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BCTVII

Teopis iiMoBipHOCTEH dK Hayka 3'sBWjaach B cepeauni XV II ctomiTtd i
noB’st3aHa 3 iMmenamu [Tackasss, @epwma, [olirenca, xoda okpewmi 3aja4i Teopii
fiMOBipHOCTeU posrJisialircs 1 paHiiie.

[leprmoio rpanudHoOI0 TeopeMoIo Teopil HMoBIpHOCTeH OYB 3aKOH BEJIUKHUX
quces onybikoBanuii B podori bepnymii 1713 poky. Ilisninte ganuii pesyabrar
y3araapiuin [lyaccon, Hebumon, Mapkos, Xinuun, Bopess, Koamoropos ta
1HIII1.

B poborax MaTeMaTHKIB TOro 4Jacy 3’sBHJACH TepIa MeHTpaIbHa Ipanmd-
wa Teopema(IIT'T). TTix III'T 3apa3 3a3Budail po3yMilOTh KOMILJIEKC TBEDIZKEHb
11po 3012KHICTb PO3IOJIIIIB CyM BEJIUKOIO YUC/Ia MAJNX BUIIAIKOBUX BEJIUYINUH 10
HOPMAaJILHOTO PO3MOALTY. IcTOpisd BUHUKHEHHST HOBUX (DOPMYJIIOBAHD BilIOBII-
HUX TBEP/IZKEHB Ta, IX JOBEJICHHM OB s3ala 3 iMeHaMK BeJTUKUX MAaTeMATHKIB:
Myaspa, Jlamnaca, Ilyaccona, I'aycca, Uebumosa, Mapkosa, JIsamnyHnosa, JIiH-
nebepra Ta iHIIUX.

TakoxK OYJ10 OTPUMAHO PsiJl PE3YJIbTATIB IIPO 3012KHICTH CYM He3aJIesKHUX BHU-
MaJKOBUX BEJUUMH JI0 3aKOHIB BiAMIHHMX Bif HopMaJbHoro. Hampukiaa, Teo-
pemu 11po 30ikHicTh 10 po3noaity [lyaccona, 10 CTIKUX PO3MOALTIB.

[IpupognuM y3araabHeHHAM Pe3yJbTaTiB PO CyMHU He3aJIeKHUX OJHAKOBO
PO3TIOILIEHUX BUTTA,IKOBUX BEJTUUNH € JOBEJIeHHS TPAHTTHUX TeOPeM I TAaKNX
CYM, IO PO3NISIAIOTHCA K (DYHKIT BiJT BePXHBOT MPAHUIT CyMyBaHHS.

OpauM 13 eprnux pesyabraris Takoro tumy ojepzkas M. /1. Tonckep|l|. Bin
PO3IVIAIAB BUIIAIKOBE OJIYKAHHA 3 HYJbOBUM MATEeMATHIHUM CIIO/IBAHHAM Ta
cKingeHHoto gucrnepciero. Ilicag nopu3navenns Horo 10 HeIepepBHOTIo MPOILecy
JloHCckep JIOBIB TeopeMy, 10 SKIO CTUCHYTH HOTO YacOBY 3MIiHHY B 71 Pa3iB, a
POCTOPOBY B /N pasiB, TO Takuii mpoliec Oy/e 30iraTucs 10 BIHEPOBOIO PyXy
c1abKo.

YzaragbHenns Teopemu onckepa 0y/0 oTpuMaHo y podoTax yKpaiHChbKo-
ro maremarnka A.B. Ckopoxosa|2|, sxuii BcTaHOBHB 301KHICTL 0 3araibHux
MPOTECIB 3 He3aJeKHUMHU MPUPOCTaMHU TTOCTIIOBHOCTI HOPMOBAHUX BHITA KO-
BaHUX OJIyKaHb, Jie CTPUOKM HajexKaTh 00J1acTi IPUTAraHHs CTIHKOIO 3aKOHY.
st nboro CKopoxoJi B IPOCTOpi pyHKIIIH, 1[0 HEIlepepBHi clipaBa, Ta MaloTh
JIIBOCTOPOHHI T'DaHUIll BBIB METPUKY, SIKY 3apa3 1 Ha3uBalOTh MOr0 iMeHeM.

Maricrepebka aucepTalid NPUCBATICHA JOCTIIKENHIO TPAHTIHO] TOBEIHKH
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JUTst 30YPEeHNX BUMAJIKOBUX OJYKaHb, TOOTO OJyKaHb, IO MPHU MOTPAIISHHAL B
JlesIKY MHOXKMHY TOYOK 3MIHIOIOTH CBOI NepexijHi IMOBIPHOCTI.

[lepmmit pesysabTarT MoB sA3aHWil 3 OJYKAHHAMEA 3i 30yPEHHAME OTPUMAJIN
Harrison i Shepp [3]. Born posrystnym Bunaakose 6iykanus X, Ha 7 3 mepe-
XIAHAMHA MOBIPDHOCTAMH D j+1 = %,i # 0 1a po1 = p,po,—1 = q=1—p. Byno
JIOBEJICHO, 1110 {%} CJIa0KO 30Ira€Thed IIPH 1 — 00 JI0 KOCOI0 OPOYHOBOTO Py-
xy W, 3 napamerpoM 7y = p — ¢, T06TO HellepepBHOIO MapKOBCHKOIO Ipoliecy

3 IepexiJIHOI I'YCTUHOIO

p(x,y) = oule —y) +ysign(y)e(|z] + |y]), 2,y € R,

[ov]

T

ne pi(x) = ﬁe 2 - TYCTHHA HOpMaJibHOTO posnoaiay N (0, ).

YzaraJbHeHHs JaHOT0 Pe3yabTaTy Ha BUIAI0K KOJIU 30ypeHHs BiIOYBAIOThH-
csl HE B OJIHIM TO4YI, a B CKIHYEHHIN MHOXKMHI TOYOK OY/I0 OTPUMAaHO ¥ poboTax
P.A. Minnoca, A.E. ZKmxunoi , I.A. Aporpkoro, A.FO. ITumunenka, O.M. Ik-
carnosa, F0.€. [Ipuxopka , B. Mannpexapa Ta inmmux (nus.[4],[3],[6],[7]). Taxox
y3arajJbHeHHs Ha BUTIAI0K KOJW MePeXiIHi IMOBIPHOCTI BUTIAIKOBOTO OJTYKAHH
3MIHIOIOTHCS Ha KOyKHOMY Kpotii 6yno onepxkano A.FO. ITunmunenkom ta B.JI
Xowmenkowm [8].

Buaykanns B 6araToBUMipHOMY TPOCTOPI OYJI0 JIOCIiIZKEHO TPYITOI0 YTOPCh-
KuX BueHnX. B poborax Szasz i Teles|9] Ta Szasz i Paulin|10] 6ymno posristayTo

36ypeHe BUIIAIKOBe OiyKanHs B Z7

n
Yo=yo+ Y (Elly cat > miilly, ).
i=1 jeA
1e {& }ien - HE3AMEKHI OJTHAKOBO PO3IOJIIICH] BUIAIKOBI BeTUINHH, {Uz}j}ieN -

He3aJIezKHI 0JHAKOBO po3mnojiteni Vj € A, 1), ; - IpuiiMaioTs 3HaUeHb B 7.

&Y, {m,t, -+, {mn,} - nesanexni B cykynnocri.
Hecknanno mepesiputs, mo {Y,} - ogHopinnuit jganiror Mapkosa 3 mepe-

xignumu fivosiproctamu || Py, ||, 2,y € Z4:
1
Va ¢ A Px@:l:ei — g; Ve A PxﬂEJr”y - P(nxJ = y)

Byno nosejsieno, Mo Taki 6Jykanis 36iraloTbes J10 BiHEPIBCHLKOTIO MPOTIecy.



Orke, 6araToBUMIpHUI Ta OJHOBUMIPHUN BUMQ KW BiAPI3ZHATOTHCS.

