + 𝒃𝒎𝟏 𝒂𝒎𝟐 + 𝒃𝒎𝟐 ⋯ 𝒂𝒎𝒏 + 𝒃𝒎𝒏

). 

Definitions 1.10 The product of the matrix 𝐴  size 𝑚 × 𝑛 to a real number  𝛼 is 

called the matrix 𝛼А size 𝑚 × 𝑛, each element of which is equal to the product of the 

corresponding element of the matrix 𝐴  on the number  𝛼, that is  𝛼А = (𝛼𝑎𝑖𝑗)𝑚×𝑛.  

The difference of matrices 𝐴  and  𝐵 of the same size is called the sum of matrices 

А+ (−В) = (𝑎𝑖𝑗 − 𝑏𝑖𝑗)𝑚×𝑛 = 𝐴 − 𝐵, where the matrix −𝐵 = (−1)𝐵 is opposite 

matrix for 𝐵. 
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The notion of a matrix as a linear combination of several matrices of the same 

size is important. Under a linear combination of matrices of the same size 𝐴  and  𝐵 

with coefficients  𝛼 and 𝛽 understand the matrix С, where  𝛼А+ 𝛽В = С. 

Linear actions on matrices are subject to properties which are stated by the 

following identities: 

(for arbitrary matrices of the same size 𝑚× 𝑛 and numbers 𝛼,  𝛽 ⊂ ℝ): 

1. А+ В = В+ А (commutativity of adding matrices); 

2. А+ (В+ С) = (А+ В) + С (associativity of adding matrices); 

3. А+ О𝑚×𝑛 = 𝐴 (property of the zero matrix); 

4. А+ (−А) = О𝑚×𝑛 (property of the opposite matrix); 

5. 1 ⋅ А = А; 

6. (𝛼 + 𝛽) ⋅ А = 𝛼 ⋅ А+ 𝛽 ⋅ В (distributive property of multiplication of a 

matrix by a number concerning addition of numbers); 

7. 𝛼 ⋅ (А+ В) = 𝛼 ⋅ А+ 𝛼 ⋅ В (distributive property of matrix 

multiplication by a number relative to the addition of matrices); 

8. 𝛼 ⋅ (𝛽 ⋅ А) = (𝛼𝛽) ⋅ А (associativity of multiplication of a matrix by 

number). 
 

1.4 Nonlinear actions on matrices. Multiplication of matrices 
 

Multiplication of matrices is nonlinear action. Matrix multiplication is a binary 

operation that produces a matrix from two matrices. For matrix multiplication, the 

number of columns in the first matrix must be equal to the number of rows in the second 

matrix. The resulting matrix, known as the matrix product, has the number of rows of 

the first and the number of columns of the second matrix. The product of matrices 𝐴 

and 𝐵 is denoted as 𝐴𝐵. The matrix 𝐴  called consistent with the matrix 𝐵 if the number 

of columns of the matrix 𝐴  is equal to the number of rows of the matrix 𝐵 ("Length" 

of the matrix 𝐴  equal to the "height" of the matrix  𝐵). 

Definitions 1.9 The product of the matrix  А𝑚×𝑙 on the matrix  В𝑙×𝑛 called the 

matrix 𝐶 = 𝐴 ⋅ 𝐵 size 𝑚× 𝑛. The product  𝐴𝐵 = 𝐴𝑚×𝑙 ∙ 𝐵𝑙×𝑛 of two matrices 𝐴𝑚×𝑙 
and  𝐵𝑙×𝑛  can be computed by multiplying elements of the first row of the matrix А𝑚×𝑙 
with the first column of the matrix  В𝑙×𝑛  then, add all the product of elements. Continue 

this process until each row of the first matrix 𝐴𝑚×𝑙 is multiplied with each column of 

the second matrix 𝐵𝑙×𝑛: 

 С𝒎×𝒏 = 𝑨𝒎×𝒍 ⋅ 𝑩𝒍×𝒏 = (𝒄𝒊𝒋)𝒎×𝒏; 

 

 𝑐𝑖𝑗 = 𝑎𝑖1𝑏1𝑗 + 𝑎𝑖2𝑏2𝑗 +⋯+ 𝑎𝑖𝑙𝑏𝑙𝑗 ,  𝑖 = 1,𝑚,  𝑗 = 1, 𝑛, 

 

 

(

 
 

а𝟏𝟏 ⋯ 𝒂𝟏𝒍
⋯ ⋯ ⋯
а𝒊𝟏 ⋯ 𝒂𝒊𝒍
⋯ ⋯ ⋯
𝒂𝒎𝟏 ⋯ 𝒂𝒎𝒍)

 
 
⋅ (

𝒃𝟏𝟏 ⋮ 𝒃𝟏𝒋 ⋮ 𝒃𝟏𝒏
⋮ ⋮ ⋮ ⋮ ⋮
𝒃𝒍𝟏 ⋮ 𝒃𝒍𝒋 ⋮ 𝒃𝒍𝒏

) = (

𝒄𝟏𝟏 ⋮ 𝒄𝟏𝒏
⋯ 𝒄𝒊𝒋 ⋯

𝒄𝒎𝟏 ⋮ 𝒄𝒎𝒏

). 

 

Example 1.1.  Find the product of matrices 𝐴В  and 𝐴В, if: 



10 

А = (
1 2
3 4

),  В = (
1 2 3 4
5 6 7 8

).  

Solution: The product of the matrix А2×2  and   В2×4 there will be a matrix  С2×4: 

А𝐵 = (
1 2
3 4

) (
1 2 3 4
5 6 7 8

) = (
11 14 17 20
23 30 37 44

). 

The product 𝐵𝐴 does not exist because the matrix  В2×4  size  2 × 4  not 

consistent with the matrix  А2×2  size  2 × 2. 

Matrix multiplication is not commutative. That is, the existence of the product 

of matrices 𝐴𝐵   does not ensure the existence of the product 𝐵𝐴 and, if such a product 

exists, they may be unequal. In the case of equality, when 𝐴𝐵 = 𝐵𝐴,  they are called 

permutable (commutative).  

Example 1.2.  Find the matrix 𝐴 ∙ 𝐵 − 𝐵 ∙ 𝐴, if: 

𝐴 = (
1 2 2
2 1 2
1 2 3

),       𝐵 = (
4 1 1
−4 2 0
1 2 1

). 

Solution:  

𝐴 ∙ 𝐵 = (
1 2 2
2 1 2
1 2 3

)(
4 1 1
−4 2 0
1 2 1

) = (
4 − 8 + 2 1 + 4 + 4 1 + 0 + 2
8 − 4 + 2 2 + 2 + 4 2 + 0 + 2
4 − 8 + 3 1 + 4 + 6 1 + 0 + 3

) = 

= (
−2 9 3
6 8 4
−1 11 4

), 

𝐵 ∙ 𝐴 = (
4 1 1
−4 2 0
1 2 1

)(
1 2 2
2 1 2
1 2 3

) = (
4 + 2 + 1 8 + 1 + 2 8 + 2 + 3
−4 + 4 + 0 −8 + 2 + 0 −8 + 4 + 0
1 + 4 + 1 2 + 2 + 2 2 + 4 + 3

) =  

= (
7 11 13
0 −6 −4
6 6 9

). 

𝐴 ∙ 𝐵 ≠ 𝐵 ∙ 𝐴. 

𝐴 ∙ 𝐵 − 𝐵 ∙ 𝐴 = (
−2 9 3
6 8 4
−1 11 4

) − (
7 11 13
0 −6 −4
6 6 9

) = (
−9 −2 −10
6 14 8
−7 5 −5

). 

Single matrix Е𝑛  and zero matrix  О𝑛  order 𝑛 adjustable with any square matrix 

of the same order:  

 АЕ𝒏 = 𝑬𝒏𝑨 = 𝑨              𝑶𝒏𝑨 = 𝑨𝑶𝒏 = 𝑶𝒏. 

 

1.5 Properties of matrix multiplication 

 

For arbitrary matrices 𝐴,  В і С and numbers  𝜆 ∈ ℝ  true identities:  

1. 𝐴𝑚×𝑛 ⋅ (𝐵𝑛×𝑙 ⋅ 𝐶𝑙×𝑝) = (𝐴 ⋅ 𝐵) ⋅ 𝐶  (associative property of matrix 

multiplication). 

2. 𝐶𝑙×𝑚 ⋅ (𝐴𝑚×𝑛 + 𝐵𝑚×𝑛) = 𝐶 ⋅ 𝐴 + 𝐶 ⋅ 𝐵,   
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3. (𝐴𝑚×𝑛 + 𝐵𝑚×𝑛) ⋅ 𝐶𝑛×𝑙 = 𝐴 ⋅ 𝐶 + 𝐵 ⋅ 𝐶 (distributive property of matrix 

multiplication with respect to matrix addition). 

4. 𝜆(𝐴𝑚×𝑛 ⋅ 𝐵𝑛×𝑙) = (𝜆𝐴) ⋅ 𝐵 = 𝐴 ⋅ (𝜆𝐵)  (associative property of 

multiplication of matrices with respect to multiplication by a number). 

5. 𝐴𝑚×𝑛 ⋅ 𝐸𝑛 = 𝐸𝑚 ⋅ 𝐴𝑚×𝑛 = 𝐴  (property of a unit matrix). 

6. 𝐴𝑚×𝑛 ⋅ 𝑂𝑛×𝑙 = 𝑂𝑚×𝑙;  𝑂𝑙×𝑚 ⋅ 𝐴𝑚×𝑛 = 𝑂𝑙×𝑛  (property of the zero 

matrix). 

The matrix 𝐴 it can be multiplied by itself if and only if it is square. Natural 

degree k square matrix 𝐴 understand how  𝐴𝑘 = 𝐴 ⋅ 𝐴 ⋅ … ⋅ 𝐴, where the matrix 𝐴 

multiply k- multiply. 

Polynomial  𝑓(𝐴)   from matrix A (matrix polynomial) is called an expression  

𝑓(𝐴) = 𝑎𝑘𝐴
𝑘 + 𝑎𝑘−1𝐴

𝑘−1 +⋯+ 𝑎1𝐴 + 𝑎0𝐸𝑛 (𝐴𝑛×𝑛
0 = 𝐸𝑛) 

Matrix powers: if matrix 𝐴 is square, then product 𝐴 ∙ 𝐴 makes sense, and is 

denoted 𝐴2 more generally, 𝑘 copies of 𝐴 multiplied together gives 𝐴𝑘:  

𝑨𝒌 = 𝑨𝑨𝑨⋯𝑨⏟      
𝒌

 

by convention we set 𝐴0 = 𝐸, (non-integer powers like 𝐴
1

2 are tricky — that’s an 

advanced topic) and 𝐴𝑘 ∙ 𝐴𝑙 = 𝐴𝑘+𝑙. 
Example 1.3. Find the value of the polynomial 𝑓(𝐴) , if  𝑓(𝑥) = 𝑥3 + 3𝑥2 + 5 

and matrix 𝐴 = (
−2 1
3 −1

) . 

Solution: Matrix polynomial: 𝑓(𝐴) = 𝐴3 + 3𝐴2 + 5𝐸 , 𝐸 = (
1 0
0 1

).  

Find 𝐴2 : 𝐴2 = (
−2 1
3 −1

) (
−2 1
3 −1

) = (
4 + 3 −3
−6 − 3 3 + 1

) = (
7 −3
−9 4

). 

Find 𝐴3: 𝐴2 = (
7 −3
−9 4

) (
−2 1
3 −1

) = (
−14 − 9 7 + 3
18 + 12 −9 − 4

) =

(
−23 10
30 −13

). Substitute the matrices into a polynomial: 

𝑓(𝐴) = (
−23 10
30 −13

) + 3 (
7 −3
−9 4

) + 5 (
1 0
0 1

) = (
3 1
3 4

). 

 

1.6 Transpose of matrix.  

 

Replace matrix rows 𝐴  on its column, and columns - on rows, name 

transposition of a matrix and designate the transposed matrix АТ.  

Definition 1.10 Given a matrix 𝐴, the transpose of 𝐴, denoted АТ, is the matrix 

whose rows are columns of 𝐴,  (and whose columns are rows of 𝐴,). That is, if 𝐴 =
(𝑎𝑖𝑗), then   АТ = (𝑏𝑖𝑗) where 𝑎𝑖𝑗 = 𝑏𝑖𝑗. 

Example 1.4.  Transpose matrices:  𝑋 = (
1
2
3
), 𝐴 = (

2 7
7 0

) and  𝐵 =

(
1 2 3 4
5 6 7 8

).  
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Solutions. 𝑋 Т = (
1
2
3
)

𝑇

= (1 2 3), АТ = (
2 7
7 0

), 𝐵Т = (
1 2 3 4
5 6 7 8

)
Т

=

       = (

1 5
2 6
3 7
4 8

) so, after transposing the columns (rows) of the matrix  𝐵  size  2 × 4  

turned into rows (columns) of the matrix  𝐵Т  size  4 × 2. Matrix 𝐴 has not changed. 

Definition 1.11 (symmetric matrix) A square matrix 𝐴𝑛 is said to be symmetric 

if 𝐴𝑛 = 𝐴𝑛
𝑇 . In other words 𝐴𝑛  is square and 𝑎𝑖𝑗 = 𝑎𝑗𝑖, 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛, 

exceptions may be element 𝑎𝑖𝑖: 𝐴3 = (
𝑎 𝑐
𝑐 𝑏

). 

Definition 1.12 (skew–symmetric matrix) A square matrix 𝐴𝑛 is said to be skew-

symmetric if −𝐴𝑛 = 𝐴𝑛
𝑇 . In other words 𝐴𝑛  is square and 𝑎𝑖𝑗 = −𝑎𝑗𝑖, 1 ≤ 𝑖 ≤ 𝑛, 1 ≤

𝑗 ≤ 𝑛, exceptions may be element 𝑎𝑖𝑖: 𝐴3 = (
𝑎 −𝑐
𝑐 𝑏

). 

For example, any diagonal matrix is symmetric. If in definition of skew–

symmetric matrix to take 𝑎𝑖𝑗 = −𝑎𝑗𝑖 and 𝑎𝑖𝑖 = 0 then: 𝐴3 = (
0 −𝑐
𝑐 0

). 

SYMMETRIC MATRIX    SKEW–SYMMETRIC MATRIX 

    А = (
−1 2 3
2 11 5
3 5 12

)    𝐵 = (
0 −2 3
2 0 −5
−3 5 0

) 

 

1.7 Properties of transposes matrix. 

 

For any matrices 𝐴, 𝐵 and the real number 𝛼 ⊂ ℝ: 

1.  (АТ)
Т
= А;  

2.  (А+ В)Т = АТ + ВТ 

3.   (𝛼А)Т = 𝛼АТ 

4.  (АВ)Т = ВТ ⋅ АТ 

5.  (𝐴1, 𝐴2, ⋯𝐴𝑘)
Т = 𝐴𝑘

𝑇⋯𝐴2
𝑇𝐴1
𝑇. 

6.  (𝐴−1)Т = (𝐴𝑇)−1. 

Proposition: For any square matrix A the matrices 𝑩 = 𝑨А
Т and  𝑪 = 𝑨 + А

Т  

are symmetric: А𝑚×𝑛(А𝑚×𝑛)
Т = А𝑚×𝑛А𝑛×𝑚 = 𝐵𝑚×𝑚. 

Proof: 𝐵𝑇 = (𝐴АТ)
𝑇
= 𝐴АТ

𝑑𝑒𝑓
⇒  𝐴 is symmetric. 

𝐶Т = (𝐴 + АТ)
𝑇
= АТ + 𝐴

𝑑𝑒𝑓
⇒  𝐴 is symmetric. 

Example 1.5. Consider the matrix  А = (
−1 2 3
2 11 5
3 5 12

). Matrix elements, 

symmetrical with respect to the main diagonal are the same, ie it is symmetrical. For 

such a matrix is true   А = АТ. 

The matrix 𝐴  is called obliquely symmetric if   а𝑖𝑗 = −𝑎𝑗𝑖 ,  ∀ 𝑖, 𝑗 = 1, 𝑛. 
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А = (
1 2 −3
−2 11 −5
3 5 12

) ,  −А = АТ. 

 

 

Linear Algebra Questions 
1. Square Matrix: What is the definition of a square matrix? 

2. Diagonal Matrix: What characterizes a matrix as a diagonal matrix? 

3. Identity Matrix: What is meant by an identity matrix? 

4. Linear Operations on Matrices: Which operations on matrices are classified as 

linear operations? 

5. Properties of Linear Operations: What are the properties of linear operations on 

matrices? 

6. Nonlinear Operations on Matrices: Which operations on matrices are considered 

nonlinear? 

7. Compatible Matrices: What does it mean for matrices to be compatible? 

8. Properties of Matrix Multiplication: What are the key properties of matrix 

multiplication? 

9. Matrix Transposition: What is the operation of matrix transposition? 

10. Properties of Matrix Transposition: What are the properties associated with matrix 

transposition? 

 

 

2. DETERMINANTS 

 

2.1 Determinants (determinants) of the 2nd and 3rd orders 

 

For an arbitrary square matrix, a well-defined numerical characteristic is 

introduced - its determinant. Determinant of the matrix 𝐴  denote  |А| = 𝑑𝑒𝑡 𝐴. If the 

matrix consists of one element (𝑎11), then the determinant of this matrix is this element 

itself. 

In accordance with such a matrix, you can put a linear equation  ах = 𝑏, possible 

solutions of which are: 

1.  𝑎 ≠ 0,  𝑥 =
𝑎

𝑏
; 

2.  𝑎 = 𝑏 = 0,  𝑥 ∈ 𝑅; 

3.  𝑎 = 0,  𝑏 ≠ 0 𝑥 ∈ ∅. 

Consider a system of linear equations with two variables: 

{
а1х+ 𝑏1𝑦 = 𝑐1
𝑎2𝑥 + 𝑏2𝑦 = 𝑐2

,        (2.1) 

where the coefficients 𝑎1, 𝑎2, 𝑏1, 𝑏2   and free members  с1,  с2 are arbitrary numbers. 

The solution of such a system will be a pair of numbers (𝑥; 𝑦). The corresponding 

matrix of coefficients of this system is written in the form of a matrix of the 2nd order:  

(
а1 𝑏1
𝑎2 𝑏2

).       (2.2) 

The determinant of this matrix 
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|
𝑎1 𝑏1
𝑎2 𝑏2

|.       (2.3) 

Definitions 2.1 The determinant of the second order, for the matrix                     

𝐴2 = (
𝑎1 𝑏1
𝑎2 𝑏2

) is called a number equal to 𝑎1𝑏2 − 𝑎2𝑏1. The determinant of a square 

matrix 𝐴𝑛 are denoted by |𝐴𝑛| or 𝑑𝑒𝑡𝐴𝑛 = ∆: 

∆= |
𝑎1 𝑏1
𝑎2 𝑏2

| =  𝑎1𝑏2 − 𝑎2𝑏1. 

For finding the solutions of the system of equations (2.1). Multiply the first 

equation of the system by 𝑏2, second on  −𝑏1  and add the obtained equations:  

(𝑎1𝑏2 − 𝑎2𝑏1)𝑥 = 𝑏2𝑐1 − 𝑏1𝑐2.     (2.4) 

Similarly, multiply the equation of the system by −а2 and а1, we get the 

expression:      
(𝑎1𝑏2 − 𝑎2𝑏1)𝑦 = 𝑎1𝑐2 − 𝑎2𝑐1.                                        (2.5) 

Expressions in brackets by definition are determinants. Let's mark: 

 Δ = |
𝑎1 𝑏1
𝑎2 𝑏2

| ,  Δ𝑥 = |
𝑐1 𝑏1
𝑐2 𝑏2

| ,  Δ𝑦 = |
𝑎1 𝑐1
𝑎2 𝑐2

|. 

Then equations (2.4) and (2.5) can be written as   

 Δ ⋅ 𝑥 = Δ𝑥,  Δ ⋅ 𝑦 = Δ𝑦. 

Determinant 𝛥, composed of coefficients for unknown systems (2.1), called the 

determinant of the system. Determinants 𝛥х and 𝛥𝑦 obtained by replacing the first, or, 

respectively, the second column in the determinant  𝛥 column of free members. 

To find the solutions of the system (2.1) we need to consider two cases: 

1) the determinant of the system 𝛥 not equal to zero;  

2) Δ = 0. 

 Consider the case first  Δ ≠ 0. Then from the equations (2.4) and (2.5) we obtain 

formulas for the unknown, which are called Cramer's formulas:  

𝑥 =
Δ𝑥

Δ
,   𝑦 =

Δ𝑦

Δ
.     (2.6) 

By substituting the solution (2.6) into the system (2.1) it is possible to make sure 

that it rotates the equation into identity. Thus, if the system (2.1) at  𝛥 ≠ 0 has a solution  

– a pair of numbers (𝑥; 𝑦), then it is unique and uniquely determined by Cramer's 

formulas (Cramer's rule, Gabriel Cramer (1704–1752)) (2.6).  

If the determinant of the system 𝛥  is zero, then there are two possibilities: a) 

when at least one of the determinants 𝛥х or 𝛥𝑦 not equal to zero and b) when both 

determinants 𝛥хand 𝛥𝑦 equal to zero. In case a) the system (2.1) will have no solutions, 

because equations (2.4) or (2.5) will have an empty set of solutions - the left part is 

zero, and the right - no. In case b) the system (2.1) will have an infinite set of solutions. 

Indeed, with 𝛥 = 𝛥𝑥 = 𝛥𝑦 = 0  and the definition of the determinant implies equality   
𝑎1

𝑎2
=
𝑏1

𝑏2
=
𝑐1

𝑐2
  that is, one of the equations of the system is a consequence of the other 
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and in system (2.1) one equation with two unknowns can be left: {
𝑎1𝑥 + 𝑏1𝑦 = 𝑐1
𝑎2𝑥 + 𝑏2𝑦 = 𝑐2

⇔

𝑎1𝑥 + 𝑏1𝑦 = 𝑐1. But one equation with two unknowns has an infinite number of 

solutions. When at least one of the coefficients 𝑎1  or   𝑏1  is not equal to zero, and one 

of the unknowns can be determined by arbitrary assignment of another unknown.  

The conclusion of consideration of the system (2.1): 

• if the determinant  𝛥 ≠ 0 - the system has a single solution; 

• if 𝛥 = 0, then, in case 𝛥𝑥 = 𝛥𝑦 = 0,  the system has many solutions; 

• if  𝛥𝑥 ≠ 0 or   𝛥𝑦 ≠ 0 the system has no solutions.  

Consider a third-order matrix and define the determinant for such a matrix: 

Definitions 2.2 Determinant of a square matrix of the third order   

𝑨𝟑 = (

а𝟏𝟏 а𝟏𝟐 а𝟏𝟑
а𝟐𝟏 а𝟐𝟐 а𝟐𝟑
а𝟑𝟏 а𝟑𝟐 а𝟑𝟑

)  is a number that is equal to  

    
𝒅𝒆𝒕𝑨 = 𝒂𝟏𝟏𝒂𝟐𝟐𝒂𝟑𝟑 + 𝒂𝟏𝟐𝒂𝟐𝟑𝒂𝟑𝟏 + 𝒂𝟏𝟑𝒂𝟐𝟏𝒂𝟑𝟐 −

−𝒂𝟏𝟑𝒂𝟐𝟐𝒂𝟑𝟏 − 𝒂𝟏𝟐𝒂𝟐𝟏𝒂𝟑𝟑 − 𝒂𝟏𝟏𝒂𝟐𝟑𝒂𝟑𝟐.
   (2.8) 

 

Triangle rule to find the third order determinant: 

 

 + |

[∗] ∗ ∗
∗ [∗] ∗
∗ ∗ [∗]

| + |

∗ [∗] ∗
∗ ∗ [∗]
[∗] ∗ ∗

| + |

∗ ∗ [∗]
[∗] ∗ ∗
∗ [∗] ∗

|- 

 

−|

∗ ∗ [∗]

∗ [∗] ∗
[∗] ∗ ∗

| − |

∗ [∗] ∗
[∗] ∗ ∗
∗ ∗ [∗]

| − |

[∗] ∗ ∗
∗ ∗ [∗]

∗ [∗] ∗
| 

 

French mathematician Pierre Frederic Sarrus (France, 1798 - 1861) proposed an 

original method for finding a third-order determinant, now called his name: Sarrus's 

rule: 

 

+ |

а11 а12 а13
а21 а22 а23
а31 а32 а33

|

а11 а12
а21 а22
а31 а32

 − |

а11 а12 а13
а21 а22 а23
а31 а32 а33

|

а11 а12
а21 а22
а31 а32

 

 

the first term with the sign "+" consists of the product of the elements of the main 

diagonal, the second - of the elements parallel to the main diagonal, starting with 𝑎12- 

𝑎12𝑎23𝑎31 and the third begins with the element 𝑎- а13а21а32. Additions with the sign 

"-" are formed by the products of the elements of the side diagonal and the elements 

located parallel to it.  

There are a number of ways to define the determinant for an 𝑛 × 𝑛 matrix. Let 

us use the so-called cofactor expansion using the product of complementary minor. 

Consider an 𝑛 × 𝑛 matrix 𝐴𝑛: 
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𝒅𝒆𝒕(𝑨𝒏) = |
|

𝒂𝟏𝟏
⋮
𝒂𝟏𝒋
⋮
𝒂𝟏𝒏

 

⋯
⋱
⋯
⋱
⋯

 

𝒂𝟏𝒋
⋮
𝒂𝒊𝒋
⋮
𝒂𝒏𝒋

 

⋯
⋱
⋯
⋱
⋯

 

𝒂𝟏𝒏
⋮
𝒂𝒊𝒏
⋮
𝒂𝒏𝒏

|
|
, 

• The minor (complementary minor) of element 𝒂𝒊𝒋 of 𝐴𝑛 is the 

determinant of  𝑴𝒊𝒋, where 𝑴𝒊𝒋 is the matrix (𝑛 − 1) × (𝑛 − 1) defined by deleting 

row 𝒊 and column 𝒋 from 𝐴𝑛. 

• The numbers  𝑪𝒊𝒋 = (−𝟏)
𝒊+𝒋𝑴𝒊𝒋  are called cofactors of the element 𝒂𝒊𝒋 

of matrix 𝐴𝑛.   

Here is another definition of the determinant using the product of 

complementary minor  𝑀𝑖𝑗 and element  𝑎𝑖𝑗, when if 𝑖 = 1, 1 ≤ 𝑗 ≤ 3: 

𝒅𝒆𝒕(𝑨𝟑) = |

а𝟏𝟏 а𝟏𝟐 а𝟏𝟑
а𝟐𝟏 а𝟐𝟐 а𝟐𝟑
а𝟑𝟏 а𝟑𝟐 а𝟑𝟑

| ⟹ 

𝑀11 = |

∎ ∎ ∎
∎ 𝑎22 𝑎23
∎ 𝑎32 𝑎33

| = |
𝑎22 𝑎23
𝑎32 𝑎33

|,  𝑀12 = |

∎ ∎ ∎
𝑎21 ∎ 𝑎23
𝑎31 ∎ 𝑎33

| = |
𝑎21 𝑎23
𝑎31 𝑎33

|, 

 𝑀13 = |

∎ ∎ ∎
𝑎21 𝑎22 ∎
𝑎31 𝑎32 ∎

| = |
𝑎21 𝑎22
𝑎31 𝑎32

|. 

𝐝𝐞𝐭 (𝑨𝟑) = а𝟏𝟏 |
𝒂𝟐𝟐 𝒂𝟐𝟑
𝒂𝟑𝟐 𝒂𝟑𝟑

| − а𝟏𝟐 |
𝒂𝟐𝟏 𝒂𝟐𝟑
𝒂𝟑𝟏 𝒂𝟑𝟑

| + а𝟏𝟑 |
𝒂𝟐𝟏 𝒂𝟐𝟐
𝒂𝟑𝟏 𝒂𝟑𝟐

|.  

Definitions 2.3. If given a matrix 𝑨𝒏, the complementary minor Minor 𝑀𝑖𝑗 is 

determinant obtained from this matrix by removing 𝑖𝑡ℎ row and  𝑗𝑡ℎ column, when   

1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛.  
Definitions 2.4 The determinant of the matrix 𝐴3 called a number |А| = 𝑑𝑒𝑡 𝐴, 

which is calculated by the rule: 

1) if 𝑛 = 1, then    |а11| = а11. 
2) if 𝑛 = 2,then  𝑑𝑒𝑡 𝐴 = ∑ 𝑎1𝑘(−1)

1+𝑘𝑀1𝑘
2
𝑘=1 , where 𝑀1𝑘 - determinant of 

the order matrix  1, which we obtain from the matrix 𝐴2  by deleting the one line and 

one column: if 𝐴2 = (
𝑎 𝑏
𝑐 𝑑

) ⟹
𝑀11 = |

∎ ∎
∎ 𝑑

| = 𝑑 𝑀12 = |
∎ ∎
𝑐 ∎

| = 𝑐

𝑀21 = |
∎ 𝑏
∎ ∎

| = 𝑏 𝑀22 = |
𝑎 ∎
∎ ∎

| = 𝑎
  and  

 

𝑑𝑒𝑡 𝐴 = 𝑎11(−1)
1+1𝑀11 + 𝑎12(−1)

1+2𝑀12 = 𝑎𝑑 − 𝑐𝑏. 
3) if 𝑛 = 3,then  𝑑𝑒𝑡 𝐴 = ∑ 𝑎1𝑘(−1)

1+𝑘𝑀1𝑘
3
𝑘=1  where М1𝑘 - the determinant of 

the matrix of order 2, which we obtain from the matrix 𝐴3, deleting one row and 

alternately one column:  

𝑑𝑒𝑡 𝐴3 = 𝑎11(−1)
1+1𝑀11+𝑎12(−1)

1+2𝑀12 + 𝑎13(−1)
1+3𝑀13,            (2.9)  

And 

𝒅𝒆𝒕𝑨𝟑 = 𝒂𝟏𝟏(−𝟏)
𝟏+𝟏 |

𝒂𝟐𝟐 𝒂𝟐𝟑
𝒂𝟑𝟐 𝒂𝟑𝟑

|+𝒂𝟏𝟐(−𝟏)
𝟏+𝟐 |

𝒂𝟐𝟏 𝒂𝟐𝟑
𝒂𝟑𝟏 𝒂𝟑𝟑

| + 

+𝒂𝟏𝟑(−𝟏)
𝟏+𝟑 |

𝒂𝟐𝟐 𝒂𝟐𝟑
𝒂𝟑𝟐 𝒂𝟑𝟑

|. 
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And that is why this method of computing the determinant is called the cofactor 

expansion.  

