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Ïåðøèé êóðñ

1. ßêi çíà÷åííÿ ìîæå ïðèéìàòè âèðàç ab+ cd çà óìîâè, ùî a2 + b2 = c2 + d2 i ac+ bd = 0?

2. Çíàéòè ãåîìåòðè÷íå ìiñöå òî÷îê íà ïëîùèíi, êîîðäèíàòè (x, y) ÿêèõ çàäîâîëüíÿþòü ðiâíÿííÿ∣∣∣∣∣∣
1 cosx cos(x+ y)

cosx 1 cos y
cos(x+ y) cos y 1

∣∣∣∣∣∣ = 0.

3. Çíàéòè êiëüêiñòü ðîçâ'ÿçêiâ â öiëèõ ÷èñëàõ ðiâíÿííÿ

x3 + y3 + z3 = 20122014.

4. Íåõàé thx = shx
chx

� ãiïåðáîëi÷íèé òàíãåíñ x. Çíàéòè îáëàñòü âèçíà÷åííÿ òà ïîáóäóâàòè ãðàôiê
ôóíêöii

f(x) = lim
n→∞

(thnx)2
n+n.

5. ×èñëîâó ïîñëiäîâíiñòü (an, n ≥ 0) çàäàíî ðiâíîñòÿìè{
a0 = 1,

an = a3n−1 + 3an−1, n ≥ 1.

Äîâåñòè, ùî äëÿ äåÿêîãî äiéñíîãî ÷èñëà ϕ ÷èñëî an ìîæå áóòè çíàéäåíî çà ôîðìóëîþ an =[
ϕ3n
]
, äå [·] ïîçíà÷à¹ öiëó ÷àñòèíó. Çíàéòè ÷èñëî ϕ.

6. Ôóíêöiþ y(x), x ≥ 0, çàäàíî íåÿâíî ðiâíiñòþ x + xp = y + yq, äå 0 < p < q < 1 � ôiêñîâàíi

ïàðàìåòðè. Çíàéòè

lim
x→+∞

yq − xq

x2q−1
.

7. Çíàéòè âñi íåïåðåðâíi ôóíêöi¨ f(x), x > 0, ÿêi çàäîâîëüíÿþòü ôóíêöiîíàëüíå ðiâíÿííÿ

f
(
xf(y)

)
= yf(x).

8. Íåõàé K � ìíîæèíà âñiõ iíòåãðîâíèõ ôóíêöié f : [0, 1] → R, ÿêi äëÿ áóäü-ÿêèõ x, y ∈ [0, 1]
çàäîâîëüíÿþòü íåðiâíiñòü xf(y) + yf(x) ≤ 1. Äîâåñòè, ùî

max
f∈K

1∫
0

f(x) dx =
π

4
.
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Ñòàðøi êóðñè

1. Ïîçíà÷èìî ÷åðåç ν(n) êiëüêiñòü öèôð ó äåñÿòêîâîìó çàïèñó ÷èñëà n. Äîñëiäèòè íà çáiæíiñòü

ðÿä
∞∑
n=1

1

ν(n)ν(n)
.

2. Çíàéòè ãåîìåòðè÷íå ìiñöå òî÷îê â ïðîñòîði, êîîðäèíàòè (x, y, z) ÿêèõ çàäîâîëüíÿþòü ðiâ-

íÿííÿ ∣∣∣∣∣∣∣∣
1 cosx cos(x+ y) cos(x+ y + z)

cosx 1 cos y cos(y + z)
cos(x+ y) cos y 1 cos z

cos(x+ y + z) cos(y + z) cos z 1

∣∣∣∣∣∣∣∣ = 0.

3. Îá÷èñëèòè ñóìó ðÿäó
∞∑
n=1

1
n∑
i=1

i2
.

4. Çíàéòè âñi ôóíêöi¨ y, ÿêi çàäîâîëüíÿþòü óìîâè
y′′(x) + y(x) + y(−x) = 1,

y(0) = 0,

y′(0) = 0.

5. Ïîñëiäîâíiñòü ìíîãî÷ëåíiâ
(
Pn(x), n ≥ 0

)
çàäàíî ðiâíîñòÿìè{

P0(x) = x,

Pn(x) = P 3
n−1(x) + 3Pn−1(x), n ≥ 1.

Äîâåñòè, ùî äëÿ äåÿêîãî äiéñíîãî ÷èñëà ϕ ñóìó âñiõ êîåôiöi¹íòiâ Sn ìíîãî÷ëåíà Pn(x) ìîæå
áóòè çíàéäåíî çà ôîðìóëîþ Sn =

[
ϕ3n
]
, äå [·] ïîçíà÷à¹ öiëó ÷àñòèíó. Çíàéòè ÷èñëî ϕ.

6. Ôóíêöiþ y(x), x ≥ 0, çàäàíî íåÿâíî ðiâíiñòþ x + xp = y + yq, äå 0 < p < q < 1 � ôiêñîâàíi

ïàðàìåòðè. Çíàéòè

lim
x→+∞

yq − xq

x2q−1
.

7. Çíàéòè âñi íåïåðåðâíi ôóíêöi¨ f(x), x > 0, ÿêi çàäîâîëüíÿþòü ôóíêöiîíàëüíå ðiâíÿííÿ

f
(
xf(y)

)
= yf(x).

8. Íåõàé K � ìíîæèíà âñiõ iíòåãðîâíèõ ôóíêöié f : [0, 1] → R, ÿêi äëÿ áóäü-ÿêèõ x, y ∈ [0, 1]
çàäîâîëüíÿþòü íåðiâíiñòü xf(y) + yf(x) ≤ 1. Äîâåñòè, ùî

max
f∈K

1∫
0

f(x) dx =
π

4
.