3ajlauaMy MaricTepcbKol JucepTariii €:

a) JOCTIIUTH TPAHUIHY TTOBEIHKY BHITQIKOBOTO OJIYKAHHSI, IT10 TIPUTSITYETh-
¢l 10 CTIHKOTO 3aKOHY 3 iHTerpOBHUMH 30yPEHHAMU B JIedKiil CKiHUeHHiil MHO-
JKMHI TOYOK.

6) JOCTIIMTH ACUMIITOTHKY HIMOBIDHOCT] HEITOBEDHEHHSI B TIOUATKOBY TOUKY

JUTSL BUTIQIKOBOTO OJIYKAHHS 3 MAaTEeMaTHIHUM CITOAIBAHHAM CTPUOKY 1 — 0.
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Po3zain 1. Teoperndni BiZOMOCTI

1.1. Jlammornu MapkoBa. @opmyJia AJjsi 009nC/IeHb
CKIHY€HHOBUMIpHUX po3noAiIiB. CTporo MmapKoBChbKa

BjJacTuBicTh. Knacudikaliig cTaHiB

Hexaii F - cximuenna abo 3miivenna muoxkuia, { X,,n > 0}-mociaigosHicTs
BUIIQIKOBUX BEJIMIWH, siKi HaOyBalOTh 3HaveHHs 3 MHOKUHU [7. Muoxuny F

OyeMo HazuBaTH (Pa3’0BUM MPOCTOPOM abo MPOCTOPOM CTAHIB.

Ozuauennsd 1. [locainosnicts { X, n > 0} naszusaernes namiorom Mapkosa,

SKIIIO
P(Xn+1 :]‘Xn:%Xk:Zkak: 1,71—1) :P(Xn+1 :]‘XTLZZ)

TJIST BCIX 1, J, 01, -+ 51 € E,n >0 [11].

[Toznaunmo P(X,11 = j| X, = i) = pij, 0,7 € F. Yucno p;; - nepexinma
HMOBIpHICTB, 3 SKOIO cUCTeMa Iepeiijie 3 CTaHy 4 B CTaH J 3& OJMHUIIO Yacy,
TOOTO 1Ie yMOBHA HMOBIPHICTH TOTO, IO CHCTeMa Oy1e 3HaXOAUTHCA Y CTaHi j
B HACTYIIHUI MOMEHT Hacy, IPU YMOBI, 1110 B JlaHUIT MOMEHT 4acy, BOHa 3HAXO-
JIUThCsL Y CTaHI 7.

3MiHa cTaHiB oUCyeTbCs MaTpullelo nepexoay P 3 ejemenramu p;;, i, € I
Bci erementu marpuni P HeBig’eMni, aje He epeBUITYIOTH 1 1 cyMa eJleMeHTiB

B OYyIb-AKOMY PSIIKY piBHA 1:

Vie B me

jeE
IIpaBuia, mo 3aga0Th JaHor MapKkosa 3 MOYATKOBUM PO3IOALIOM A 1 MaT-
putieio nepexoay P, Taki:
gxio Xo mae posnogin X P(Xg=1i) =\, Vi € £, roVnraig, - i, € K

ivosipuicts P(Xg = ig, X1 = i1, -+ , Xj, = iy,) TOTO, IO CHCTEMA 3HAXOAUTHCST
B cTaHax ig, i1, - - , i, B MOMeHTH Jacy 0,1, -+ ,n 3anucyeThes aK J00YTOK
P(XO = Z'07)(1 =11, 7Xn - Zn) - )‘iopioil Ceet Dig i
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B raxomy Bumajky mu Gygemo rosoputu, mo {X,,} - manmor Mapkosa 3

mapamerpamu (A, P).

Teopema 1. [12]
xwo { X, } aanwoz Maprosa 3 napamempamu (X, P), mo

a) Ymosna tmosipricmo
P(Xn+1 - ]‘XO - Z'07 to 7Xn—1 - Z'n—la)(n - Zn)

dopisnioe ymosnit tmosipnocmi P(X, 11 = j| X, =) ma cnisnadae 3 pjj.

6) Umosipricmo P(X,, = i) mozo, wo cucmema 3Hazodumvcs y cmani i 6
momenm n, piena (AP");.
(n)
ij
J|1 Xk = 1), mobmo 3adae timosipnicms nepexody i3 i 6 j 3a N KPOKIs.

6) Eaemenm p;;” mampuuyi P cnienadae 3 ymosnroto timosipnicmio P( Xy, =

2) Umosipnicmo 3a2a.401020 6u2AAdY
P( Xy, = i1, Xy =do,- -+, X, = in)
3a0G6EMBCA HACTNYNHONW POPMYAOI0

P(Xy, = i1, Xy, = i, -+, X, = i) = (AP (P70, - (PR,

n anlin'
CTtporo MapKoBChKa BJIACTUBICTH

CTporo MapKoBCbKa BJIACTUBICTH 3aK/JII0YAETHCSI B TOMY, 1[0 IIPOILEC TOYH-
HAETbCsSI HAHOBO HE TLABKM IiCJisl OYIb-sIKOIO 3aJaHOI'0 MOMEHTY 4acy n, ajie

TAKOXK 1 IicJIsl BUIIAJIKOBO 0OPAHOTO MOMEHTY Yacy.

Oznagennga 2. Bunajikosa Beanunna T, mo 3a1exxkuThb Bijg Xo, X1, - -+ 1 npuii-
mae sHavdeHHsd 0,1,2,--- ,00 Ha3UBAETbCI MOMEHTOM 3yINHUHKHM, SKIIO I10/1isd
{T = n} onucyerwbcs nuiie B TepMmiHax BUIAJAKOBUX BeudnH Xj ..., X, 6e3
3arydents Beuaud X, 1, X2, -+, T06T0 BuMmipHa BinHocHo o( X, -+ X,,).

Teopema 2. [12]

Hexaii { X,,,n > 0} - aanuroe Maprosa (X, P) i npunycmumo, wo T - mo-
menm synunku. Todi npu ymosi T < oo i Xp =i nocaidosnicmo { Xpyp,n >
0} ymeoproe (0;, P) - aanuroe Maprosa. 3oxpema, npu ymosi T < oo i Xp =i

sunadkost sesununy Xy, Xpio, - He 3aaeocams 6id Xo, -+, Xp_q.
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Knacudikamisa craniB janiora Mapkosa

Oznauvenns 3. Byjnemo nasusars cran i € B = {1,2,---} HeicrorHIM, SKITO

3 HBOI'O 3 JI0JIATHBOKO HMOBIPHICTIO MOYKHA 38 CKiHYEHHe YMUCJI0 KPOKIB BHUITH,

(m) > O7

aJle HeMOXKJ/IMBO B HBOI'O IIOBEPHYTUCH, TOOTO iCHYIOTH Taki m Ta j, 110 P, J

aJjie JiJIsl BCIX M pg?) = 0.

Oznavennsa 4. Ctan § HA3UBAETHCA ICTOTHUM, SAKIIO ¢ HE € HeICTOTHUM.
Hauii 6yaemo posriisiary icTOTHI CTaHMU.

OznauvenHst 5. CraH j HA3UBAETHCS JTOCSIKHUM 3 TOUKH 1 (i — ), SKINO icHY€E
™ < 0, (p

Taxe m > 0, o p;; i = Lyakmo @ = jira 0,aKmo i # j).

Oznadvenns 6. Cranu i Ta j Croy9IaoThest (i <> j), AKINO j TOCSYKHO 3 1 Ta i

T0CsKHO 3§ [13].
3BOPOTHICTH BUMAJKOBOTO OJIyKAHHS

Hexait {&;, k > 1} HesasexHi 0JHAKOBO PO3IOALIEH] I[LI0THCETbHI BUTIA/T-
KOBI Besmanau, &, = p, BCl cranu Z TOCSZAKHI.

Posrisnemo Bunaaxkose oaykanasg X, =& +--- +&,, n > 1.