In linear algebra, the Laplace expansion, named after Pierre-Simon Laplace, 

also called cofactor expansion, is an expression of the determinant of matrix 𝐴𝑛 as a 

weighted sum of minors 𝑀𝑖𝑗, which are determinants of some (𝑛 − 1) × (𝑛 −

1)  submatrices of matrix  𝐴𝑛. Using this concept, Laplace's theorem is formulated. 

Specifically, for every 𝒊 row: 

det(𝐴𝑛) =∑(−1)𝑖+𝑗𝑎𝑖𝑗

𝑛

𝑗

𝑀𝑖𝑗 =∑𝐶𝑖𝑗

𝑛

𝑗

. 

Also, we can expand along a 𝒋 column: 

det(𝐴𝑛) =∑(−1)𝑖+𝑗𝑎𝑖𝑗

𝑛

𝑖

𝑀𝑖𝑗 =∑𝐶𝑖𝑗

𝑛

𝑖

. 

Laplace's theorem: The determinant is equal to the sum of the products of the 

elements of any row (column) multiplied by their cofactors:   

  

𝚫А = а𝒊𝟏А𝒊𝟏 + а𝒊𝟐А𝒊𝟐 + ⋯+ 𝒂𝒊𝒏𝑨𝒊𝒏, 
𝚫А = а𝟏𝒋А𝟏𝒋 + а𝟐𝒋А𝟐𝒋 + ⋯+ 𝒂𝒏𝒋𝑨𝒏𝒋. 

or in other words: 

det(𝐴𝑛) = а𝟏𝟏А𝟏𝟏 + а𝟏𝟐А𝟏𝟐 + 𝒂𝟏𝟑𝑨𝟏𝟑 −⋯{
+𝒂𝟏𝒏𝒅𝒆𝒕(𝑨𝟏𝒏) 𝒊𝒇 𝒏 𝒊𝒔 𝒐𝒅𝒅,
−𝒂𝟏𝒏𝐝𝐞𝐭 (𝑨𝟏𝒏) 𝒊𝒇 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏.

 

For a 3 × 3  matrix, we get: 

|
1 2 3
4 5 6
7 8 9

| = 1 ∙ |
5 6
8 9

| − 2 ∙ |
4 6
7 9

| + 3 ∙ |
4 5
7 8

| = 0. 

It turns out that we did not have to necessarily use the first row. That is for any 𝒊: 

|
1 2 3
0 5 0
7 8 9

| = −0 ∙ |
2 3
8 9

| + 5 ∙ |
1 3
7 9

| − 0 ∙ |
1 2
7 8

| = 5 ∙ (9 − 21) = −60. 

 

Consequence (Cancellation theorem):  The sum of the products of the elements 

of one row multiplied by cofactors to the elements of another row is zero. 

The application of Laplace's theorem allows when calculating the determinants 

of the n-th order to proceed to the calculation of the determinants (𝑛 − 1) -th order. 

Example 2.1. Solve the equation: |
3 𝑥 −𝑥
2 −1 3

𝑥 + 10 1 1
| = 0.  

Solutions. By the rule of the triangle we write down the value of the 

determinant:−3 − 2𝑥 + 3𝑥(𝑥 + 10) − 𝑥(𝑥 + 10) − 2𝑥 − 9 = 0, 𝑥2 + 8𝑥 − 6 = 0. 

Where do we get the roots of the equation: 𝑥 = −4 ± √22. 

 

2.2 Properties of the determinant  

 

1. Equality of rows and columns. If 𝐴𝑛 is a square matrix then the value of the 

Determinant is not altered by interchanging the rows and columns: 
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𝑑𝑒𝑡 𝐴 = 𝑑𝑒𝑡 𝐴𝑇 ; |
𝑎11 𝑎12
𝑎21 𝑎22

| = |
𝑎11 𝑎21
𝑎12 𝑎22

|.                       (2.11) 

2. Linearity. If the column (row) of the determinant is the sum of two columns 

(rows), then the determinant is equal to the sum of the two corresponding determinants 

(𝑑𝑒𝑡𝐶 = 𝑑𝑒𝑡𝐴 + 𝑑𝑒𝑡𝐵,  if 𝐶 = 𝐴 + 𝐵):  

|
𝑎11 𝑎12 + 𝑏12
𝑎21 𝑎22 + 𝑏22

| = |
𝑎11 𝑎21
𝑎12 𝑎22

| + |
𝑎11 𝑏21
𝑎12 𝑏22

|.   (2.12) 

3. Homogeneity. If one column (row) of a matrix is multiplied by a scalar, the 

determinant is multiplied by the same scalar.:  

𝑑𝑒𝑡( 𝑘𝐴𝑛) = 𝑘
𝑛 𝑑𝑒𝑡 𝐴 ; |

𝑎11 𝑘𝑎12
𝑎21 𝑘𝑎22

| = 𝑘 |
𝑎11 𝑎21
𝑎12 𝑎22

|.   (2.13) 

4. Antisymmetry (Switch two rows) When we switch two rows (columns) of a 

matrix, the determinant is multiplied by  (−1), but its numerical value is unaltered: 

|
𝑎11 𝑎12
𝑎21 𝑎22

| = − |
𝑎21 𝑎22
𝑎11 𝑎12

| = − |
𝑎12 𝑎11
𝑎22 𝑎21

|.            (2.14) 

5. Equality conditions are zero determinant. The determinant of the matrix is 

zero if the matrix contains: 

a) zero column (row); 

b) two identical columns (rows); 

c) proportional columns (rows);  

|
𝑎11 𝑎12
0 0

| = |
𝑎11 𝑎12
𝑎11 𝑎12

| = |
𝑎11 𝑘𝑎11
𝑎21 𝑘𝑎21

| = 0.    (2.15) 

6. Cancellation theorem: The sum of the products of the elements of a column 

(row) of the determinant on cofactors of the corresponding elements of another column 

(row) is equal to zero:    

    ∑ 𝑎𝑖𝑗𝑀𝑖𝑘
𝑛
𝑘=1 = 0,  𝑗 ≠ 𝑘       (2.16) 

 

Conclusion: а11А12 + а21А22 = 0,  а11А11 + а21А21 = 𝑑𝑒𝑡 𝐴. 

7. Adding a scalar multiple of one row (column) to another does not change the 

determinant of a matrix: 

 |
𝑎11 + 𝑘𝑎21 𝑎12 + 𝑘𝑎22
𝑎21 𝑎22

| = |
𝑎11 𝑎12
𝑎21 𝑎22

|. 

 

8. The determinant of the matrix product is equal to the product of the 

determinant values:  

 𝑑𝑒𝑡( 𝐴𝐵) = 𝑑𝑒𝑡 𝐴 ⋅ 𝑑𝑒𝑡 𝐵. 
For upper triangular or lower triangular matrix: 

Let 𝐴𝑛 be an upper triangular matrix. Then 𝑑𝑒𝑡 𝐴 is the product of the diagonal 

entries of 𝐴:  

𝑑𝑒𝑡 𝐴 = 𝑎11 ∙ 𝑎22 ∙ ⋯ ∙ 𝑎𝑛𝑛. 
If upper triangular or lower triangular matrix is given, the determinant for 

triangular matrices is very simple to compute:   

|
1 2 3
0 5 6
0 0 9

| = 1 ∙ 5 ∙ 9 = 45. 

Consider the lower triangular matrix: 
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|
1 0 0
4 5 0
7 8 9

| = 1 ∙ 5 ∙ 9 = 45, 

if we expand along the first row, we find that the determinant is 1 times the determinant 

of the lower triangular matrix: 

|
1 0 0
4 5 0
7 8 9

| = 1 ∙ (−1)1+1 |
5 0
8 9

| = 45. 

So the deteriminant is just the product of the diagonal entries: 

Example 2.2. Find the value of the determinant by the method of decomposition 

by elements of a row or column: |

2 −1 1 0
0 1 2 −1
3 −1 2 −1
3 1 6 1

|. 

Solution:  It is convenient to calculate on a row or column that has the element 

zero elements. Let's write the schedule by the second row using Laplace's theorem: 

  

 |

2 −1 1 0
0 1 2 −1
3 −1 2 −1
3 1 6 1

| = 2(−1)1+1 |
1 2 −1
−1 2 −1
1 6 1

| + 

+(−1)(−1)1+2 |
0 2 −1
3 2 −1
3 6 1

| + (−1)1+3 |
0 1 −1
3 −1 −1
3 1 1

| = 

= 2(1(−1)1+1 |
2 −1
6 1

| + 2(−1)1+2 |
−1 −1
1 1

| + (−1)(−1)1+3 |
−1 2
1 6

|) + 

+(2(−1)1+2 |
3 −1
3 1

| + (−1)(−1)1+3 |
3 2
3 6

|)

+ ((−1)1+2 |
3 −1
3 1

| − (−1)(−1)1+3 |
3 −1
3 1

|) = 

= 2(8 + 8) + 24 − 12 = −4. 

 

Example 2.3.  Prove: |

𝑎1 + 𝑏1𝑥 𝑎1 − 𝑏1𝑥 𝑐1
𝑎2 + 𝑏2𝑥 𝑎2 − 𝑏2𝑥 𝑐2
𝑎3 + 𝑏3𝑥 𝑎3 − 𝑏3𝑥 𝑐3

| = −2𝑥 |

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

|. 

 

Solutions. Let's use the linear property of determinant (2): 

|

𝑎1 + 𝑏1𝑥 𝑎1 − 𝑏1𝑥 𝑐1
𝑎2 + 𝑏2𝑥 𝑎2 − 𝑏2𝑥 𝑐2
𝑎3 + 𝑏3𝑥 𝑎3 − 𝑏3𝑥 𝑐3

| = |

𝑎1 𝑎1 − 𝑏1𝑥 𝑐1
𝑎2 𝑎2 − 𝑏2𝑥 𝑐2
𝑎3 𝑎3 − 𝑏3𝑥 𝑐3

| + |

𝑏1𝑥 𝑎1 − 𝑏1𝑥 𝑐1
𝑏2𝑥 𝑎2 − 𝑏2𝑥 𝑐2
𝑏3𝑥 𝑎3 − 𝑏3𝑥 𝑐3

|  

then to each of the determinants apply the above property again: 

|

𝑎1 𝑎1 𝑐1
𝑎2 𝑎2 𝑐2
𝑎3 𝑎3 𝑐3

| + |

𝑎1 −𝑏1𝑥 𝑐1
𝑎2 −𝑏2𝑥 𝑐2
𝑎3 −𝑏3𝑥 𝑐3

| + |

𝑏1𝑥 𝑎1 𝑐1
𝑏2𝑥 𝑎2 𝑐2
𝑏3𝑥 𝑎3 𝑐3

| + |

𝑏1𝑥 −𝑏1𝑥 𝑐1
𝑏2𝑥 −𝑏2𝑥 𝑐2
𝑏3𝑥 −𝑏3𝑥 𝑐3

|,  

The first and fourth terms are equal to zero under the condition that the 

determinant (5) is equal to zero. In the second term, you can take the minus sign as the 

sign of the determinant, and in the third term switch two columns. The permutation of 
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the second and third columns will change the sign of the determinant.  Lastly, if you 

add them, the proof will be finished. 

 

2.3 The concept of the determinant of the 𝒏-th order. 

 

Definitions 2.5  Determinant of matrix 𝐴𝑛 will be called sum, which has 𝑛! 
different terms  (−1)𝑡𝑎1𝛼1𝑎2𝛼2 …𝑎𝑛𝛼𝑛  which will be formed of the matrix 𝐴𝑛 

elements. The multiplier (−1)−𝑡 , where 𝑡 - the number of inversions in the second 

indices 𝛼1, 𝛼2, … 𝛼𝑛, if the elements of the term are arranged in ascending order of 

the first indices.  

𝛥𝐴 = |

𝑎11 𝑎12 ⋯ 𝑎1𝑛
𝑎21 𝑎22 ⋯ 𝑎2𝑛
⋯ ⋯ ⋯ ⋯
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛

| ⟹ 

⟹ (−1)𝑖𝑛𝑣(𝜎1,𝜎2,…𝜎𝑛) = {
1, 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛,
−1, 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 .

⟹ 

⇒ 𝑑𝑒𝑡 𝐴 = ∑ (−1)𝑖𝑛𝑣(𝜎1,𝜎2,…𝜎𝑛)(𝜎1,𝜎,…𝜎𝑛) 𝑎1𝜎1𝑎2𝜎2 …𝑎𝑛𝜎𝑛.           (2.17) 

 

Here is another definition of the determinant with a minor  М𝑖𝑗 element  𝑎𝑖𝑗. 

 

2.4 Permutations 

 

In order to define the determinant function, we will need to understand some 

simple facts about permutations. We begin with some definitions and very simple 

properties. 

Definition 2.6 Let 𝑆 = {1,⋯ , 𝑛}  A permutation of 𝑆 is a function 𝜎 : 

𝑆 → 𝑆 such that the following two properties hold: 

1. If 𝑖 𝜖𝑆 and 𝑗 𝜖𝑆 are different, then 𝜎(𝑖) ≠ 𝜎(𝑗).  
2. If i ∈ S then 𝑖 = 𝜎(𝑗) for some 𝑗 𝜖𝑆. 

One way to write a permutation is just to list what 𝜎(1), 𝜎(2)⋯𝜎(𝑛) are. The 

result will be a rearrangement of the numbers from 1 through 𝑛, with every number 

appearing at least once (by property 2 of Definition 2.6), and no number appearing 

more than once (by property 1). For instance, for the permutation of {1,2,3} with 

𝜎(1) = 2, 𝜎(2) = 3, 𝜎(3) = 1, we might talk about the permutation (2,3,1), or even 

just the permutation 231 (note that this last way of writing things breaks down when 

𝑛 ≥ 10. When 𝑛 is small, we can easily list all permutations of {1,⋯ , 𝑛}. For instance 

for 𝑛 = 3, there are 6 permutations: 

(1,2,3),   (2,1,3),   (1,3,2),  
(3,2,1),   (2,3,1),   (3,1,2). 

Definition 2.7  𝑆𝑛 is the set of all permutations of the numbers {1,⋯ , 𝑛}. 
Definition 2.8 Let 𝑆 = {1,⋯ , 𝑛}  and let 𝜎: 𝑆 → 𝑆 be a permutation. An 

inversion in 𝜎 is a pair  (𝜎(𝑖), 𝜎(𝑗)) with 𝑖 𝜖𝑆, 𝑗 𝜖𝑆 and 𝑖 < 𝑗, such that 𝜎(𝑖) > 𝜎(𝑗). 
If we write our permutation as a rearrangement, we can easily count the number 

of inversions, by counting how often a larger number precedes a smaller one. We count 

the number of inversions in several permutations: 
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𝑛 = 5    𝟑𝟐𝟒𝟓𝟏   5 inversions: (3,2), (3,1), (2,1), (4,1), (5,1).                      
𝑛 = 5    𝟏𝟑𝟐𝟒𝟓   1 inversion: (3,2).                                                                      
𝑛 = 5    𝟓𝟒𝟏𝟐𝟑   7 inversions (5,4), (5,3), (5,2), (5,1), (4,3), (4,2), (4,1). 
𝑛 = 4    𝟒𝟑𝟐𝟏   6 inversions (4,3), (4,2), (4,1), (3,2), (3,1), (2,1).               
Note how organizing the counting makes it easier to keep track of which 

inversions have already been counted–we first count the number of inversions 

beginning with 𝜎(1) (the first number), then those beginning with 𝜎(2), etc. 

Definition 2.9 A permutation is called even if it contains an even number of 

inversions. It is called odd if it contains an odd number of inversions. If 𝜎 is a 

permutation, we will define sign(𝝈) by the following rule: 

 

𝒔𝒊𝒈𝒏(𝝈) = {
𝟏 𝒊𝒇 𝝈 𝒊𝒔 𝒆𝒗𝒆𝒏,
−𝟏 𝒊𝒇 𝝈 𝒊𝒔 𝒐𝒅𝒅,

⟹ 𝒔𝒊𝒈𝒏(𝝈) = (−𝟏)𝒊+𝒋. 

 

Throughout this section, let 𝐴 be an 𝒏 × 𝒏 matrix, and denote its (𝑖, 𝑗) entry by 𝑎𝑖𝑗. 

Definition 2.10 Let 𝝈 ∈ 𝑺𝒏. The elementary product associated to 𝝈 is the 

product: 𝒂𝟏𝝈(𝟏)𝒂𝟐𝝈(𝟐)⋯𝒂𝒏𝝈(𝒏). The signed elementary product associated to 𝝈 is the 

product: 

𝒔𝒊𝒈𝒏(𝝈)𝒂𝟏𝝈(𝟏)𝒂𝟐𝝈(𝟐)⋯𝒂𝒏𝝈(𝒏). 

 

One of the most significant facts about the elementary products of matrix 𝐴 is 

that each elementary product includes exactly one element from every row of 𝐴 and 

exactly one element from every column of 𝐴. This property plays a crucial role in 

proving several fundamental facts about determinants. Let us examine three-by-three 

determinants: 

 

𝒅𝒆𝒕(𝑨𝟑) = |

а𝟏𝟏 а𝟏𝟐 а𝟏𝟑
а𝟐𝟏 а𝟐𝟐 а𝟐𝟑
а𝟑𝟏 а𝟑𝟐 а𝟑𝟑

| ⟹ 

⟹ 𝒂𝟏𝟏𝒂𝟐𝟐𝒂𝟑𝟑 + 𝒂𝟏𝟐𝒂𝟐𝟑𝒂𝟑𝟏 + 𝒂𝟏𝟑𝒂𝟐𝟏𝒂𝟑𝟐 −
−𝒂𝟏𝟑𝒂𝟐𝟐𝒂𝟑𝟏 − 𝒂𝟏𝟐𝒂𝟐𝟏𝒂𝟑𝟑 − 𝒂𝟏𝟏𝒂𝟐𝟑𝒂𝟑𝟐.

 

 

There are six permutations in 𝑺𝒏, giving the following signed elementary products: 

 
𝝈 𝒔𝒊𝒈𝒏(𝝈) elementary 

products 

123 1 а𝟏𝟏а𝟐𝟐а𝟑𝟑 

132 -1 а𝟏𝟏а𝟐𝟑а𝟑𝟐 

213 -1 а𝟏𝟐а𝟐𝟏а𝟑𝟑 

231 1 а𝟏𝟐а𝟐𝟑а𝟑𝟏 

312 1 а𝟏𝟑а𝟐𝟏а𝟑𝟐 

321 -1 а𝟏𝟑а𝟐𝟐а𝟑𝟏 
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Definition 2.11 Let 𝐴 be an 𝑛 × 𝑛 matrix. The determinant of 𝐴 is the sum of all 

the signed elementary products of 𝐴 (as 𝝈 runs through all possible permutations). In 

symbols, 

𝒅𝒆𝒕(𝑨) = ∑ 𝒔𝒊𝒈𝒏(𝝈)𝒂𝟏𝝈(𝟏)𝒂𝟐𝝈(𝟐)⋯𝒂𝒏𝝈(𝒏)
𝝈 𝒊𝒏 𝑺𝒏

= 

= ∑ (−𝟏)𝒊𝒏𝒗(𝝈𝟏,𝝈𝟐,…𝝈𝒏)

(𝝈𝟏,𝝈,…𝝈𝒏)

𝒂𝟏𝝈𝟏𝒂𝟐𝝈𝟐 …𝒂𝒏𝝈𝒏 . 

 

2.5 Calculation of the determinant by reduction to a triangular shape. 

 

We can reduce the matrix to a triangular form and then just calculate the product 

of the numbers down the diagonal. 

Definitions 2.12 Elementary transformations of the matrix are called 

1) rearrangement of rows (columns); 

2) multiplication of a column (row) by a number other than zero; 

3) adding to the column (row) another column (row) multiplied by some 

number. 

Matrix 𝐴 and 𝐵 are called equivalent if one of them is obtained from another 

with a finite number of elementary transformations, and denote   А~𝐵. 

The method of reducing the determinant to a triangular shape using its properties 

is to convert the determinant to the form when all the elements located on one side of 

the main diagonal are zero. 

Scheme of the method of reducing the determinant to a triangular shape: 

Consider the determinant 𝛥п = 𝑑𝑒𝑡 𝐴, matrix 𝐴  order 𝑛:  

1. If all the elements of the 1st column are equal to 0, then 𝑑𝑒𝑡 𝐴 = 0. 

2. Let  а11 ≠ 0, (If this is not the case, you can achieve this by rearranging 

the lines, remembering to change the sign).    

Add the 1st line multiplied by the factor  (−
𝑎𝑠1

𝑎11
) to the s-th line,  𝑠 = 2, 𝑛:  

 𝑑𝑒𝑡 𝐴 = |

𝑎11 𝑎12 ⋯ 𝑎1𝑛
𝑎21 𝑎22 ⋯ 𝑎2𝑛
⋯ ⋯ ⋯ ⋯
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛

| = 

||

𝑎11 𝑎12 ⋯ 𝑎1𝑛

𝑎21 −
𝑎21
𝑎11
𝑎11 𝑎22 −

𝑎21
𝑎11
𝑎12 ⋯ 𝑎2𝑛 −

𝑎21
𝑎11
𝑎1𝑛

⋯ ⋯ ⋯ ⋯
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛

|| =  

 

= |

𝑎11 𝑎12 ⋯ ⋯
0 𝑏22 𝑏23 ⋯
⋯ ⋯ ⋯ ⋯
0 𝑏𝑛2 𝑏𝑛3 ⋯

𝑎1𝑛
𝑏2𝑛

𝑏𝑛𝑛

|,   where    𝑏𝑖𝑗 = 𝑎𝑖𝑗 −
𝑎𝑖1

𝑎11
𝑎𝑖𝑗 , 𝑖 = 2, 𝑛,  𝑗 = 2, 𝑛 

3. For the determinant  𝛥𝑛−1 repeat paragraphs. 1 and 2. 
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Example 2.4. Calculate the determinant by reducing it to a triangular shape:  

                                        |

2 −1 1 0
0 1 2 −1
3 −1 2 −1
3 1 6 1

| . 

 

Solutions. Swap the first and second columns. After this action, the determinant 

will change the sign. Let's rewrite the first line without changes. Add the first line to 

the second line, write the result in the second line. Add to the third line the first line 

multiplied by (-1). Write the result in the third line. Add the first and fourth lines and 

write the result in the fourth line. Thus, using property (7), we obtained all zeros in the 

first column of the determinant except the element 𝑎11 . 

 

|

2 −1 1 0
0 1 2 −1
3 −1 2 −1
3 1 6 1

| =⏞
𝑪𝟏↔𝑪𝟐

− |

−1 2 1 0
1 0 2 −1
−1 3 2 −1
1 3 6 1

| =⏞
𝑹𝟐→𝑹𝟏+𝑹𝟐

− |

−1 2 1 0
0 2 3 −1
−1 3 2 −1
1 3 6 1

| = 

=⏞
𝑹𝟑→𝑹𝟏−𝑹𝟑

− |

−1 2 1 0
0 2 3 −1
0 1 1 −1
1 3 6 1

| =⏞
𝑹𝟒→𝑹𝟏+𝑹𝟒

− |

−1 2 1 0
0 2 3 −1
0 1 1 −1
0 5 7 1

| = 

 

Next, repeat the same steps with the second column. Because the third line has 

an element 𝑎32 equal to one, swap the second and third lines: 

=⏞
𝑅2↔3

|

−1 2 1 0
0 1 1 −1
0 2 3 −1
0 5 7 1

| =⏞
𝑹𝟑→𝑹𝟐∗(−𝟐)+𝑹𝟑

|

−1 2 1 0
0 1 1 −1
0 0 1 1
0 5 7 1

| = 

 

Multiply the second line by (-2) and add to the third, write the result in the third 

line. Multiply the second line by (-5), add to the fourth line and write the result in the 

fourth line. It remains to get zero on the position of the element. To do this, rewrite the 

first three lines without changes and multiply the third line by (-2) and add to the fourth 

line: 

=⏞
𝑹𝟒→𝑹𝟐∗(−𝟓)+𝑹𝟒

|

−1 2 1 0
0 1 1 −1
0 0 1 1
0 0 2 6

| =⏞
𝑹𝟒→𝑹𝟑∗(−𝟐)+𝑹𝟒

|

−1 2 1 0
0 1 1 −1
0 0 1 1
0 0 0 4

| = −4. 

The determinant is equal to the product of the elements of the main diagonal. 

 

2.6 Application of determinants. Cramer's formulas 

 

Using the properties of determinants, we can write formulas for finding 

unknowns in a system of 𝑛-linear equations with n unknowns, which were first proved 

by the Swiss mathematician Gabriel Kramer (1750). We write a system of 𝑛-linear 

equations:  
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       {

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

;      (2.18). 

The system can be written in matrix А𝑛×𝑛 ⋅ Х𝑛×1 = В𝑛×1, in the form where 

 

А = (

𝑎11 𝑎12 ⋯ 𝑎1𝑛
𝑎21 𝑎22 ⋯ 𝑎2𝑛
⋯ ⋯ ⋯ ⋯
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛

) – coefficient matrix,  𝑋 = (

𝑥1
𝑥2
⋮
𝑥𝑛

)- vector column of 

variables,  𝐵⃗ = (

𝑏1
𝑏2
⋮
𝑏𝑛

)- vector column of free members. 

Let the determinant of the coefficient matrix be nonzero. Multiply each of the 

equations of system (2.18) by cofactors to the first column of the coefficient matrix 

Ап×п:    

{

𝑎11𝑥1𝐴11 + 𝑎12𝑥2𝐴11 +⋯+ 𝑎1𝑛𝑥𝑛𝐴11 = 𝑏1𝐴11;
𝑎21𝑥1𝐴21 + 𝑎22𝑥2𝐴21 +⋯+ 𝑎2𝑛𝑥𝑛𝐴21 = 𝑏2𝐴21;

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯
𝑎𝑛1𝑥1𝐴𝑛2 + 𝑎𝑛2𝑥2𝐴𝑛2 +⋯+ 𝑎𝑛𝑛𝑥𝑛𝐴𝑛2 = 𝑏𝑛𝐴𝑛2,

   

add the equation of the system and make identical transformations:  

 
𝑥1(𝑎11𝐴11 + 𝑎21𝐴21 +⋯+ 𝑎𝑛1𝐴𝑛1) + 𝑥2(𝑎12𝐴11 + 𝑎22𝐴21 +⋯+ 𝑎𝑛1𝐴𝑛1) +
+𝑥𝑛(𝑎𝑛1𝐴11 + 𝑎22𝐴21 +⋯+ 𝑎𝑛𝑛𝐴𝑛1) = 𝑏1𝐴11 + 𝑏2𝐴21 +⋯+ 𝑏2𝐴𝑛1

  (*) 

Multipliers at 𝑥𝑖, 𝑖 = 2, 𝑛; will be equal to zero by the annulment theorem. The 

coefficient at 𝑥1 is a determinant of the matrix of coefficients Ап×п, by Laplace's 

theorem. The right-hand side of the equality can be written by the determinant of the 

coefficient matrix А𝑛×𝑛, in which the first column vector 𝑎1𝑛⃗⃗ ⃗⃗ ⃗⃗  ,  𝑖 = 1, 𝑛 replaced by a 

column of free members vector 𝑏1𝑛⃗⃗ ⃗⃗⃗⃗ ,  𝑖 = 1, 𝑛:   

 

∆𝒙𝟏= |

𝑏1 𝑎12 ⋯ 𝑎1𝑛
𝑏2
⋯
𝑏𝑛

𝑎22 ⋯ 
⋯   ⋯
𝑎𝑛2 ⋯ 

𝑎2𝑛
⋯
𝑎𝑛𝑛

|, 

 

Then the expression (*) can be written as follows: 𝒙𝟏∆𝑨= ∆𝒙𝟏. 

Multiply equation of system (2.18) by algebraic additions to the second column 

of the coefficient matrix Ап×п:  
𝑥1(𝑎11𝐴12 + 𝑎21𝐴22 +⋯+ 𝑎𝑛1𝐴𝑛2) + 𝑥2(𝑎12𝐴12 + 𝑎22𝐴22 +⋯+ 𝑎𝑛2𝐴𝑛2) +
+𝑥𝑛(𝑎1𝑛𝐴12 + 𝑎2𝑛𝐴22 +⋯+ 𝑎𝑛𝑛𝐴𝑛2) = 𝑏1𝐴12 + 𝑏2𝐴22 +⋯+ 𝑏2𝐴𝑛2

   (**) 

Now all the coefficients for the unknown, except the unknown, will be zero. We 

write the right-hand side of equality (**) using Laplace's theorem: 
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       𝒙𝟐∆𝑨= ∆𝒙𝟐, where      ∆𝒙𝟐= |

𝑎12 𝑏1 ⋯ 𝑎1𝑛
𝑎21
⋯
𝑎1𝑛

𝑏2 ⋯ 
⋯   ⋯
𝑏𝑛 ⋯ 

𝑎2𝑛
⋯
𝑎𝑛𝑛

|. 

 

 Continuing the multiplication of system (2.18) by algebraic additions to all 

subsequent columns of the coefficient matrix Ап×п, and using the cancellation theorem 

and Laplace's theorem, we obtain Cramer's formulas for solving a linear algebraic 

system of n equations with n unknowns (2.18): 
 

𝑥𝑖 =
∆𝒙𝒊

∆𝐴
, 𝑖 = 1, 𝑛, where   ∆𝒙𝒊= |

𝑎12 ⋯   𝑏1 ⋯  𝑎1𝑛
𝑎21
⋯
𝑎1𝑛

⋯  𝑏2 ⋯ 
⋯   ⋯ ⋯ 
⋯   𝑏𝑛 ⋯ 

𝑎2𝑛
⋯
𝑎𝑛𝑛

|   (2.19) 

 

Theorem (Cramer's formulas): If a system of 𝒏 linear equations in 𝒏 variables 

has a coefficient matrix 𝐴 with a nonzero determinant 𝛥𝐴 ≠ 0 then the solution of the 

system 

{

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛.

   

is: 

𝒙𝟏 =
∆𝒙𝟏
∆𝑨
, 𝒙𝟐 =

∆𝒙𝟐
∆𝑨
, ⋯ , 𝒙𝒏 =

∆𝒙𝒏
∆𝑨
, 

 

where the 𝑖-th column of  𝐴 is the column of constants in the system of equations. 