Oznagennsa 7. BunajikoBe O/yKaHnis HA3UBAETbCS 3BOPOTHUM, AKIIO HMOBIp-
HICTH OBEPHEHHS B TIOUATKOBY TOUKY OJyKaHHs piBHa onuHuIl, 10610 P{1;| X) =

it =1, 1e 7, =inf{n > 1: X,, =i} - MOMeHT MOBepHEHHS B i.

Hobpe Bijomo, o sikio By, # 0, o X, He 3B0poTHE, T06TO P{T, < 00} <
1 abo PZ{TZ = OO} > 0.
Y BUNAAKY KOJM OJYKaHHs Mae MaTeMaTHdHe CIOiBaHHs HeoOXiTHOoIO i

JIOCTATHLOIO YMOBOTO Oy/1e:

Teopema 3. [14]
Odnomipne sunadrose baykanna 3 m = K[| < oo 36opomme modi i mine-

xu modi, xoau b = K& = 0.

Cnin 3ayBaxkutu, 1o E&, = 0 € quine 10CTaTHBIO YMOBOIO 3BOPOTHOCTI.
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1.2. XapakTepuctudHl (pyHKIII Ta reHepaTpucu

Oznaugenng 8. Hexait £ = {(w) - Bunajikosa Besnunna, Fe = Fe(x) - 11 dbynk-

nist posnoainy. i xapakTepHcTHYHOIO QYHKIIEIO HAa3UBAeThCs DYHKIA
Dew) (1) = Eeitg, teR.

Teopema 4. [13]

Hexaii € - sunadkosa seaununa, F = F(x) - ii ynxyia posnodiay i p(t) =
Ee'é, t € R ii zapaxmepucmusna Gynxyia.

Maromv micue nacmynni 6AACMUBOCM!
1) |e(t)] < ¢(0) =1,
2) o(t) - pienomipro nenepepena no t € R,
3) p(t) = (1),
4) o(t) e diticnosnaunoro dynruyicro modi i misvku modi, Kosu posnodia F
cumempuurnutl ([, dF(x) = [ ,dF(z),B € B(R),—B = {—z: 2z € B},
5) Hrxwo das dearoeo n > 1 E|E|" < oo, mo das eciz r < n ichyroms norioni
PUI(t) i

) = [ (myear(a)
R
B = 20 oy = 3 W W)

rl
r=0

de |e,(t)] < BE[E]" ien(t) — 0,6 — 0,
6) STrwo icuye i cxinvenna ™ (0), mo B < oo,
7) Hexat BIE|" < 00 das scizn > 1 i

_ (F n\1l/n 1
e L
n T

modi npu ecix |t| < R

o) =S W gen,

!
0 n.

Teopema 5. [14]

rxwo p(0) xapaxmepucmuuna Gynkuis eunadkosozo bAYKAHNA, MO

1 v
— lim Re [

27 t—1- =

71_t¢(9)]d9<m

14



modi © miavku modi, Koau ue OAYKAHHA HE360POMHE.

Teopema 6. [15]

Hexati p(0) = Ee'%, de B¢ = pu, 0 < M, o0, mava wo ¢(0) # 1 das
0<|0] <M. Todi dnsn |0] < M, Re [%] IHMe2Posana |

i) e e )

caabko npu t — 17, de 0y - yzazaavrena pynxuia Jipaxa, mobmo

Vg € C|—M; M]
tllfln* _Mg(H)Re [%@0(9)] df = /_Mg(Q)Re [1%90(9)] do + %g(O). (1)

Hexait € - MOMEHT MoOBepHEHHSI B OYATKOBY TOUKY. [losuadunmo u, = P{e
HACTAJIO MPH N-TOMY BHIIPOOYBaHHi}, f, = P{€ Brepiie HACTAIO TIPU N-TOMY
BUNIPOOYBaHHi}, n = 1,2, --.

SpYyYHO JOBU3HAUUTH

j% ::O,’UO:: 1

1 BBECTH IeHepaTpucu

F(s) = ifksk, U(s) = iuksk.
k=1 k=0

Teopema 7. [16]

Tenepampucu nocaidosrnocmets {u,} i {fn} noe’asani cnissionowennam

1

U(s):m.

15



1.3. HepiBHicTh MapkoBa. 3aKOH BeJIMKIX YHCEJ.

Toroxknicts Bajgbaga

Y3arajbHeHa HepiBHICTH UebuiieBa

Teopema 8. [17]
Hexatll g - nesid’emma, necnaona mwa MHodHcuns 3HA%EHs GUNGOK0BOT e~

wunu & dynruia. punyemumo, wo icnye Bg(€). Todi das koorcnozo € > 0

Eg(¢)
P{¢ > e} < )

glkimo noksagemo g(x) = x, To oTpuMaeMo 3Butaiiny Hepisuicts Heburena

E
Ple >} < f
fximo B sikocti g(x) BisbMenmo dyukiio g(x) = |z[" (r > 0), 1o oTpuMaeMo

HEPIBHICTH

El¢l"
el

PilE] > e} <

sdKa Ha3WBaEeThCs HepiBHICTIO MapkoBa.
3aKOH BeJUKNX YUCEJ

loopuTnmemo, 1o nocaigouicts {&,, n > 1} BUIAAKOBUX BeJUINH 3

E|¢,| < oo, n > 1 3a10B0/bHS€ 3aKOHY BEJIUKHX THCENT, AKITIO

1 — 1 —
—ka——ZEfk%O,n%oo
L e

3a HMOBIpHICTIO, TOOTO KOJU I JIOBLIBHOTO £ > 0:

1 — 1 —
fige- i3

>5}—>O,n—>oo.

Teopema 9. [11](3axon seauruz wucen y Popmi Xinvwuna)
ITocaidoswicms {€,,n > 1} nesanreorcnuxr 00naroso posnodiseHur 6unaod-

rosuxr seAUuUMUH, OAS AKUL icnymmb Efn = W, 3a0060AvHAE 3AKOHY GEAUKUX

16



wucen, mobmo

1 n
;. § gk — [, = 0
n
k=1
3a UMOBIPHICTNIO.

Teopema 10. [13/(Tomosicnicmos Baavda)

Hexaii { X, } new nocaidosnicms Qiticho3HauHUT, HE3AAEHCHUT 00HAKOBO PO3-
nodinenur sunadkosur sesuwunr © nexati N nesid’ emmna 4irouucesvia 6eAuU-
na, wo nezaneoicna 6id nocaidosrnocmi { X, tnen. Hpunycmumo, wo N i X,
MAOMb CKIHYEHHT MAMeMAMUYHL cnodisanns. Todi

N
EY X, =ENEX.

n—=1

17



1.4. IloBiibHO 3MiHHI (PYHKITII

Oznauenns 9. Jlogarust Bumipna va [A, 00), A > 0 yukiia L(x) HasuBaeTh-

sl IOBLJIBHO 3MIHHOIO, SIKIIO JIJIsI JI0BUIBHOTO A > O:

lim LiAr)

= 1.
£—00 L(x)

Teopema 11. [18]
xwo Pynwuia L, susnavena wa nisoci [A,00), A > 0, nosiavro sminna,
mo anatidemvesa wucao B > A maxe, wo npu sciz x > B
Te(t)

L) = eaplu(o) + [Pty 2
de 1 - obmesicena sumipra Pynruis na [B,oo], maxa wo n(x) — ¢ npu x —
o (o] < ), ie(x) - nenepepena pynryia na [B, o], mara, wo e(x) — 0
npu x — oo. Bydv-axa dynwuyia, axy moscna npedcmasumu y euzanadi (2) e

NOGIALHO 3MIHHOMN PYHKUIEN.
BractusocTi

Hexait L, Ly, Lo - TOBLILHO 3MiHHI (DYHKITIT.

1. s 6ynp-saxoro v > 0 pu & — o0
2" L(x) — oo, 7" L(z) — 0.

2. llpn 2 — > ool
ogL(x
75092 ) — 0.
3. Oyuxuii Li(x)La(x), Li(x) + Le(x) 1 upu 6yab-saxkux o € (—o00, +00)
dbyuknii L*(x) € nosiabno amimnuvu. fkimo Lo(z) — oo mpu . — 00, TO

dbyukmis Ly (La(2)) Takox 6yae moslibHo 3minnoo [18].

18



1.5. Criiiki dysKIl po3noalry. O6JacTh NPUTITaHHS

CTIIKOTO 3aKOHY

Oznauvennst 10. Oyukiis posnoniny [(x) HA3HBAETHCs CTIHKOIO, SIKIO s

Oyb-AKNX Jiticanx a; > 0,a9 > 0,01, bo € R mae mictie piBHICTD
F(alx + bl) * F(CLQ[L‘ + b2) = F(CL[L‘ + b)

ne a > 01b gedgki KOHCTAHTH.

Teopema 12. [19] (/lesi i Xinwuna)

Jlas moeo wob dynkuia posnodiay F(x) byara cmitixoro, neobxidno i do-
cmammvo, wob sozapudm il rapaxmepucmurnoi Gynkuii moccra 6ya0 npeo-
cmasumu y eueasdi Inf(z) = ivz — cz|"{1 + iffw(z )}, de a,f,v,c -

Konemanmu (y - 6ydo-axe diticne wucao, —1 < <1, 0<a <2, ¢>0) 1

oy [ tal50). o0 21
w(z,a) =
2nlz], anwo o= 1.

Taki dyHkuii posnoniny, sk B Teopemi Jlesi i XiHunna 6yaemMo mo3HadgaTu
uepe3 (G g, & y BUIAAKY cUMeTpUUIHOr0 posnoxity upu v = 0 ta 8 = 0 depes
U,.

Oznadenns 11. Kaxyrs, no dyHkIisa posnominy F(x) HateKuTh 10 061acTi
npuTAraHHs cTiitkoro 3akony G, (%), SKINO 3HAHLYTHCS TaKi 0CJ0BHOCTI
aucen B, > 0 1a A, € (—o0;00), M0 [/l HE3aTeKHIX OTHAKOBO PO3IOLIEHIX
BUIAIKOBUX BenanH &; 3 QyHKIlieo posmnoaity F(x) HopMoBaHi i 1ieHTpoBaHi
CyMH

St =BYS, —A) =B+ & —A) = Gapn— oo (3)

n n

Teopema 13. [19] (I'nedento)
Lz mozo wob sakon posnodiay F(x) nasescas obaacmi npumsearms cmit-
K020 304KOHY 3 TAPAKMEPUCTNUMHUM NOKAZHUKOM (, HEOOTIOHO i OCmammbo,

w06
1) =) <1

2) npu woocromy k > 0

19



1-F(z)+F(-x)
1—F (ka) 1 F(—kz

Abo icrye nosinvro aminna gynruis L(x):

)—>ka npu T — o0,

L

F(—z) ~ a (x),x—> +00,
xa
L

1—F(x)~ @ ix),x—>+oo.

B oMy Bunaky F'(x) Haqe:KUTh 001aCTI IPUTATAHHS CTIHKOTO 3aKOHY 3

injexcoM o 3 3 = % aaa#£ 11 f= Eifliﬁ

Obuparu nocaigosnocTi ances A, ta B, 106 BOH 380BOJBHIN (3) MOXK-

g o = 1.

na nacrynanm aunnom [19]. Hexait x(z) = 1 — F(x) + F(—z) Ta BU3HATHMO
ii yzarambheny obepueny dynkiiio x~Hz) = infly : x(y) < 2]. Toni mia

0 < a <2 B, voxxaa obpaTH TaKIMH:
B, =x"'(n" e + ).

Biapm xonkperwime 6yno sxaiizeno, mo B, = nYL(n), ne L(z) - neska
MOBLIBEHO 3MiHHa (DYHKINA IPH & — Q.

Takox noseneno, mo A, 1t 1 < o < 2 Tpeba 0dupaTn TaKUMU:

o
A, = nBle/ xdlF(x).
—00
Hst o € (0,1) moxxna obuparu A, = 0.

Hexaii S, = zo + Y, X} - YaCTHHHA CyMa [[UIOIUCETbHUX BEJTHINH, 3BO-
porte anepiognane 6iykants, e { X} - HesamexkHi 0HAKOBO PO3MO/IiIeH] BY-
MaJIKOBI BEJTUIUHU 3 (DYHKITIEIO PO3ITOALITY, IO HAJEKUTEL 00JacTi TPUTATAHHSI
cTIKOrO 3aKOHY 3 mapamerpom « € (1,2].

Beegemo nosuadenus Ty = min[n > 0 : S, = 0] - MOMeHT moTparnisHHsI
BUITIQIKOBOTO OJIyKaHHS B TOUKY 0,

r, = P{Ty > n} - itmosipricts HenoBeprerns B () 3a 17 KPOKIB.

Jlema 1. [20]

Has maxux sunadkosux bayrxans S, 6IpHO

nr,  sinm/o

I -
oo By 7ga(0)

)
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de go wiavnicmv cmitixozo posnodiay Ua, i By = n¥*L(n), L(n)- nosiavno

BMIHHA PYHKYLA.

Teopema 14. [2] (Cropoxoda)
Ipunycmumo, wo {&k, k > 1} nareorcams obaacmi npumseanms cmitixoeo
npouecy 3 indexcom o € (1,2), modi icnye L(n) - nosinvho aminna dynruis

maxa, u,o

St
ni/eL(n)
de Uy(t), t € [0,1] € v - emitixum npoyecom y npocmopi D([0,1]) .

= U,(t), t € [0,1],

Teopema 15. [21] (Cayyvrozo)
Hexaii danuti Gimosiprichut npocmip (2, F,P), i X, Y : Q2 = R, n,m €
N -sunadxosi seauvunu. Todi axwo X, = X, de X : @ — R - sunadxosa

: P :
seauuna, 1 Yy, — ¢, de ¢ - Pikcosana KoHCmanma, mo

X +Y,=X+ci X,,-Y,=c X.
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1.6. Ci1abka 3012KHICTD

Hexait S - meTpuunuii mpoctip, G - Kjac 60peboBIX MHOYKUH TPOCTOPY S.

Oznagennsa 12. fkimo itmosipricai Mipu P, i P 3a10BOJBHSAIOTH CIIBBIiIHO-
mennsi [ fdP, = [¢ fdP nns xoxuOT AiifcHOT 06MezKeHOT HerlepepBHOT (hyHK-
mii f na S, mu 6yaemo roBopuTh, mo P, cirabko 36iraeThes go P, i Oyaemo

nosnavaru P, = P.

Oznauvenns 13. Muoxuna A 3 G, rpanuiig sikoi 0A 3a/10BlibHse yMoBY P(0A) =

0, HABUBAETHC MHOXKHUHOIO HermepepBHOCTI P2 abo P- HernepepBHOIO MHOXKIHOIO.

Teopema 16. [22] Hexati P, i P - tmosipnicni mipu, susnaveni na (S, G).
Hacmynni n’amov ymos exsisasenmmi:

(i) P, = P,n — oo,

(i) im,, oo [ fdP, = [ fdP dan 6ciz obmesicenus pisHomipro nenepepe-
nwux dvlicnur dynrkyill f,

(ii1) limsup,, ., P,(F) < P(F) daa scix samxnenux F,

() liminf, .. P,(G) > P(G) daa seciz sioxpumuz G,

(v) lim,, o P,(A) = P(A) dan sciz P - nenepepernuz mmoocun A.
3012KHICTD 38 PO3IIOJILIOM

Oznauenns 14. [locrinosricts {X,,} BunmagkoBux ememenTis 36iraeThes 3a
posmoisiom (ciabko) g0 Bunaakosoro egamenty X (mosu. X, = X)), gKIo

posnojiim P, exementis X, cjabko 36irarorhes Jo posnojaity P eigementa X
P,= P,n— .

Teopema 17. [22] Hacmynni n’smb meepoocens exsisarenmui. Hazeem G-
sumipny mroocuny A X - nenepepsnoro mmoocunoro, axwo P{X € 0A} = 0.