To check the solutions found  𝑥𝑖, you can substitute the found vector  𝑋  into the 

system. 

Example 2.5. Solve the system by Cramer's method: {

3𝑥1 + 𝑥2 − 3𝑥3 = 3,
𝑥1 + 𝑥2 + 2𝑥3 = 2,
−𝑥1 + 𝑥2 + 𝑥3 = 0.

 

Solutions: Coefficient matrix ∆𝑨= |
𝟑 𝟏 −𝟑
𝟏 𝟏 𝟐
−𝟏 𝟏 𝟏

| = −𝟏𝟏. We find: 

∆𝒙𝟏= |
𝟑 𝟏 −𝟑
𝟐 𝟏 𝟐
𝟎 𝟏 𝟏

| = −𝟏𝟏,  ∆𝒙𝟐= |
𝟑 𝟑 −𝟑
𝟏 𝟐 𝟐
−𝟏 𝟎 𝟏

| = −𝟏𝟏,  ∆𝒙𝟑= |
𝟑 𝟏 𝟑
𝟏 𝟏 𝟐
−𝟏 𝟏 𝟎

| = 𝟎.  

According to Cramer's formulas (2.20) we obtain the values of the 𝑥1 =
−11

−11
=

= 1, 𝑥2 =
−11

−11
= 1, 𝑥3 =

0

−11
= 0, then the solution column vector: 𝑋 = (

1
1
0
). 

By substituting into the system, we make sure that the solution is found correctly. 
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2.7 The adjoint of a matrix 

 

The matrix of cofactors of matrix 𝑨 has the form: 

[

𝐶12 𝐶12 ⋯ 𝐶12
𝐶21
⋯
𝑎1𝑛

𝐶22 ⋯ 
⋯   ⋯
𝑏𝑛 ⋯ 

𝑎2𝑛
⋯
𝑎𝑛𝑛

]. 

The transpose of this matrix is called the adjoint of and is denoted by adj That 

is, 

𝒂𝒅𝒋(𝑨) = [

𝐶11 𝐶21 ⋯ 𝐶𝑛1
𝐶12
⋯
𝐶1𝑛

𝐶22 ⋯ 
⋯   ⋯
𝐶2𝑛 ⋯ 

𝐶𝑛2
⋯
𝐶𝑛𝑛

]. 

The adjoint of a matrix is useful for finding the inverse of as indicated in the next 

theorem. 

If 𝑨 is square, and (square) matrix 𝐵 satisfies 𝐴𝐵 = 𝐸𝑛, then: 

• matrix 𝐵 is called the inverse of 𝐴, and is denoted 𝐴−1; 
• the matrix 𝐴 is called invertible or nonsingular. 

Definitions 2.13 Given a square matrix А, the inverse of A, denoted А−1 is 

defined to be the matrix such that: 

А−1 ⋅ А = А ⋅ А−1 = Еп. 

Matrix inversion is the process of finding the matrix А−1 that satisfies the prior 

equation for a given invertible matrix 𝐴. Note that inverses are only defined for square 

matrices. Not all matrices have inverses. If  𝐴 is not invertible it is called singular. 

From the definition it follows that the matrix   𝐴  and  А−1 reciprocal and 

permutable. For a single matrix Еп𝐸𝑛
−1 = Еп , and   (Еп)

−1 = Еп.  

Definitions 2.14 A square matrix is called non-singular (nondegenerate) if its 

determinant is nonzero. 

Theorem 2.1 The Inverse of a Matrix Given by Its Adjoint 

If is an п × п invertible matrix, then А−𝟏 =
𝟏

𝐝𝐞𝐭 (𝑨)
𝒂𝒅𝒋(𝑨). 

Consider a linear system of equations: {

𝑦1 = 𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛;
𝑦2 = 𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑦𝑛 = 𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛.

 

By the condition of the theorem, the determinant of the matrix of coefficients 

ΔА ≠ 0: 

 ∆= |

𝑎11 𝑎12 ⋯ 𝑎1𝑛
𝑎21 𝑎22 ⋯ 𝑎2𝑛
⋯ ⋯ ⋯ ⋯
𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑛

| ≠ 0. 

In matrix form, such a system be written:  𝑌 = 𝐴 ⋅ 𝑋. Multiply the left equality 

by 𝐴−1 (use  𝐴−1𝐴 = 𝐸), then: 

 𝐴−1 ⋅ 𝑌 = 𝐴−1𝐴 ⋅ 𝑋  ⇒ 𝐴−1 ⋅ 𝑌 = 𝑋. 
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To find  𝑥𝑖 through  𝑦𝑖  in the system we apply Cramer's formulas:   

𝑥𝑖 =
∆𝑖

∆
;   𝑖 = 1, 𝑛;         𝑥𝑖 =

|

𝑎11 ⋯ 𝑦1 ⋯ 𝑎1𝑛
𝑎21 ⋯ 𝑦2 ⋯ 𝑎2𝑛
⋯ ⋯ ⋯ ⋯ ⋯
𝑎𝑛1 ⋯ 𝑦𝑛 ⋯ 𝑎𝑛𝑛

|

∆
. 

We write the value of the determinant using Laplace's theorem:  

 ∆𝑖= 𝑦1𝐴1𝑖 + 𝑦2𝐴2𝑖 +⋯+ 𝑦𝑛𝐴𝑛𝑖 ,  𝑖 = 1, 𝑛. 

Then the solution of the system will look like: 

{
 
 

 
 𝑥1 = 𝑦1

𝐴11

∆
+ 𝑦2

𝐴21

∆
+⋯+ 𝑦𝑛

𝐴𝑛1

∆
;

𝑥2 = 𝑦1
𝐴12

∆
+ 𝑦2

𝐴22

∆
+⋯+ 𝑦𝑛

𝐴𝑛2

∆
;

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑥𝑛 = 𝑦1
𝐴1𝑛

∆
+ 𝑦2

𝐴2𝑛

∆
+⋯+ 𝑦𝑛

𝐴𝑛𝑛

∆
.

     (2.20) 

In matrix form, expression (2.20): 𝑋 = 𝐴−1 ⋅ 𝑌  and a matrix of coefficients of 

this system:  

(

 
 

𝐴11

𝛥

𝐴21

𝛥
⋯

𝐴𝑛1

𝛥
𝐴12

𝛥

𝐴22

𝛥
⋯

𝐴𝑛2

𝛥
⋯ ⋯ ⋯ ⋯
𝐴1𝑛

𝛥

𝐴2𝑛

𝛥
⋯

𝐴𝑛𝑛

𝛥 )

 
 
=
1

𝛥
(

𝐴11 𝐴21 ⋯ 𝐴𝑛1
𝐴12 𝐴22 ⋯ 𝐴𝑛2
⋯ ⋯ ⋯ ⋯
𝐴1𝑛 𝐴2𝑛 ⋯ 𝐴𝑛𝑛

) =

                                          =
1

𝛥
(

𝐴11 𝐴12 ⋯ 𝐴1𝑛
𝐴12 𝐴22 ⋯ 𝐴2𝑛
⋯ ⋯ ⋯ ⋯
𝐴𝑛1 𝐴𝑛2 ⋯ 𝐴𝑛𝑛

)

𝑇

 (2.12)

  

So : А−1 =
1

𝛥
(

𝐴11 𝐴12 ⋯ 𝐴1𝑛
𝐴12 𝐴22 ⋯ 𝐴2𝑛
⋯ ⋯ ⋯ ⋯
𝐴𝑛1 𝐴𝑛2 ⋯ 𝐴𝑛𝑛

)

𝑇

=
1

𝛥
А
~𝑇

,  (2.21) 

where 𝐴𝑖𝑗- algebraic complement of an element 𝑎𝑖𝑗. 

Matrix А
~
𝑇 called the attached matrix to the matrix 𝐴. Let's check the correctness 

of finding the inverse matrix obtained in (2.21):  

 (

а11 а12 ⋯ а1𝑛
а12 а22 ⋯ а2𝑛
⋯ ⋯ ⋯ ⋯

а𝑛1 а𝑛2 ⋯ а𝑛𝑛

)

(

 
 

𝐴11

𝛥

𝐴21

𝛥
⋯

𝐴𝑛1

𝛥
𝐴12

𝛥

𝐴22

𝛥
⋯

𝐴𝑛2

𝛥
⋯ ⋯ ⋯ ⋯
𝐴1𝑛

𝛥

𝐴21

𝛥
⋯

𝐴𝑛𝑛

𝛥 )

 
 
= (

1 0 ⋯ 0
0 1 ⋯ 0
⋯ ⋯ ⋯ ⋯
0 0 ⋯ 1

)⟹ 

⟹ 𝐴 

Condition А−1 ⋅ А = 𝐸  is performed, i.e. for the matrix 𝐴 з ∆≠ 0 an inverse 

matrix was found that satisfies the criterion of matrix reversibility (Theorem 2). 

Here are the properties of the rotation of matrices. For any reversible matrices  

𝐴  and 𝐵 the following statements are fulfilled: 

1. If the inverse matrix exists, then it is unique. 

2. (А−1)
−1
= А. 
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3. (А−1)
𝑘
= (𝐴𝑘)−1,  𝑘 = 0,1,2, …. 

4.  (АВ)−1 = В−1 ⋅ А−1. 

5.  (А−1)
Т
= (АТ)

−1
. 

Here is the scheme of finding the inverse matrix using the determinant.  

Step   1. Обчислюють визначник матриці 𝐴. 

Step  2. If 𝑑𝑒𝑡 𝐴 = 0, then the inverse matrix does not exist. If 𝑑𝑒𝑡 𝐴 ≠ 0, then 

build attached to 𝐴  matrix:   А
~

= (𝐴𝑖𝑗)
𝑇. 

For example, for a nondegenerate matrix of the 2nd order 𝐴 = (
𝑎 𝑏
𝑐 𝑑

)  we have: 

𝐴−1 =
1

|А|
(
𝑑 −𝑏
−𝑐 𝑎

). 

Step 3.  The inverse matrix is found by the formula:  А−1 =
1

|А|
А
~𝑇

. 

Example 2.6. Find the inverse of the matrix А = (
1 1 −1
2 1 2
3 −1 1

) matrix. 

Solutions . Calculate the determinant:  𝛥А = 1 + 6 + 2 + 3 − 2 + 2 = 12. 

Because the matrix 𝐴  non-degenerate, it is reversible. Calculate the algebraic 

additions to all its elements and construct the inverse of 𝐴  matrix:  

𝐴11 = (−1)
1+1 |

1 2
−1 1

| = 1 + 2 = 3;      𝐴21 = (−1)
2+1 |

1 −1
−1 1

| = 1 −

1 = 0; 

𝐴12 = (−1)
1+2 |

2 2
3 1

| = −(2 − 6) = −4; 𝐴22 = (−1)
2+2 |

1 −1
3 1

| = 1 +

3 = 4; 

𝐴13 = (−1)
3+1 |

2 1
3 −1

| = −2 − 3 = −5;    𝐴23 = (−1)
2+3 |

1 1
3 −1

| =

−(−4) = 4;     

𝐴31 = (−1)
3+1 |

1 −1
1 2

| = 2 + 1 = 3;  𝐴32 = (−1)
3+2 |

1 −1
2 2

| = −(2 +

2) = −4; 

𝐴33 = (−1)
3+3 |

1 1
2 1

| = 1 − 2 = −1; 

 𝐴
~
𝑇 = (

3 0 3
4 4 −4
−5 4 −1

) ; 

Write the inverse matrix:  

 𝐴−1 =
1

12
(
3 0 3
4 4 −4
−5 4 −1

). 

Let's check the correctness of the calculations:   

  𝐴 ⋅ 𝐴−1 =
1

12
(
1 1 −1
2 1 2
3 −1 1

) ⋅ (
3 0 3
4 4 −4
−5 4 −1

) =
1

12
(
12 0 0
0 12 0
0 0 12

). 

In order to obtain the formula for finding the inverse matrix, we considered a 

system of n-linear equations with n-unknown:  
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{

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛.

  

and recorded it in matrix form  

𝐴п×п ⋅ 𝑋п×1 = 𝐵п×1. 

The matrix of coefficients 𝐴  is consistent with the vector of unknowns 𝑋 , so 

there is a product of their vecto 𝐵. This matrix equation is solved by multiplying by an 

inverse matrix: 

𝐴п×п ⋅ 𝑋п×1 = Вп×1 ⇒ 𝐴
−1 ⋅ 𝐴 ⋅ 𝑋 = 𝐴−1 ⋅ В ⇒ 𝐸 ⋅ 𝑋 = 𝐴−1 ⋅ 𝐵, 

If the equation is written in the form  𝑋 ⋅ 𝐴 = 𝐵, then to find its solution, multiply 

the equality on the right by А−1: 

𝐴 ⋅ 𝑋 = В ⇒ 𝑋 ⋅ 𝐴 ⋅ 𝐴−1 = 𝐵 ⋅ 𝐴−1 ⇒ 𝑋 = В ⋅ 𝐴−1. 
Example 2.7. Solve the matrix equation: 𝑋 ⋅ 𝐴 = В, where  

 А = (
4 −3 6
5 4 7
6 −5 7

), В = (
2 1 5
1 5 −1

),  Х = В ⋅ 𝐴−1. 

Solutions. We find 𝛥 = 112 − 126 − 150 − 144 + 140 + 105 = −63; 

𝐴11 = (−1)
1+1 |

4 7
−5 7

| = 63;          𝐴21 = (−1)
2+1 |

−3 6
−5 7

| = −9;  

 𝐴12 = (−1)
1+2 |

5 7
6 7

| = 7;              𝐴22 = (−1)
2+2 |

4 6
6 7

| = −8; 

𝐴13 = (−1)
1+3 |

5 4
6 −5

| = −49;      𝐴23 = (−1)
2+3 |

4 −3
6 −5

| = 2; 

 𝐴31 = (−1)
3+1 |

−3 6
4 7

| = −45;      𝐴32 = (−1)
3+2 |

4 6
5 7

| = 2; 

А33 = (−1)
3+3 |

4 −3
5 4

| = 31. 

 

Х = (
2 1 5
1 5 −1

) ⋅
1

−63
(
63 −9 −45
7 −8 2
−49 2 31

) = −
1

63
(
−112 −16 67
147 −51 −66

).  

 

2.8 Applications of determinants 
 

Determinants have many applications in analytic geometry. One application is 

in finding the area of a triangle in the 𝑥𝑦-plane: 

1. Area of a Triangle in the xy-plane: The area of a triangle with vertices 

(𝑥1, 𝑦1), (𝑥2, 𝑦2) 𝑎𝑛𝑑 (𝑥3, 𝑦3) 
Is  

AREA = ±
1

2
𝑑𝑒𝑡 (

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

) 

where the sign is chosen to give a positive area. 

Proof: Prove the case for 𝑦𝑖 > 0. Assume that 𝑥1 ≤ 𝑥3 ≤ 𝑥2  and that (𝑥3, 𝑦3) 
lies above the line segment connecting (𝑥1, 𝑦1)  and (𝑥2, 𝑦2), as shown in Figure 2.1: 
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Consider the three trapezoids whose vertices are: 

Trapezoid 1: (𝑥1, 0), (𝑥1, 𝑦1), (𝑥3, 𝑦3), (𝑥2, 0); 
Trapezoid 2: (𝑥2, 0), (𝑥3, 𝑦3), (𝑥2, 𝑦2), (𝑥3, 0); 
Trapezoid 3: (𝑥1, 0), (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 0). 
The area of the triangle is equal to the sum of the areas of the first two trapezoids 

minus the area of the third trapezoid. So, 

AREA =
1

2
(𝑦1 + 𝑦3)(𝑥3 − 𝑥1) +

1

2
(𝑦2 + 𝑦3)(𝑥2 − 𝑥3) −

1

2
(𝑦1 + 𝑦2)(𝑥2 − 𝑥1) = 

=
1

2
(𝑥1𝑦2 + 𝑥2𝑦3 + 𝑥3𝑦1 − 𝑥1𝑦3 − 𝑥2𝑦1 − 𝑥3𝑦2) = 

=
1

2
|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

|. 

If the vertices do not occur in the order 𝑥1 ≤ 𝑥3 ≤ 𝑥2 or if the vertex (𝑥3, 𝑦3) is 

not above the line segment connecting the other two vertices, then the formula above 

may yield the negative of the area. So, use ± and choose the correct sign to give a 

positive area. 

Example 2.8. Finding the Area of a Triangle. 

Find the area of the triangle whose vertices are (1;0), (2;2) and (4;3). 

Solution: It is not necessary to know the relative positions of the three vertices. 

Simply evaluate the determinant: 

1

2
|
1 0 1
2 2 1
4 3 1

| = −
3

2
; 

and conclude that the area of the triangle is  
3

2
  square units. 

 

2. Test for Collinear Points in the 𝒙𝒚-Plane  
Three points (𝑥1, 𝑦1), (𝑥2, 𝑦2) and  (𝑥3, 𝑦3) are collinear if and only if: 

|

𝑥1 𝑦1 1
𝑥2 𝑦2 1
𝑥3 𝑦3 1

| = 0. 

Figure 2.1 Area of a Triangle in the 𝑥𝑦-plane. 
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Example 2.9. Suppose the three points in Example 10 had been on the same line. 

What would have happened had you applied the area formula to three such points? The 

answer is that the determinant would have been zero. Consider, for instance, the three 

collinear points (0;1), (2;2) and (4;3) as shown in Figure 2.2: 

 
The determinant that yields the area of the “triangle” that has these three points 

as vertices is: 

1

2
|
0 1 1
2 2 1
4 3 1

| = 0; 

The test for collinear points can be adapted to another use. That is, when you are 

given two points in the 𝑥𝑦-plane, you can find an equation of the line passing through 

the two points, as follows. 

 

3. Two-Point Form of the Equation of a Line. 

An equation of the line passing through the distinct points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) 
is given by: 

|

𝑥 𝑦 1
𝑥1 𝑦1 1
𝑥2 𝑦2 1

| = 0. 

Example 2.10. Finding an Equation of the Line Passing Through Two Points 

Find an equation of the line passing through the two points (2,4) and (-1;3). 

Solution: Let (𝑥1, 𝑦1) = (2,4) and (𝑥2, 𝑦2) = (−1,3). Applying the determinant 

formula for the equation of a line produces: 

|
𝑥 𝑦 1
2 4 1
−1 3 1

| = 0. 

To evaluate this determinant, expand by cofactors in the first row to obtain the 

following: 

𝑥 |
4 1
3 1

| − 𝑦 |
2 1
−1 1

| + |
2 4
−1 3

| = 0, 

𝑥 − 3𝑦 + 10 = 0. 
So, an equation of the line is 𝑥 − 3𝑦 = −10. 
The formula for the area of a triangle in the plane has a straightforward 

generalization to three-dimensional space, which is presented without proof as follows. 

 

4. Volume of a Tetrahedron.  

Figure 2.2 Collinear Points in the 𝑥𝑦-Plane. 
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The volume of a tetrahedron with vertices 

(𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2), (𝑥3, 𝑦3, 𝑧3) and (𝑥4, 𝑦4, 𝑧4) is:  

𝑉 = ±
1

6
|

𝑥1 
𝑥2 
𝑥3 
𝑥4 

𝑦1 
𝑦2 
𝑦3 
𝑦4 

𝑧1 
𝑧2 
𝑧3 
𝑧4 

1
1
1
1

|, 

where the sign ± is chosen to give a positive volume. 

Example 2.11. 

Finding the Volume of a Tetrahedron. 

Find the volume of the tetrahedron whose vertices are (0,4,1), (4,0,0), (3,5,2) and 

(2,2,5) as shown in Figure 2.3. 

Solution: Using the determinant formula for the volume of a tetrahedron 

produces: 

 

 
 

 

𝑉 = |
1

6
|

0 
2 
3 
4 

4
 2 
5
0

1
 5 
2
0

 1
 1
 1
 1

|| = 12. 

The volume of the tetrahedron is 12 cubic units. 

 

5. Test for Coplanar Points in Space 

If four points in three-dimensional space lie in the same plane, then the 

determinant in the formula for the volume of a tetrahedron is zero. 

Four points (𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2), (𝑥3, 𝑦3, 𝑧3) and (𝑥4, 𝑦4, 𝑧4) are coplanar if 

and only if: 

𝑑𝑒𝑡 = (

𝑥 
 𝑥1 
 𝑥2 
 𝑥3 

𝑦
 𝑦1 
𝑦2
𝑦3

𝑧
 𝑧1 
 𝑧2
 𝑧3

 1
 1
 1
 1

) = 0. 

Example 2.12. Finding an Equation of the Plane Passing Through Three Points. 

Find an equation of the plane passing through the three points (0,1,0), (-1,3,2) and           

(-2,0,1). 

Solution: Using the determinant form of the equation of a plane produces: 

Figure 2.3 The Volume of a Tetrahedron. 
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 |

 𝑥
 0

  𝑦
  1

𝑧
0
1
1

−1 3 2 1
−2 0 1 1

| = 0 ⟹  

To evaluate this determinant, subtract the fourth column from the second column 

to obtain: 

⟹ |

𝑥
0
−1
−2

    

𝑦 − 1  𝑍  1
 0 0  1
 2
−1

2  1
1  1

| = 0 ⟹ 

⟹ 𝑥 |
  2 2
−1 1

| − (𝑦 − 1) |
−1 2
−2 1

| + 𝑧 |
−1 2
−2 −1

| = 0 ⟹ 

⟹ 4𝑥 − 3𝑦 + 5𝑧 + 3 = 0. 
 

 

 

6. Linear algebra applied 

According to Kepler’s First Law of Planetary Motion, the orbits of the planets 

are ellipses, with the sun at one focus of the ellipse. The general equation of a conic 

section (such as an ellipse) is 

𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2 + 𝑑𝑥 + 𝑒𝑦 + 𝑓 = 0. 
To determine the equation of the orbit of a planet, an astronomer can find the 

coordinates of the planet along its orbit at five different points where 2, 3, 4, and 5, and 

then use the determinant: 

 

|

|

𝑥2 𝑥𝑦

𝑥1
2 𝑥1𝑦1
𝑥2
2 𝑥2𝑦2
𝑥3
2 𝑥3𝑦3
𝑥4
2 𝑥4𝑦4
𝑥5
2 𝑥5𝑦5

𝑦2      𝑥

𝑦1
2 𝑥1
𝑦2
2 𝑥2
𝑦3
2 𝑥3
𝑦4
2 𝑥4
𝑦5
2 𝑥5

𝑦  1
𝑦1 1
𝑦2 1
𝑦3 1
𝑦4 1
𝑦5 1

|

|

= 0. 

 

 
 

 

 

 

Linear Algebra Questions on Determinants and Matrices 
1. Determinant of Order Two: Provide the definition of the determinant of a second-

order matrix. 

Figure 2.4 According to Kepler’s First Law of Planetary Motion, the orbits of the planets 

are ellipses. 
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2. Solutions When Determinant is Zero: What are the possible solutions to a system of 

linear equations if the determinant of the system, 𝛥, equals zero? 

3. Determinant of Order Three: Define the determinant of a third-order matrix. 

4. Minor of a Second-Order Matrix: Give the definition of a minor for a second-order 

matrix. 

5. Minor of a Third-Order Matrix: Provide the definition of a minor for a third-order 

matrix. 

6. Minor vs. Сofactor: What is the difference between a minor and cofactor of a matrix? 

7. Sum of Products Involving Cofactors: What is the value of the sum of the products 

of the elements of one column of a determinant and the cofactors corresponding to the elements of a 

different column? 

8. Even Permutation: What is meant by an even permutation of elements? 

9. Non-Singular Matrix: What characterizes a matrix as non-singular? 

10. Number of Inverse Matrices: How many inverse matrices can a non-singular matrix 

have? 

11. Criterion for Invertibility: What is the criterion for a matrix to be invertible? 

3. LINEAR SPACES 

 

3.1 The concept of linear space 

 

One of the ways to model the physical processes of the surrounding world is to 

find common properties in objects of different nature and the possibility of the same 

actions with them. The concept of a certain space makes it possible to establish the 

relationship between actions on the object and the result of these actions. Thus, in the 

courses of mathematical analysis and linear algebra, the important actions are to add 

objects and multiply the object by a number, and it is these operations that led to the 

introduction of the concept of linear space. Linear space can be formed by objects of 

completely different nature: real and complex numbers, geometric and arithmetic 

vectors, matrices, etc., but all actions with them will be subject to the same laws. 

Objects of linear space are called vectors regardless of their nature and a number of 

definitions and axioms are introduced for them. 

Definitions 3.1 Plural 𝑳 elements 𝑥  and 𝑦  of arbitrary nature is called a linear 

space if three conditions are met: 

1. For any items   𝑥   and  𝑦 ∈ 𝑳 you can match the item  𝑥 + 𝑦 ∈ 𝐿  which is 

called the sum of the elements  𝑥   and  𝑦 . 
2. For any item  𝑥 ∈  𝑳  and  ∀ 𝜆 ∈ 𝑅  you can match the item  𝜆𝑥 ∈ 𝑅  which is 

called the product of a number  𝜆  per item 𝑥 . 
3. These two operations are subject to 8 axioms: 

∀𝑥 , 𝑦 , 𝑧 ∈ 𝐿  and  ∀ 𝜆,  𝜇 ∈ 𝑅: 

Axiom 1.  Addition is commutative: 𝑥 + 𝑦 = 𝑦 + 𝑥 ; 
Axiom 2.  Addition is associative: (𝑥 + 𝑦 ) + 𝑧 = 𝑥 + (𝑦 + 𝑧 ); 

Axiom 3.  There exists a unique element 0⃗ ∈ 𝑳  called zero, for which: ∃! 0⃗ : 𝑥 + 0⃗ =
 = 𝑥 ; 

Axiom 4.  There is an opposite (symmetrical) element 𝑥 ∗: 𝑥 + 𝑥 ∗ = 0,⃗⃗   𝑥 = −𝑥 ∗; 
Axiom 5.  1 ⋅ 𝑥 = 𝑥  (the existence of a neutral element 1); 

Axiom 6.  𝜇(𝜆𝑥 ) = (𝜇𝜆)𝑥   (action is related to the product of numbers); 
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Axiom 7.  𝜆(𝑥 + 𝑦 ) = 𝜆𝑥 + 𝜆𝑦   (action is distributive to the addition of vectors); 

Axiom 8.  (𝜆 + 𝜇)𝑥 = 𝜆𝑥 + 𝜇𝑥 ; (action is distributive to adding numbers). 

Square matrices form a linear space. 

Definitions 3.2 A linear combination of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 with coefficients 

𝑐1, 𝑐2, . . . 𝑐𝑛  is a vector 𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛. 

Definitions 3.3 A linear combination of vectors 𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 are 

called trivial if 𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 = 0, where all the coefficients 𝑐1, 𝑐2, . . . 𝑐𝑛, 

𝑐1
2 + 𝑐2

2+. . . +𝑐𝑛
2 ≠ 0 are zero (с𝑖 = 0,  𝑖 = 1, 𝑛). 

Definitions 3.4 A linear combination of vectors 𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 are 

called linearly independent if there are non-trivial combination of these vectors equal 

to the zero vector. That is, the vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 are called linearly independent if  

𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 = 0⃗   iff (if and only if ) 𝑐1 = 0, 𝑐2 = 0, . . . 𝑐𝑛 = 0. 
Example 3.1 Consider the vectors  𝑝 1 = (1; 0), 𝑝 2 = (0; 1), these vectors is 

trivial because of the equality 𝑐1𝑝 1 + 𝑐2𝑝 2 = 0 comes true only in the case с1 =
0,  с2 = 0. 

Example 3.2 Let show that the vectors р⃗ 
1
= (2;−1), р⃗ 

2
= (6;−3) are 

nontrivial. 

Solution: 

с1р⃗ 1 + с2р⃗ 2 = 0  ⇔ с1 (
2
−1
) + с2 (

6
−3
) = 0 ⇔ {

2с1 + 6с2 = 0
−с1 − 3с2 = 0

⇒ с1 = −3с2. 

That is, there are many solutions of the equation с1𝑝 1 + с2𝑝 2 = 0, and by 

definition 3.3 these vectors are nontrivial. 

We can show that columns 𝑒𝑖⃗⃗  , 𝑖 = 1, 𝑛 unit matrix  Е𝑛 nontrivial and any column 

𝑎  high 𝑛 is a linear combination of columns of a single matrix. The coefficients of the 

linear combination are the elements of the column а⃗ :  
 

(

а1
а2
⋮

а𝑛

) = 𝑎1(

1
0
⋮
0

) + 𝑎2(

0
1
⋮
0

) +⋯+ 𝑎𝑛(

0
0
⋮
1

) = 𝑎1𝑒 1 + 𝑎2𝑒 2 +⋯+ 𝑎𝑛𝑒 𝑛.. 

 

3.2 Properties of linearly dependent and linearly independent vectors 

 

Theorem 3.1 If the set of vectors (span) 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 linearly dependent, then 

after joining it a finite number of other vectors, the system remains linearly dependent.  

Proof: Let set of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 - linearly dependent. Then, by definition, 

there are set 𝑐1, 𝑐2, . . . 𝑐𝑛 not equal to zero at the same time that  𝑐1𝑝 1 +
𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 = 0 and at least one 𝑐𝑖 ≠ 0. Attach 𝒌 more vectors to the set of 

vectors: 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛, 𝑝 𝑛+1, … 𝑝 𝑛+𝑘, then equality will be observed  с1𝑝 1 +
с2𝑝 2+. . . +с𝑛𝑝 𝑛 + 0 ⋅ 𝑝 𝑛+1 +⋯+ 0 ⋅ 𝑝 𝑛+𝑘 = 0. The theorem is proved. 

Theorem 3.2 (criterion of linear dependence of vectors) For linearly 

dependence of a set of vectors  𝑝 1, 𝑝 2, . . . , 𝑝 𝑛  it is necessary and sufficient that at least 

one of the vectors be a linear combination of other set of vectors. 