(i) X,, = X,

(11) lim,, o B{ f(X,,)} = E{f(X)} daa sciz obmesrceruz pisromipno nene-
pepsnux diticnur gynrkyill f,

(i11) limsup,, ., P{X, € F} < P{X € F} das scix samxnenux F,

() liminf, .., P{X, € G} > P{X € G} daa sciz sidxpumuz G,

(v) lim, .o nP{X, € A} = P{X € A} dan sciz X - nenepepsnuxr mro-

otcun A.
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1.7. IIpoctip D

D = DI[0,1] - mpocrip ¢dyskmiit x, BusHauenux Ha [0, 1], HemepepBHUX
cIpaBa, 1110 MaloTh JIIBOCTOPOHHIO rpanuilo. Tobro ) ckiajgaeTbes 3 PyHK-
niit « @ [0, 1] — R rakux, mo:

1) TIpu 0 < ¢ < 1 rpanung x(t+) = limg, 2(s) icaye i 2(t+) = x(t).

2) IIpu 0 < t <1 rpannng x(t—) = limg 2(s) ichye.

Y mpocropi D Busnadena torosorist CKopoxoia 3 MeTpukoo d(z,y).

Oznauenns 15. Bincrann d(x,y) mixk o Ta y 3 D BU3HATAETHCS K HUKHSA

rpaHb Takux € > 0, s sKkux icaye A € A Take, 1110

sup [A(t) —t] < ¢
t

sup a(t) —y(A(t)| < e,

e A-kjiac ¢Tporo 3pocTalunx, HerepepBHUX Binobpaxkenb Bimpiska [0,1] Ha
cebe. dxmo A € A, ro A(0) =0, A(1) =1 [22].
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Pozain 2. 30ypeni BuiiagkoBl OJyKaHHS

2.1. IlocTanoBKa 3aJiati Ta OCHOBHUII pPe3yJIbTaT

Hexait & € Z Ta (& )ien TOCTIIOBHICTE HE3aJIEKHUX OJHAKOBO PO3MO/IiIe-
HUX BUIIQKOBUX BEJUYMH, 1110 HAOYBAIOThH LIJIMX 3HAYCHL T& MAIOTh HY/ILOBE
MaTeMaTHYiHe CIIOJ/IBaHHS 1 HeCKIHUeHHY JHCIEPCITo.

[Tosuaunmo A :== {—m,—m +1,--- ;m}.

Hexait Vj € A (1ji)ien - He3a/eKHI 0JIHAKOBO PO3MO/LIEH] 1i104nCesbHi
BHII&/IKOBI BEJIMUMHH, 1110 38/10BLIbHAIOTE yMoBH: Je > 0 Take, 1mo E|n;;|¢ < oo
i Bci cykynnocTi {{n;; }ien} HE3AMEKHI.

Pozrisinemo BUMaaKoBe OJYKaHHS

S(n) = Zfz’

Ta 30ypeHe BUIAIKOBE OJIyKaAHHSI

n

X(0) =2, X(n) =2+ Y (Elyxi—nmm + Y milixe—)-
i=1 jeA

[Tocrimosricts X (n) - ganmor MapKoBa 3 mepexiHuMu HiMOBIPHOCTSIME:

P{{ =7 —i}, axmo i ¢ A,

P(X(n+1)]X(”)Z){P{n]} gk i € A.

[Tpumycrumo, mo sunakosi Besuaunn {€;} ta {n;;} Taxi, mo Bci cranu crosy-
JAIOTHCS.
[Tpunyctumo, mo {&;} Hatexkarth 00JacTi TPUTSATaHHST CTIHKOTO 3aKOHY 3

ingexcom «v € (1,2). Toni icaye L(n) - mosinbHo 3Minna GyHKIfis Taka, 1o

S 1,0, 0-s e @

JUB. Teopemy 14.
X([n])
nt/aL(n)

Meta: gocaimurn noseninky { X, (t) := } mpu n — oc.
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OcHoBHNM pe3yJbTaTOM € TaKa I'PaHM4YHa TeopeMa:

Teopema 18. Hexat Je > 0 maxe, wo E|n;|© < oo das scix j. Hwxwo

¢ > a—1, mo daa oydv-axux t; > 0 maemo 3001CHICMb CRINYEHHOBUMIPHAULT

(%) = Ualtics

PO3N0JINIG:

=1,

de L ma U, maxi oic ax 6 (4).
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2.2. /lonmomiKHi pe3yabTaTu

Mosuaunmo p, = » " Wy(;ea - HaC IPOBE/ICHII BUTIAKOBUM OJIyKaHHSIM

B MHOXKHHI A 3a 1 KPOKIB.
Jlema 2. V0 >0 Ep, = o(n'=s19), n — oc.

Hosedenna. 1. Posrisinemo Buma 10K Koun A CKI1a1a€Thes 3 OQHIET TOUKH, TOOTO
A ={0}.

[Tosuaunmo Ty = min{k € N, X (k) = 0}.

Sadikcyemo Touky b £ 0.

Bsejiemo 1no3HaueHHs
o =inf{k>0: X (k) =0},

7, = inf{k > 0, : X(k) = 0},

opr1 = inf{i > X(i) = b},

ok
=0k 1

BiIBiTyBanHAM b,

Ep = M x()—0 - KIIbKICTD Yacy nposegenoro B 0 mix k& — 1-um ta k-Tum

v, = max{k : o < n},
Up =min{k: X(op+1)#0,--- , X(0) +n) # 0}.

. Un
[TomiTumo, mo p, <> 0" €.

[3 cTporo MapkoBCHKOI BracTHBOCTI BUILNBaAE, MO {ex, k > 1} mesamexmni
OJIHAKOBO PO3IIO/ILJIEH] BUIAKOBI BEJIMUMHU, 1110 He3aJIeXKHI BiJl T,, TOMY MO-

JKeMO 3aCTOCYBaTH TOTOXKHICTL Baabna
Un,
Ep, <E( g er) = EeEv,.
k=1

E(er) < oo, 60 GirykanHsT 3BOPOTHE Ta, BCI CTAHU CIIOJIYYH.
Suaiinemo Ev,:

U, - Ma€ reoMeTpuaHUit posnomia. Toi

1

o) = B >y
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VImMoBipHiCcTE He MOTpanmuTH B TOUKY 0 3 TOUKH b 38 m KPOKIB 15 30ypeHoro Ta

He30yPEHOro BUIMTAIKOBUX OJIyKaHb Oy/e 0JIHaKOBOIO, TOMY 3a JeMOoIo 1

Jie §o, - MIBHICTD cTilKoro po3nojiny U,.
o 1. _1
Toni Ev,, ~ const - n'~a, 3sigen dc Ep, <c-n'"a, n> 1.
Orxe,

V6 >0 Ep, = o(n'"a1%), n = .

II. Posrasgremo Bumayiok kKoau A ckimdenna muoxkuHa. llosHaunmmo € -
KIJTBKICTb 9acy MPOBEIEHOTO MPOTAToM k-TOTo BijBiyBaHHs A, TOHTO JOBXKHUHA

k-Toro 6JI0KY 3 OJMHUIL B IOCJIIOBHOCTI

Mxnea Ux@iea, - Lxmea

Uy - KUIBKICTD OJJMHUYHUX OJIOKIB B ITOCJILIOBHOCTI

Uxmea Ux@ieas s Lxmea

Je m obpaHo Tak, 1mob 3a m KPOKiB OJIyKaHHSI IPOBEJIO 71, 38 MexKaMu A.

[Tozmaunmo

oy =inf{k>0:X(k)e A},
T =1inf{n >or: X(n) ¢ A},
opp1 = inf{i>m: X(i) € A},

Hexait uj nepma Touka B A npu k-romy BiaBiayBaHHI MHOXKUHE A, a v -
ocranus, up € A i v, € A.

[Toznaunmo U, = {ug}p_; ta V, = {vx}i_;. Toxni U, ma V,, Bumaaxosi
BEKTOPH , 1110 HADyBarOTh 3Ha4YeHb B A”.

Ockinbkn MuOKMHA A ckindenna, 1o icaye M < oo Taka, 110

E(Ek‘X(O'k) = uk,X(Tk — 1) = Uk) < M.
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def
J1st ckopouenHst 3amucy 6y1eMO HOBHAYATH » 7 11 = D 1 can v eAn -

1

B(p) < B 2) =SB el = i) P, = i) =

1=0 k=1

n

= > E(erlPn =i, X(0k) = e, X (1 — 1) = v3) x

[
=
3
A
3
|
=
||

MY iP(v, =i) = MEPD,.

i—0 i=0
[le BumIMBaE 3 TOTO, 1O U, He 3aJeKUTh BiJl 4acy MPOBEJIEHOIO B cepeanHi
vuoxuti A 1 E(ey|7, = i, X(ok) = up, X (1 — 1) = ) = E(e| X(op) =
U, X (1 — 1) =wv) < M.

3uaiiieMo ouinky st KEv,.

3 nocuigosrocti X (0), X (1), X(2),- - BuIyduMo BCl eeMenTH, 110 HaJTe-
KaTh MHOZKIHI A i 0TpuMaeMo HOBY HOC/TiI0BHICTD, aKy noznaunmo X (0), X (1), X(2),
Busnaunmo dynxiio ¢ : ZT U {0} — Z' U {0} maky, mo injeke jia X (1) B
MOYATKOBIH moc/ioBrocTi 6y1e ¢(i).

Hexait J = {j : X(¢(j)+1) € A} - mHOKMHA 1HJIEKCIB j KOJU BiIOYBaETHCs
cTpubok 3 A.

Posrusinemo mMuozxkuny nojiit A;,i = 0,n ta A

A ={ie J {i+1,--- ;n}NJ = @} - nicas i-Toro BigBimanig A Bumaikose
OJIyKaHHs He MOTPAILIsSe B MHOXKIHY A,

A= {{1,2,--- ,n}N.J = @} - Bunajkose OHJayKaHHs He MOTPAIIIO B A 3a

MepHInX 7. KPOKIB.

[Toxii A;,i = 0,n ta A yTBOPIOIOTH MOBHY TPYILY MOl i

0 < P,(A%) < 1.
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Toni

1 = P,(A°) +§n:Px(A) > S P.(Aj) >
Z (i€ HP(X(i+1)=0bli € Y)P(Ta>n—i—1)

e Ty = mm{k € N|X (k) € A}.

Hexait A* b6yne MHOXKMHOIO TaKUX TOYOK z € A, 3 IKUX MH MOXKEMO 3PO-
outn cTpubOK 3 MHOXKHHH A 3 jojaTHRO0 HMoBipHicTiO. st BCix 2z € A*
BuOepeMo Taki Touku b, € (Z\A), mo P(z,b,) > 0. Hexait B 6y1e MHOXKH-
HOIO Takux To4oK b,. Toai My 3MmoxkeMo 3HalTH KoHCTaHTy F,, > 0, Taky 110
fimoBipHicTs cTpubka 3 A B B Oyie Oiibina abo pisHa P,,. Haitkpaiie obparu
P, = min,c 4« P(z,b,). 1 3 moro, mo Py(T4 >n —i—1) > B(T4 > n) maemo

1>ZZP (i€ NP(X(i+1)=blic HNP(Ty>n—i—1)>
=0 peA

>ZP (i€ )Y P(Ta>n)Pu(X(i+1)=blic J)>

> O Po(i € J)min P(Ty > n) %Px(X(i +1)=blie )=
72— <

— P(ZEJ)m%le(TA>n)Px(7(i+1)EB\Z’EJ)Z
be
i—0

n
>N Pie J)min B(Ty > n)P,,.
beB
1=0
: n o . .

[Tomitumo, mo Y i Pu(i € J) = E(7,,) Ta fiMoBipHiCTL He MOTPAIUTH B MHO-
xuny A s 36ypeHoro ta He 30ypeHOTO BUIAIKOBUX OJIyKaHb OJHAKOBA 1 He
3aJIEYKUTh B TOYATKOBOI TOYKH, TOMY MH MOYKEMO CKOPHCTATHCH JIEMOIO 3

crarTi [20].
P(TA > n) ~

Maemo

1=0
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1 > Ev, min P,(T4 > n)Pin
beB

1 1
Fr, < — = E7, ~ const -n'"= =
"~ minep Bo(T4 > 1) Prin !

= V6 >0 Ep, = 0(n'~a19).
3BicH 1 OTPUMYEMO Pe3y/IbTaT HAIIOI JeMu, 1m0 Vo > 0 Ep, = o(nl_iw). ]

Jlema 3. Hexat Fi(x) - dynwuyia posnodiay n1, Fo(x) - dynkyia posnodiay
ne ma Fy(x) > Fy(x). Hexati {U;} - nesanesrcni odnaxoso posnodineni pis-
nomipro wa [0, 1] sunadkosi seawvunu ma 1y ,; = Fl(_l)(UZ'), M2,i = FQ(_I)(UZ'),
de Fl(_l)(Ui), FQ(_D(UZ') ~ysazarvneni obepneni dynwuii (FD(x) = infly
F(y) > 2}, 2 € [0,1]; awwo F(y) < 1 das ecizy € R, mo F&U(1) = +o0;
awwo F(y) > 0 daa scizy € R, mo FY(0) := —00). Todi {n1,;} - nesanesicni
3 dynryiero posnodiay Fi(x), {nei} - nesareorcni 3 dynruyiero posnodiay Fo(x)

YT > e M

Aosedenna. 3HaiieMo DYHKIIIO PO3NOALTY sl BEJUIHH 7)) ; = Fl(_l)(Ui).
P(m,; <x)= P(Fl(_l)(Ui) <x)=

= PUA(FTI(U) < Fi(w) = P(U; < Fi(x)) = Fi(a).

Honst g = F2(_1)(UZ~) aHaJIOrIIHO.
Ockinbkn Iy (2) > Fy(z), o FU (@) > F7V(2). Toa

anz ZF ) > ZFQ(_I)(Ui) = Z??zz’-
i—1 —

[

Hacainok 1. Axwo {m;} - nesanesrcni odnaroso posnodiseni 3 dynruyicto
posnodiay Fi(xz), {nai} - nesaneosrcni odnaroso posnodineni 3 pynryiero pos-
nodiay Is(x), ma Fy(x) > Fy(x), mo

Ve P(Z mi>c) < P(Z Mo > C).

=1 =1
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Jlema 4. Hexati {n;} - nesanesrcni odnaxoso pospodiseni unadkosi 6esu -

nu, das srxux icnye mare € > 0, wo E|n;| < co. Hpunycmumo, wo Ep, =

o(n'=a). Sxwo ¢ > o — 1, mo daa 6ydv-aroi nosiavho sminnoi dynwuyii L

N p
=10 20,0 — oo
na=L(n)

Josedenna. {n;} - nesanexni onraxkoso posnoiteni. [losnatnmo Ejn,|¢ = K,
TOJI 3a HepiBHiCTIO MapKoBa

Pl > h) < &5 Pl <h) =1 £

BusnaunMo HOBY HOCIJOBHICTS BUIAAKOBHUX BEJMYHH 7); (DYHKIIS PO3IOI-

JIy AKOI

F;

0, HKHLOh<K%
(h) {

B 1—%, akimo h > K+

Toni 3a HacaiagkoMm 1

Yy =0 PO Il >y) < PO i > )

g=1 J=1

3 npunyments semu Ep, = o(nl=at9).

Orxke, A1 Beix v > 0 cripaBe/JINBO

Ay At
p(mw) gp(mw) -
na L(n) naL(n)

1—L 45

Jp'ilﬁj 1-+44 1—L4s Z?:l ﬁ?
<P 17>’y\pn>n_5+ P(pn>n_5+)+P — ] >7 ).
naL(n) naL(n)
Ockinbku P(p, > nl_iw) — 0 3a nepisuicTio Mapkosa, To OyJ1eM0 PO3-
TJISIQTH IPYTUIL J0J1aHOK.