Proof: 
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а) necessity: let the set of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛- linearly dependent, then exist 

set of constants 𝑐1, 𝑐2, . . . 𝑐𝑛 not equal to zero at the same time that equality 𝑐1𝑝 1 +
𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 = 0 is performed. Let the nonzero coefficient be  𝑐1, 𝑐1 ≠ 0 then:  

𝑝 1 = −
1

𝑐1
(𝑐2𝑝 2 + 𝑐3𝑝 3+. . . +𝑐𝑛𝑝 𝑛), 

that is the vector  𝑝 1  is a linear combination of other vectors;  

b) sufficiency: let 𝑝 𝑖 = 𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 , than 𝑝 𝑖  is a linear combination 

of vectors  𝑝 1, 𝑝 2, . . . , 𝑝 𝑛,  then  𝑐1𝑝 1 + 𝑐2𝑝 2+. . . +𝑐𝑛𝑝 𝑛 − 𝑝 𝑖 = 0 and since the 

coefficient at р⃗ 
𝑖
 equal to one the set of vectors is linearly dependent. The theorem is 

proved.  

There is a special notation for a set of elements that form linear spaces, they are 

called linear spans. The span of a set of vectors, also called linear span, is the linear 

space formed by all the vectors that can be written as linear combinations of the vectors 

belonging to the given set. Let us start with a formal definition of span. 

Definitions 3.5 Let 𝑳 be a linear space. Let 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 ∈ 𝑳, be 𝑛 vectors. The 

linear span of 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛, denoted by 𝑠𝑝𝑎𝑛(𝑝 1, 𝑝 2, . . . , 𝑝 𝑛) is the set of all the linear 

combinations  

𝑝 = с1𝑝 1 + с2𝑝 2+. . . +с𝑛𝑝 𝑛, 
that can be obtained by arbitrarily choosing 𝑛 scalars 𝑐1, 𝑐2, . . . 𝑐𝑛. 

Theorem 3.3 The system of vectors, which includes the zero vector, is linearly 

dependent. 

Theorem 3.4 If the set of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛- linearly independent, and the 

set of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛, 𝑝  - linearly dependent, the vector 𝑝  is a linear 

combination of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛. 

Proof:  

Let, set of vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛, 𝑝  -linearly dependent, then true: 

с1𝑝 1 + с2𝑝 2+. . . +с𝑛𝑝 𝑛 + 𝑐𝑝 = 0, 
and in this equation at least one coefficient is nonzero, because by the theorem         

с1𝑝 1 + с2𝑝 2+. . . +с𝑛𝑝 𝑛 = 0  where everyone is  𝑐𝑖 = 0, 𝑖 = 1, 𝑛. Then  𝑐 ≠ 0, and 

𝑝 = −
1

𝑐
(с1𝑝 1 + с2𝑝 2+. . . +с𝑛𝑝 𝑛), 

that is  р⃗  linear combination of other vectors. 

Theorem 3.5 If the vectors  𝑝 1, 𝑝 2, . . . , 𝑝 𝑛- linearly independent and 𝑝  cannot be 

represented as a linear combination of these vectors, then 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛, 𝑝  is a linearly 

independent system of vectors. 

A very simple example of a linear span follows. 

Example 3.3 Let 𝑥 1 and  𝑥 2 be  2 × 1 column vectors defined as follows: 

𝑥 1 = (
1
0
) , 𝑥 2 = (

0
1
), 

Let 𝑥  be a linear combination of 𝑥 1  and 𝑥 2 with coefficients 𝑐1 and 𝑐2. Then  

𝑥 = 𝑐1𝑥 1 + 𝑐2𝑥 2. 

Solution: 𝑥 = 𝑐1𝑥 1 + 𝑐2𝑥 2⟹ 𝑥 = 𝑐1 (
1
0
) + 𝑐2 (

0
1
) = (

𝑐1
𝑐2
) 

Thus, the linear span is the set of all vectors 𝑥  that can be written as: 

𝑥 = (
𝑐1
𝑐2
),  
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where 𝑐1 and 𝑐2 are two arbitrary scalars. 

Example 3.4 Check whether the vectors      𝑝 1 = (1; 0; 3),        𝑝 2 = (2; 1;−1),   

 𝑝 3 = (0; 1; 2),     𝑝 4 = (−1; 2; 1)    are linearly independent. 

Solution: The vectors are linearly dependent, since the dimension of the vectors 

smaller than the number of vectors. 

Example 3.5 Check whether the vectors 𝑝 1 = (1; 1; 1), 𝑝 2 = (1; 2; 0), 𝑝 3 =
(0;−1; 1) are linearly independent. 

Solution: Calculate the coefficients in which a linear combination of these vectors 

is equal to the zero vector: 

𝑐1р⃗ 
1
+ 𝑐2р⃗ 2 + 𝑐3р⃗ 3 = 0⃗

 . 

This vector equation can be written as a system of linear equations: 

𝑐1 (
1
1
1
) + 𝑐2 (

1
2
0
) + 𝑐3 (

0
−1
1
) = (

0
0
0
) ⟺ {

𝑐1 + 𝑐2 = 0,            
𝑐1 + 2𝑐2 − 𝑐3 = 0
𝑐1 + 𝑐3 = 0,           

⇒ 

Solve this system using the Gauss method: 

⇒ (
1 1 0
1 2 −1
1 0 1

|
0
0
0
)~(

1 1 0
0 1 −1
0 −1 1

|
0
0
0
)~(

1 1 0
0 1 −1
0 0 0

|
0
0
0
) ⇒ 

This solution shows that the system has many solutions, ie exist nonzero 

combination of numbers 𝑐1, 𝑐2, 𝑐3 such that the linear combination   of   𝑝 1, 𝑝 2, 𝑝 3 is 

equal to the zero vector. It is means vectors  𝑝 1, 𝑝 2, 𝑝 3  are linearly dependent              

𝑝 2 = 𝑝 3, 𝑝 1 = −𝑝 3. 

 

3.3 Geometric interpretation of linear dependence 

 

If the span of one vector is a line, what about the span of two vectors? The 

obvious answer might be a plane, but the answer depends on whether or not the vectors 

are dependent or independent. Also, if the vectors are coplanar, they are linearly 

dependent on the plane. 

Linearly dependent vectors properties: 

For ℝ2 and ℝ3 Two linearly dependent vectors are collinear (collinear vectors 

are linearly dependent); 

For ℝ2 Three linear dependence vectors are coplanar. (Three coplanar vectors 

are linearly dependent); 

For  𝑛-dimencional vectors, 𝑛 + 1 vectors always linearly dependent. 

Assertion: 

1. In a straight line 𝑓 there is a nonzero vector  𝑒 . Any vector  𝑎  , collinear 

nonzero vector  𝑒  , can only be linearly expressed through this vector: 𝑎 = 𝑥𝑒 . 
2. There are two nonlinear vectors on the plane  𝑒 1 and 𝑒2. Any vector  𝑎 , 

coplanar with vectors 𝑒 1 and 𝑒 2, only linearly expressed through them: 

𝑎 = 𝑥1𝑒1 + 𝑥2𝑒 2. 
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3. There are three noncoplanar vectors in space 𝑒 1, 𝑒 2 and  𝑒 3. Any vector 𝑎  
space is uniquely expressed through noncoplanar vectors  𝑒 1, 𝑒 2 and 𝑒 3: 

𝑎 = 𝑥1𝑒 1 + 𝑥2𝑒 2 + 𝑥3𝑒 3. 
 

3.4 A Basis for a Vector Space 

 

Let 𝑃 be a subspace of ℝ𝑛 for some 𝑛. A set 𝑃1 = {𝑝 1, 𝑝 2, . . . , 𝑝 𝑛} of vectors 

from 𝑃 is said to be a basis for 𝑃 if 𝑃1 is linearly independent and spans. If either one 

of these criteria is not satisfied, then the set is not a basis for 𝑃. If a set of vectors spans 

𝑃, then it contains enough vectors so that every vector in 𝑃 can be written as a linear 

combination of those in the set. If the set is linearly independent, then it doesn't contain 

so many vectors that some become dependent on the others. Intuitively, then, a basis 

has just the right size: It's big enough to span the space but not so big as to be 

dependent. 

Definitions 3.4 The basis for vector space  𝑳  is called any linearly independent 

system with the largest possible number of vectors. 

The vectors that form the basis of space are called basis. The number 𝑛 of vectors  

𝑝 1, 𝑝 2, . . . , 𝑝 𝑛  of the basis space is called its dimension ℝ𝑛.  

Definitions 3.5 The set of linearly independent vectors 𝑝 1, 𝑝 2, . . . , 𝑝 𝑛 called the 

basis of linear space 𝑳, if for any vector  𝑥   there is a set of numbers 𝑥1, 𝑥2, … 𝑥𝑛 ∈ 𝑅, 

such that the vector 𝑥  can be presented as a linear combination: 

𝑥 = 𝑥1𝑝 1 + 𝑥2𝑝 2+. . . +𝑥𝑛𝑝 𝑛 

 – such equality is called the decomposition of the vector  𝒙⃗⃗  in the base. 

Definitions 3.6 A linear space is called 𝒏-dimensional if it exists 𝑛-linearly 

independent vectors, and any (𝑛 + 1) the vector is linearly dependent. 

Theorem 3.6 Any orderly system 𝑛-linearly independent vectors 𝑛-dimensional 

space is its basis (ie the basis in linear space is not unique). 

 

Linear Algebra Questions on Vector Systems and Bases 
1. Linearly Independent Vector System: What conditions characterize a system of 

vectors as linearly independent? 

2. Criterion for Linear Dependence: What is the criterion for a system of vectors to be 

linearly dependent? 

3. Inclusion of the Zero Vector: Can a system of vectors that includes the zero vector 

be linearly independent? 

4. Linear Span: What is the definition of the linear span of a set of vectors? 

5. Coplanar Vectors: What are coplanar vectors? 

6. Collinear Vectors: What are collinear vectors? 

7. Basis of ℝn: What is meant by a basis of the linear vector space ℝn? 

8. Number of Bases in ℝ3: How many distinct bases exist for the three-dimensional 

space ℝ3? 

9. Number of Vectors in a Basis for ℝ3: How many vectors are required to form a basis 

for the space ℝ3? 
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4 RANK OF THE MATRIX 

 

4.1 Basic concepts 

 

What is the Rank of a Matrix? The rank of a matrix is equal to the number of 

linearly independent rows (or columns) in it. Hence, it cannot have more than its 

number of rows and columns. For example, if we consider the identity matrix 𝐸3 of 

order 3 × 3, all its rows (or columns) are linearly independent and hence its rank is 3. 

Definitions 4.1 The rank of a matrix 𝑨 is defined as the order of a highest order 

non-vanishing minor of the matrix 𝑨. It is denoted by the symbol 𝒓𝒂𝒏𝒌(𝑨) = 𝒓. The 

rank of a zero matrix is defined to be 0. 

Let us consider a non-zero matrix 𝑨. A real number 𝒓 is said to be the rank of 

the matrix 𝑨 if it satisfies the following conditions: 

• every minor of order 𝒓 + 𝟏 is zero. 

• there exists at least one minor of order 𝒓 that is non-zero. 

The matrix rank can be found in the following ways: 

• Minor method; 

• Using echelon form; 

• Using normal form. 

1. Finding Rank of a Matrix by Minor Method 

Here are the steps to find the rank of a matrix A by the minor method. 

• Find the determinant of 𝑨 (if A is a square matrix). If  𝒅𝒆𝒕(𝑨) ≠ 𝟎, then 

the rank of 𝑨 = 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝑨.  

• If either 𝒅𝒆𝒕(𝑨) = 𝟎 (in case of a square matrix) or 𝑨 is a rectangular 

matrix, then see whether there exists any minor of maximum possible order is non-

zero. If there exists such non-zero minor, then rank of 𝑨 = 𝒐𝒓𝒅𝒆𝒓 of that particular 

(submatrix) minor: 

 

𝐴 = (

а11 а12 а13 а14
а21 а22 а23 а24
а31 а32 а33 а34

) ⟹ 𝐴2 = (
а12 а13
а22 а23

). 

 

• Repeat the above step if all the minors of the order considered in the above 

step are zeros and then try to find a non-zero minor of order that is 1 less than the order 

from the above step. 

Definitions 4.2 A basic minor of a matrix is the determinant of a square 

submatrix that is of maximal size with nonzero determinant.  

There can be several basic minors. Rows and columns in which the elements of 

the basic minor are located are called basic rows and columns. 

Example 4.1 Find the rank of the matrix 𝐴:  

 

 𝐴 = (
1 0 2 0
0 0 0 0
−1 0 3 0

). 
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Solutions: All 3rd-order determinants of matrices are zero (degenerate). Among 

the minors of the 2nd order is the non-degenerate minor:  

 (
1 2
−1 3

) ;  |
1 2
−1 3

| = 5 ≠ 0. 

So, 𝑟𝑎𝑛𝑔𝐴 =2. The basic minor is formed by elements that stand at the 

intersection of the 1st and 3rd rows with the 1st and 3rd columns of the matrix 𝐴. There 

is a relationship between the rank of the matrix and the linear dependence of its 

columns (rows). 

A non-vanishing basic 𝒓-minor (𝒓 × 𝒓 submatrix with non-zero determinant) 

shows that the rows and columns of that submatrix are linearly independent, and thus 

those rows and columns of the full matrix are linearly independent (in the full matrix), 

so the row and column rank are at least as large as the determinantal rank; however, 

the converse is less straightforward. The equivalence of determinantal rank and column 

rank is a strengthening of the statement that if the span of 𝒏 vectors has dimension 𝒓, 

then 𝒓 of those vectors span the space (equivalently, that one can choose a spanning 

set that is a subset of the vectors): the equivalence implies that a subset of the rows and 

a subset of the columns simultaneously define an invertible submatrix (equivalently, if 

the span of 𝒏 vectors has dimension 𝒓, then 𝒓 of these vectors span the space and there 

is a set of 𝒓 coordinates on which they are linearly independent). 

The criterion for the degeneracy of a matrix is the statement that a square matrix  

𝐴𝑛 of the 𝒏-th order is degenerate if and only if its rows (columns) are linearly 

dependent. And, accordingly, the determinant of the square matrix 𝐴𝑛 𝒏-th order is 

zero only when its rank is less than 𝑛. 
 

2. Methods of calculating the rank of the matrix by Minor Method: 

1. Find a minor of the 1st order other than zero; 

2. Consider 2nd order minors that contain this minor. If they are all zero, 

then the rank is 1; if there is a nonzero minor of the 2-nd order, then consider the 3rd 

order minors that contain it. 

3. If they are all zero, then the rank is 2, if there is a non-zero among them, 

then consider the 4th order minors that contain it, and so on.. 

Example 4.2 Find the rank of the matrix  𝐴  by the method of minors: 

 𝐴 = (

2 −2 1 0 3
4 −4 2 0 1
3 −1 2 −1 0
−2 2 −1 0 −3

) 

Solutions: Let's find a minor of the 1st order other than non-zero: 

1. 𝑀1 = 1 ≠ 0. 
Let's find a minor of the 2nd order other than non-zero: 

2. 𝑀2
1 = |

2 −2
4 −4

| = 0;  𝑀2
2 = |

2 1
4 2

| = 0;  𝑀2
3 = |

2 3
4 1

| = −10. 

3.  𝑀3
1 = |

2 3 −2
4 1 −4
3 0 −1

| = −2 − 36 + 6 + 12 ≠ 0. 
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4. 𝑀4
1 = |

2 3 −2 1
4 1 −4 2
3 0 −1 2
−2 −3 2 −1

| = 0;  𝑀4
2 = |

2 3 −2 0
4 1 −4 0
3 0 −1 −1
−2 −3 2 0

| = 0.  

The determinants are zero because the first and last lines are proportional.  

So 𝑟𝑎𝑛𝑔𝐴 = 3. 

 

3. Rank of a Matrix Using Echelon Form 

In the above example, what if the first minor of order 2×2 that we found was 

zero? We had to find all possible minors of order 2×2 until we get a non-zero minor to 

make sure that the rank is 2. This process may be tedious if the order of the matrix is a 

bigger number. To make the process of finding the rank of a matrix easier, we can 

convert it into Echelon form. A matrix 𝑨 is said to be in Echelon form if it is either in 

upper triangular form or in lower triangular form. We can use elementary row/column 

transformations and convert the matrix into Echelon form: 

 

𝑨 =

(

  
 

𝑎11 𝑎12 𝑎13 ⋯ ⋯ 𝑎1𝑛
0 𝑎22 𝑎23 ⋯ ⋯ 𝑎2𝑛
0 0 𝑎33 ⋯ ⋯ 𝑎3𝑛
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
0 0 0 ⋯ 𝑎𝑟𝑛−1 𝑎𝑟𝑛
0 0 0 0 0 0 )

  
 
. 

 

As matrix 𝑨 is now in upper triangular form, it is in Echelon Form. Number of 

non-zero rows in 𝑨 is 𝒓, thus 𝒓𝒂𝒏𝒈𝑨 = 𝒓. A row (or column) transformation can be 

one of the following:  

• Interchanging two rows.  

• Multiplying a row by a scalar.  

• Multiplying a row by a scalar and then adding it to the other row.  

Here are the steps to find the rank of a matrix: 

• Convert the matrix into Echelon form using row/column transformations. 

• Then the rank of the matrix is equal to the number of non-zero rows in the 

resultant matrix. 

Example 4.3 Find the rank of the matrix by the method of elementary 

transformations (Gaussian method): 

𝐴 = (
1 1 3 5
1 −5 1 −3
2 −1 5 6

). 

Solutions. 

Step 1.  We rewrite the first line without changing. Since the leaders of the first 

and second lines are the same, we subtract the first line from the second line and write 

the result in the second:  
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𝐴 = (
1 1 3 5
0 −6 −2 −8
2 −1 5 6

). 

 

Step 2. Subtract the first row multiplied by 2 from the third row and to write 

result to the third row:  

𝐴 = (
1 1 3 5
0 −6 −2 −8
0 −3 −1 −4

). 

 

Step 3. Now we got zeros under the leader. The second and third rows are 

proportional, so the equivalent matrix look like Echelon Form: 

 

𝐴 = (
1 1 3 5
0 −6 −2 −8
0 0 0 0

). 

 

Therefore, the rank of the matrix 𝒓𝒂𝒏𝒈𝑨 = 𝟐. 

The rank of the matrix in Echelon Form is the same as the quantity of 

independent rows present in linear form and this independent row is not a combination 

of rows. 

 

 

 

4. Using normal form (for square matrix) 

Example 4.4  Find the rank of the square matrix 𝑨 = (

1 2 1 2
1 3
2 4

2 2
3 4

3 7 4 6

) by 

converting it into normal form. 

Solutions.     (

1 2 1 2
1 3
2 4

2 2
3 4

3 7 4 6

)~(

1 2 1 2
0 1
0 0

1 0
1 0

0 1 1 0

)~

⏟                      
𝑹𝟐→𝑹𝟐−𝑹𝟏,𝑹𝟑→𝑹𝟑−𝟐𝑹𝟏,𝑹𝟒→𝑹𝟒−𝟑𝑹𝟏

(

1 2 1 2
0 1
0 0

1 0
1 0

0 0 0 0

)

⏟          
𝑹𝟒→𝑹𝟒−𝑹𝟐

⟹ 

⟹ (
𝑰𝟑 0
0 0

) , 𝑰𝟑 = (
1 2 1
0 1 1
0 0 1

) ⟹ 𝒓𝒂𝒏𝒌(𝑨) = 𝟑. 

 

 

4.2 Scheme for Computing the Inverse Matrix Using Elementary Transformations 

 

The permissible Elementary Operations of rows are: 

• Swapping two rows. 

• Multiplying a row by a non-zero scalar. 

• Adding a multiple of one row to another. 
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The method of Elementary Transformations, also known as Gaussian 

elimination with augmentation.  

The method of Elementary Transformations provides a systematic approach to 

compute the inverse of a square matrix 𝐴 ∈ ℝ𝑛×𝑛, if it exists, by leveraging row 

operations to transform an augmented matrix. Below is the step-by-step procedure: 

Step 1. Construct the Augmented Matrix: Form the augmented matrix (𝐴|𝐸𝑛), 
where: 

•  𝐴 is the given 𝑛 × 𝑛 matrix. 

• In 𝐸𝑛 is the 𝑛 × 𝑛  identity matrix. The augmented matrix has dimensions 

𝑛 × 2𝑛, with 𝐴 on the left and 𝐸𝑛 on the right. 

Step 2. Apply Elementary Row Operations: Perform elementary row operations 

(row swaps, row scaling, or adding a multiple of one row to another) on the augmented 

matrix (𝐴|𝐸𝑛)  to reduce the left part (originally 𝐴) to row echelon form or reduced 

row echelon form. Simultaneously, apply the same row operations to the right part 

(originally 𝐸𝑛). The goal is to transform the left part into the identity matrix 𝐸𝑛, if 

possible. 

Step 3. Analyze the Resulting Matrix: Let 𝐵 denote the matrix obtained from 𝐴 

after row operations (the left part of the augmented matrix).  

Case 1: Non-Invertible Matrix: If 𝐵 contains any zero rows, then 𝐴 is singular 

(non-invertible), and no inverse exists. Terminate the procedure. 

Case 2: Invertible Matrix: If 𝐵 has no zero rows and can be further reduced to 

the identity matrix 𝐸𝑛, then 𝐴 is invertible. Continue applying row operations until the 

augmented matrix is of the form (𝐸𝑛|𝐴
−1), where the right part is the inverse matrix 

𝐴−1. 
Step 4. Extract the Inverse Matrix: The right part of the final augmented matrix 

(𝐸𝑛|𝐴
−1)  is the inverse matrix 𝐴−1. Write 𝐴−1 as the result. 

Example 4.5  Compute the inverse matrix for matrix  𝐴 = (
2 −3 1
4 −5 2
5 −7 3

). 

Solution. We write down the extended matrix: 

(𝐴|𝐸3) = 𝐵 = (
2 −3 1
4 −5 2
5 −7 3

|
1 0 0
0 1 0
0 0 1

). 

We reduce the extended matrix by elementary transformations of lines to a step 

form. Further: 

(
2 −3 1
4 −5 2
5 −7 3

|
1 0 0
0 1 0
0 0 1

) |
𝑏⃗ 2 ← 𝑏⃗ 2 − 2𝑏⃗ 1

𝑏⃗ 3 ← 𝑏⃗ 3 −
5

2
𝑏⃗ 1
| ~ 

 

(

2 −3 1
0 1 0

0
1

2

1

2

|

1 0 0
−2 1 0

−
5

2
0 1

) |𝑏⃗ 3 ← 𝑏⃗ 3 −
1

2
𝑏⃗ 1| ~ 
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(
2 −3 1
0 1 0
0 0 1

|

1 0 0
−2 1 0

−
3

2
−
1

2
1
) |
𝑏⃗ 1 ← 𝑏⃗ 1 − 2𝑏⃗ 3

𝑏⃗ 3 ← 2𝑏⃗ 3
| 

 

The step matrix does not contain zero rows. Thus, the matrix A is reversible.  
 

(
2 −3 0
0 1 0
0 0 1

|
4 1 −2
−2 1 0
−3 −1 2

) |𝑏⃗ 1 ← 𝑏⃗ 1 + 3𝑏⃗ 2|~ 

 

~(
1 0 0
0 1 0
0 0 1

|
−2 4 −2
−2 1 0
−3 −1 2

) |𝑏⃗ 1 ←
1

2
𝑏⃗ 1| ~(

1 0 0
0 1 0
0 0 1

|
−1 2 −1
−2 1 0
−3 −1 2

). 

 

Write the inverse matrix: 𝐴−1 = (
−1 2 −1
−2 1 0
−3 −1 2

). 

 

Verification: To confirm correctness, 𝐴𝐴−1 = 𝐴−1𝐴 = 𝐸𝑛.  

Singularity Check: The presence of zero rows in 𝐴−1 indicates that 𝐴 has a 

determinant of zero, confirming non-invertibility. The next scheme efficiently 

computes the inverse matrix when it exists and provides a clear diagnostic for non-

invertible matrices, making it a valuable tool in theoretical and computational linear 

algebra. 

 

 

 

Linear Algebra Questions on Matrix Rank and Transformations 
 

1. Basic Minor of a Matrix: What is the definition of a basic minor of a matrix 𝑨? 

2. Methods for Finding Matrix Rank: What are the methods available to determine the 

rank of a matrix 𝑨? 

3. Order of a Non-Zero Minor: What is meant by the order of a non-zero minor of a 

matrix 𝑨? 

4. Rank of a Singular Square Matrix: If the determinant of a square matrix 𝐴𝑛 is zero, 

what possible values can its rank take? 

5. Elementary Transformations: What transformations of a matrix are classified as 

elementary? 

6. Purpose of Echelon Form: Why is a matrix reduced to echelon form? 

7. Purpose of Elementary Transformations: What is the purpose of applying 

elementary transformations to a matrix? 

8. Rank and Linear Independence of Rows: How is the rank of a matrix related to the 

linear independence of its rows? 

9. Effect of Column Swapping on Rank: Does the rank of a matrix change if its 

columns are permuted? 
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5. SYSTEMS OF LINEAR EQUATIONS 

 

5.1 Basic concepts 

 

Equation 𝑎1𝑥 1 + 𝑎2𝑥 2+. . . +𝑎𝑛𝑥 𝑛 = 𝑏 relatively variables 𝑥1, 𝑥2, … , 𝑥𝑛 kind is 

called linear algebraic. Given numbers 𝑎𝑖 , 𝑖 = 1, 𝑛, called the coefficients of the 

equation, and the number 𝑏  – constant term. 

 System 𝒏 linear algebraic equations (SLAR) with  𝒏  variables  𝑥1, 𝑥2, … , 𝑥𝑛 is: 

 

{

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 +⋯+ 𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚;

      (5.1) 

 

can be represented as a single matrix equation 𝐴𝑋 = 𝐵  where 𝐴 = [𝑎𝑖𝑗] is called the 

coefficient matrix  

 

𝐴 = [𝑎𝑖𝑗]𝑚×𝑛 = (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑛

) = (𝑎 𝑗)𝑛. 

𝑋 = (

𝑥1
⋮
𝑥𝑛
) and 𝐵 = (

𝑏1
⋮
𝑏𝑛

) are single-column matrices.  

 

Let's build a matrix consisting of a matrix of coefficients and a column of 

constants, it is called the augmented matrix and denoted by 𝐴̃: 

 

𝐴
~

= (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑛

|
𝑏1
⋮
𝑏𝑚

) = (𝑎 𝑗|𝑏⃗ )𝑛 =
[𝐴|𝐵], 

 

where  𝑏⃗ = (𝑏𝑖)𝑚- single-column matrice. The system of linear equations (5.1) can 

also be represented as a vector equation: 

 

∑ 𝑥𝑗𝑎 𝑗 = 𝑏⃗ ⇔ 𝑥1 (

𝑎11
⋮
𝑎𝑚1

)𝑛
𝑗=1 + 𝑥2 (

𝑎12
⋮
𝑎𝑚2

) +⋯+ 𝑥𝑛 (

𝑎1𝑛
⋮
𝑎𝑚𝑛

) = (
𝑏1
⋮
𝑏𝑚

), 

 

Which means we are trying to find coefficients to express 𝐵 as a linear 

combination of columns of 𝐴. This can only be done if 

𝒔𝒑𝒂𝒏{𝑪𝟏, 𝑪𝟐, … , 𝑪𝒏} = 𝒔𝒑𝒂𝒏{𝑪𝟏, 𝑪𝟐, … , 𝑪𝒏, 𝑩}. 
The matrix with columns 𝐶1, 𝐶2, … , 𝐶𝑛 and 𝐵 is called the augmented matrix of 

the system (5.1) and is denoted by[𝐴|𝐵]. The solution of the system is written as a 

column 𝑐 = (𝑐𝑗)𝑛. 
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A system of linear algebraic equations is called compatible if it has at least one 

solution, and incompatible if it has no solutions. A compatible system is called definite 

if it has a single solution, and indeterminate if it has more than one solution. 

Two systems are called equivalent if each solution of the first system is a solution 

of the second, and vice versa. All incompatible systems are considered equivalent. 

Definitions 5.2 A system of linear algebraic equations is called homogeneous if 

the constant terms of all equations are zero. 

Definitions 5.4 Any solution of the system is called its partial solution. The set 

of all partial solutions is called the general solution of the system. 

 

5.2 Gauss elimination 

 

 Gauss elimination, in linear and multilinear algebra, a process for finding the 

solutions of a system of simultaneous linear equations by first solving one of the 

equations for one variable (in terms of all the others) and then substituting this 

expression into the remaining equations. 

Consider the system (5.1). The method is to gradually eliminate system 

variables. The first step is to exclude the variable 𝑥1 of all equations starting from the 

second, for this purpose the first equation is multiplied by a factor −
𝑎21

𝑎11
 and add to the 

second equation. Then multiply the first equation by the coefficient 

 −
𝑎31

𝑎11
, add to the third equation, and do the following with all equations of the 

system. We get the system in the form: {

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;

   𝑎22
` 𝑥2 +⋯+ 𝑎2𝑛

` 𝑥𝑛 = 𝑏2
` ;

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯
   𝑎𝑚2

` 𝑥2 +⋯+ 𝑎𝑚𝑛
` 𝑥𝑛 = 𝑏𝑚

` .

   

 

Next, we exclude the variable from the system 𝑥2 , starting from the 3rd 

equation. To do this, multiply the second equation by a factor −
𝑎32

𝑎22
  and add to the 

third equation, so in turn repeat the steps with all other equations, get the system:   

    

                       

{
 
 

 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥2⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;

   𝑎22
` 𝑥2 + 𝑎23

` 𝑥2⋯+ 𝑎2𝑛
` 𝑥𝑛 = 𝑏2

` ;

     𝑎33
`` 𝑥3 +⋯+ 𝑎3𝑛

`` 𝑥𝑛 = 𝑏2
``;

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯
     𝑎𝑚3

`` 𝑥3 +⋯+ 𝑎𝑚𝑛
`` 𝑥𝑛 = 𝑏𝑚

`` .

   

 

We continue this procedure r once, where 𝑟 – rank of the matrix of coefficients. 

Then the system will look like: 



47 

{
 
 
 

 
 
 

𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥2⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1;

   𝑎22
` 𝑥2 + 𝑎23

` 𝑥2⋯+ 𝑎2𝑛
` 𝑥𝑛 = 𝑏2

` ;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

     𝑎𝑟𝑟
(𝑟−1)

𝑥𝑟 +⋯+ 𝑎𝑟𝑛
(𝑟−1)

𝑥𝑛 = 𝑏𝑟
(𝑟−1)

;

            0 = 𝑏𝑟+1
(𝑟)
;

          ⋯⋯⋯⋯⋯

            0 = 𝑏𝑚
(𝑟+𝑘)

.

 

 

1) 𝑛 = 𝑟, the system has a single solution; in this case the system can be 

solved by Cramer's formulas. 

2) 𝑟 > 𝑛, the system has no solutions; at least one of 𝑏𝑟+1
(𝑟−1)

, … , 𝑏𝑚
(𝑟−1)

≠ 0, 

that is, the system is incompatible. 

3) 𝑟 < 𝑛, the system has many solutions; all 𝑏𝑟+1
(𝑟−1)

, … , 𝑏𝑚
(𝑟−1)

= 0. 

Variables 𝑥1, 𝑥2, … , 𝑥𝑟 called basic variables. Variables 𝑥𝑟+1, 𝑥𝑟+2, … , 𝑥𝑛 called 

free they are transferred to the right and find through them the basic variables. 

 

Example 5.1  Solve the system of equations:  

 {

𝑥1 + 2𝑥2 + 3𝑥3 = 4;
3𝑥1 − 𝑥2 + 2𝑥3 = 5;
4𝑥1 + 𝑥2 + 5𝑥3 = 9.

 

Solutions: 

Step 1. We write down the augmented matrix of the system: (
1 2 3
3 −1 2
4 1 5

|
4
5
9
); 

Step 2. With the help of elementary transformations we reduce it to a stepped 

form: 

 

(
1 2 3
3 −1 2
4 1 5

|
4
5
9
)~(

1 2 3
0 −7 −7
0 −7 −7

|
4
−7
−7
)~(

1 2 3
0 −7 −7
0 0 0

|
4
−7
0
)~(

1 2 3
0 1 1
0 0 0

|
4
1
0
); 

 

Step 3. The rank of the coefficient matrix and the augmented matrix are equal: 

𝑟𝑎𝑛𝑔(𝐴) = 𝑟𝑎𝑛𝑔(𝐴р) = 2. Number of variables 𝑛 = 3 , that is 𝑟 < 𝑛 it means system 

has infinite number of solutions. The basic minor of the coefficient matrix 𝑀 = |
1 2
0 1

|, 

respective variables 𝑥1, 𝑥2 basic, 𝑥3 - free variable. Then writing the equivalent system 

of equations: 

 {
𝑥1 + 2𝑥2 + 3𝑥3 = 4,
   𝑥2 + 𝑥3 = 1.

 

Let's solve it leaving basic variables 𝑥1,  𝑥2 to the left, and we will transfer a free 

variable to the right: 

 

{
𝑥1 + 2𝑥2 + 3𝑥3 = 4;
   𝑥2 = −𝑥3 + 1.

⇒ {
𝑥1 + 2(−𝑥3 + 1) + 3𝑥3 = 4;

   𝑥2 = −𝑥3 + 1.
⇒ {
𝑥1 = 2 − 𝑥3;
𝑥2 = 1 − 𝑥3.
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Step 4. We write down the solution of the system in the form of a vector:  

𝑋 = (
2 − 𝑐
1 − 𝑐
𝑐
) ,  𝑐 ∈ 𝑅, 

which is called the general solution of the system.  

The Gaussian method is a universal method for solving systems of linear 

equations, since it can be applied to systems n of linear equations with an arbitrary 

number of unknowns. 

Example 5.2 Solve the system of equations: {

21 + 𝑥2 − 3𝑥3 = 3;
𝑥1 + 𝑥2 + 2𝑥3 = 2;
−𝑥1 + 𝑥2 + 𝑥3 = 0.

. 

Solutions:  

Step 1. We write down the augmented matrix of the system: 

 

(
2 1 −3
1 1 2
−1 1 1

|
3
2
0
) ∼ (

1 1 2
2 1 −3
−1 1 1

|
2
3
0
) ∼ (

1 1 2
0 1 7
0 2 3

|
2
1
2
) ∼ (

1 1 2
0 1 7
0 0 11

|
2
1
0
). 

 

Step 2. Use of elementary transformations, the matrix of the system is reduced 

to a stepped form and has three non-zero rows. The rank of the coefficient matrix is 

equal to the rank of the augmented matrix 𝑟𝑎𝑛𝑔𝐴 = 𝑟𝑎𝑛𝑔𝐴̃ = 3. The corresponding 

system of equations: 

{

𝑥1 + 𝑥2 + 𝑥3 = 2;
𝑥2 + 7𝑥3 = 1;
11𝑥3 = 0.

 

Step 3. From the third equation we obtain 𝑥3 = 0, then from the second 𝑥2 = 1, 

from the first 𝑥1 = 1.  

Step 4. That is, the solution of the given system is vector 𝑋 = (
1
1
0
).  

You need to pay attention to when 𝑟𝑎𝑛𝑔𝐴 = 𝑟𝑎𝑛𝑔𝐴̃ = 𝑛 matrix is equal to the 

rank of the extended matrix and is equal to the number of unknowns - the system of 

linear equations has one solution.  

 

5.3 Rouché-Capelli’ theorem  

 

For a linear system (with any number of equations and variables) there are only 

three possibilities as regards the solutions:  

1. the system can have no solution at all: in this case it is called inconsistent;  

2. the system can have only one solution;  

3. the system can have infinitely many solutions.  

A system having solutions (one or infinitely many) is called consistent. To check 

the consistency of a linear system with 𝑚 equations and 𝑛 variables we must consider 

the coefficient matrix, 𝐴, and the augmented matrix 𝐴
~

= [𝐴|𝐵], obtained from 𝐴 by 

adding the (column) vector 𝐵 of the constants to the right. 
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𝐴
~

= [𝐴|𝐵] = (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑛

|
𝑏1
⋮
𝑏𝑚

). 

 

Separating the last column with a vertical bar helps to write in a compact form 

both the coefficient matrix and the augmented matrix.  

The consistency or inconsistency of the system can be checked by means of the 

following theorem. 

Theorem (Rouché-Capelli’ theorem). A linear systrem of 𝑚 equations in 𝑛 

unknowns is consistent iff the coefficient matrix 𝐴 and the augmented matrix 𝐴
~

 have 

the same rank, called the rank of the system: 𝑟𝑎𝑛𝑔𝐴 = 𝑟𝑎𝑛𝑔𝐴̃. 
The basic theorem of the theory of linear equations:  

Let's write down the system 𝐴𝑥 = 𝑏⃗  in vector form:  

𝑎1𝑥 1 + 𝑎2𝑥 2+. . . +𝑎𝑛𝑥 𝑛 = 𝑏⃗ , (5.2)  
 

Consequences of the Theorem (Rouché-Capelli’ theorem): 

As the all examples and theorem shows, to check the consistency of a system we 

must find a non zero minor of the greatest possible order that is a minor both of the 

coefficient and the augmented matrices. After this check, the resolution of the system 

can proceed as follows: 

1. Erase all the the equations (if any) corresponding to the rows that have not 

been used for the found minor. 

2. Move to the second member all the terms (if any) that contain variables in 

columns not used for the found minor: these variables will remain arbitrary and are 

called parameters. 

3. In this way you obtain a square system that can be solved by Cramer’s rule, 

or using the inverse matrix strategy, or by substitution. 

If the system is consistent and there is no parameter, then it has only one solution. 

If there are parameters, the system has infinitely many solutions and, if there are k 

parameters usually we say that the system has infinite solutions. 

It will be easier to say: 

1) If the rank of the matrix of the system is equal to the rank of the extended 

matrix and is equal to the number of unknowns, then the system has a single solution. 

2) If the rank of the system matrix is equal to the rank of the extended matrix, 

but less than the number of unknowns, then the system has many solutions. 

 

Example 5.3 Solve the system of equations: {

𝑥1 − 3𝑥2 + 2𝑥3 − 𝑥4 = −1,
2𝑥1 + 𝑥2 − 𝑥3 + 𝑥4 = 2, 
3𝑥1 − 2𝑥2 + 𝑥3 = 1,   
𝑥1 + 4𝑥2 − 3𝑥3 + 2𝑥4 = 4.

 

Solutions. We write down the augmented matrix of the system and have to find 

𝑟𝑎𝑛𝑔𝐴 and 𝑟𝑎𝑛𝑔𝐴̃ with elementary transformations: 
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(

1 −3 2 −1
2 1 −1 1
3 −2 1 0
1 4 3 2

|

−1
2
1
4

) ∼ (

1 −3 2 −1
0 7 −5 3
0 7 −5 3
0 7 −5 3

|

−1
4
4
5

) ∼ 

~(

1 −3 2 −1
0 7 −5 3
0 0 0 0
0 0 0 0

|

−1
4
0
1

). 

 

Ranks are not equal  𝑟𝑎𝑛𝑔𝐴 =2, 𝑟𝑎𝑛𝑔𝐴̃=3, therefore, the system is incompatible. 

 

Example 5.4 The system with augmented matrix: 

𝐴
~

= [𝐴|𝐵] = (
3 2 −1
4 3 −1
−2 −1 1

|
1
2
0
). 

Solutions:  Given augmented matrix has rank 2: 

 

(
3 2 −1
4 3 −1
−2 −1 1

|
1
2
0
)~(

−1 2 3
−1 3 4
1 −1 −2

|
1
2
0
)~(

−1 2 3
0 1 1
0 1 1

|
1
1
1
). 

while the submatrix obtained by taking the intersection of first two rows and columns 

has a determinant: 

|
3 2
4 3

| = 9 − 8 ≠ 0. 

If we erase the third equation and move to the second member all the terms 

containing the third unknown, we obtain: 

(
3 2
4 3

|
1 + 𝑥3
2 + 𝑥3

) ⟹ 

Using Cramer’s rule we obtain: 

 

𝑥1 =
|
1 + 𝑥3 2
2 + 𝑥3 3

|

|
3 2
4 3

|
= 𝑥3 − 1, 𝑥2 =

|
3 1 + 𝑥3
4 2 + 𝑥3

|

|
3 2
4 3

|
= 2 − 𝑥3. 

While 𝑥3 remains arbitrary: let’s call it t. The solutions are: 

𝑋 = (
𝑡 − 1
2 − 𝑡
𝑡
). 

 

5.4 Homogeneous systems 

 

Definition 5.6 A system of equations 𝐴𝑋 = 𝐵 is called homogeneous iff  vector 

𝐵 = 0:  

{

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 0;
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 0;
⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯

𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 +⋯+ 𝑎𝑚𝑛𝑥𝑛 = 0.
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Every homogeneous system of linear equations has a solution, namely 𝑥1 =
0, 𝑥2 = 0,⋯ , 𝑥𝑛 = 0. Any other solution (if there is one) is called a non-trivial or non-

zero solution.  

The following properties can be written for such a system: 

1. Homogeneous system is always compatible  

(always has a trivial solution 𝑋 = 0). 

2. The sum of solutions of homogeneous system is also its solution. 

3. The product of the solution of a homogeneous system by any number is 

also the solution of the system. 

4. Any linear combination of solutions of homogeneous system is also a 

solution of this system. 

Since system is always compatible, it is appropriate to ask about the conditions 

for the existence of nonzero solutions.  

Assertion 6.1 If the rank of the matrix 𝐴𝑚×𝑛 homogeneous system is equal to 𝑟 
then the system has 𝑛 − 𝑟 linearly independent (and, consequently, nonzero) solutions.  

Theorem 6.1 A homogeneous system of linear equations has a unique trivial 

solution, if 𝑟𝑎𝑛𝑔𝐴 = 𝑛, that is, 𝑛 is the number of  variables. In other cases, the system 

has many solutions. 

Definitions 6.1 Any combination of 𝑛 − 𝑟 of linearly independent solutions of 

homogeneous system is called the fundamental system of solutions (FSR). 

Theorem (structure of the general solution of homogeneous system)  

If {𝑒 1, 𝑒 2, … , 𝑒 𝑛−𝑟} is FSR homogeneous system, the general solution of this 

system is a linear combination of solutions 𝑒 1, 𝑒 2, … , 𝑒 𝑛−𝑟: 
 

 𝑥 заг.одн = 𝐶1𝑒 1 + 𝐶2𝑒 2 +⋯+ 𝐶𝑛−𝑟𝑒 𝑛−𝑟 , 

 𝑥 заг.одн = 𝐶1(

𝛼1
𝛼2
⋮
𝛼𝑛

)+ 𝐶2 +(

𝛽1
𝛽2
⋮
𝛽𝑛

)+⋯+ 𝐶𝑛−𝑟 (

𝜔1
𝜔2
⋮
𝜔𝑛

). 

 

The general solution of the inhomogeneous system consists of the general 

solution of the corresponding homogeneous system plus the partial solution of the 

inhomogeneous system. 

 

Example 5.5  Solve the system of equations “step by step”: 

 {

𝑥1 − 3𝑥2 + 2𝑥3 − 𝑥4 = −1,
2𝑥1 + 𝑥2 − 𝑥3 + 𝑥4 = 2, 
3𝑥1 − 2𝑥2 + 𝑥3 = 1,   
𝑥1 + 4𝑥2 − 3𝑥3 + 2𝑥4 = 3.

 

Solutions: 

Step 1. We write down the extended matrix of system and reduce it by means of 

elementary transformations to a step form: 

(

1 −3 2 −1
2 1 −1 1
3 −2 1 0
1 4 3 2

|

−1
2
1
3

) ∼ (

1 −3 2 −1
0 7 −5 3
0 7 −5 3
0 7 −5 3

|

−1
4
4
4

) ∼ (

1 −3 2 −1
0 7 −5 3
0 0 0 0
0 0 0 0

|

−1
4
0
0

). 
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Step 2. The ranks are equal: 𝑟𝑎𝑛𝑔𝐴 = 𝑟𝑎𝑛𝑔𝐴𝑝 = 2, therefore, the system is 

compatible. The rank of the matrix is less than the number of unknowns, so the system 

will have many solutions. Minor, located in the upper left corner |
1 −3
0 7

| is the basis 

for this matrix. Consider a corresponding homogeneous system:  

{
𝑥1 − 3𝑥2 + 2𝑥3 − 𝑥4 = 0;
 7𝑥2 − 5𝑥3 + 3𝑥4 = 0,

⇒ {
𝑥1 − 3𝑥2 = −2𝑥3 + 𝑥4;

 7𝑥2 = 5𝑥3 − 3𝑥4,
⇒ {

𝑥1 =
𝑥3−2𝑥4

7
;

𝑥2 =
5𝑥3−3𝑥4

7
.
 

𝑥1, 𝑥2 – basic variables, 𝑥3, 𝑥4 – free variables. 

We will give arbitrary values to free variables 𝐶1, 𝐶2 and then the solution of the 

system: 

 𝑋 =

(

 
 

𝐶1−2𝐶2

7
5𝐶1−3𝐶2

7

𝐶1
𝐶2 )

 
 
=

(

 
 

𝐶1

7
5𝐶1

7

𝐶1
0 )

 
 
+

(

 
 

−2𝐶2

7
−3𝐶2

7

0
𝐶2 )

 
 

, where  𝐶1, 𝐶2 ∈ 𝑅. 

Step 3. If the FSR consists of two solutions 𝑛 = 4,  𝑟 = 2,  4 − 2 = 2. Let's 

write them down. To do this, we provide variables 𝑥3, 𝑥4 values 𝑥3 = 1, 𝑥4 = 0, we 

will have one solution. Further 𝑥3 = 0, 𝑥4 = 1, we will have a second solution. The 

fundamental system of solutions is their linear combination: 

𝑋1 =

(

 
 

1

7
5

7

1
0)

 
 
;  𝑋2 =

(

 
 

−2

7
−3

7

0
1)

 
 
;  𝑋 = 𝑋1 + 𝑋2 = 𝐶1

(

 
 

1

7
5

7

1
0)

 
 
+ 𝐶2

(

 
 

−2

7
−3

7

0
1)

 
 
= 𝑋з.о. 

 

Step 5. The general solution of homogeneous system 𝑋з.о. is a fundamental 

system of solutions of homogeneous system. 

Let's return to the inhomogeneous system: 

{
𝑥1 − 3𝑥2 + 2𝑥3 − 𝑥4 = −1;
  7𝑥2 − 5𝑥3 + 3𝑥4 = 4,

⇒ {
𝑥1 − 3𝑥2 = −1 − 2𝑥3 + 𝑥4;

 7𝑥2 = 4 + 5𝑥3 − 3𝑥4,

⇒ {
𝑥1 =

5 + 𝑥3 − 2𝑥4
7

;

𝑥2 =
4 + 5𝑥3 − 3𝑥4

7
.

 

Step 6. Partial solution of the system 𝑋з.н. can be obtained by substituting in (5.3) 

the values of parameters  𝑥3 = 0, 𝑥4 = 0. Then we write the general solution of the 

system in the form: 

𝑋з.н. =

(

 
 

5+𝐶1−2𝐶2

7
4+5𝐶1−3𝐶2

7

𝐶1
𝐶2 )

 
 
=

(

 
 

5

7
4

7

0
0)

 
 
+

(

 
 

𝐶1

7
5𝐶1

7

𝐶1
0 )

 
 
+

(

 
 

−2𝐶2

7
−3𝐶2

7

0
𝐶2 )

 
 

, where 𝐶1, 𝐶2 ∈ 𝑅. 
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𝑿з.н. = 𝑿з.о. + 𝑿ч.н = 𝑪𝟏

(

 
 

𝟏

𝟕
𝟓

𝟕

𝟏
𝟎)

 
 
+ 𝑪𝟐

(

 
 

−𝟐

𝟕
−𝟑

𝟕

𝟎
𝟏)

 
 
+

(

 
 

𝟓

𝟕
𝟒

𝟕

𝟎
𝟎)

 
 

, where 𝑪𝟏, 𝑪𝟐 ∈ 𝑹. 

 

Example 5.6  A factory manufactures 3 products, 𝑃1, 𝑃2, 𝑃2. Each product 

undergoes a working cycle in 3 different departments, A, B, C , with the following 

working times, in hours: 
 A B C 

𝑷𝟏 2 1 1 

𝑷𝟐 5 3 2 

𝑷𝟑 3 2 2 
 

If for a specific production the 3 departments have worked for 104 hours, 64 

hours and 55 hours respectively for the departments A, B and C , we ask how many 

pieces of each product have been produced. If the quantities we are looking for are 

𝑥1, 𝑥2, 𝑥3 we must have: 

{

2𝑥1 + 5𝑥2 + 3𝑥3 = 104,
𝑥1 + 3𝑥2 + 2𝑥3 = 64,
𝑥1 + 2𝑥2 + 2𝑥3 = 55.

 

We need to solve a linear system with augmented matrix: 

(
2 5 3
1 3 2
1 2 2

|
104
64
55
) ⟹ 𝑋 = (

7
9
15
). 

As the determinant of the coefficient matrix is 1, the system can be solved using 

Cramer’s rule and we obtain: 𝑥1 = 7, 𝑥2 = 9, 𝑥3 = 15. 
 

5.5 Geometric interpretation of 3-dimension system: 

 

Systems that have a single solution are those which, after elimination, result in a 

solution set consisting of an ordered triple (𝑥, 𝑦, 𝑧). Graphically, the ordered triple 

defines a point that is the intersection of three planes in space. 
 

 
 

 

 

 

Systems that have an infinite number of solutions are those which, after 

elimination, result in an expression that is always true, such as 0=0. Graphically, an 

Figure 5.1 (a) Three planes intersect at a single point, representing a three-by-

three system with a single solution. (b) Three planes intersect in a line, 

representing a three-by-three system with infinite solutions. 
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infinite number of solutions represents a line or coincident plane that serves as the 

intersection of three planes in space. 

 
 

 

 

 

 

Systems that have no solution are those that, after elimination, result in a 

statement that is a contradiction, such as 3=0. Graphically, a system with no solution 

is represented by three planes with no point in common. 

 

 

Linear Algebra Questions on Systems of Linear Equations 
1. Augmented Matrix: What is the definition of an augmented matrix for a system of 

linear equations? 

2. Homogeneous System: What characterizes a system of linear equations as 

homogeneous? 

3. Particular Solution: What is meant by a particular solution to a system of linear 

equations? 

4. General Solution: What is the general solution of a system of linear equations? 

5. Gauss Elimination: What method for solving a system of linear equations is referred 

to as Gauss elimination? 

6. Basic Variables: Which variables in a system of linear equations are called basic 

variables? 

7. Rank of a System: How is the rank of a system of linear equations determined? 

8. Infinite Solutions: Under what conditions does a system of linear equations have 

infinitely many solutions? 

9. No Solutions: Under what conditions does a system of linear equations have no 

solutions? 

10. Rouché-Capelli Theorem: What is the significance of the Rouché-Capelli theorem 

in the context of systems of linear equations? 

11. Properties of Linear Systems: What are the key properties of a system of linear 

equations? 

12. Fundamental System of Solutions: What is a fundamental system of solutions for a 

homogeneous system of linear equations? 

 

 

 

 

Figure 5.2 All three figures represent three-by-three systems with no solution. (a) The 

three planes intersect with each other, but not at a common point. (b) Two of the planes 

are parallel and intersect with the third plane, but not with each other. (c) All three planes 

are parallel, so there is no point of intersection. 
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6. APPLICATIONS OF MATRICES DECOMPOSITION 

 

6.1 Quadratic Forms 

 

In analytic geometry, the theory of quadratic forms provides a powerful tool for 

analyzing second-degree curves and surfaces. Let us consider a symmetric matrix: 

𝐴 = (

𝑎11 𝑎12 𝑎13
𝑎12 𝑎22 𝑎23
𝑎13 𝑎23 𝑎33

) ⟹ 𝐴 = (
𝑎11 𝑎12
𝑎12 𝑎22

)
⏟        
𝑸𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝑭𝒐𝒓𝒎𝒔

, 

 

Definition 6.1 An expression of the form 𝑎11𝑥
2 + 2𝑎12𝑥𝑦 + 𝑎22𝑦

2 is called a 

quadratic form in the variables 𝑥 and 𝑦, where the term 𝑥𝑦 is cross-product term. The 

matrix 𝐴 is called the matrix of the quadratic form. 

The symmetric matrix 𝐴 of a quadratic form defines a corresponding linear 

transformation:  

𝑌⃗ = 𝐴𝑋 . 
 

An ordered pair of numbers 𝑥, 𝑦, can be interpreted as the coordinates of a vector 

𝑥 ∈ 𝑉2 in some orthonormal basis {𝑒1⃗⃗  ⃗, 𝑒2⃗⃗  ⃗}: 
𝑥 = 𝑥1𝑒1⃗⃗  ⃗ + 𝑥2𝑒2⃗⃗  ⃗. 

Then, the quadratic form 𝑄(𝑥1, 𝑥2) = 𝑎11𝑥1
2 + 2𝑎12𝑥1𝑥2 + 𝑎22𝑥2

2 is a scalar-

valued function of the vector argument 𝑥 , defined throughout the vector space  𝑉2. For 

example, the expression 𝑄(𝑥, 𝑦) = 2𝑥2 − 3𝑥𝑦 + 𝑦2, is a quadratic form in the 

variables 𝑥 and 𝑦:  

𝑎11 = 2, 𝑎12 = −
3

2
, 𝑎22 = 1 ⟹ 𝐴 = (

2 −
3

2

−
3

2
1

)

⏟          
matrix of the quadratic form

. 

 

A quadratic form is said to be in canonical form (or diagonal form) in a chosen 

basis if the matrix of the quadratic form is diagonal in that basis. That is, all off-

diagonal elements must be zero: , , , etc.  

Theorem 6.1 Every quadratic form can be reduced to a diagonal (canonical) 

form in some basis. 

This is achieved by diagonalizing the symmetric matrix of the quadratic form. 

Since symmetric matrices are orthogonally diagonalizable, there always exists an 

orthonormal basis in which the quadratic form becomes a sum of squares: 

𝑄(𝑥1, 𝑥2) = 𝜆1𝑢
2 + 𝜆2𝑣

2, 
Where 𝑢, 𝑣 are coordinates in the new basis and 𝜆1, 𝜆2 are eigenvalues of matrix  𝐴. 

Definition 6.2 A nonzero column vector 𝑥  is called an eigenvector of a square 

matrix 𝐴 ∈ ℝ𝑛×𝑛 if there exists a scalar such that: 𝐴𝑥 = 𝜆𝑥 . 
The scalar 𝜆 is called an eigenvalue of the matrix 𝐴 corresponding to the 

eigenvector 𝑥 . 
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The matrix equation 𝐴𝑥 = 𝜆𝑥  is equivalent to the homogeneous system:  

(𝐴 − 𝜆𝐸𝑛)𝑥 = 0⃗ . 
where is the identity matrix  𝐸𝑛 of size 𝑛. According to the rank theorem, this system 

(and thus the matrix equation) has nontrivial solutions if and only if: 

𝑟𝑎𝑛𝑔(𝐴 − 𝜆𝐸𝑛) < 𝑛 ⟹ |𝐴 − 𝜆𝐸𝑛| = 0. 
This determinant condition defines the characteristic equation of the matrix and 

allows us to compute its eigenvalues. 

Definition 6.3 The matrix: 

𝐴 − 𝜆𝐸𝑛 = (

а11 − 𝜆 а12 ⋯ а1𝑛
а12 а22 − 𝜆 ⋯ а2𝑛
⋯ ⋯ ⋯ ⋯

а𝑛1 а𝑛2 ⋯ а𝑛𝑛 − 𝜆

) 

 

is called the characteristic matrix of matrix 𝐴, and the determinant |𝐴 − 𝜆𝐸𝑛| is called 

the characteristic polynomial of matrix 𝐴. 

Theorem 6.2 The eigenvalues of matrix are the roots of its characteristic 

polynomial: 
|𝐴 − 𝜆𝐸𝑛| = 0. 

The eigenvectors are the non-zero solutions of the corresponding homogeneous 

linear system: 

 

{

(𝑎11 − 𝜆)𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 0,
𝑎21𝑥1 + (𝑎22 − 𝜆)𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 0,

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ (𝑎𝑛𝑛 − 𝜆)𝑥𝑛 = 0.

 

 

Remark 1. The number of eigenvalues of a matrix is finite (equal to the degree 

of the characteristic polynomial), while the number of eigenvectors is infinite, since 

the solution set of a degenerate homogeneous system is an infinite set — and it is 

precisely this set that constitutes the collection of eigenvectors. 

 

6.2 Spectral Theorem in Linear Algebra 

 

The Spectral Theorem is a cornerstone of linear algebra, providing a powerful 

framework for diagonalizing a specific class of matrices — normal matrices in the 

complex case or symmetric (or Hermitian) matrices in the real or complex case. The 

theorem is stated in two primary forms: 

 

1. Complex Case (Normal Matrices) 

Let 𝐴 ∈ ℂ𝑛×𝑛 be a normal matrix, meaning it satisfies 𝐴𝐴−1 = 𝐴−1𝐴, where 

𝐴−1 is the conjugate transpose of 𝐴. Then there exists a unitary matrix 𝑈 ∈ ℂ𝑛×𝑛 (i.e., 

𝑈𝑈−1 = 𝑈−1𝑈 = 𝐸 and a diagonal matrix Λ ∈ ℂ𝑛×𝑛 such that: 

𝑨 = 𝑼𝜦𝑼−𝟏. 
The diagonal elements 𝛬𝑖𝑖 = 𝜆𝑖 are the eigenvalues of 𝐴, and the columns of 𝑈 

are the orthonormal eigenvectors corresponding to these eigenvalues. 
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2. Real Case (Symmetric Matrices) 

Let A ∈ Rn×n be a symmetric matrix, meaning A=AT. Then there exists an 

orthogonal matrix Q ∈ Rn×n  (QTQ = QQT = E) and a diagonal matrix Λ ∈ Rn×n such that: 

𝑨 = 𝑸𝜦𝑸−𝟏. 
The diagonal elements 𝜦𝑖𝑖 = 𝜆𝑖 are the real eigenvalues of 𝑨, and the columns 

of 𝑸 are the orthonormal eigenvectors corresponding to these eigenvalues. 

Clarifications: 

In the complex case, normality (𝐴𝐴−1 = 𝐴−1𝐴) ensures diagonalizability via 

unitary similarity. Normal matrices include Hermitian (𝐴 = 𝐴−1), unitary (𝐴𝐴−1 = 𝐸), 

and scalar matrices. In the real case, symmetric matrices are a special case of normal 

matrices, with the additional property that their eigenvalues are always real, and their 

eigenvectors can be chosen to be orthonormal. In both cases, the eigenvalues 𝜆𝑖 form 

the spectrum of 𝐴, giving the theorem its name. 

Example 6.1: Diagonalization of a Quadratic Form. 

Let us consider the quadratic form: 𝑄(𝑥, 𝑦) = 2𝑥2 − 3𝑥𝑦 + 𝑦2. 

We associate it with the symmetric matrix: 𝐴= (
2 −

3

2

−
3

2
1
)

⏟        
𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡ℎ𝑒 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑓𝑜𝑟𝑚

. 

Step 1: Find the eigenvalues 

To find the eigenvalues λ, solve the characteristic equation: |𝐴 − 𝜆𝐸𝑛| = 0. 

|
2 − 𝜆 −

3

2

−
3

2
1 − 𝜆

| = 0 ⟹ (2 − 𝜆)(1 − 𝜆) −
9

4
= 0 ⟹ 𝜆2 − 3𝜆 +

7

4
= 0 ⟹ 

Thus, the eigenvalues are:  𝜆1,2 =
3±√2

2
. 

Step 2: Find the eigenvectors 

Substitute each λ back into (𝐴 − 𝜆𝐸𝑛)𝑥 = 0⃗  to find corresponding eigenvectors. 

For example, with 𝜆1 solve: 

([
2 −1,5
−1,5 1

] −
3 + √2

2
[
1 0
0 1

]) 𝑥 = 0⃗ . 

(This step leads to solving a homogeneous linear system – you can simplify 

using symbolic math or numerical approximations.) 

Step 3: Diagonalization 

After finding orthonormal eigenvectors matrix 𝑈1⃗⃗⃗⃗  and 𝑈2⃗⃗ ⃗⃗ , we form the 

orthogonal matrix 𝑃 = [𝑈1⃗⃗⃗⃗  𝑈2⃗⃗ ⃗⃗ ], and then: 𝑃𝑇𝐴𝑃 = 𝐷, where 𝐷 is the diagonal matrix 

of eigenvalues — this is the canonical form of the quadratic form. 

Example 6.2 Find the eigenvalues of the matrix  𝐴 = (
5 2
2 8

). 