I. dxmo ¢ > 1, To

1
-4+

n 0~ pl-atd ~ 1
P(Zgl " - ’Y) _ P(Zgl - 711 - ’Y) 0.

n=L(n) n'=atd  paL(n)
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00 3a 3aKOHOM BEJHUKHX YHCE]

1
pl-&+s

Zj:l 1 ~
————— > En;
_1 j
1Lt
1 1s jgesakux 0 > 0
1 2
pl=i+6 o 1-246

- = — 0,1 — 00, OCKUIBKH ¢ < 2.
n=L(n) L(n)
I1. fIxmo € < 1, T0 7); HaTeKNTH 001ACTI IPUTATAHHS CTIHKONO 3aKOHY 3

napaMeTpoMm €. Toti
N~
Zj:l 1y

nl/e

= Uy; (5)

1— Fy(z)~ £ - 0,2 — .

Otxke, 3a Hac/iakoMm 1

1—L+6

P

IA

=
>7)§P( j:; " >’y)
naL(n)

1 1
pl-Ets pl-d+s

v . r . (1-L40)1
< P(Zjll 1 >’Y) :P(Zjl non 1 >’Y) _

naL(n) nl=at0e  pal(n)

1
pl-&+s

_p(Za T, i)

n=5t0e = pl=519)

3 ymoBu € > o — 1 caigye, mo 30 > 0 : € > a — 1 4+ da. Maemo nactymmmit

JIAHITIOT TIePETBOPEHb

1 1
ce>a—14+da=—< : =
€ Ck(l—a‘i‘é)

1 1 1 1 1 1
——1——4+0)->0 =—>(1——+0)- =
(87 (87 € (87 (87 €
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Orxe, 3 (5) ma (6) MaeMo 36iKHICTH

1
pl-&+s

P(‘Zjl 1y

n=L(n)

>*y)—>0,n—>oo.
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2.3. JloBeJieHHd TeopeMu

Josederna. S(n) =2+ & + & + ... + &, - nesanexue Bin X Gaykanus 3 0u-
anaarme ckadkami. Ko A = {0} BBejieMo HaCTYIHUI JOMTOMIZKHUET TTPOTIEC.

IToxJagemo

X (k) = S(k),k=0,1,
Jie 11 - mepimii MOMeHT TOTPAILISTHHA [IPOoIecy X B Touky 0.

Hacrynnuit npupict aag X mokiajgeMo piBHUM 7);:

Xti+1)=X{t)+m=0+n=n.

Haui, nexait mpupoctn X Taxi K, gk iy .S 0 MOMEHTY fo -MOMEHT HACTYII-

HOTO TTonaanasd X B TOUKy 0:

X(/{) = X(h+1)+S(/€—1),]€:t1+2,t2.

B Tourti to + 1 nobaBumo 1:

X(t2+1):=mn

1 Tak gaJi.

Mozkna nomituru, mo {X (n)} mae rakunit cammit po3mno/iii, mo i
~ Pn
X(n)=Sn—pa)+Y

i-1

1€ pp- KITbKICTB moTparisib nocaigosaocti X (n) B Touky 0.

Y Bunajky kot A = {—m, —m+1,--- ,m} Bunajaxoe 6JyKaHHsI MaTHMe

BUTJIA M
Pnj

X(n)=Sn—p)+Y.> i

Jed i-1
ne Vi € A poy =300 g Wix(gy 1 pn = D jeu Puj-

Hoge BumnajikoBe OJYKaHHA MOXKHa, MPEJICTABUTH Y BUTJIA

[rt]

X)) _ S &, w2ttt &
naL(n) n=L(n) n=L(n) naL(n)
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Maemo

]
DB SCET N U,(t),n — oo 3a Teopemoro 4,
na L(n)
Pln
Sty

P
: — 0,n — oc¢ - 3a Jiemoro 4.
na L(n)
Ocxkinbku {€;} namexars 0bacTi IPUTAranisg CTIHKOro 3aKOHy 3 apaMeT-

pom a, To V8 > 0 E|&]*° < oo. Toui 3a jgemoro 4

[nt]
k=[nt]—ppns) & p

- — 0,n — oc.
na=L(n)
OrKe, 3a TeopeMoro 15
X ([nt
X))y 4y.m = oo
naL(n)
Bunaok, Koau cKindenHa MHOXKUHA, L1, - - - , t,, aHAJOrIYHO.

Teopema nopejena.
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Po3zain 3. Acumnroruka iiMOBIPHOCTI

HEIIOBEPHEHHA B IIOY4aTKOBY TOYKY

3.1. IloctanoBKa 3ajia4di Ta OCHOBHUII pPe3yJIbTaT

Hexait {f,(f“), k >} - HesasexkHi OIHAKOBO PO3IO/ILIEH] BUTIAIKOBI BEJTHIUHH,
Ef,g“) = 1 > 0, Bci ctanu Z JOCSZAKHI.

Pozrisinemo BUMaaKoBe OJIYKaHHS XT(L“) = éu) + -+ 5#), n>1.

Meta: pocaiuTi acMMITOTHKY #MOBIpHOCTI D, = P(sz“) # 0,n > 1)

HermoBepHents B 0 /I BUIIAJIKOBOTO OJIYKAHH A {X,g“), n > 1} npu p — 0.

Teopema 19. Hexali xapaxmepucmuyna Gynkuii sunadkosoi eAuMUHU f,(f )

3a0060AvHAE YmMosu

e (0) = B =14 ipud — al0]* + 0,(10]*),0 — 0,
de
a € (1,2], >0,

Vr e (0,m] inf inf Re(peuw(0) —1) >0, (7)

por<|0|<

9 (e}
lim lim sup % (101°) = 0.
#—035—0 1€(0,0) ‘9‘0‘

Todi

2pu(or — 1)
Pu ~ o i — 0.
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3.2. JloBejieHH4

Hosedenns meopemu. Tlozraanumo

u, = P{X, = i|Xo = i} - fiMOBIpHICTb MOBEPHYTHCSA B MOYATKOBY TOUKY
Ha N-TOMY KPOIIi,

fo=P{X1 #i, Xy £, , X1 # i, X, = i|Xo = i} - iimoBipHicTh
TOTO, IO JaHIIOr MapkoBa BIepiie OBEPHYBCs B ITOYATKOBHUI CTAH MPH 1-MYy
BUTIPOOYBaHHI

Hosusnaunmo fo = 0, up = 1 i BBegemo reneparpucu F(s) = > frs®,
U(s) = Sh g st
Binmituwmo, mo F(1) = P{xoau — nebyab MOBEPHYTHCE | .

3 TeopeMu 7 BiJIOMO, 110 JIaHi reHepaTPUCH 3B sI3aHi CIIIBBIIHOIIEHHSIM

1

U(s):m.

Toni P{nenosepuenus} =1— F(1) = ﬁ

dxmo F(1) = 1, To 6iykaHHs 3BOPOTHE; OJyKAHHSI HE3BOPOTHE, SIKINO
F(1) <1ltaU(l) < .
3 TeopeMu O BUILIUBAE, ITIO
1 . T
U(l) = — lim Re[

2T t—1— _x

1

W]d@ < 00.

Orxe,

1 1

P{ue nosepuytncs} = =
% limt_ﬂf fjﬂ Re [%] do

U(1)

Toni 11t 3HAXOKEHHS IMOBIPHOCTI HEMTOBEPHEHHST TTOTPIOHO JOCTIIATH 1H-

[tz

3 npunyments (7) ta (1) npu g(0) = 1 Bunusae
" 1 " 1 s
Y EEE PR R SN POF
/_W [1 - w(@)] o L= (0) p
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npu t — 17.