Step 1: Find the eigenvalues. We begin by writing the characteristic equation 

for 𝐴: 

|
5 − 𝜆 2
2 8 − 𝜆

| = 0 ⟹ 𝜆2 − 13𝜆 + 36 = 0. 
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Solving this quadratic equation gives the eigenvalues: 𝜆1 = 4, 𝜆2 = 9.  
Step 2: Find the eigenvectors. Let us now find the corresponding eigenvectors. 

For λ1=4, we solve: 

{
𝑥 + 2𝑦 = 0
2𝑥 + 4𝑦 = 0

⟹ 𝑉1 = (
−2
1
),   𝐶1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

For 𝜆2 = 9, we solve: {
−4𝑥 + 2𝑦 = 0
2𝑥 − 𝑦 = 0

⟹ 𝑉2 = 𝐶2 (
1
2
) , 𝐶2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 .  

Step 3: Diagonalization. Construct the matrix P of eigenvectors: 𝑃 = (
−2 1
1 2

) 

Then, 𝑃−1 = −
1

5
(
2 −1
−1 −2

). Then: 

 

𝑷−𝟏𝑨𝑷 = 𝑫⟹ −
1

5
(
−2 1
1 2

) (
5 2
2 8

) (
2 −1
−1 −2

) = −
1

5
(
−8 4
9 18

)(
2 −1
−1 −2

) = 

= −
1

5
(
−20 0
0 −45

) = (
4 0
0 9

). 

From the property of matrix multiplication 𝑷−𝟏𝑨𝑷 = 𝑫⟹ 𝑷𝑫𝑷−𝟏 = 𝑨: 

𝑷𝑫𝑷−𝟏 = 𝑨:−
1

5
(
−2 1
1 2

) (
4 0
0 9

) (
2 −1
−1 −2

) = −
1

5
(
−8 9
4 18

) (
2 −1
−1 −2

) = 

= −
1

5
(
−25 −10
−10 −40

) = (
5 2
2 8

). 

Alternatively, using a different eigenvector basis: 

𝑷𝑫𝑷−𝟏 = 𝑨:−
2

5
(
−2 0,5
1 1

) (
4 0
0 9

) (
1 −0,5
−1 −2

) = −
2

5
(−8

9

2
4 9

)(
1 −0,5
−1 −2

) 

= −
2

5
(−
25

2
−5

−5 −20

) = (
5 2
2 8

). 

If using the orthonormal basis formed by normalizing the eigenvectors:  

𝑃 = (
−2 1
1 2

) ⟹ 𝑃∗ =
1

√5
(
−2 1
1 2

) ; (𝑃∗)−1 = −
1

√5
(
2 −1
−1 −2

). 

𝑷−𝟏𝑨𝑷 ⟹ −
1

5
(
−2 1
1 2

) (
5 2
2 8

) (
2 −1
−1 −2

) = −
1

5
(
−8 4
9 18

) (
2 −1
−1 −2

) = 

= −
1

5
(
−20 0
0 −45

) = (
4 0
0 9

). 

Example 6.3 Find the eigenvalues of the matrix  𝐴 = (
4 −2 −1
−1 3 −1
1 −2 2

). 

Step 1: Find the eigenvalues. We begin by writing the characteristic equation 

for 𝐴: 

|
4 − 𝜆 −2 −1
−1 3 − 𝜆 −1
1 −2 2 − 𝜆

| = 0 ⟹ (4 − 𝜆)(3 − 𝜆)(2 − 𝜆) − 9 + 3𝜆 = 0 ⟹ 

⟹ (3 − 𝜆)(𝜆2 − 6𝜆 + 5) = 0. 
Solving this quadratic equation gives the eigenvalues: 𝜆1 = 1, 𝜆2 = 3, 𝜆3 = 5.  
Step 2: Find the eigenvectors  

Let us now find the corresponding eigenvectors. For λ1 = 1: 
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(
4 − 1 −2 −1
−1 3 − 1 −1
1 −2 2 − 1

) ⟹ (
2 −2 −1
−1 2 −1
1 −2 1

) ⟹ (
2 −2 −1
−1 2 −1
1 −2 1

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
). 

{

3𝑥1 − 2𝑥2 − 𝑥3 = 0,
−𝑥1 + 2𝑥2 − 𝑥3 = 0,
𝑥1 − 2𝑥2 + 𝑥3 = 0.

⟹{
3𝑥1 − 2𝑥2 − 𝑥3 = 0,
𝑥1 − 2𝑥2 + 𝑥3 = 0.

⟹ {
𝑥1 = 𝑥2,
𝑥2 = 𝑥3.

⟹
𝑉1 = 𝐶1 (

1
1
1
)

𝐶1 ∈ ℝ.

, 

For λ2 = 3: 

(
4 − 3 −2 −1
−1 3 − 3 −1
1 −2 2 − 3

) ⟹ (
1 −2 −1
−1 0 −1
1 −2 −1

) ⟹ (
1 −2 −1
−1 0 −1
1 −2 −1

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
). 

{

𝑥1 − 2𝑥2 − 𝑥3 = 0,
−𝑥1 − 𝑥3 = 0,

𝑥1 − 2𝑥2 − 𝑥3 = 0.
⟹{

𝑥1 − 2𝑥2 − 𝑥3 = 0,
𝑥1 + 𝑥3 = 0.

⟹ {
𝑥1 = 𝑥2,
𝑥2 = −𝑥3.

⟹
𝑉2 = 𝐶2 (

1
1
−1
)

𝐶2 ∈ ℝ.

, 

For λ3 = 5: 

(
4 − 5 −2 −1
−1 3 − 5 −1
1 −2 2 − 5

) ⟹ (
−1 −2 −1
−1 −2 −1
1 −2 −3

) ⟹ (
−1 −2 −1
−1 −2 −1
1 −2 −3

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
). 

{

−𝑥1 − 2𝑥2 − 𝑥3 = 0,
−𝑥1 − 2𝑥2 − 𝑥3 = 0,
𝑥1 − 2𝑥2 − 3𝑥3 = 0.

⟹{
−𝑥1 − 2𝑥2 − 𝑥3 = 0,
𝑥1 − 2𝑥2 − 3𝑥3 = 0.

⟹ {
𝑥1 = 𝑥3,
𝑥2 = −𝑥3.

⟹
𝑉3 = 𝐶3 (

1
−1
1
)

𝐶3 ∈ ℝ.

. 

Step 3: Diagonalization 

 Construct the matrix P of eigenvectors:  

 

𝑃 = (
1 1 1
1 1 −1
1 −1 1

). Then,  𝑃−1 =
1

4
(
0 2 2
2 0 −2
2 −2 0

). Then: 

𝑷−𝟏𝑨𝑷 = 𝑫⟹
1

4
(
0 2 2
2 0 −2
2 −2 0

)(
4 −2 −1
−1 3 −1
1 −2 2

)(
1 1 1
1 1 −1
1 −1 1

) = 

= (
0 0,5 0,5
1,5 0 −1,5
2,5 −2,5 0

)(
1 1 1
1 1 −1
1 −1 1

) = (
1 0 0
0 3 0
0 0 5

). 

𝑷𝑫𝑷−𝟏 = 𝑨:
1

4
(
1 1 1
1 1 −1
1 −1 1

)(
1 0 0
0 3 0
0 0 5

)(
0 2 2
2 0 −2
2 −2 0

) = 

=
1

4
(
1 3 5
1 3 −5
1 −3 5

)(
0 2 2
2 0 −2
2 −2 0

) = (
4 −2 −1
−1 3 −1
1 −2 2

). 

Example 6.4 For each given matrix A and all the eigenvalues and the 

corresponding eigenvectors and determine if the matrix is diagonalizable. If so, find a 

diagonal matrix D and an invertible matrix P such that A = PDP–1. 

1) (
−1 4
2 1

)        2) (
2 −3 0
−1 0 0
−1 1 1

)        3) (
5 0 0
−1 2 3
3 0 5

) 

Solutions: 
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Step 1: Find the eigenvalues 

 𝐴 = (
−1 4
2 1

), 𝐴 − 𝜆𝐸 ⟹ 𝐴 − 𝜆𝐸 = (
−1 − 𝜆 4
2 1 − 𝜆

). 

 

Let's solve the characteristic equation:  𝑑𝑒𝑡(𝐴 − 𝜆𝐸) = (−1 − 𝜆)(1 − 𝜆) − 4 ∙ 2 = 0. 

(−1 − 𝜆)(1 − 𝜆) − 8 =  𝜆2 − 1 − 8 = 𝜆2 − 9 = (𝜆 + 3)(𝜆 − 3) = 0 

Find eigenvalues:   𝜆1 = −3     and     𝜆2 = 3. 

Step 2: Find the eigenvectors  

For each λ, solve (𝐴 − 𝜆𝐸)𝑥 = 0⃗  to get eigenvectors.  

For 𝜆1 = −3:   

 𝐴 − 𝜆1𝐸 = 𝐴 − (−3)𝐸 = 𝐴 + 3𝐸 = (
−1 + 3 4
2 1 + 3

) =  (
2 4
2 4

),  

solving (
2 4
2 4

) (
𝑥
𝑦) = 0. From the first line: 

 2𝑥 + 4𝑦 = 0 ⇒  𝑥 + 2𝑦 = 0 ⇒  𝑥 = −2𝑦.  

Let's take the parameter 𝑡 = 𝑦 and get the eigenvector: 

(
𝑥
𝑦) = (

−2𝑡
𝑡
) = (

−2
1
) 𝑡,  𝑡 ≠ 0, 𝒗𝟏 = (

−𝟐
𝟏
). 

Geometric multiplicities and algebraic multiplicities:  𝑚𝑔(−3) = 1 = 𝑚𝑎(−3). 

For 𝜆2 = 3,  

 𝐴 − 𝜆2𝐸 = 𝐴 − 3𝐸 = (
−1 − 3 4
2 1 − 3

) = (
−4 4
2 −2

) ⟹ (
−4 4
2 −2

) (
𝑥
𝑦) = 0.  

From the first line we get: −4𝑥 + 4𝑦 = 0 ⇒  − 𝑥 + 𝑦 = 0 ⇒   𝑦 = 𝑥.  

Let's take the parameter 𝑡 = 𝑥 and get the eigenvector: 

(
𝑥
𝑦) = (

𝑡
𝑡
) = (

1
1
) 𝑡, 𝑡 ≠ 0, 𝒗𝟐 = (

𝟏
𝟏
). 

𝑚𝑔(3) = 1 = 𝑚𝑎(3). 

Step 3: Diagonalization 

Since 𝑚𝑔 = 1 = 𝑚𝑎 for both, and 1+1=2, then 𝐴 is diagonalizable and  

𝑨 = (
−1 4
2 1

) = (
−2 1
1 1

) (
−3 0
0 3

) (
−2 1
1 1

)
−1

= 𝑷𝑫𝑷−𝟏 

with 

                                        𝐷 = (
−3 0
0 3

),           𝑃 = (
−2 1
1 1

). 

 

2) 𝐴 = (
2 −3 0
−1 0 0
−1 1 1

) 

Step 1: Find the eigenvalues  𝐴 − 𝜆𝐸 = (
2 − 𝜆 −3 0
−1 0 − 𝜆 0
−1 1 1 − 𝜆

) 

 

𝑑𝑒𝑡(𝐴 − 𝜆𝐸) = 𝑑𝑒𝑡 (
2 − 𝜆 −3 0
−1 −𝜆 0
−1 1 1 − 𝜆

) = (1 − 𝜆) 𝑑𝑒𝑡 (
2 − 𝜆 −3
−1 −𝜆

) = 0. 

(1 − 𝜆)((2 − 𝜆)(−𝜆) − (−3)(−1)) =  (1 − 𝜆)(𝜆2 − 2𝜆 − 3) =

= (1 − 𝜆)(𝜆 + 1)(𝜆 − 3) = −(𝜆 + 1)(𝜆 − 1)(𝜆 − 3) = 0 

Еigenvalues:   𝜆1 = −1, 𝜆2 = 1, 𝜆3 = 3. 
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Step 2: Find the eigenvectors  

For 𝜆1 = −1: 

𝐴 − 𝜆1𝐸 = 𝐴 + 𝐸 = (
2 + 1 −3 0
−1 0 + 1 0
−1 1 1 + 1

) = (
3 −3 0
−1 1 0
−1 1 2

),      

(
3 −3 0
−1 1 0
−1 1 2

)(
𝑥
𝑦
𝑧
) = 0. 

Subtract row 2 from row 1 ⇒ (4, -4, 0). Row 1 and row 2 are multiples, simplify: 

4𝑥 − 4𝑦 + 0 = 0   ⇒   {
𝑥 − 𝑦 = 0 
𝑧 𝑖𝑠 𝑓𝑟𝑒𝑒

   ⇒     𝑥 = 𝑦, 𝑧 = 0. Let's take the parameter  

𝑡 = 𝑥 = 𝑦 and get the eigenvector: (
𝑥
𝑦
𝑧
) = (

𝑡
𝑡
0
) = (

1
1
0
) 𝑡, 𝑡 ≠ 0, 𝒗𝟏 = (

𝟏
𝟏
𝟎
).    

𝑚𝑔(−1) = 1 = 𝑚𝑎(−1).      

For 𝜆2 = 1:  

𝐴 − 𝜆2𝐸 = 𝐴 − 𝐸 = (
2 − 1 −3 0
−1 0 − 1 0
−1 1 1 − 1

) = (
1 −3 0
−1 −1 0
−1 1 0

),      

(
1 −3 0
−1 −1 0
−1 1 0

)(
𝑥
𝑦
𝑧
) = 0. 

{
𝑥 − 3𝑦 = 0 
−𝑥 − 𝑦 = 0

   ⇒    𝑓𝑟𝑜𝑚 1𝑠𝑡:  𝑥 = 3𝑦;    𝑓𝑟𝑜𝑚 2𝑛𝑑: − 3𝑦 − 𝑦 = 0    ⇒

      ⇒     𝑦 = 0   ⇒    𝑥 = 0;    𝑧 𝑖𝑠 𝑓𝑟𝑒𝑒. Let's take the parameter 𝑡 = 𝑧 and get the 

eigenvector: (
𝑥
𝑦
𝑧
) = (

0
0
𝑡
) = (

0
0
1
) 𝑡,     𝑡 ≠ 0,   𝒗𝟐 = (

𝟎
𝟎
𝟏
).    

𝑚𝑔(1) = 1 = 𝑚𝑎(1).      

For 𝜆3 = 3: 

𝐴 − 𝜆3𝐸 = 𝐴 − 3𝐸 = (
2 − 3 −3 0
−1 0 − 3 0
−1 1 1 − 3

)=(
−1 −3 0
−1 −3 0
−1 1 −2

),        

(
−1 −3 0
−1 −3 0
−1 1 −2

)(
𝑥
𝑦
𝑧
) = 0. 

Subtract row 1 from row 2: row 2 becomes (0, 0, 0). Add row 1 and row 3: row 

3 becomes (−2, −2, −2).  

From row 1:      −𝑥 − 3𝑦 = 0 ⇒ 𝑥 = −3𝑦.    

From row 3:    −2𝑥 − 2𝑦 − 2𝑧 = 0.  

Substitute 𝑥 = −3𝑦:   
−2(−3𝑦) − 2𝑦 − 2𝑧 = 6𝑦 − 2𝑦 − 2𝑧 = 4𝑦 − 2𝑧 = 0 ⇒  z = 2y. 

 

So: 𝑥 = −3𝑦,   𝑦 = 𝑦,   𝑧 = 2𝑦. Let's take the parameter 𝑡 = 𝑦 and get the 

eigenvector: (
𝑥
𝑦
𝑧
) = (

−3𝑡
𝑡
2𝑡
) = (

−3
1
2
) 𝑡,     𝑡 ≠ 0,  𝒗𝟑 = (

−𝟑
𝟏
𝟐
).    

𝑚𝑔(3) = 1 = 𝑚𝑎(3).      
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Step 3: Diagonalization 

The matrix 𝐴 is diagonalizable. Let’s build matrices 𝑃 and 𝐷. Collect 

eigenvectors 𝑣1 = (
1
1
0
), 𝑣2 = (

0
0
1
) , 𝑣3 = (

−3
1
2
) as columns of matrix 𝑃 (in the same 

order as eigenvalues in 𝐷): 

 𝑃 = (
1 0 −3
1 0 1
0 1 2

) and 𝐷 = (
−1 0 0
0 1 0
0 0 3

). 

𝑨 = (
2 −3 0
−1 0 0
−1 1 1

) = (
1 0 −3
1 0 1
0 1 2

)(
−1 0 0
0 1 0
0 0 3

)(
1 0 −3
1 0 1
0 1 2

)

−1

= 𝑷𝑫𝑷−𝟏. 

 

3) 𝐴 = (
5 0 0
−1 2 3
3 0 5

) 

Step 1: Find the eigenvalues 

  det (𝐴 − 𝜆𝐸) = 𝑑𝑒𝑡 (
5 − 𝜆 0 0
−1 2 − 𝜆 3
3 0 5 − 𝜆

) = (5 − 𝜆)2(2 − 𝜆) = 0. 

Еigenvalues:   𝜆1 = 2, 𝜆2 = 5 (multiplicity 2). 

Step 2: Find the eigenvectors  

For 𝜆1 = 2, 

 𝐴 − 2𝐸 = (
5 − 2 0 0
−1 2 − 2 3
3 0 5 − 2

) = (
3 0 0
−1 0 3
3 0 3

) ⟹ (
3 0 0
−1 0 3
3 0 3

)(
𝑥
𝑦
𝑧
) = 0 ⟹  

(
𝑥
𝑦
𝑧
) = (

0
𝑡
0
) = (

0
1
0
) 𝑡,     𝑡 ≠ 0,    𝒗𝟏 = (

𝟎
𝟏
𝟎
). 

𝑚𝑔(2) = 1 = 𝑚𝑎(2).     

For 𝜆2 = 5, 

𝐴 − 5𝐸 = (
5 − 5 0 0
−1 2 − 5 3
3 0 5 − 5

)=(
0 0 0
−1 −3 3
3 0 0

) ⟹    (
0 0 0
−1 −3 3
3 0 0

)(
𝑥
𝑦
𝑧
) = 0.  

(
𝑥
𝑦
𝑧
) = (

0
𝑡
𝑡
) = (

0
1
1
) 𝑡,     𝑡 ≠ 0,  𝒗𝟐 = (

𝟎
𝟏
𝟏
) 

𝑚𝑔(5) = 1 ≠ 2 = 𝑚𝑎(5).      𝑣2 = (
0
1
1
). 

Step 3: Diagonalization  The matrix 𝑨 is not diagonalizable. 
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The conclusion from the above examples is that a nondegenerate square matrix 

can be represented as a product of three specific matrices. One of the other ways to 

represent a matrix as a product of several specific matrices is the Singular Value 

Decomposition method. 

Example 6.5 Let find the matrix  𝐴∗ = (
1 −1
2 4

)
100

. 

1) Let find the eigenvalues:  

𝐴 = (
1 −1
2 4

) ⟹ |
1 − 𝜆 −1
2 4 − 𝜆

| = 0, 𝜆2 − 5𝜆 + 6 = 0. 

Solving this quadratic equation gives the eigenvalues: 𝜆1 = 3, 𝜆2 = 2. 
2) Let us now find the corresponding eigenvectors.  

For λ1 = 3:   {
−2𝑥1 − 𝑥2 = 0,
2𝑥1 + 𝑥2 = 0.

⟹ 𝑥2 = −2𝑥1⟹
𝑉1 = 𝐶1 (

1
−2
) ,

𝐶1 ∈ ℝ.
 

For λ1 = 2:  {
−𝑥1 − 𝑥2 = 0,
2𝑥1 + 2𝑥2 = 0.

⟹ 𝑥2 = −𝑥1⟹
𝑉2 = 𝐶2 (

1
−1
) ,

𝐶2 ∈ ℝ.
 

3) Construct the matrix P of eigenvectors: 

𝑃 = (
1 1
−2 −1

) ⟹ 𝑃−1 = (
−1 −1
2 1

) 

𝑨 = 𝑷𝑫𝑷−𝟏⟹ (
1 1
−2 −1

) (
3 0
0 2

) (
1 1
−2 −1

)
−1

= (
1 1
−2 −1

) (
3 0
0 2

) (
−1 −1
2 1

). 

𝑨 = 𝑷𝑫𝑷−𝟏⟹𝑨𝟐 = (𝑷𝑫𝑷−𝟏)(𝑷𝑫𝑷−𝟏) = 𝑷𝑫𝑷−𝟏𝑷⏟  
𝑬

𝑫𝑷−𝟏 = 𝑷𝑫𝑫⏟
𝑫𝟐

𝑷−𝟏

= 𝑷𝑫𝟐𝑷−𝟏. 

𝑨𝟏𝟎𝟎 = 𝑷𝑫𝟏𝟎𝟎𝑷−𝟏⟹ (
1 1
−2 −1

) (
3 0
0 2

)
100

(
−1 −1
2 1

) = 

= (
1 1
−2 −1

) (3
100 0
0 2100

) (
−1 −1
2 1

) = ( 3100 2100

−2 ∙ 3100 −2100
) (
−1 −1
2 1

) = 

= ( 2101 − 3100 2100 − 3100

−2101 + 2 ∙ 3100 −2100 + 2 ∙ 3100
). 

Significance of the Spectral Theorem 

The Spectral Theorem is a profound result with far-reaching implications in both 

theoretical and applied mathematics. Its importance stems from the following aspects: 

Diagonalization of Matrices 

The theorem guarantees that normal (or symmetric) matrices can be 

diagonalized using unitary (or orthogonal) similarity transformations. This reduces the 

action of 𝐴 to scaling along the directions of its eigenvectors, greatly simplifying the 

analysis of linear transformations. 

For a symmetric matrix 𝐴, the transformation 𝑥 ⟶ 𝐴𝑥 can be interpreted as 

scaling in the basis of eigenvectors with factors 𝜆𝑖. 
Orthonormal Eigenvector Basis 

The theorem ensures that the eigenvectors of a normal matrix form an 

orthonormal basis. This allows any vector in the space to be expressed as a linear 
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combination of eigenvectors via projections, a property central to many computational 

techniques. 

Real Eigenvalues for Symmetric Matrices 

In the real case, the theorem guarantees that symmetric matrices have real 

eigenvalues, making them particularly suitable for modeling physical systems (e.g., 

stress tensors or inertia matrices) where real-valued outputs are expected. 

Applications in Science and Engineering 

• Quadratic Forms: Symmetric matrices often appear in quadratic forms (e.g., 

𝑥𝑇𝐴𝑥). The Spectral Theorem expresses these forms in terms of eigenvalues, 

simplifying tasks like determining positive definiteness.  

• Data Analysis: In methods like Principal Component Analysis (PCA), the 

theorem is used to decompose covariance matrices, identifying principal directions of 

data variance.  

• Quantum Mechanics: Hermitian operators (analogous to symmetric matrices) 

have real eigenvalues corresponding to measurable physical quantities, with 

eigenvectors representing quantum states.  

• Numerical Methods: The theorem underpins algorithms for computing 

eigenvalues and eigenvectors and solving linear systems efficiently. 
 

6.3 Singular value decomposition as simply as possible 

 

The singular value decomposition (SVD) is typically presented in the following 

way: any matrix  𝑨𝒎×𝒏 can be decomposed into three matrices: A = 𝑈ΣV𝑻. Singular 

Value Decomposition is a fundamental matrix factorization in linear algebra, 

particularly useful for analyzing the structure of a matrix and its range, null space, and 

rank. 

Theorem 6.2 (Singular Value Decomposition) 

Let be 𝑨 real 𝒎× 𝒏 matrix. Then there exist orthogonal matrices 𝑈 ∈ ℝ𝑚×𝑚 

and 𝑉 ∈ ℝ𝑛×𝑛, and a diagonal matrix Σ ∈ ℝ𝑚×𝑛 with non-negative real numbers on 

the diagonal, such that  

𝑨 = 𝑼𝚺𝐕𝑻. 
𝑈 – orthogonal matrices, 𝑈𝑻𝑈 = 𝐸𝑚 (columns of 𝑈 – eigenvectors of the matrix 𝑨𝑨𝑻),  

V – orthogonal matrices, 𝑉𝑻𝑉 = 𝐸𝑛 (columns of 𝑉 – eigenvectors of the matrix 𝑨𝑻𝑨),  

Σ – diagonal matrix, the diagonal entries 𝜎1, 𝜎2, … 𝜎𝑟 of Σ are the singular values of 𝑨, 

where 𝒓 = 𝒓𝒂𝒏𝒌(𝑨): 

𝚺 =

(

 
 

𝝈𝟏
𝟎
⋮
𝟎
⋮
𝟎

𝟎
𝝈𝟐
⋮
𝟎
⋮
𝟎

⋯
⋯
⋱
⋱
⋱
⋯

𝟎
𝟎
⋮
𝝈𝒓
:
𝟎 )

 
 
,𝝈𝟏 ≥ 𝝈𝟐 ≥ ⋯ ≥ 𝝈𝒓 ≥ 𝟎. 

 

Explanation: Because of 𝑨𝑨𝑻 is symmetric 𝒎×𝒎 matrix: 

(𝐴𝑇𝐴)𝑇 = 𝐴𝑇(𝐴𝑇)𝑇 = 𝐴𝑇𝐴. 
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Thus, by Spectral theorem, 𝑨𝑻𝑨 has 𝒏 real eigenvalues λ (with algebraic 

multiplicity). If λ is an eigenvalue for matrix 𝑨𝑻𝑨, then λ > 0. Let's make proof: 

assume (𝐴𝑇𝐴)𝑣 = λ𝑣 , where 𝑉⃗ ≠ 0 is eigenvector for λ, then: 

 

λ𝑣 ∙ 𝑣 = ((𝐴𝑇𝐴)𝑣 ) ∙ 𝑣 = |(𝑨𝑻𝑨)𝑇 = 𝑨𝑻𝑨| = (𝐴𝑇𝐴𝑣 )𝑇𝑣 = 𝑣 𝑇(𝐴𝑇𝐴)𝑇𝑣 ⟹ 

⟹ 𝑣 𝑇𝐴𝑇𝐴𝑣 = (𝐴𝑣 )𝑇𝐴𝑣 = (𝐴𝑣 )(𝐴𝑣 ) ≥ 0 ⟹ λ ≥ 0. 
Also, if 𝐴 = 𝑈ΣV𝑻, then 𝐴𝑇𝐴 = (𝑈ΣV𝑇)𝑇𝑈ΣV𝑇 = 𝑉Σ𝑇 𝑈𝑇𝑈⏟

𝐸𝑚

ΣV𝑇 = 𝑉 Σ𝑇Σ⏟
𝑛×𝑛 

V𝑇. 

 

In the Singular Value Decomposition (SVD) of a matrix 𝐴 ∈ ℝ𝑚×𝑛, it is 

customary to arrange the singular values in non-increasing order: 

𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎min (𝑚,𝑛) ≥ 0. 

These appear as the diagonal elements of Σ, i.e. Σ𝑖𝑖 = 𝜎𝑖 for 𝑖 = 1,2,⋯ ,min (𝑚, 𝑛). If 
𝒓 = 𝒓𝒂𝒏𝒌(𝑨), then the first 𝒓 singular values are non-zero (𝜎1, 𝜎2, ⋯ , 𝜎𝑟 > 0), and 

any remaining singular values (𝜎𝑟+1, 𝜎𝑟+2, ⋯ , 𝜎min (𝑚,𝑛)) are zero. 

 

Definition 6.4 The singular values of a matrix A ∈ Rm×n are non-negative scalars 

that arise in the Singular Value Decomposition (SVD). 

If the SVD factorizes A as: Am×n = Um×m Σm×n (Vn×n)
T, where: 

𝑈 ∈ ℝ𝑚×𝑚 is an orthogonal matrix whose columns are the left singular vectors; 

Σ ∈ ℝ𝑚×𝑛 is a diagonal matrix with non-negative entries  𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑟 ≥ 0  

(where 𝒓 = 𝒎𝒊𝒏(𝒎,𝒏)) along the main diagonal, known as the singular values: 

𝝈𝟏 = √𝛌𝟏, 𝝈𝟐 = √𝛌𝟐, ⋯ , 𝝈𝒏 = √𝛌𝒏, 

where λ — eigenvalues for 𝐴𝑇𝐴. 

𝑉 ∈ ℝ𝑛×𝑛 is an orthogonal matrix whose columns are the right singular vectors. 

 

The singular values 𝜎𝑖 quantify the "scaling" effect of 𝐴 along specific directions 

defined by the singular vectors. The singular values 𝝈𝒊 are the square roots of the 

eigenvalues of 𝑨𝑻𝑨 (or 𝑨𝑨𝑻, depending on dimensions): 

• Compute 𝑨𝑻𝑨 ∈ ℝ𝑛×𝑛, which is symmetric and positive semi-definite. 

• Find the eigenvalues  𝜆𝑖 ≥ 0 of 𝑨𝑻𝑨. 

• The singular values are 𝜎𝑖 = √𝜆𝑖, ordered non-increasingly. 

Alternatively, the singular values are also the square roots of the eigenvalues of 

𝑨𝑨𝑻, but 𝑨𝑻𝑨 is typically used when 𝑛 < 𝑚. 

 

Properties and Interpretation of singular values: 

1. Geometric Interpretation:  

• Singular values describe how 𝑨 transforms vectors. Applying 𝑨 to the unit 

sphere in ℝ𝑛 produces an ellipsoid in ℝ𝑚, with semi-axes lengths given by 𝜎𝑖. 
• The largest singular value 𝜎1 indicates the maximum "stretch," while the 

smallest non-zero 𝜎𝑟 indicates the minimum. 

2. Algebraic Properties:  

• The number of non-zero singular values equals the rank of 𝑨 . 

• Zero singular values correspond to dimensions lost in the transformation. 
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Example 6.6 Find the singular values of matrix (
1 2
0 1
1 0

). 

Step 1: Compute 𝑨𝑻𝑨: (
1 0 1
2 1 0

)(
1 2
0 1
1 0

) = (
2 2
2 5

). 

Step 2: Eigenvalues of 𝑨𝑻𝑨: 𝑑𝑒𝑡 (
2 − 𝜆 2
2 5 − 𝜆

) = 𝜆2 − 7𝜆 + 6 = 0, λ1 =

6, λ2 = 1.  

Step 3: Singular values: 𝜎1 = √6 ≈ 2,449, 𝜎2 = √1 = 1. 

Example 6.7 Compute the SVD of matrix 𝐴 = (
1 1
0 1
−1 0

) ⟹ 𝐴 = 𝑈ΣV𝑻. 

Step 1: Calculate: 𝑨𝑻𝑨 = (
1 0 −1
1 1 1

)(
1 1
0 1
−1 0

) = (
2 0
0 3

). 

Step 2: Find the eigenvalues. Solve the characteristic polynomial:  

𝑑𝑒𝑡(𝑨𝑻𝑨 − 𝜆𝐼) = 0 ⟹ |
2 0
0 3

| = 0 ⟹ λ1 = 3, λ2 = 2. 

For λ1 = 3: {
𝑥1 + 0 ∙ 𝑥2 = 0,
0 ∙ 𝑥1 + 0 ∙ 𝑥2 = 0.

⟹ {
𝑥1 = 0,
𝑥2 = 1.

𝑉1 = 𝐶1 (
0
1
) ,

𝐶1 ∈ ℝ.
 𝛌𝟏 > 𝛌𝟐. 

For λ1 = 2: {
0 ∙ 𝑥1 + 0 ∙ 𝑥2 = 0,
0 ∙ 𝑥1 + 𝑥2 = 0.

⟹ {
𝑥1 = 1,
𝑥2 = 0.

𝑉1 = 𝐶2 (
1
0
) ,

𝐶2 ∈ ℝ.
  

Construct the matrix 𝑉 of eigenvectors: 𝑉 = (
0 1
1 0

) ⟹ 𝑉−1 = (
0 1
1 0

) = 𝑉𝑇 .  

Step 3: Consider the matrix Σ = Σ3×2. Rank of matrix 𝑟𝑎𝑛𝑘(Σ) = 𝑟𝑎𝑛𝑘(𝑉) =
𝑟 is number non-zero eigenvalues. Also, Σ3×2  is diagonal matrix with diagonal entries:  

𝜎1 = √λ1 = √3, 𝜎2 = √λ2 = √2: 

Σ = (
√3 0

0 √2
0 0

). 

Step 4: Compute 𝑈. Consider the matrix 𝑨𝑨𝑻. Find the eigenvalues and 

eigenvector.  

𝑨𝑨𝑻 = (
1 1
0 1
−1 0

)(
1 0 −1
1 1 1

) = (
2 1 0
1 1 1
0 1 2

) ⟹ 

To find the eigenvalues λ, solve the characteristic equation: |𝐴 − 𝜆𝐸𝑛| = 0: 

|
2 − λ 1 0
1 1 − λ 1
0 1 2 − λ

| = 0 ⟺ λ3 − 𝐽1 λ
3 + 𝐽2λ − 𝐽3 = 0, 



67 

𝐽1 = 𝑎11 + 𝑎22 + 𝑎33 = 2 + 1 + 2 = 5,

𝐽2 = 𝑀11 +𝑀22 +𝑀33 = |
1 1
1 2

| + |
2 0
0 2

| + |
2 1
1 1

| = 6,

𝐽3 = |

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| = |
2 1 0
1 1 1
0 1 2

| = 0.
}
 
 

 
 

⟹

λ1 = 3,
λ2 = 2,
λ3 = 0.

 

 

Step 5: Let us now find the corresponding eigenvectors. 

 Remembering that 𝛌𝟏 > 𝛌𝟐 > 𝛌𝟑,    

 For λ1 = 3:  (
−1 1 0
1 −2 1
0 1 −1

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
) ⟹ {

𝑥1 = 𝑥2
𝑥2 = 𝑥3

⟹

𝑉1 = 𝐶1 (
1
1
1
) , 𝐶1 ∈ ℝ,

𝑉1
0 =

1

√3
(
1
1
1
) .

 

For λ1 = 2:  (
0 1 0
1 −1 1
0 1 0

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
) ⟹ {

𝑥1 = 𝑥2
𝑥2 = 𝑥3

⟹

𝑉2 = 𝐶2 (
1
0
−1
) , 𝐶2 ∈ ℝ,

𝑉2
0 =

1

√2
(
1
0
−1
) .

  

For λ1 = 0: (
2 1 0
1 1 1
0 1 2

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
) ⟹ {

2𝑥1 = −𝑥2
𝑥2 = −2𝑥3

⟹

𝑉3 = 𝐶3 (
1
−2
1
) , 𝐶3 ∈ ℝ.

𝑉3
0 =

1

√6
(
1
2
−1
) .

 

Step 6: Construct 𝑈: 

𝑈 =

(

 
 

1
√3
⁄ 1

√2
⁄ 1

√6
⁄

1
√3
⁄ 0 2

√6
⁄

1
√3
⁄ −1

√2
⁄ −1

√6
⁄ )

 
 
. 

(

 
 

1
√3
⁄ 1

√2
⁄ 1

√6
⁄

1
√3
⁄ 0 2

√6
⁄

1
√3
⁄ −1

√2
⁄ −1

√6
⁄ )

 
 

⏟                  
𝑼

(
√3 0

0 √2
0 0

)

⏟      
𝚺

(
0 1
1 0

)
⏟    

𝑽𝑻

= (
1 2
0 1
1 0

)
⏟    

𝑨

. 
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Example 6.8 Compute the SVD of matrix 𝐵 = (
1 0 −1
1 1 1

) ⟹ 𝐵 = 𝑈ΣV𝑻. 

𝐵 = (
1 0 −1
1 1 1

) = 𝐴𝑇 . 

 

𝐵 = 𝐴𝑇 = (
0 1
1 0

)
⏟    

𝑽

(√3 0 0

0 √2 0
)

⏟        
𝚺𝑻

(

 
 

1
√3
⁄ 1

√3
⁄ 1

√3
⁄

1
√2
⁄ 0 −1

√2
⁄

1
√6
⁄ 2

√6
⁄ −1

√6
⁄ )

 
 

⏟                
𝑼𝑻

. 

 

Applications and Significance of the Singular Value Decomposition: 

• Data Compression: Truncating small 𝜎𝑖 in SVD approximates 𝑨, used in 

image compression. 

• Principal Component Analysis (PCA): SVD identifies principal directions 

in data. 

• Numerical Stability: Condition number assesses sensitivity in linear 

systems. 

• Recommendation Systems: SVD decomposes user-item matrices. 

 
 

• Panel 1: Original Data in High-Dimensional Space 

The data points are spread out in multiple dimensions, possibly with correlations 

between variables. 

• Panel 2: Centering and Computing Covariance Matrix 

The data is centered (mean at zero), and the covariance matrix is computed to capture 

relationships between features. 
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• Panel 3: Applying Singular Value Decomposition (SVD) 

Using SVD, the covariance matrix is decomposed into orthogonal directions (principal 

components) and associated singular values (which indicate variance). 

• Panel 4: Projection onto Principal Components 

The data is projected onto the principal axes, achieving dimensionality reduction while 

preserving maximal variance. 

 

6.4 LU Decomposition 

 

In linear algebra, 𝑳𝑼 Decomposition, i.e., lower–upper (𝐿𝑈) decomposition or 

factorization of a matrix, can be defined as the product of a lower and an upper 

triangular matrices. This method can relate to the matrix form of the Gaussian 

elimination method of solving a system of linear equations. 

Definition: LU Decomposition is a matrix factorization technique that expresses 

a square matrix A ∈ Rn×n as the product of a lower triangular matrix L and an upper 

triangular matrix U: 

𝑨 = 𝑳𝑼. 
where: 

• 𝐿 ∈ ℝ𝑛×𝑛 is a lower triangular matrix (all entries above the main 

diagonal are zero, i.e., 𝐿𝑖𝑗 = 0 for 𝑖 < 𝑗): 

 

𝐿 =

(

 
 

𝟏
𝜽
⋮
𝜽
𝜽

0
𝟏
⋯

00
00

⋮ ⋱ ⋮
𝜽
𝜽

⋱
⋯

𝟏0
𝜽𝟏)

 
 
,𝑈 =

(

 
 

𝟏
0
⋮
0
0

𝜽
𝟏
⋯

𝜽𝜽
𝜽𝜽

⋮ ⋱ ⋮
0
0

⋱
⋯

𝟏𝜽
0𝟏)

 
 
, 

 

• 𝑈 ∈ ℝ𝑛×𝑛 is an upper triangular matrix (all entries below the main 

diagonal are zero, i.e., 𝑈𝑖𝑗 = 0 for 𝑖 > 𝑗). 

• Typically, 𝐿 is chosen to have ones on the main diagonal (𝐿𝑖𝑗 = 1) to 

ensure uniqueness, though other normalizations are possible. 

 

The decomposition is particularly useful for solving linear systems, computing 

determinants, and inverting matrices. 

 

Conditions for Existence. 

• 𝑳𝑼 decomposition exists for any square matrix 𝐴 that can be reduced to 

row echelon form without row swaps, such as matrices with non-zero leading principal 

minors. 

• If 𝐴 is non-singular (invertible), the decomposition is unique under the 

normalization 𝐿𝑖𝑖 = 1. 

• For matrices requiring row swaps (e.g., when pivoting is needed), a 

variant called 𝐋𝐔 decomposition with partial pivoting is used, expressed as 𝑷𝑨 =
   = 𝑳𝑼, where 𝑃 is a permutation matrix. 
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Construction. LU decomposition is typically computed using Gaussian 

elimination: 

1. Start with 𝑨 and perform row operations to eliminate subdiagonal entries, 

transforming 𝑨 into an upper triangular matrix 𝑈. 

2. Record the multipliers used in these row operations as entries in 𝐿. 

Specifically, if a multiple 𝑚𝑖𝑗 of row 𝑗  is subtracted from row 𝑖 to zero out 𝐴𝑖𝑗, set 

𝐿𝑖𝑗 = 𝑚𝑖𝑗. 

3. Set 𝐿𝑖𝑖 = 1 and 𝐿𝑖𝑗 = 0 for 𝑖 < 𝑗, ensuring 𝐿 is lower triangular. 

For example, for a 3 × 3 matrix 𝐴, the process involves: 

• Eliminating entries below the pivot in the first column to form 𝑈's first 

column. 

• Repeating for subsequent columns, storing multipliers in 𝐿. 

 

Applications 

𝑳𝑼 decomposition is a cornerstone of numerical linear algebra with wide-

ranging applications: 

Solving Linear Systems: For 𝐴𝑥 = 𝑏⃗ , rewrite as 𝑳𝑼𝒙⃗⃗ = 𝒃⃗⃗  Solve via:  

• Forward substitution: 𝐿𝑦 = 𝑏⃗  for  𝑦 . 
• Backward substitution: Solve 𝑈𝑥 = 𝑦  for 𝑥 . This is efficient, especially 

for multiple right-hand sides 𝑏⃗ , as 𝐿 and 𝑈 are triangular. 

Determinant: The determinant of 𝐴 is the product of the diagonal elements of 𝑈: 

𝑑𝑒𝑡(𝐴) = 𝑑𝑒 𝑡(𝐿) ∙ 𝑑𝑒 𝑡(𝑈) = ∏ 𝑈𝑖𝑖 ,
𝑛
𝑖=1  since  𝑑𝑒 𝑡(𝐿) = 1, if 𝐿𝑖𝑖 = 1. 

Matrix Inversion: Compute 𝐴−1 by solving 𝐴𝑥𝑖⃗⃗⃗  = 𝑒𝑖⃗⃗    or each standard basis 

vector 𝑒𝑖⃗⃗   using the 𝑳𝑼 factors. 

Numerical Stability: With partial pivoting (𝑃𝐴 = 𝐿𝑈), 𝐿𝑈 decomposition is 

robust for numerical computations, avoiding issues with small pivots. 

LU decomposition is a powerful tool in computational mathematics, enabling 

efficient and stable solutions to linear systems and related problems. 

 

Example 6.9 Consider matrix 𝐴 = (
2 1 1
4 1 0
−2 2 1

) . 

We aim to compute its 𝑨 = 𝐿𝑈 decomposition, 𝐴 ∈ ℝ3×3, where: 𝐿 ∈ ℝ3×3 is a 

lower triangular matrix with ones on the main diagonal and 𝑈 ∈ ℝ3×3 is an upper 

triangular matrix. The primary focus is on how the matrix 𝐿 is formed, as the 

construction of 𝑈 is understood to be straightforward via Gaussian elimination. We 

will detail the process of obtaining 𝐿 by tracking the multipliers used during 

elimination. 

Step 1: Gaussian Elimination to Form U: To obtain U, we apply Gaussian 

elimination to to transform it into an upper triangular matrix by zeroing out the 

elements below the main diagonal. We proceed column by column. 
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First Column:  (
𝟐 𝟏 𝟏
𝟒 𝟏 𝟎
−𝟐 𝟐 𝟏

)~(
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
−𝟐 𝟐 𝟏

)
⏟                      

𝑹𝟐−𝟐𝑹𝟏→𝑹𝟐

~(
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟑 𝟐

)
⏟          

𝑹𝟑+𝑹𝟏→𝑹𝟑

. 

 

The goal is to eliminate the elements 𝑎21 = 4, 𝑎31 = −2 below the element 𝑎11 = 2. 

Compute the multiplier 𝒎𝟐𝟏 =
𝒂𝟐𝟏

𝒂𝟏𝟏
=
𝟒

𝟐
= 𝟐, then multiplier 𝒎𝟑𝟏 =

𝒂𝟑𝟏

𝒂𝟏𝟏
=
−𝟐

𝟐
= −𝟏. 

 

Second Column: (
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟑 𝟐

)~(
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟎 −𝟒

)
⏟                      

𝑹𝟑−𝑹𝟏→𝑹𝟑

. 

 

Now, eliminate the element 𝑎32 = 3 below the element 𝑎22 = −1 in the second 

column. Compute the multiplier 𝒎𝟑𝟐 =
𝒂𝟑𝟐

𝒂𝟐𝟐
=

𝟑

−𝟏
= −𝟑. Subtract 𝑚32 = 3 times the 

second row from the third row (i.e., add the second row). The matrix is now upper 

triangular: 

Resulting Matrix: 𝑼 = (
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟎 𝟐

). 

This is the matrix 𝑈, obtained via Gaussian elimination. The multipliers 𝑚21, 𝑚31, and 

𝑚32, are key to forming 𝐿. 

Step 2: Constructing the Matrix L. The matrix L is a lower triangular matrix that 

records the multipliers used during Gaussian elimination. For a 3×3  matrix L, has the 

form: 

𝑳 = (
𝟏 0 0
𝑳𝟐𝟏 𝟏 𝟎
𝑳𝟑𝟏 𝑳𝟑𝟐 𝟏

). 

 

• Diagonal Elements: Set 𝐿𝑖𝑖 = 1, for 𝑖 = 1,2,3 (i.e., 𝐿11 = 𝐿22 = 𝐿33 = 1) 

to ensure uniqueness of the 𝑳𝑼 decomposition.  

• Subdiagonal Elements: The elements 𝑳𝒊𝒋, 𝒊 > 𝒋 are the multipliers 𝒎𝒊𝒋 used 

to eliminate 𝒂𝒊𝒋 (𝑳𝒊𝒋 = 𝒎𝒊𝒋). 

• Superdiagonal Elements: Set 𝑳𝒊𝒋 = 𝟎, 𝒊 < 𝒋 as no operations affect entries 

above the diagonal. 

From the elimination process: 𝑳𝟐𝟏 = 𝟐, 𝑳𝟑𝟏 = −𝟏, 𝑳𝟑𝟐 = −𝟑 thus, the matrix 𝑳 is: 

 

𝑳 = (
𝟏 0 0
𝟐 𝟏 𝟎
−𝟏 −𝟑 𝟏

). 

 

Step 3: Why L Contains These Multipliers? 

The matrix 𝑳 represents the inverse of the sequence of elimination matrices applied 

during Gaussian elimination. Each step of elimination can be expressed as 
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multiplication by an elimination matrix 𝑬𝒌
∗  , which zeros out elements below the pivot 

in column 𝒌. 

Elimination Matrices 

First Column Elimination: To zero out −𝒎𝟐𝟏 = 𝑳𝟐𝟏 = −𝟐,−𝒎𝟑𝟏 = 𝑳𝟑𝟏 = 𝟏 

we use: 

𝑬𝟏
∗ = (

𝟏 𝟎 𝟎
−𝒎𝟐𝟏 𝟏 𝟎
−𝒎𝟑𝟏 𝟎 𝟎

) = (
1 0 0
−2 1 0
1 0 0

)
⏟                      

𝑹𝟐−𝟐𝑹𝟏→𝑹𝟐,𝑹𝟑+𝑹𝟏→𝑹𝟑

. 

 

This matrix performs: 𝑹𝟐 − 𝟐𝑹𝟏 → 𝑹𝟐,𝑹𝟑 + 𝑹𝟏 → 𝑹𝟑.  

Second Column Elimination: To zero out  −𝒎𝟑𝟐 = 𝑳𝟑𝟐 = 𝟏 we use:  

 

𝑬𝟐
∗ = (

𝟏 𝟎 𝟎
𝟎 𝟏 𝟎
𝟎 −𝒎𝟑𝟐 𝟎

) = (
1 0 0
0 1 0
0 1 0

). 

The Gaussian elimination process can be written as:  

𝑬𝟐
∗𝑬𝟏
∗𝑨 = 𝑼⟹ 𝑨 = (𝑬𝟐

∗ )−𝟏(𝑬𝟏
∗)−𝟏𝑼. 

The matrix 𝑳 is the product of the inverse elimination matrices: 

𝑳 = (𝑬𝟏
∗)−𝟏(𝑬𝟐

∗ )−𝟏 = (
1 0 0
2 1 0
−1 0 1

)(
1 0 0
0 1 0
0 −3 1

) = (
1 0 0
2 1 0
−1 −3 1

)
⏟          

𝑳

. 

This confirms that 𝑳 is formed by placing the multipliers 𝒎𝒊𝒋 in the subdiagonal 

positions of 𝑳. 

Step 4: Verification LU = A: (
𝟏 𝟎 𝟎
𝟐 𝟏 𝟎
−𝟏 −𝟑 𝟏

)(
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟎 −𝟒

) = (
𝟐 𝟏 𝟏
𝟒 𝟏 𝟎
−𝟐 𝟐 𝟏

) 

The decomposition is correct. 

Example 6.10 Consider matrix 𝐴 = (
2 1
4 5

) to find 𝐿 and 𝑈 for LU 

Decomposition. 

Matrix 𝐴 must be able to be reduced to row-Eshelon Form, 𝑈, without 

interchanging any rows. 

Step 1.  Eliminate 𝑎21 = 4: (
2 1
4 5

) → (
2 1
0 3

)
⏟            

𝑆ubtract Row2←Row2−2∙Row1

⟹𝑚𝑖𝑗 = 𝑚21 = 2.  

𝑈 ∈ ℝ2×2⟹𝑈 = (
2 1
0 3

). 

Step 2: Using the opposites of the multiplies used in the row operations to obtain 

𝑈, we can build 𝐿. Form 𝐿: 𝐿 ∈ ℝ2×2⟹ 𝐿 = (
1 0
𝑚21 1

) ⟹ 𝐿 = (
1 0
2 1

). 

Step 3: Verify: 𝐿𝑈 = (
1 0
2 1

) (
2 1
0 3

) = (
2 1
4 5

).  
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6.5 Using 𝑳𝑼 decomposition to solve systems of equations 

 

The motivation for an 𝑳𝑼 decomposition (𝐴 = 𝐿𝑈)is based on the observation 

that systems of equations involving triangular coefficient matrices are easier to deal 

with. Indeed, the whole point of Gaussian elimination is to replace the coefficient 

matrix with one that is triangular. The 𝑳𝑼 decomposition is another approach designed 

to exploit triangular systems. Consider a system of linear equations with three 

variables: 

(

𝑎11 𝑎12 𝑎13
𝑎12 𝑎22 𝑎23
𝑎13 𝑎23 𝑎33

)(

𝑥1
𝑥2
𝑥3
) = (

𝑏1
𝑏2
𝑏3

) ⟹ 𝐴𝑋 = 𝐵⃗ ⟹ (𝐿𝑈)𝑋 = 𝐵⃗ . 

(
𝟏 𝟎 𝟎
𝒍𝟐𝟏 𝟏 𝟎
𝒍𝟑𝟏 𝒍𝟑𝟐 𝟏

)(

𝒖𝟏𝟏 𝒖𝟏𝟐 𝒖𝟏𝟑
𝟎 𝒖𝟐𝟐 𝒖𝟐𝟑
𝟎 𝟎 𝒖𝟑𝟑

)(

𝑥1
𝑥2
𝑥3
) = (

𝑏1
𝑏2
𝑏3

) ⟹ 

⟹ (

𝒖𝟏𝟏 𝒖𝟏𝟐 𝒖𝟏𝟑
𝒍𝟐𝟏𝒖𝟏𝟏 𝒍𝟐𝟏𝒖𝟏𝟐 + 𝒖𝟐𝟐 𝒍𝟐𝟏𝒖𝟏𝟑 + 𝒖𝟐𝟑
𝒍𝟑𝟏𝒖𝟏𝟏 𝒍𝟑𝟏𝒖𝟏𝟐 + 𝒍𝟑𝟐𝒖𝟐𝟐 𝒍𝟑𝟏𝒖𝟏𝟑 + 𝒍𝟑𝟐𝒖𝟐𝟑 + 𝒖𝟑𝟑

)(

𝑥1
𝑥2
𝑥3
) = (

𝑏1
𝑏2
𝑏3

) ⟹ 

⟹ (

𝒖𝟏𝟏 𝒖𝟏𝟐 𝒖𝟏𝟑
𝒍𝟐𝟏𝒖𝟏𝟏 𝒍𝟐𝟏𝒖𝟏𝟐 + 𝒖𝟐𝟐 𝒍𝟐𝟏𝒖𝟏𝟑 + 𝒖𝟐𝟑
𝒍𝟑𝟏𝒖𝟏𝟏 𝒍𝟑𝟏𝒖𝟏𝟐 + 𝒍𝟑𝟐𝒖𝟐𝟐 𝒍𝟑𝟏𝒖𝟏𝟑 + 𝒍𝟑𝟐𝒖𝟐𝟑 + 𝒖𝟑𝟑

) = (

𝑎11 𝑎12 𝑎13
𝑎12 𝑎22 𝑎23
𝑎13 𝑎23 𝑎33

). 

It turns out that we need only consider lower triangular matrices 𝐿  that have 1s 

down the diagonal. 

Example 6.11 Consider matrix 𝐴 = (
2 1 1
4 1 0
−2 2 1

). 

Step 1.  Multiplying out 𝐿𝑈 and setting the answer equal to 𝐴 gives: 

(

𝒖𝟏𝟏 𝒖𝟏𝟐 𝒖𝟏𝟑
𝒍𝟐𝟏𝒖𝟏𝟏 𝒍𝟐𝟏𝒖𝟏𝟐 + 𝒖𝟐𝟐 𝒍𝟐𝟏𝒖𝟏𝟑 + 𝒖𝟐𝟑
𝒍𝟑𝟏𝒖𝟏𝟏 𝒍𝟑𝟏𝒖𝟏𝟐 + 𝒍𝟑𝟐𝒖𝟐𝟐 𝒍𝟑𝟏𝒖𝟏𝟑 + 𝒍𝟑𝟐𝒖𝟐𝟑 + 𝒖𝟑𝟑

) = (
2 1 1
4 1 0
−2 2 1

) ⟹ 

Step 2.  Now we use this to find the entries in 𝐿 and 𝑈. Fortunately this is not 

nearly as hard as it might at first seem. We begin by running along the top row to see 

that:  

𝑢11 = 2, 𝑢12 = 1, 𝑢13 = 1. 

Step 3.  Now consider the next: 

⟹

[
 
 
 
 
 
 
 

𝑢11 = 2, 𝑢12 = 1, 𝑢13 = 1; 
(𝑙21𝑢11) = 4, 𝑙21 = 2; 

(𝑙21𝑢12 + 𝑢22) = 1, 𝑢22 = −1;
(𝑙21𝑢13 + 𝑢23) = 0, 𝑢23 = −2;
𝑙31𝑢11 = −2, 𝑙31 = −1;

(𝑙31𝑢12 + 𝑙32𝑢22) = 2, 𝑙32 = −3;
(𝑙31𝑢13 + 𝑙32𝑢23 + 𝑢33) = 1, 𝑢33 = −4.  

⟹ 
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Notice how, at each step, the equation being considered has only one unknown 

in it, and other quantities that we have already found.  

Step 4.  Write down the results: 𝐿 = (
𝟏 𝟎 𝟎
𝟐 𝟏 𝟎
−𝟏 −𝟑 𝟏

) , 𝑈 = (
𝟐 𝟏 𝟏
𝟎 −𝟏 −𝟐
𝟎 𝟎 𝟐

). 

This is the 𝑳𝑼 decomposition of matrix 𝐴: 

𝐴 = (
1 0 0
2 1 0
−1 −3 1

)(
2 1 1
0 −1 −2
0 0 2

) = (
2 1 1
4 1 0
−2 2 1

). 

Once a matrix 𝐴 has been decomposed into lower and upper triangular parts it is 

possible to obtain the solution to 𝐴𝑋 = 𝐵⃗  in a direct way. The procedure can be 

summarised as follows: 

•   Given 𝐴, find 𝐿 and 𝑈 so that 𝐴 = 𝐿𝑈. Hence (𝐿𝑈)𝑋 = 𝐵⃗ .  

•   Let 𝑌⃗ = 𝑈𝑋  so that 𝐿𝑌⃗ = 𝐵⃗ . Solve this triangular system for 𝑌⃗ .  

•   Finally solve the triangular system 𝑈𝑋 = 𝑌⃗  for 𝑋 . The benefit of this approach 

is that we only ever need to solve triangular systems. The cost is that we have to solve 

two of them. Here is an example: 

Example 6.12 Solve the system of equations by 𝑳𝑼 decomposition method: 

{

𝑥1 + 2𝑥2 + 4𝑥3 = 3,   
 3𝑥1 + 8𝑥2 + 14𝑥3 = 13
2𝑥1 + 6𝑥2 + 13𝑥3 = 4.

, 

Step 1.  The first step is to calculate the 𝑳𝑼 decomposition of the coefficient 

matrix: 

𝐿 = (
𝟏 𝟎 𝟎
𝟑 𝟏 𝟎
𝟐 𝟏 𝟏

) ,𝑈 = (
𝟏 𝟐 𝟒
𝟎 𝟐 𝟐
𝟎 𝟎 𝟑

). 

Step 2.  The next step is to solve 𝐿𝑌⃗ = 𝐵⃗  for the vector 𝑌⃗ = (

𝑦1
𝑦2
𝑦3
). That, we 

consider: 

(
𝟏 𝟎 𝟎
𝟑 𝟏 𝟎
𝟐 𝟏 𝟏

)(

𝑦1
𝑦2
𝑦3
) = (

3
13
4
) ⟹ {

                      𝑦1 = 3,
            3𝑦1 + 𝑦2 = 13,
2𝑦1 + 𝑦2 + 𝑦3 = 4.

 

which can be solved by forward substitution. From the top equation we see that         

𝑦1 = 3. The middle equation states that  3𝑦1 + 𝑦2 = 13 ⟹ 𝑦2 = 4. Finally, the 

bottom line says that 2𝑦1 + 𝑦2 + 𝑦3 = 4 ⟹ 𝑦2 = −6. 

Step 2.  Now that we have found vector 𝑌⃗ = (
3
4
−6
) we finish the procedure by 

solving 𝑈𝑋 = 𝑌⃗  for 𝑋 : 

𝑌⃗ = (
𝟏 𝟐 𝟒
𝟎 𝟐 𝟐
𝟎 𝟎 𝟑

)(

𝑥1
𝑥2
𝑥3
) = (

3
4
−6
) ⟹ {

𝑥1 + 2𝑥2 + 4𝑥3 = 3,
          2𝑥2 + 2𝑥3 = 4

                           3𝑥3 = −6,
⟹ 𝑋 = (

3
4
−2
). 
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Step 3.  Verification: We have found that the solution to the system of 

simultaneous equations: 

(
1 2 4
3 8 14
2 6 13

)(

𝑥1
𝑥2
𝑥3
) = (

3
13
4
). 

Notes 

• Pivoting: For numerical stability, partial pivoting is often necessary, 

introducing a permutation matrix  

• Variants: Variants like Cholesky decomposition (for symmetric positive 

definite matrices) are special cases of 𝑳𝑼 decomposition. 

• Software: LU decomposition is implemented in libraries like LAPACK, 

NumPy (numpy.linalg.lu), and MATLAB (lu). 
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7. STANDARD CALCULATION ASSIGNMENTS 

 

 

1. Find the product of the matrices. 

 

1. (
3 −1 2
1 4 3

    1
    5
)(

1 2
3 4
−1 −2
−3 −4

); 2. (
2 −1 5
−5 3 2

   
6
1
)(

3 1
1 3
2 4
5 2

); 

3. (
1 2 3
4 5 6

)(
1 1 1
1 2 4
1 3 9

); 4. (
1 2 3
8 −5 6

)(
−1 1 1
1 −2 −4
1 3 −7

); 

5. (
3 0 1
1 −2 −1
2 0 1

)(
1 0
5 1
2 −3

) ; 6. (
1 2 3
−4 −5 −6

)(
1 2 3
4 2 1
5 1 3

); 

7. (
3 −2 5
1 4 3

   
4
5
)(

4 3
2 1
−4 3
2 −1

); 8. (
−7 1 2
2 −4 1

   
5
−5
)(

2 −1
−3 4
1 4
2 −7

); 

9. (
3 2 −2
4 6 −7

   
5
8
)(

4 1 4
2 1 1
5 1 3
3 2 −2

); 10. (
2 4 5
7 1 3

   
3
2
)(

1 2 2
3 2 −1
2 −2   1
 4  1    4

); 

11. (
2 −2 1
3 4 2

   
1
1
)(

2 −1 1
3 2 −1
1 2 2
2 1    1

); 12. (
7 −1 2
1 2 −3

   
3
5
)(

2 −2 1
2 1 1
3 2 −1
1  2    2

); 

13.  (
5 1 0
2 4 5

   
3
3
)(

4 2
−2 4
1 3
1 −5

); 14. (
2 −1 1
5 4 1

   
3
2
)(

1 2
3 4
−1 −2
−3 −4

); 

15.  (
4 5 −5
6 2 −3

   
2
−1
)(

3 1
4 3
2 −2
5 3

); 16.  (
−2 3 1
5 6 −6

   
4
3
)(

4 3
2 5
4 3
7 −8

); 

17.  (
7 2 −2
3 −3 2

   
1
4
)(

1 2 1
3 2 1
2 2 2
1  3  4

); 18.  (
6 2 −2
4 5 −5

   
−3
1
)(

4 1 4
2 1 1
3 2 −2
5 1 3

); 

19.  (
−3 1 2
7 8 5

   
1
3
)(

2 1
5 7
−2 1
5 6

); 20. (
3 −4
5 6
−3 1

)(
11 10 9
−1 2 −1

). 
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2. Calculate the determinant. 