JlaHuii HACII0K CIIPOIILYE 3884y PO JOCJIiI2KEHHS f:r Re [%] df. 3a

YMOBOIO TEOPEMHU

e (0) = Be™™ =1+ ip0 — a|0]> + 0,(10*),0 — 0,

e o€ (1,2, 4> 0

9 e}
lim lim sup %u([01) = 0.
#—035—0 1€(0,6] \9\6“

st noBiibHOrO MaJjoro 0 > 0 po3ib’eMo HaIl iHTerpaJ Ha JIBa

T 1 d 1 1
Re| ————|df = / Re [—] d9+/ Re [—] do.
/—w [1 — Pew (9)] N ) Cmaf\=s0] L1 — Pew(0)

Posrngnemo crogaTky

J 1 ] J 1
R |
/_5 [1 — e (0) 5 —ipd + a|0]* — 0,(]0]*)

Hexaii € > 0. O6epemo ¢ > 0 Take, mo |o(|0]%)] < €]0|* 1 Mu Mmozkemo oninnTH

IHTerpaJ 3Bepxy

; 1 ; al0]" + <lo]°
R do < do <
/_5 6[—m9+a\9\a—0ﬂ(\9\a)] - /_5 (@ —e)?|0)?> + p260%(1 — g|0|>-1)2 —

)
of
< 6 <
<0+9) | e =
<(a+¢) /5 01" df =
= )= epop e - o

PR L B—
ST el =P

(a+¢) /5 d(lo™)

(a+¢) a—¢ 0] (a — &)’
- arctan —
(@ —1)(a—e)*u(l —e) p(l—e) |,
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B xe) 2 arctan 0]~ (a —¢) N (a+¢) o _
(a0 —D)p(l —£)(a—e) (1l —e) (a—Dpu(l—o)a—2 2
_ 7T(a—|—5) .
T la—1pl—2)a—z " 1 — 0.
[ Toni Ve > 0:

_ g 1
I I )=
0t (u /_W fie [1 - %(m(@)] ! )
li ( /5R6[—1 ]d9+,u/ Re[ L ]d@)
= lm T m -
o \M T TS Pew (0) mmah\=s] L1 — @ew(0)
e M) B )
— lim el—mM— im el ——
o\ s 1 — e (0) o\ mah=s] L1 — @ew (0) B
S 0 1 ] m(a+¢)
< lim Re| ———do ) < : 9
< g (], ll—wgw(@)_ )< ey ©
S A
1m |l ~ == U,
=0\ S s L= e (0)

AHaJIOrYHO 0JIePXKUMO OLIIHKY 3HU3Y.

3a yMoBowO (7).

Crpsamyemo B (9) € — 0, Toxui

L—m(“/ fie [ﬁ] de) <o

Anasorigno
I (/WR[ ! ]d9)> i
im e|l———
It A g e (0) " (a—1)
3Bijicu
im [ R ! do T4z =0
im e ~ ——— + —, IIpu .
) =@ T e
Toni
1 2pu(a — 1
pMNL( _|_E): (& )7HPHM_>O-
2r \(a=1)p  p
Teopema mopejiena. ]
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3.3. llpukjaan

Posrnguemo HaUTIPOCTIM TPPUKIA/L B SKOMY MOYKHA 3HAHTH HMOBIPHICTD
HEIOBEPHEHHS B SIBHOMY BUIJISII.

ITpuknan 1. Hexait

PIEW =1) =p= (1 +p)

PIEW = 1) =g = (1 p),

REW =y, 10— 0, o = 2.

XapakTepucTuita (hyHKIIIsE TAKOrO OJIYKAHHS Ma€ B
. ( ) . .
pew(0) = B = pe + g™ =

, 02
=p+q+ze(p—Q)+5(—p—Q)+0(92):

92
=1+ ipd — 5} + 0(6%),
110 3a/10BOJIbHSIE YMOBY Teopemu 19.

Bijiomo, 110 reneparpucu (BusHadeni B 3.2) JJist JaHOTO OJTyKaHHS OY/IyTh

F(s) =1—+/1—4pqs?, U(S):l—;

F(s)

TaKNMHU

MoBipHICTD

P{ we nopepnymncn} =1 —F(1)=1—-1+ /1 —4pq =

1 1
= /1 —dp+4p? = 1=2pl=lg—pl=1500—p) =51+ )] =p

IMpuksang 2. B pobori [Toprenka [23] moctiKyBasach aCHMITOTHIHA, TO-
BeJIiHKa, s1JIpa [IOTEeHIaJ1y OJHOBUMIDHOIO HEPEKYPEHTHOI'O BUIIAIKOBOIO OJIy-

2 < oo, El§,]* < oo, B, = 1 1 BCL cranyn nocszKHi,

Kanud. Zkmo DE, = o
TO ¢ = 2 i Take OJYKaHHs TMOBHICTIO 3a/10BOJIbHsIE YMOBHU HaIIoi Teopemu 19.
. 1
st Takoro OutykanHs 0y.10 3xaitneno U, (1) ~ -+ C, ae C saBHO BUPaZKaeThC:

uepes o2 Ta TPeTiii MOMEHT. A e CIIBIAIaE 3 PEe3yIBTATOM JTAHOTO PO3IIIY.
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IMpuksan 3. B ninpyuanky [14] posrigHyTo cuMeTpudHe BUIAIKOBE O.1y-

KaHHs TepexiJiHi HMOBIPHOCTI SIKOT'O 3aJI0BOJIBHIIOTH YMOBY

In| o, — ¢, n— .

Toi xapakTepucTuyuna (PYHKITIA 1IbOT0 OJIYKAHHS Ma€ BUTJIST
p(0) =1 —al0]" +o(|0]),
Jae a > 0, a > 0. Po3ruisineMo BUIAIKOBE OJIYKAHHS, I/ SKOTO

pPh=p,mpun #1,n # —1,

I I
p‘f=p1+§, p‘ilzp_l—?

s Takmx 6yKalb BUKOHYIOTCS YMOBH Teopemu 19.

MiitcHo,

=3 pue 5" = B = p(0) + 0 +o((0P) =
nez

=1+ ip0 — al0]” + 0,(]0]%).
IMpuknan 4. Hexait  rake, mo @¢(0) = 1 —al0|* 4+ 0o(]0]*),0 — 0, 1, 12
¢ nesatexkui, P(n, = 1) = 3(1 +p), P{n, = -1} = 1(1 —p).
Toni
o 1 1 —6
Pein,(0) = (1= al0]* +o(|0]") (G + p)e” + (1 = pe™) =

= (1—al|0|* + o(]0]%)) (1 + ipb — % + 0(6%))

3a0B0OJIbHAC YMOBH TCOPEMIU.
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BUCHOBKU

B poboTi J0CaizKYyBaIOCh TLJIOUHCICHE BUIIAIKOBE OJYKAHHA 3 PEryssp-
HO 3MIHHUMH XBOCTaMHU, IO Ma€ iHTerpoBHi 30ypeHHs B CKiHYeHHIH MHOXKHHI
TOYOK.

By.1a joBejena rpagudHa Teopema npo cjaabKy 30i2KHICTh JTaHOTO OJIyKaHHSI
JI0 cTifikoro npouecy. HaHuil pe3yjabrar € y3araJbHeHHSIM POOOTH YIrOPChKUX
matemaTnkiB D.Paulin, D.Szdsz, A. Telcs mpo 36i:KHICTE 30ypeHUX BUITATKOBUX
OJlyKaHb 31 CKIHIeHHUM JIDYTUM MOMEHTOM JI0 OPOYHOBOTO PYyXY.

Takoyk Oysa 3HaiijeHa acUMITOTHKA HMOBIPHOCTI HETOBEpHEHHs B MOYaT-
KOBY TOYKY BHUIIQJIKOBOI'O OJIYKAHHS B 3aJI€2KHOCTI BiJl MATEMaTUIHOI'O CIIOJIi-
BaHHS.

Pesyibraru maricrepcbkoi poboru jgonosinaiuch Ha Illocriit Beeykpainch-
Kiil KoHdepeH il MoJIoInX BUCHUX 3 MaTeMaTuKu Ta (isuku Ta Cromiit Bee-
YKPainCchbKiil HaykoBiil KoHdepeHIiii cTy/IeHTIB, aclipaHTiB Ta MOJOMX BUCHUX

3 MaTCMaTHUKH.
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