 

1. |

1 1 3 2
3 −2 1 1
2 0 3 2
1 0 2 −2

|; 2. |

1 −2 3 2
2 1 0 2
3 1 0 1
4 −2 −3 1

|; 

3. |

1 1 3 2
3 2 1 1
2 3 0 2
1 2 0 −2

|; 4. |

1 −1 3 2
−2 0 0 2
3 1 2 1
4 −2 −3 1

|; 

5. |

1 −1 3 2
2 0 3 0
3 1 −2 1
−4 −2 3 1

| ; 6. |

1 1 3 2
2 0 −3 0
3 −1 4 1
4 2 −1 1

|; 

7. |

1 1 3 2
3 −2 1 1
−2 3 0 2
1 0 0 2

|; 8. |

1 1 3 2
3 0 1 −1
−2 3 5 2
3 0 0 4

|; 

9. |

1 1 3 2
2 0 −3 0
2 −3 4 1
4 0 −1 1

|; 10. |

1 1 3 1
2 0 −1 0
−3 −1 4 2
2 3 −1 1

|; 

11. |

1 1 3 2
3 2 −1 1
−2 −3 0 4
1 0 3 2

|; 12.  |

1 1 3 2
4 2 −1 3
2 −2 0 3
−1 1 0 2

|; 

13.  |

1 0 3 2
3 −1 2 1
2 3 0 −2
1 2 0 2

|; 14.  |

1 1 3 2
0 0 −3 4
2 −3 4 1
3 0 −1 1

|; 

15.  |

1 1 3 2
3 0 −3 0
−2 −2 4 0
4 3 −1 1

|; 16.  |

1 −1 3 2
−1 0 0 3
3 4 2 1
2 −2 −3 1

|; 

17.  |

1 −1 3 2
−3 0 −3 2
2 0 2 3
4 −2 −3 1

|; 18.  |

1 1 3 1
2 3 −1 0
3 −1 4 0
2 3 −1 1

|; 

19.  |

1 0 3 1
4 0 −2 1
−3 1 4 2
2 3 −1 1

|; 20. |

1 1 3 1
2 0 −1 3
−4 −1 2 2
3 0 −1 1

|. 
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3. Find the inverse matrix А−1 for 𝐴. 

 

1. А = (
1 −2 4
3 2 3
2 −1 2

) ; 2. А = (
1 −2 2
−2 1 5
3 4 −3

); 

3. А = (
2 1 1
7 −3 2
−1 2 −3

); 4. А = (
2 1 −3
5 2 −2
−1 −2 3

); 

5. А = (
1 2 1
1 −3 3
−3 7 −2

); 6. А = (
1 −2 −1
3 1 −2
2 −3 3

); 

7. А = (
5 1 −2
3 2 −3
−1 −1 2

); 8. А = (
1 2 3
−5 −1 4
3 1 −5

) ; 

9. А = (
3 1 2
2 2 −3
1 −3 5

); 10. А = (
2 −1 5
1 −1 −1
−1 5 3

); 

11. А = (
1 −5 4
2 4 −3
3 −2 −1

); 12. А = (
3 −2 −1
3 1 3
−2 2 −1

); 

13. А = (
1 −3 4
4 2 3
−3 −1 −2

) ; 14. А = (
1 3 2
1 −2 −3
−3 −1 3

); 

15. А = (
3 −2 1
1 1 −5
−2 4 3

); 16. А = (
1 −3 5
2 2 −3
3 1 2

); 

17. А = (
2 3 1
−5 −2 3
1 2 −4

); 18. А = (
1 −5 2
−2 1 −3
1 −1 3

) ; 

19. А = (
2 1 1
3 −2 −3
−1 −3 −1

); 20. А = (
1 3 5
−3 2 1
2 1 −3

). 

 

 

 

 

4. Solve the matrix equation and verify the solution. 

 

1. 𝑋 ∙ (
2 −2
3 5

) = (
1 −3
4 2

); 2. 𝑋 ∙ (
3 −2
5 −4

) = (
10 2
−2 7

); 

3. 𝑋 ∙ (
2 11
−10 9

) = (
1 −2
−3 4

); 4. 𝑋 ∙ (
−2 5
4 9

) = (
1 11
13 2

); 

5. (
1 11
−13 −2

) ∙ 𝑋 = (
2 −5
−4 9

) 6. (
−6 7
2 3

) ∙ 𝑋 = (
−2 3
5 6

); 

7. (
3 −1
3 15

) ∙ 𝑋 = (
11 2
7 −1

); 8. (
5 −6
9 8

) ∙ 𝑋 = (
−2 1
4 3

); 
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9. (
2 −7
3 −5

) ∙ 𝑋 = (
11 13
10 2

); 10. (
4 1
−1 3

) ∙ 𝑋 = (
3 −2
1 −2

); 

11. 𝑋 ∙ (
3 −2
1 −2

) = (
4 1
−1 3

); 12. 𝑋 ∙ (
−1 −2
5 6

) = (
11 7
2 −3

); 

13.  𝑋 ∙ (
3 2
−3 −4

) = (
11 12
1 −2

); 14. 𝑋 ∙ (
−1 −3
4 5

) = (
2 −7
5 −1

); 

15.  𝑋 ∙ (
7 −2
−3 4

) = (
1 2
−3 −4

); 16.  𝑋 ∙ (
1 −8
4 −7

) = (
−1 −2
1 −3

); 

17.  (
5 −2
3 −4

) ∙ 𝑋 = (
3 4
1 2

); 18.  (
2 −3
3 −5

) ∙ 𝑋 = (
−1 −2
3 4

); 

19.  (
−7 11
2 −3

) ∙ 𝑋 = (
−1 −2
3 4

); 20. (
3 5
−2 −4

) ∙ 𝑋 = (
7 −2
3 4

). 

 

 

 

5. Solve the system of linear equations. 

 

1. {

3𝑥 + 2𝑦 − 3𝑧 = −4;
−𝑥 − 𝑦 + 2𝑧 = 3;
5𝑥 + 𝑦 − 2𝑧 = 1.

 2. {

2𝑥 + 2𝑦 − 3𝑧 = −1;
3𝑥 + 𝑦 + 2𝑧 = 1;
𝑥 − 3𝑦 + 5𝑧 = −2.

 

3. {

3𝑥 − 2𝑦 + 3𝑧 = −5;
𝑥 + 𝑦 − 2𝑧 = 6;
5𝑥 − 𝑦 + 𝑧 = 2.

 4. {

3𝑥 + 3𝑦 − 2𝑧 = −12;
−2𝑥 + 𝑦 + 2𝑧 = 10;
−𝑥 + 3𝑦 − 𝑧 = 4.

 

5. {

𝑥 − 5𝑦 + 3𝑧 = −12;
2𝑥 − 𝑦 + 𝑧 = 0;
3𝑥 + 4𝑦 − 5𝑧 = 25.

 6. {

2𝑥 − 3𝑦 + 3𝑧 = 6;
3𝑥 − 2𝑦 − 𝑧 = 15;
𝑥 + 𝑦 − 3𝑧 = 7.

 

7. {

3𝑥 + 2𝑦 + 3𝑧 = −7;
2𝑥 − 𝑦 + 2𝑧 = −7;
𝑥 − 2𝑦 + 4𝑧 = −8.

 8. {
5𝑥 + 𝑦 − 3𝑧 = −23;
3𝑥 + 2𝑦 + 𝑧 = −4;
𝑥 − 3𝑦 + 2𝑧 = 0.

 

9. {

7𝑥 − 3𝑦 + 2𝑧 = 9;
−𝑥 + 2𝑦 − 3𝑧 = 10;
2𝑥 + 𝑦 + 𝑧 = 5.

 10. {
𝑥 − 5𝑦 + 4𝑧 = 21;
3𝑥 − 2𝑦 − 𝑧 = 11;
2𝑥 + 4𝑦 − 3𝑧 = 1.

 

11. {

−3𝑥 + 7𝑦 − 2𝑧 = −17;
𝑥 + 2𝑦 + 𝑧 = −7;
𝑥 − 3𝑦 + 3𝑧 = 10.

 12. {

𝑥 + 𝑦 − 5𝑧 = −16;
3𝑥 − 2𝑦 + 𝑧 = 15;
−2𝑥 + 4𝑦 + 3𝑧 = −7.

 

13. {

2𝑥 − 3𝑦 + 3𝑧 = 3;
−5𝑥 + 𝑦 − 𝑧 = 12;
𝑥 − 2𝑦 + 𝑧 = 1.

 14. {
2𝑥 + 𝑦 − 5𝑧 = 9;
3𝑥 + 2𝑦 − 2𝑧 = 4;
𝑥 − 4𝑦 + 3𝑧 = −20.

 

15. {

3𝑥 − 2𝑦 − 3𝑧 = 3;
2𝑥 + 𝑦 + 𝑧 = 3;
−𝑥 − 3𝑦 − 𝑧 = −8

 16. {
4𝑥 + 3𝑦 − 2𝑧 = −5;
−3𝑥 + 2𝑦 − 𝑧 = 9;
𝑥 + 4𝑦 − 3𝑧 = 1.

 

17. {
2𝑥 − 3𝑦 + 3𝑧 = −5;
𝑥 − 2𝑦 − 𝑧 = −9;
3𝑥 + 𝑦 − 2𝑧 = −4.

 18. {
−2𝑥 + 𝑦 + 5𝑧 = −2;
𝑥 − 2𝑦 + 2𝑧 = 10;
3𝑥 + 4𝑦 − 3𝑧 = −9.
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19. {

5𝑥 − 𝑦 + 3𝑧 = 20;
−𝑥 − 𝑦 + 5𝑧 = 14;
2𝑥 + 𝑦 − 𝑧 = 0.

 20. {
2𝑥 + 5𝑦 − 𝑧 = −4;
𝑥 + 2𝑦 − 2𝑧 = −6;
−3𝑥 + 4𝑦 + 3𝑧 = −1.

 

 

6. Determine whether the system of equations is consistent. 

 

1. {
4𝑥 + 3𝑦 − 2𝑧 = −5;
−2𝑥 − 8𝑦 + 6𝑧 = −2;
𝑥 + 4𝑦 − 3𝑧 = 1.

 2. {

3𝑥 − 6𝑦 − 3𝑧 = −27;
𝑥 − 2𝑦 − 𝑧 = −9;
3𝑥 + 𝑦 − 2𝑧 = −4.

 

3. {

−3𝑥 + 6𝑦 − 6𝑧 = −30;
𝑥 − 2𝑦 + 2𝑧 = 10;
3𝑥 + 4𝑦 − 3𝑧 = −9.

 4. {

5𝑥 − 𝑦 + 3𝑧 = 20;
−𝑥 − 𝑦 + 5𝑧 = 14;
5𝑥 + 5𝑦 − 25𝑧 = −70.

 

5. {
2𝑥 + 5𝑦 − 𝑧 = −4;
𝑥 + 2𝑦 − 2𝑧 = −6;
2𝑥 + 4𝑦 − 4𝑧 = −12.

 6. {

3𝑥 + 2𝑦 − 3𝑧 = −4;
−𝑥 − 𝑦 + 2𝑧 = 3;
3𝑥 + 3𝑦 − 6𝑧 = −9.

 

7. {

6𝑥 + 2𝑦 + 4𝑧 = 2;
3𝑥 + 𝑦 + 2𝑧 = 1;
𝑥 − 3𝑦 + 5𝑧 = −2.

 8. {

−5𝑥 − 5𝑦 + 10𝑧 = −30;
𝑥 + 𝑦 − 2𝑧 = 6;
5𝑥 − 𝑦 + 𝑧 = 2.

 

9. {

3𝑥 + 3𝑦 − 2𝑧 = −12;
−2𝑥 + 6𝑦 − 2𝑧 = 8;
−𝑥 + 3𝑦 − 𝑧 = 4.

 10. {

6𝑥 − 3𝑦 + 3𝑧 = 0;
2𝑥 − 𝑦 + 𝑧 = 0;
3𝑥 + 4𝑦 − 5𝑧 = 25.

 

11. {

2𝑥 − 3𝑦 + 3𝑧 = 6;
−6𝑥 + 9𝑦 − 9𝑧 = −18;
𝑥 + 𝑦 − 3𝑧 = 7.

 12. {

3𝑥 + 2𝑦 + 3𝑧 = −7;
4𝑥 − 8𝑦 + 16𝑧 = −32;
𝑥 − 2𝑦 + 4𝑧 = −8.

 

13. {

−3𝑥 + 9𝑦 − 6𝑧 = 0;
3𝑥 + 2𝑦 + 𝑧 = −4;
𝑥 − 3𝑦 + 2𝑧 = 0.

 14. {

7𝑥 − 3𝑦 + 2𝑧 = 9;
−𝑥 + 2𝑦 − 3𝑧 = 10;
5𝑥 − 10𝑦 + 15𝑧 = −50.

 

15. {

4𝑥 + 8𝑦 − 6𝑧 = 2;
3𝑥 − 2𝑦 − 𝑧 = 11;
2𝑥 + 4𝑦 − 3𝑧 = 1.

 16. {
5𝑥 + 10𝑦 + 5𝑧 = −35;
𝑥 + 2𝑦 + 𝑧 = −7;
𝑥 − 3𝑦 + 3𝑧 = 10.

 

17. {
𝑥 + 𝑦 − 5𝑧 = −16;

−2𝑥 − 2𝑦 + 10𝑧 = 32;
−2𝑥 + 4𝑦 + 3𝑧 = −7.

 18. {

2𝑥 − 3𝑦 + 3𝑧 = 3;
−5𝑥 + 𝑦 − 𝑧 = 12;
6𝑥 − 9𝑦 + 9𝑧 = 9.

 

19. {

6𝑥 + 4𝑦 − 4𝑧 = 8;
3𝑥 + 2𝑦 − 2𝑧 = 4;
𝑥 − 4𝑦 + 3𝑧 = −20.

 20. {

3𝑥 + 9𝑦 + 3𝑧 = −24;
2𝑥 + 𝑦 + 𝑧 = 3;
−𝑥 − 3𝑦 − 𝑧 = −8.

 

 

7. Find the general solution of the nonhomogeneous system. 

 

1. {

2𝑥1 + 5𝑥2+𝑥3 + 3𝑥4 = 2;
4𝑥1 + 6𝑥2+3𝑥3 + 5𝑥4 = 4;
4𝑥1 + 14𝑥2+𝑥3 + 7𝑥4 = 4;
2𝑥1 − 3𝑥2+3𝑥3 + 𝑥4 = 2.

 2. {

2𝑥1 + 5𝑥2+𝑥3 + 3𝑥4 = 2;
4𝑥1 + 6𝑥2+3𝑥3 + 5𝑥4 = 4;
4𝑥1 + 14𝑥2+𝑥3 + 7𝑥4 = 4;
2𝑥1 − 3𝑥2+3𝑥3 + 𝑥4 = 2.
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3. {

𝑥1 + 𝑥2−𝑥3 + 7𝑥4 = 14;
2𝑥1 + 𝑥2−𝑥3 + 14𝑥4 = 23;
3𝑥1 + 2𝑥2−2𝑥3 + 20𝑥4 = 37;
𝑥1 + 2𝑥2−2𝑥3 + 8𝑥4 = 19.

 4. {

𝑥1 + 2𝑥2−3𝑥3 + 𝑥4 = 1;
2𝑥1 − 𝑥2+𝑥3 − 3𝑥4 = 2;
3𝑥1 + 𝑥2−2𝑥3 − 2𝑥4 = 3;
𝑥1 − 3𝑥2+4𝑥3 − 4𝑥4 = 1.

 

5. {

𝑥1 + 2𝑥2+4𝑥3 − 3𝑥4 = 1;
3𝑥1 + 5𝑥2+6𝑥3 − 4𝑥4 = −1;
𝑥1 + 𝑥2−2𝑥3 + 2𝑥4 = −3;
2𝑥1 + 3𝑥2+2𝑥3 − 𝑥4 = −2.

 6. {

8𝑥1 + 3𝑥2−𝑥3 + 𝑥4 = 1;
4𝑥1 + 12𝑥2−9𝑥3 + 8𝑥4 = 9;

12𝑥1 + 15𝑥2−10𝑥3 + 9𝑥4 = 10;
4𝑥1 − 9𝑥2+8𝑥3 − 7𝑥4 = −8.

 

7. {

𝑥1 + 3𝑥2+3𝑥3 + 5𝑥4 = −1;
2𝑥1 + 6𝑥2+5𝑥3 + 6𝑥4 = 1;
3𝑥1 + 9𝑥2+8𝑥3 + 11𝑥4 = 0;

5𝑥1 + 15𝑥2+14𝑥3 + 21𝑥4 = −2. .

 8. {

𝑥1 − 𝑥2+𝑥3 − 𝑥4 = −2;
𝑥1 + 2𝑥2−2𝑥3 − 𝑥4 = −5;
2𝑥1 + 𝑥2−𝑥3 − 2𝑥4 = −7;
4𝑥1 − 𝑥2+𝑥3 − 4𝑥4 = −11.

 

9. {

2𝑥1 − 𝑥2+3𝑥3 + 𝑥4 = 3;
−2𝑥1 + 2𝑥2+𝑥3 + 4𝑥4 = 2;
6𝑥1 − 5𝑥2+𝑥3 − 7𝑥4 = −1;
4𝑥1 − 3𝑥2+2𝑥3 − 3𝑥4 = 1.

 10. {

2𝑥1 − 𝑥2+3𝑥3 + 4𝑥4 = 5;
4𝑥1 − 2𝑥2+5𝑥3 + 6𝑥4 = 7;
6𝑥1 − 3𝑥2+7𝑥3 + 8𝑥4 = 9;
2𝑥1 − 𝑥2+2𝑥3 + 2𝑥4 = 2.

 

11. {

2𝑥1 + 7𝑥2+3𝑥3 + 𝑥4 = 6;
3𝑥1 + 5𝑥2+2𝑥3 + 2𝑥4 = 4;
9𝑥1 + 4𝑥2+𝑥3 + 7𝑥4 = 2;
6𝑥1 − 𝑥2−𝑥3 + 5𝑥4 = −2.

 12. {

2𝑥1 − 𝑥2+𝑥3 + 2𝑥4 = 2;
6𝑥1 − 3𝑥2+2𝑥3 + 4𝑥4 = 3;
4𝑥1 − 2𝑥2+𝑥3 + 2𝑥4 = 1;
4𝑥1 − 2𝑥2+3𝑥3 + 6𝑥4 = 7.

 

13. {

9𝑥1 − 3𝑥2+5𝑥3 + 6𝑥4 = 4;
6𝑥1 − 2𝑥2+3𝑥3 + 𝑥4 = 5;
3𝑥1 − 𝑥2+2𝑥3 + 5𝑥4 = −1;
15𝑥1 − 5𝑥2+8𝑥3 + 7𝑥4 = 9.

 14. {

𝑥1 − 𝑥2+2𝑥3 − 𝑥4 = 1;
3𝑥1 − 3𝑥2+4𝑥3 − 3𝑥4 = 1;
3𝑥1 − 3𝑥2+8𝑥3 − 3𝑥4 = 5;
𝑥1 − 𝑥2+6𝑥3 − 𝑥4 = 5.

 

15. {

3𝑥1 − 2𝑥2+5𝑥3 + 4𝑥4 = 2;
9𝑥1 − 6𝑥2+9𝑥3 + 7𝑥4 = 5;
3𝑥1 − 2𝑥2−𝑥3 − 𝑥4 = 1;
3𝑥1 − 2𝑥2+11𝑥3 + 9𝑥4 = 3.

 16. {

2𝑥1 − 𝑥2+2𝑥3 − 𝑥4 = 0;
𝑥1 + 5𝑥2+4𝑥3 + 3𝑥4 = 1;
5𝑥1 + 3𝑥2+8𝑥3 + 𝑥4 = 1;
3𝑥1 + 4𝑥2+6𝑥3 + 2𝑥4 = 1.

 

17. {

𝑥1 + 𝑥2−2𝑥3 + 𝑥4 = 1;
𝑥1 + 𝑥2−2𝑥3 − 𝑥4 = −1;
𝑥1 + 𝑥2−2𝑥3 + 5𝑥4 = 5;
3𝑥1 + 3𝑥2−6𝑥3 + 7𝑥4 = 7.

 18. {

𝑥1 − 𝑥2+𝑥3 + 4𝑥4 = 3;
2𝑥1 − 𝑥2+𝑥3 + 9𝑥4 = 10;

3𝑥1 − 2𝑥2+2𝑥3 + 13𝑥4 = 13;
5𝑥1 − 3𝑥2+3𝑥3 + 22𝑥4 = 23.

 

19. {

𝑥1 + 2𝑥2+3𝑥3 + 𝑥4 = 1;
2𝑥1 + 5𝑥2+7𝑥3 + 𝑥4 = 3;
3𝑥1 + 7𝑥2+10𝑥3 + 2𝑥4 = 4;

𝑥1 + 3𝑥2+4𝑥3 = 2.

 20. {

𝑥1 + 𝑥2−5𝑥3 + 𝑥4 = 5;
2𝑥1 + 3𝑥2−9𝑥3 − 2𝑥4 = 9;
3𝑥1 + 4𝑥2−14𝑥3 − 𝑥4 = 14;
𝑥1 + 2𝑥2−4𝑥3 − 3𝑥4 = 4.

 

 

8. Prove that the vectors  𝑝 , 𝑞 , 𝑟   form a basis, and express the vector  𝑎  in terms of this 

basis.  

 

№ 𝑝  𝑞  𝑟  𝑎  

1.  (1, 2, −3 ) (2, 5,4 ) (−2,−1,3 ) (−6,−4,−1 ) 

2.  (3, 1, 2 ) (−2,−5,4 ) (−1, 4,−3 ) (11, 21,−8 ) 
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3.  (3, 2, 1 ) (2, 1, −4 ) (−2,−5,3 ) (4, 9, −20 ) 

4.  (3, 2, 1 ) (−2,−3,1 ) (−1, 3,−3 ) (15, 6,7 ) 

5.  (1, 3,2 ) (−2, 1,−3 ) (−1,−2, 3 ) (−9,−4,−5 ) 

6.  (−1, 3,2 ) (−3,−2, 1 ) (−1,−3, 1 ) (−8, 3,3 ) 

7.  (1, 3,2 ) (−5, 4,−1 ) (3,−5, 1 ) (−12, 25,0 ) 

8.  (1,−2,3 ) (−3,1, 3 ) (1,2,−2 ) (−4, 10,3 ) 

9.  (3, 1, 5 ) (2,−3,1 ) (1, 2, −3 ) (−4, 0,−23 ) 

10.  (2,−1,3 ) (−3,−1,−2 ) (3,3, 1 ) (6,−7, 15 ) 

11.  (1, 5, 2 ) (1,−1,1 ) (−5, 3,−1 ) (−14, 20,0 ) 

12.  (1, 4, −3 ) (4, 3,2 ) (−3,−2,−1 ) (1,−5,9) 

13.  ( 1,3, 5 ) (1, 2, 1 ) (−2,−3,−2) (−3,−4, 1 ) 

14.  (1, 3, −2 ) (−2,2, 1 ) (4,3,−2 ) (−8,−7,7 ) 

15.  (1,−2,3 ) (−3,−2, 1 ) (5,3, 2 ) (−2, 1,1 ) 

16.  (1, 1, 3 ) (−3,2,−7) (3, 1, 2 ) (10,−7, 17 ) 

17.  (5, 3,1 ) (−1,−2,1 ) (1,3,−2 ) (2,−5, 6 ) 

18.  (1, 7,2 ) (−2,−3,1 ) (3, 2, 1 ) ( −10, 9, 5 ) 

19.  (1, 5, 2 ) (−2,−1,−3 ) (1, 1, 3 ) (1,−12, 3 ) 

20.  (1, 2, 3 ) (1,−4,−2 ) (−5,−3,1 ) (−16, 7, 15 ) 

 

9. Reduce the following quadratic form to canonical form using an orthogonal 

transformation. 

 

1.  6𝑥1
2 + 5𝑥2

2 + 7𝑥3
2 − 4𝑥1𝑥2 + 4𝑥1𝑥3; 

2.  5𝑥1
2 + 6𝑥2

2 + 4𝑥3
2 − 4𝑥1𝑥2 − 4𝑥1𝑥3; 

3.  11𝑥1
2 + 5𝑥2

2 + 2𝑥3
2 + 16𝑥1𝑥2 + 4𝑥1𝑥3 − 20𝑥2𝑥3; 

4.  3𝑥1
2 + 4𝑥2

2 + 5𝑥3
2 + 4𝑥1𝑥2 − 4𝑥2𝑥3; 

5.  𝑥1
2 − 5𝑥2

2 + 𝑥3
2 + 4𝑥1𝑥2 + 2𝑥1𝑥3 + 4𝑥2𝑥3; 

6.  2𝑥1
2 + 4𝑥2

2 + 6𝑥3
2 + 2𝑥1𝑥2 + 4𝑥1𝑥3; 

7.  𝑥1
2 + 𝑥2

2 + 𝑥3
2 + 4𝑥1𝑥2 + 4𝑥1𝑥3 + 4𝑥2𝑥3; 

8.  3𝑥1
2 + 6𝑥2

2 + 3𝑥3
2 − 4𝑥1𝑥2 − 8𝑥1𝑥3 − 4𝑥2𝑥3; 

9.  4𝑥1
2 + 3𝑥2

2 + 2𝑥3
2 − 4𝑥1𝑥2 + 6𝑥2𝑥3; 

10.  5𝑥1
2 + 5𝑥2

2 + 5𝑥3
2 + 2𝑥1𝑥2 − 6𝑥1𝑥3 + 2𝑥2𝑥3; 

11.  7𝑥1
2 + 4𝑥2

2 + 𝑥3
2 − 2𝑥1𝑥2 + 4𝑥1𝑥3; 

12.  3𝑥1
2 + 2𝑥2

2 + 𝑥3
2 + 6𝑥1𝑥2 − 2𝑥2𝑥3; 

13.  𝑥1
2 + 𝑥2

2 + 𝑥3
2 + 2𝑥1𝑥3 − 4𝑥1𝑥2 + 2𝑥2𝑥3; 

14.  6𝑥1
2 + 2𝑥2

2 + 𝑥3
2 − 2𝑥1𝑥2 + 4𝑥1𝑥3; 

15.  6𝑥1
2 + 3𝑥2

2 + 5𝑥3
2 + 2𝑥1𝑥3 − 𝑥1𝑥2 − 𝑥2𝑥3; 
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16.  8𝑥1
2 + 7𝑥2

2 + 6𝑥3
2 − 6𝑥1𝑥2 − 4𝑥2𝑥3 + 2𝑥1𝑥3; 

17.  5𝑥1
2 + 𝑥2

2 + 4𝑥3
2 + 6𝑥1𝑥2 − 4𝑥1𝑥3; 

18.  9𝑥1
2 + 3𝑥2

2 + 2𝑥3
2 + 4𝑥1𝑥3 − 8𝑥1𝑥2; 

19.  6𝑥1
2 + 2𝑥2

2 + 3𝑥3
2 + 2𝑥1𝑥2 + 6𝑥1𝑥3 + 4𝑥2𝑥3; 

20.  𝑥1
2 + 2𝑥2

2 + 3𝑥3
2 − 2𝑥1𝑥2 − 2𝑥2𝑥3. 

 

10. For each given matrix А find the eigenvalues and corresponding eigenvectors and 

determine whether the matrix is diagonalized. If so, find the diagonal matrix 𝐷 and the 

inverse matrix 𝑃 such that А = 𝑃𝐷𝑃−1. 
 

1. А1 = (
3 5
1 −1

) ; 

А2 = (
2 0 0
1 2 −1
1 3 −2

). 

2. А1 = (
1 2
3 2

) ; 

А2 = (
7 0 −4
0 5 0
5 0 −2

). 

3. А1 = (
2 −4
−1 −1

) ; 

А2 = (
1 1 −3
2 0 6
1 −1 5

). 

4. А1 = (
2 1
4 −1

) ; 

А2 = (
1 −2 3
2 6 −6
1 2 −1

). 

5. А1 = (
3 −2
2 −2

) ; 

А2 = (
0 1 0
3 0 1
2 0 0

). 

6. А1 = (
6 −5
2 1

) ; 

А2 = (
3 1 1
−4 −2 −5
2 2 5

). 

7. А1 = (
−4 −6
3 5

) ; 

А2 = (
2 1 1
0 1 0
1 −1 2

). 

8. А1 = (
1 3
0 2

) ; 

А2 = (
1 0 0
1 2 3
1 4 1

). 

9. А1 = (
1 −1
1 1

) ; 

А2 = (
1 3 2
−1 2 1
4 −1 −1

). 

10. А1 = (
2 −2
1 3

) ; 

А2 = (
2 3 −3
1 0 −1
1 1 −2

). 

11. А1 = (
1 1
0 1

) ; 

А2 = (
3 0 1
0 2 3
3 1 −1

). 

12. А1 = (
4 1
0 2

) ; 

А2 = (
−1 −1 −2
2 3 2
3 2 5

).  

13. А1 = (
3 −1
4 −1

) ; 

А2 = (
4 0 1
−2 1 0
−2 0 1

). 

14. А1 = (
1 2
2 1

) ; 

А2 = (
0 0 −2
1 2 1
1 0 3

). 
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15. А1 = (
5 1
0 2

) ; 

А2 = (
2 1 −1
−1 4 −1
−1 1 2

). 

16. А1 = (
−2 3
1 4

) ; 

А2 = (
3 −1 1
1 1 1
1 −1 3

). 

17. А1 = (
5 4
2 3

) ; 

А2 = (
3 2 −2
2 3 −2
2 2 −1

). 

18. А1 = (
2 1
0 2

) ; 

А2 = (
3 4 −2
2 5 −2
4 8 −3

). 

19. А1 = (
−1 2
2 3

) ; 

А2 = (
1 1 −1
−4 5 −2
−2 1 2

). 

20. А1 = (
3 −1
4 −1

) ; 

А2 = (
4 1 −1
4 0 2
2 −1 3

). 
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